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Abstract

We are concerned with wave equations associated with some Liouville-type problems on
compact surfaces, focusing on sinh-Gordon equation and general Toda systems. Our aim is
on one side to develop the analysis for wave equations associated with the latter problems
and second, to substantially refine the analysis initiated in Chanillo and Yung (Adv Math
235:187-207, 2013) concerning the mean field equation. In particular, by exploiting the
variational analysis recently derived for Liouville-type problems we prove global existence
in time for the subcritical case and we give general blow-up criteria for the supercritical
and critical case. The strategy is mainly based on fixed point arguments and improved ver-
sions of the Moser—Trudinger inequality.
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1 Introduction

In this paper, we are concerned with wave equations associated with some Liouville-type
problems on compact surfaces arising in mathematical physics: sinh-Gordon equation (1.1)
and some general Toda systems (1.7). The first wave equation we consider is

dzu—Au—p L_L - e__u_i on M. (11)
t 8 1 /M eu |M| 2 /M e—“ |M| E .

withu : R* X M — R, where (M, g) is a compact Riemann surface with total area IM| and
metric g, A, is the Laplace-Beltrami operator, and p,, p, are two real parameters. Nonlinear
evolution equations have been extensively studied in the literature due to their many appli-
cations in physics, biology, chemistry, geometry and so on. In particular, the sinh-Gordon
model (1.1) has been applied to a wide class of mathematical physics problems such as
quantum field theories, non-commutative field theories, fluid dynamics, kink dynamics,
solid-state physics, nonlinear optics and we refer to [1, 8, 12, 14, 36, 37, 47, 51] and the
references therein.
The stationary equation related to (1.1) is the following sinh-Gordon equation:

Ap=pf - LY (e 1)
ol Pl(fMe“ |M|> P2</Me_u M (1.2)

In mathematical physics, the latter equation describes the mean field equation of the equi-
librium turbulence with arbitrarily signed vortices, see [29, 41]. For more discussions con-
cerning the physical background we refer, for example, to [13, 33, 35, 38, 39] and the refer-
ences therein. On the other hand, the case p, = p, has a close relationship with constant
mean curvature surfaces, see [48, 49].

Observe that for p, = 0, Eq. (1.2) reduces to the following well-known mean field equation:

—A u_p(e_”_L) (1.3)
g /Me” |M| :

which has been extensively studied in the literature since it is related to the prescribed
Gaussian curvature problem [4, 43] and Euler flows [9, 30]. There are by now many results
concerning (1.3), and we refer to the survey [45]. On the other hand, the wave equation
associated with (1.3) for M = S2, that is

Uu 1
Pu—Au= € —— ) onS?
“u ol p</§2 o 4”> 1.4)

was recently considered in [11], where the authors obtained some existence results and a
first blow-up criterion. Let us focus for a moment on the blow-up analysis. They showed
that in the critical case p = 8z for the finite time blow-up solutions to (1.4), there exist a
sequence f;, — T < +ooand a point x; € §? such that for any £ > 0,

(t0")
- Jaw @
hm _—

k=400 ./Sz el)

>1—e¢, (1.5)
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i.e., the measure (¥ (after normalization) concentrates around one point on S? (i.e., it
resembles a one bubble). On the other hand, for the general supercritical case p > 8z the
blow-up analysis is not carried out and we are missing the blow-up criteria. One of our
aims is to substantially refine the latter analysis and to give general blow-up criteria, see
Corollary 1.5. As a matter of fact, this will follow by the analysis we will develop for more
general problems: the sinh-Gordon equation (1.1) and Toda systems (1.7).

Let us return now to the sinh-Gordon equation (1.2) and its associated wave equation
(1.1). In the last decades, the analysis concerning (1.3) was generalized for treating the
sinh-Gordon equation (1.2) and we refer to [2, 3, 23, 24, 28, 39] for blow-up analysis,
to [17] for uniqueness aspects and to [6, 18—20] for what concerns existence results. On
the other hand, for what concerns the wave equation associated with (1.2), i.e., (1.1),
there are few results mainly focusing on traveling wave solutions, see, for example, [1,
16, 37, 47, 51]. One of our aims is to develop the analysis for (1.1) in the spirit of [11]
and to refine it with some new arguments. More precisely, by exploiting the variational
analysis derived for Eq. (1.2), see in particular [6], we will prove global existence in
time for (1.1) for the subcritical case and we will give general blow-up criteria for the
supercritical and critical case. The sub/supercritical case refers to the sharp constant of
the associated Moser—Trudinger inequality, as it will be clear in the sequel.

Before stating the results, let us fix some notation. Given 7 > 0 and a metric space X,
we will denote C([0, TT; X) by Cr(X). C5(X) and LX(X), k > 1, are defined in an analo-
gous way. When we are taking time derivative for r € [0,T], we are implicitly taking
right (resp. left) derivative at the endpoint ¢ = O (resp. t = 7). When it will be clear from
the context, we will simply write H I L? to denote H' (M), L*(M), respectively, and

N2 = UV, ) + Nl
Our first main result is to show that the initial value problem for (1.1) is locally well-posed
in H' x L2

Theorem 1.1 Let p,,p, € R. Then, for any (uy,u,) € H' (M) x L*(M) such that
Sy w1 =0, there exist T = T(py, pa, llugll g luy |l ;2) > O and a unique, stable solution, i.e.,
depending continuously on (uy, u,),

w:[0,TIXM >R, u€ Cr(H")NCHL),
of (1.1) with initial data

u(0, ) = u,
o,u(0,-) = u,.

Furthermore,

/u(t,-):/uo for all re€[0,T]. (1.6)
M M

Remark 1.2 The assumption on the initial datum u, to have zero average guarantees that
the average (1.6) of the solution u(z, -) to (1.1) is preserved in time. A consequence of the
latter property is that the energy E(u(t, -)) given in (3.9) is preserved in time as well, which
will be then crucially used in the sequel, see the discussion later on.

@ Springer



W. Ao etal.

The proof is based on a fixed point argument and the standard Moser—Trudinger ine-
quality (2.1), see Sect. 3. Once the local existence is established, we address the exist-
ence of a global solution to (1.1). Indeed, by exploiting an energy argument jointly with
the Moser-Trudinger inequality associated with (1.2), see (2.2), we deduce our second
main result.

Theorem 1.3 Suppose p,,p, < 8x. Then, for any (uy, u;) € H' (M) x L*(M) such that
fMu, =0, there exists a unique global solution u € C(R*;H") n C'(R*;L?) of (1.1) with
initial data (ug, u,).

The latter case p;, p, < 8z is referred as the subcritical case in relation to the sharp
constant 8z in the Moser—Trudinger inequality (2.2). The critical and supercritical case
in which p; > 8z for some i is subtler since the solutions to (1.2) might blow up. How-
ever, by exploiting the recent analysis concerning (1.2), see in particular [6], based on
improved versions of the Moser—Trudinger inequality, see Proposition 2.1, we are able
to give quite general blow-up criteria for (1.1). Our third main result is the following.

Theorem 1.4 Suppose p; > 8« for some i. Let (uy,u,) € H' (M) x L2 (M) be such that
/M u, = 0 and let u be the solution of (1.1) obtained in Theorem 1.1. Suppose that u exists
in [0,T,) for some T, < +oco0 and it cannot be extended beyond T,. Then, there exists a
sequence t, — Ty such that

lim ||Vu(t, )|l =+, lim max el [ el X = oo,
k—+o00 k—+oc0 M M

Furthermore, if p, € [8mz,8(m,; + 1)x) and p, € [8myn,8(m, + 1)) for some
my,my € N, then there exist points {x, ... S X, } C M such that for any € > 0, either

t)
lim Jug e >1—¢
k—+00 ./M etts)
or there exist points {y,, ..., y,, } C M such that for any € > 0,
f —u(t)
. Jursee®
im —=— >1-—e.

k—+00 /M e—ulty>")

The latter result shows that once the two parameters p;, p, are fixed in a critical or
supercritical regime, the finite time blowup of the solutions to (1.1) yields the following
alternative: either the measure ¥ (after normalization) concentrates around (at most)
m, points on M (i.e., it resembles a m-bubble) or e~“* concentrates around m, points on
M. We point out that this is new for the mean field equation (1.4) as well and general-
izes the previous blow-up criterion (1.5) obtained in [11] for p = 8x. More precisely, the
general blow-up criteria for the supercritical mean field equation are the following.

Corollary 1.5 Suppose p € [8mn,8(m+ \)x) for some meN, m>1. Let

(uy, u;) € H'(M) x L*(M) be such that /M uy, =0, and let u be a solution of (1.4), where
S? is replaced by a compact surface M. Suppose that u exists in [0, T,) for some Ty < +o0
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and it cannot be extended beyond Ty,. Then, there exist a sequence t;, — T, and m points
{pi,....D,} CM such that for any € > 0,
u(ty,)
. ‘/-U;il B(p.€) e
khrn AT >1-e
— Ully,*
> fye

Finally, it is worth to point out some possible generalizations of the results so far.

Remark 1.6 We may consider the following more general weighted problem

hye" 1 hye™ 1
Pu—Au = ) -
t g pl(/Mhleu |M|> p2</Mhze—u |M|

where h; = h;(x) are two smooth functions such that 1 <h;<ConM,i=1,2, for some
C > 0. It is easy to check that Theorems 1.1, 1.3 and 1.4 extend to this case as well. The
same argument applies also to the Toda system (1.7).

On the other hand, motivated by several applications in mathematical physics [1, 40, 42]
we may consider the following asymmetric sinh-Gordon wave equation

U 1 e—(lM 1
u—Au= £ )- — |
T ”1( Je |M|> ”2< Jye |M|)

with @ > 0. For a = 2, which corresponds to the Tzitzéica equation, we can exploit the
detailed analysis in [25] to derive Theorems 1.1, 1.3 and 1.4 for this case as well (with
suitable modifications accordingly to the associated Moser—Trudinger inequality). On the
other hand, for general a > 0 the complete analysis is still missing and we can rely, for
example, on [21] to get at least the existence results of Theorems 1.1 and 1.3.

We next consider the wave equation associated with some general Toda system,

c e 1 .
0[2ui—Agui=Zaijpj(m—M) on M, l=l,...,n, (17)
M

j=1

where p;, i =1, ... ,n are real parameters and A, = (g
matrix for SU(n + 1)

inxn 18 the following rank n Cartan

2 -1 0 0
-1 2 -1 -« 0

A= | (1.8)
0 -1 2 -1
0 0 -1 2

The stationary equation related to (1.7) is the following Toda system:

n M 1 ]
—Agu; = Za,]p,(/ o M) i=1,...n, (1.9)

which has been extensively studied since it has several applications both in mathematical
physics and in geometry, for example, non-abelian Chern—Simons theory [15, 46, 50] and
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holomorphic curves in CP" [7, 10, 32]. There are by now many results concerning Toda-
type systems in particular regarding existence of solutions [6, 22, 34], blow-up analysis
[26, 31] and classification issues [32].

On the other hand, only partial results concerning the wave equation associated with
the Toda system (1.7) were obtained in [11] which we recall here. First, the local well-
posedness of (1.7) analogously as in Theorem 1.1 is derived for a general n X n sym-
metric matrix A,. Second, by assuming A, to be a positive definite symmetric matrix
with nonnegative entries the authors were able to deduce a global existence result by
exploiting a Moser—Trudinger-type inequality suitable for this setting, see [44]. On the
other side, no results are available neither for mixed positive and negative entries of the
matrix A, (which are relevant in mathematical physics and in geometry, see, for exam-
ple, the above Toda system) nor for blow-up criteria. Our aim is to complete the latter
analysis.

Before stating the results, let us fix some notation for the system setting. We
denote the product space as (H'(M))" = H' (M) x --- x H'(M). To simplify the nota-

tion, to take into account an element (uy,...,u,) € (H'(M))" we will rather write
H'M)u: M (u,...,u,) € R". With a little abuse of notation, we will write /Mu
when we want to consider the integral of each component u;,i =1, ...,n.

Since the local well-posedness of (1.7) is already known from [11], our first result
concerns the global existence in time.

Theorem 1.7 Suppose p; < 4z foralli =1, ... ,n.Then, for any (uy,u;) € H (M) x L*(M)
such that fM u, = 0, there exists a unique global solution

u:RtxM >R, ueCRY:HYNCHRY:L?),
of (1.7) with initial data

u(0, ) = u,
ou(0, ) =u,.

The latter result follows by an energy argument and a Moser—Trudinger-type inequal-
ity for systems as obtained in [27]. On the other hand, when p; > 4z for some i, the
Moser-Trudinger inequality does not give any control and the solutions of (1.9) might
blow up. In the latter case, by exploiting improved versions of the Moser—-Trudinger
inequality for the system recently derived in [5] we are able to give the following gen-
eral blow-up criteria.

Theorem 1.8 Suppose p; > 4x for some i. Let (uy,u,) € H (M) x L*(M) be such that
/Mul =0, and let u be the solution of (1.7). Suppose that u exists in [0,T,) for some
Ty < oo and it cannot be extended beyond T,,. Then, there exists a sequence t; — T such

that

lim max ||[Vu;(f, )l ;2 = +o0,  lim max e) = fo0,
k—>+o00 k j M

—+00

Furthermore, if p; € [4m;n,4(m; + 1)) for some m; €N, i =1, ..., n, then there exist at

least one index j € {1, ...,n} and m; points {x;,, ... ,qum]_} € M such that for any € > 0,
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/ m euj(tk*')

. U2, B&;,.€)

kllm # > 1—€.
mo [y et

Therefore, for the finite time blow-up solutions to (1.7) there exists at least one compo-
nent u; such that the measure e“"* (after normalization) concentrates around (at most) m;
points on M. One can compare this result with the one for the sinh-Gordon equation (1.1)
or the mean field equation (1.4), see Theorem 1.4 and Corollary 1.5, respectively.

Finally, we have the following possible generalization of the system (1.7).

Remark 1.9 We point out that since the improved versions of the Moser-Trudinger ine-
quality in [5] hold for general symmetric, positive definite matrices A, = (a;),,x, With non-
positive entries outside the diagonal, we can derive similar existence results and blow-up
criteria as in Theorems 1.7, 1.8, respectively, for this general class of matrices as well. In
particular, after some simple transformations (see, for example, the introduction in [2]) we
may treat the following Cartan matrices:

2 -1 0 0 2 -1 0 0
-1 2 -1 0 -1 2 -1 0
B, = 3 e :
0 -1 2 -2 0 -1 2 -1
0 0 -1 2 0 0 -2 2

2 -1
“=(5 3)

which are relevant in mathematical physics, see, for example, [15]. To simplify the presen-
tation, we give the details just for the matrix A, in (1.8).

The paper is organized as follows. In Sect. 2, we collect some useful results, and in

Sect. 3, we prove the main results of this paper: local well-posedness, global existence and
blow-up criteria.

2 Preliminaries
In this section, we collect some useful results concerning the stationary sinh-Gordon equa-
tion (1.2), Toda system (1.9) and the solutions of wave equations which will be used in the

proof of the main results in the next section.
In the sequel, the symbol u will denote the average of u, that is

E=fu=L/u.
v M| Sy

Let us start by recalling the well-known Moser-Trudinger inequality

snlog/e"—ﬁg %/ |Vul* + Cyrpy» € H'(M). Q2.1
M M

For the sinh-Gordon equation (1.2), a similar sharp inequality was obtained in [39],
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87r<log/e“_”+log/e_”+”> < l/ |Vul* + Cprpy» w€H'M). (22
M M 2 u ’

We recall now some of main features concerning the variational analysis of the sinh-
Gordon equation (1.2) recently derived in [6], which will be exploited later on. First of
all, letting p;, p, € R the associated Euler-Lagrange functional for Eq. (1.2) is given by
Jopy ' H M) - R,

P1sP:
1 u—1u —u+tu
Iy o, (W) = E/MIVulz—pl log/Me —pzlog/Me . (2.3)

Observe that if p;, p, < 87, by (2.2), we readily have

iy 2 =C.

foranyu € H 1(M), where C > 0 is a constant independent of u. On the other hand, as soon
as p; > 8x for some i = 1,2 the functional J o1 is unbounded from below. To treat the
latter supercritical case, one needs improved versions of the Moser—Trudinger inequality
(2.2) which roughly assert that the more the measures e, e are spread over the surface,
the bigger is the constant in the left-hand side of (2.2). More precisely, we have the follow-
ing result.

Proposition 2.1 ([6]) Let 6,0 > 0, k,l € N and {Q, ;2 ;}ici1.....
that

kel C M be such

dQ Q) 268, Vi €(l,.. k), i#i,
Ay, ) 26, Vjij €l 1} j#].

Then, for any € > 0O there exists C = C(¢, 8,0, k, [, M) such that ifu € H'(M) satisfies

/ e"ze/e", Vie{l,...,k}, / e‘”ZG/e‘”, vjie{l,...,1},
Q,; M Q,; M

it follows that
8kx log / ¢ + 8z log / e < 1% / IVul? dv,, + C.
M M M

From the latter result, one can deduce that if the J 10, () is large negative at least one
of the two measures ¢, e~ has to concentrate around some points of the surface.

Proposition 2.2 ([6]) Suppose p; € (8m;x, 8(m; + 1)x) for some m; € N,i=1,2 (m; > 1
for some i = 1,2). Then, for any €,r > 0 there exists L = L(g,r) > 1 such that for any
u € H' (M) with Jm,pz(”) < —L, there are either some m, points {x,, ... s X, } € M such that

u
fuji‘lB,<x1)e o le

Jue

or some m, points {y,, ... ,ymz} C M such that
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We next briefly recall some variational aspects of the stationary Toda system (1.9).
Recall the matrix A, in (1.8) and the notation of u introduced before Theorem 1.7
and write p = (p, ..., p,). The associated functional for the system (1.9) is given by
J, H M) - R,

Jp(u) = %/ Z ’J(Vu,, Vu ) - Zp, log/ il 24
M

ij=1

where (a?),,, is the inverse matrix A-!of A,. A Moser—Trudinger inequality for (2.4) was
obtained in [27], which asserts that

J,w) > C, (2.5)

for any u € H'(M), where C is a constant independent of u, if and only if p; < 4x for any
i=1,...,n In particular, if p; > 4z for some i = 1, ...,n the functional J, is unbounded
from below. As for the sinh-Gordon equation (1.2), we have improved versions of the
Moser—Trudinger inequality (2.5) recently derived in [5] (see also [6]) which yield concen-
tration of the measures '/ whenever J,(u) is large negative.

Proposition 2.3 ([5, 6]) Suppose p; € (4m;x,4(m; + 1)x) for some m; €N, i=1,...,n
(m; > 1 for some i =1, ...,n). Then, for any €,r > 0 there exists L = L(g,r) > 1 such that
for any u € H' (M) with J,(u) < =L, there exists at least one index j € {1,...,n} and m;
points {xy, ... ,xm/} C M such that

f;il r(xl)
Jue"

Finally, let us state a standard result concerning the wave equation, that is the
Duhamel principle. Let us first recall that every function in L>(M) can be decomposed as
a convergent sum of elgenfunctlons of the Laplacian A, on M. Then, one can define the

operators cos(y/—A,) a i (” actlng on L*(M) using the spectral theory. Consider

1—e.

now the initial value problem

{ 0}v — Ay =f(t,x),

v(0,-) =uy,  0v(0,) = u,, (2.6)

on [0, +00) X M. Recall the notation of C;(X) and u before Theorems 1.1 and 1.7, respec-
tively. Then, the following Duhamel formula holds true.

Proposition 2.4 LetT > 0, (uy, u;) € H' (M) x L*(M) and let f € L(L*(M)). Then, (2.6)
has a unique solution

v:i[0,T)XM =R, veC(H")nCHLY,

given by
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sin(ry/=A,)
—A “

v(t,x) = cos <t —Ag>u0 +—

VA

. 2.7
tsin((t —s5)4/—A
+/ gf(s) ds.
0 —A,
Furthermore, it holds
Vlle, @y + 19vllc, @2y < 2<||Mo”Hl + oy ll 2 + |lf||L'T(L2)>~ (2.8)

The same results hold as well if uy,u,, and f(t,-) are replaced by uy,u, and £(t,-),
respectively.

3 Proof of the main results

In this section, we derive the main results of the paper, that is local well-posedness, global
existence and blow-up criteria for the wave sinh-Gordon equation (1.1), see Theorems 1.1,
1.3 and 1.4, respectively. Since the proofs of global existence and blow-up criteria for the
wave Toda system (1.7) (Theorems 1.7, 1.8) are obtained by similar arguments, we will
present full details for what concerns the wave sinh-Gordon equation and point out the dif-
ferences in the two arguments, where necessary.

3.1 Local and global existence

We start by proving the local well-posedness of the wave sinh-Gordon equation (1.1). The
proof is mainly based on a fixed point argument and the Moser—Trudinger inequality (2.1).

Proof of Theorem 1.1 Let (uy, u;) € H'(M) X L*(M) be such that [, u; = 0. Take T > 0 to
be fixed later on. We set

1
R= 3(””0“;11 + ||u1||L2)7 I= f Uy = /“0! 3.0
M M| Sy

and we introduce the space B given by
B; = {u € Co(H' (M) n CL(L*M)) = |lull, <R, f u(s,) =1 for all s €0, T]},
M

where
llull, = ||14||CT(H1) + ||0tu“CT(L2)'

For u € By, we consider the initial value problem

et 1 e 1
6t2v—Agv=f(s,x)=p1<m—M>—P2<—/ML,_,, _M>’ 32)
v(0,-) =uy,, 0v0,)=u,
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on [0, T] X M. Applying Proposition 2.4, we deduce the existence of a unique solution of
(3.2).
Step 1 We aim to show that v € B, if T is taken sufficiently small. Indeed, still by Prop-

osition 2.4 we have
et 1
/M et M|

ds.

12

ds

12

T
VI < 2(luglln + Nyl 2 ) + 20, /
0

+2 / et 1
2Jo |\ f,ye Ml

Since u € By, we have fM u(s,-) =1 for all s €[0,T], and therefore, by the Jensen

inequality,
f e > efu' = ¢ and f et > et = ¢l
M M

Therefore, we can bound the last two terms on the right-hand side of (3.3) by

(3.3)

CT + + CT|p,le”" max ||€"“)||,» + CT|p,|e’ max ||,
(FARAIZ)) A se[O,T]” IIz2 2y sE[O,T]” II72

for some C > 0. On the other hand, recalling the Moser—Trudinger inequality (2.1), we
have for s € [0, T]

”eu(s,')llZ2 =/82u(s,')=/eZ(u(s,~)—ﬁ)e21
M M

| o 3.4
< Cexp <4—/ |Vu(s,.)|2>621 < Ce”eﬂR’,
T Jm

for some C > 0, where we used ||u||, < R. Similarly, we have
le 12, < Ce e,
Hence, recalling the definition of R in (3.1), by (3.3) and the above estimates we conclude

1
vl < 2(””0”;11 + [l ”LZ) + CT(Ip, | + 1po) + CT(Ipy | + |Pz|)eS”R

2 1
= SR+ CTpil + o) + CT(Ipy | + IpsDes.

Therefore, if T > 0 is taken sufficiently small, T = T'(p;, p,, llugll 15 124 |l 12), then||v]|, < R.
Moreover, observe that if we integrate both sides of (3.2) on M, we get

07%(s) =0, for all s€[0,T],
and hence,
09(s) =0y0)=u, =0, for all s€[0,T)

It follows that
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fv@,-):fv(o,-):f uyo=1 for all se€[0,T].
M M M

Thus, for this choice of T we conclude that v € B.
Therefore, we can define a map

F : By - By, v=Fu).

Step 2 We next prove that by taking a smaller 7T if necessary, F is a contraction. Indeed, let
u,,u, € By be such that v; = F(u;), i = 1,2. Then, v = v, — v, satisfies

2y — =p (2 €2 ) G e
at v Agv =/ ( /M ot fM o2 ) p2<fM i1 /M e )?
v(0,)=0, 09v0,-)=0.

Hence, by Proposition 2.4 we have

! e e'2
v, < 2,,1/ S|
0 / i / € L
(3.5)
r e e
+2p, — - — ds.
0 Jye [ e .
For s € [0, T'], we use the following decomposition,
( eul(s,-) euz(s,~) < el — et
/' eul(s,~) / euz(s,~) - / et
M M M 2
@ y (3.6)

e (/M el — /M euz)
(Se) (Sye)

Reasoning as before, the first term in the right-hand side of the latter estimate is bounded
by

12

Ce‘IH(ul(s, ) = iy, () + 26)

1 (5,) - (5,7) (3.7
< CeMluy (s, ) = uy(s, e (NN + eS| ),

for some C > 0, where we used the Holder inequality. Moreover, we have

. V—@i 1
e, = / M) "l“”e“sc.e“’exp(; / Vi (s, ->|2>
M M

12 .
< Celex® , 1=1,2,

for some C > 0. Using the latter estimate for the second term in (3.7) and the Sobolev
inequality for the first term, we can bound (3.7) by

LRZ
Ceas™ |y — uy|| g

and hence
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el — o2
u
fMe !

On the other hand, by using (3.4), the second term in (3.6) is bounded by

L g2
< Cew™ luy — upllgp- (3.8)

12

Ce_zllle”Z(s")lle/ luty (5, ) = uy(s, )] (€9 + €207)
M
27 5, 5, 5,
< Ce €S 2 (e S 2 A+ e ) (s, ) = up(s, I 2
LRZ
< Cewn luy (s, ) = up(s, s

for some C > 0, where in the last step, we used the Sobolev inequality.
In conclusion, we have

e”l“»‘) euz(s,~) 1R
- = 4 1\ ) = Up Sy * )2
< Cews™ luy (s, -) = up(s, I
Jues) [y et
12

Similarly,

./M e—ul(s,-) - fM e—uz(s;)

Finally, by the latter estimate, (3.8) and by (3.6), (3.5), we conclude that

e—ul(s;) e—uz(s,-) 1
( S Ce4”R ||M1(S,‘)—M2(S,')||L2~
12

1 p2
VIl < CT(py| + |psDes" Nluy (s, ) = ua(s, )l
1 R2
S CT(py| + [paDes=" Nluy — uyll, -

Therefore, if T > 0 is taken sufficiently small, T = T(p, p,, |lugll 1, llu; 1l 2). then F is a
contraction map. The latter fact yields the existence of a unique fixed point for 7, which
solves (1.1) with initial conditions (u, u, ).

The same arguments with suitable adaptations show that the initial value problem (1.1)
is locally well-posed, so we omit the details. The proof is completed. O

We next prove that if the two parameters in (1.1) are taken in a subcritical regime,
then there exists a global solution to the initial value problem associated with (1.1). To
this end, we will exploit an energy argument jointly with the Moser—Trudinger inequal-
ity related to (1.2), see (2.2). For a solution u(¢, x) to (1.1), we define its energy as

1 = =
E(u(t,-) = 5/(|a,u|2+|w|2)—p1 log/e“ ”—pzlog/e e, 3.9
M M M
for ¢t € [0, T]. We point out that

E(u(t, ) = / oul® +7, , (u(t. ),

M

0=

where J, , is the functional introduced in (2.3). We first show that the latter energy is con-

served in time along the solution u.
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Lemma 3.1 Let p;, p, € R and let (uy, u;) € H' (M) X L*(M) be such that /M u; =0. Let
uEe CT(HI) N CIT(L2),f0r some T > 0, be a solution to (1.1) with initial data (uy, u,) and
let E(u) be defined in (3.9). Then, it holds

E(u(t,)) = E@(0,)) for all e [0,T].
Proof We will show that
O,Eu(t,))=0 for all t€l0,T].

We have

‘o —ug
O,E(u(t,-)) = /(az“)(atzu) + / (Vo,u, Vu) — p, Ju e + 0, Ju o
M M ./M el /M e—

After integration by parts, the first two terms in the right-hand side of the latter equation

give
0.u)(%u — A =/a ) - ).
/M (0, (02 — A, u) M:M(Pl( Toe ) TP\ e T M

where we have used the fact that u satisfies (1.1). Plugging the latter equation into (3.10),
we readily have

9,Eu(r), ) = p2|1\_4|p1 /Ma,u= pzm_ﬂpl a,(/Mu> =0 for all re0,T],

since fM u(t,-) = /M ug for all t € [0, T], see Theorem 1.1. This concludes the proof. (1

(3.10)

We can now prove the global existence result for (1.1) in the subcritical regime
P1»py < 87

Proof of Theorem 1.3 Suppose p,, p, < 87. Let (ug,u;) € H' (M) x L*>(M) be such that
/M u; =0 and let u be the solution to (1.1) with initial data (u,, ;) obtained in Theo-
rem 1.1. Suppose that u exists in [0, T,)). With a little abuse of notation, C([0, Tp,);H") will
be denoted here still by Cy, (H 1). Analogously, we will use the notation CITO (L*). We have

thatu € CTO(HI) n C‘TO(LZ) satisfy

u 1 e—u 1
Pu—-Au=p | —-— )=p,[ E—-—) on [0,T)xM.
’ 1(/Meu 1) 2\ fye M ’

We claim that
lulle, @ + 19ullc, a2 < €, (3.11)

for some C > 0 depending only on p;, p, and (u,, u;). Once the claim is proven, we can
extend the solution u for a fixed amount of time starting at any ¢ € [0, T})), which in particu-
lar implies that the solution u can be extended beyond time 7},. Repeating the argument, we
can extend u for any time and obtain a global solution as desired.

Now, we shall prove (3.11). We start by recalling that the energy E(u(t,-)) in (3.9) is
conserved in time, see Lemma 3.1, that is,
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E(u(t,-)) = E@(0,+) for all re€[0,T)). (3.12)

Suppose first p,, p, € (0, 8x). By the Moser—Trudinger inequality (2.2), we have

87r<10g / e )7HD 4 Jog / e_“(”')+“(’)> <1 / |Vu(t, )|*+C, t€][0,T,),
M M 2 M

where C > 0 is independent of u(z, -). Observe moreover that by the Jensen inequality, it
holds

log / eI > 0 Jog / eI > 0, 1 €[0,T,). (3.13)
M M
Therefore, letting p = max{p,, p,} we have

E(u(t, ")) 2 1 /(Ia,u(t, W+ [ Vu(t, )*)
2 Ju

—p<log/ eu(t,~)—ﬁ(t) —log/ e—u(r,‘)+u(1)> (3.14)
M M

> %/(Iatu(t, ')|2+|Vu(t7-)|2)—%/ |Vu(t,-)|* = Cp,
M T Jm

for ¢ € [0,7T,), where C > 0 is independent of u(t, -). Finally, since p < 8z and by using
(3.12), we deduce

(1= 2 ) (0t N2, + 1Vt )

%/M |0[u(t,-)|2+(1—£>|Vu(t,')|2>

< E(u(t,-)) + Cp = Eu(0, ) + Cp,

1
2

where C > 0 is independent of u(t, -).
On the other hand, to estimate ||u(z,-)||;» we recall that [, u(z,-) = [, u, for all
t € [0,7,), see Theorem 1.1, and use the Poincaré inequality to get
e, Iz < Nut, ) —u@®ll2 + Nu®ll 2 < CNIVult, 2 + Culr)
= C||Vu(t, )l 2 + Cuy,
where C > 0 is independent of u(z, ). By the latter estimate and (3.14), we readily have
(3.11).

Suppose now one of p;, p,’s is not positive. Suppose without loss of generality p; < 0.
Then, recalling (3.13) and by using the standard Moser-Trudinger inequality (2.1) we have

E(u(t,") > % / (19,u(t, )|* + |Vu(t, )|*) — p, log / ()=
M M

> ;/ (|(3u(t I+ ( g—;)qu(t,-)lz)—sz.

Reasoning as before, one can get (3.11).
Finally, suppose p;, p, < 0. In this case, we readily have
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1
Eu(©0,) = E@(t,) 2 5 / (19,u(z,)* + | Vu(z, ) ),
M
which yields (3.11). The proof is completed.(]
Remark 3.2 For what concerns the wave equation associated with the Toda system (1.7),

we can carry out a similar argument to deduce the global existence result in Theorem 1.7.
Indeed, for a solution u = (u,, ..., u,) to (1.7) we define its energy as

Eue,) = 5 /
M

where (a¥),,,, is the inverse matrix A of A,. Analogous computations as in Lemma 3.1
show that the latter energy is conserved in time, i.e.,

n

@ (@a1)0) + (Vi Vi) = 3 pitog [ e,
1 i=1 M

ij=

E(u(t,-)) = Eu(,-)) for all re[0,T].

To prove the global existence in Theorem 1.7 for p; < 4x,i =1, ..., n, one can then follow
the argument of Theorem 1.3 jointly with the Moser—Trudinger inequality associated with
the Toda system (1.9), see (2.5).

3.2 Blow-up criteria

We next consider the critical/supercritical case in which p; > 8z for some i. The fact that
the solutions to (1.2) might blow up makes the problem more delicate. By exploiting the
analysis introduced in [6], in particular the improved version of the Moser—Trudinger ine-
quality in Proposition 2.1 and the concentration property in Proposition 2.2, we derive the
following general blow-up criteria for (1.1). We stress that this is new for the wave mean
field equation (1.4) as well.

Proof of Theorem 1.4 Suppose p; > 8z for some i. Let (ug, u;) € H' (M) x L>(M) be such
that fM u; =0 and let u be the solution of (1.1) obtained in Theorem 1.1. Suppose that u
exists in [0, T;)) for some T, < +o0 and it cannot be extended beyond T,,. Then, we claim
that there exists a sequence #;, — 7, such that either

lim [ ‘%) =400 or lim / e ) = f o0, (3.15)
M

k—co M k—o0

Indeed, suppose this is not the case. Recall the definition of E(u) in (3.9) and the fact that
it is conserved in time (3.12). Recall moreover that / U, ) = /M uy for all r € [0, 7)), see
Theorem 1.1. Then, we would have
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2 / (10u(t, ) + |Vu(z. )?)
M

= E(u(t,)) + p; log / )70 4 p) log / gt
M M

< Eu(t, )+ (py — ppu(®) + C
= Eu(0,)) + (py — pu(0) + C
<C forallte[0,T),

for some C > 0 depending only on p,, p, and (i, u;). Thus, we can extend the solution u
beyond time T, contradicting the maximality of 7;. We conclude (3.15) holds true. Now,
since u(f) is constant in time, the Moser—Trudinger inequality (2.1) yields

Lim [[Vu(t, )2 = +oo. (3.16)

This concludes the first part of Theorem 1.4.

Finally, suppose p;, € [8m,x,8(m, + 1)wr) and p, € [8m,7,8(m, + 1)x) for some
m;,m, €N, and let 7, be the above defined sequence. Next, we take p; > p; such that
p; € Bm;m,8(m; + 1)xr), i = 1,2, and consider the following functional as in (2.3),

1 ~ u—u ~ —u+u
Jﬁl,ﬁz(u)=§</M|Vu|2—pl/M€ —pz/Me e

Since p; > p;, i = 1,2 and since E(u(t;, -)), u(t) are preserved in time, we have

/ |9u(t, )I?
M

~ (3 = pytog [ ) — (5, = g [ e
M M
< E@(0,9) + (31 — py)0) = (7 ~ p2 )0

-/ - Pl)log/ et — (Py — py) log/ e ") 5 oo,
M M

J5..5, Ut ) = E(u(t, ) —

0=

for k = 400, where we used (3.15). Then, by the concentration property in Proposi-
tion 2.2 applied to the functional J; ; , for any € > 0 we can find either some m, points
{x;,... > Xm, } € M such that, up to a subsequence,
(1)
-/Uml B,(x) ek

khm ’:IV# > 1- £,
u(ty,
—+00 ./M e\

or some /m, points {y,, ..., y,, } C M such that

m —u(ty,")
/u,:] Bop€

—_—>1-C
k—+00 /M e*u(%') -

This finishes the last part of Theorem 1.4.00

Remark 3.3 The general blow-up criteria in Theorem 1.8 for the wave equation associ-
ated with the Toda system (1.7) in the critical/super critical regime p; > 4x are obtained
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similarly. More precisely, one has to exploit the conservation of the energy of solutions to
(1.7), see Remark 3.2, and the concentration property for the Toda system (1.9) in Proposi-
tion 2.3.

Acknowledgements The authors would like to thank Prof. P. L. Yung for the comments concerning the
topic of this paper. The research of the first author is supported by the grant of thousand youth talents plan
of China. The research of the second author is partially supported by PRIN12 project: Variational and Per-
turbative Aspects of Nonlinear Differential Problems and FIRB project: Analysis and Beyond. The research
of the third author is supported by NSFC Nos. 11801550 and 11871470.

Funding Open access funding provided by Universita degli Studi di Udine within the CRUI-CARE
Agreement.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License,
which permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long
as you give appropriate credit to the original author(s) and the source, provide a link to the Creative Com-
mons licence, and indicate if changes were made. The images or other third party material in this article
are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the
material. If material is not included in the article’s Creative Commons licence and your intended use is not
permitted by statutory regulation or exceeds the permitted use, you will need to obtain permission directly
from the copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

1. Abazari, R.: The (g)-expansion method for Tzitzéica type nonlinear evolution equations. Math. Com-
put. Model. 52, 18?4—1845 (2010)

2. Ao, W., Jevnikar, A., Yang, W.: On the boundary behavior for the blow up solutions of the sinh-Gor-
don equation and rank N Toda systems in bounded domains. Int. Math. Res. Not. IMRN) (2018). https
://doi.org/10.1093/imrn/rny263

3. Ao, W., Jevnikar, A., Yang, W.: Blow up solutions for sins-Gordon equation with residual mass. Pre-
print arXiv:1912.07258 (2019)

4. Bahri, A., Coron, J.M.: The scalar curvature problem on the standard three dimensional sphere. J.
Funct. Anal. 95(1), 106-172 (1991)

5. Battaglia, L.: B, and G, Toda systems on compact surfaces: a variational approach. J. Math. Phys.
58(1), 011506 (2017)

6. Battaglia, L., Jevnikar, A., Malchiodi, A., Ruiz, D.: A general existence result for the Toda system on
compact surfaces. Adv. Math. 285, 937-979 (2015)

7. Bolton, J., Woodward, L.M.: Some geometrical aspects of the 2-dimensional Toda equations. In:
Geometry, Topology and Physics (Campinas, 1996), pp. 69-81. de Gruyter, Berlin (1997)

8. Cabrera-Carnero, 1., Moriconi, M.: Noncommutative integrable field theories in 2D. Nucl. Phys. B
673, 437454 (2003)

9. Caglioti, E., Lions, P.L., Marchioro, C., Pulvirenti, M.: A special class of stationary flows for two-
dimensional Euler equations: a statistical mechanics description. Commun. Math. Phys. 143(3), 501—
525 (1992)

10. Calabi, E.: Isometric imbedding of complex manifolds. Ann. Math. (2) 58, 1-23 (1953)

11. Chanillo, S., Yung, P.L.: Wave equations associated to Liouville systems and constant mean curvature
equations. Adv. Math. 235, 187-207 (2013)

12. Chern, S.S.: Geometrical interpretation of the sinh-Gordon equation. Ann. Pol. Math. 39, 74-80
(1980)

13.  Chorin, A.J.: Vorticity and Turbulence. Springer, New York (1994)

14. Chow, K.W.: A class of doubly periodic waves for nonlinear evolution equations. Wave Motion 35,
71-90 (2002)

15. Dunne, G.: Self-dual Chern—Simons Theories. Lecture Notes in Physics. Springer, Berlin (1995)

16. Fua, Z., Liu, S., Liu, S.: Exact solutions to double and triple sinh-Gordon equations. Zeit. Natur. A 59,
933-937 (2004)

@ Springer


http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1093/imrn/rny263
https://doi.org/10.1093/imrn/rny263
http://arxiv.org/abs/1912.07258

Wave equations associated with Liouville-type problems: global...

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

217.

28.

29.

30.

31.

32.

33.
34.

35.

36.

37.

38.
39.

40.
41.

42.

43.
44.

45.

46.

47.

48.

Gui, C., Jevnikar, A., Moradifam, A.: Symmetry and uniqueness of solutions to some Liouville-type
equations and systems. Commun. PDEs 43(3), 428—-447 (2018)

Jevnikar, A.: An existence result for the mean field equation on compact surfaces in a doubly super-
critical regime. Proc. R. Soc. Edinb. A 143(5), 1021-1045 (2013)

Jevnikar, A.: A note on a multiplicity results for the mean field equation on compact surfaces. Adv.
Nonlinear Stud. 16(2), 221-229 (2016)

Jevnikar, A.: New existence results for the mean field equation on compact surfaces via degree theory.
Rend. Semin. Mat. Univ. Padova 136, 11-17 (2016)

Jevnikar, A.: Blow-up analysis and existence results in the supercritical case for an asymmetric mean
field equation with variable intensities. J. Differ. Equ. 263, 972—-1008 (2017)

Jevnikar, A., Kallel, S., Malchiodi, A.: A topological join construction and the Toda system on com-
pact surfaces of arbitrary genus. Anal. PDE 8(8), 1963-2027 (2015)

Jevnikar, A., Wei, J.C., Yang, W.: Classification of blow-up limits for the sinh-Gordon equation. Differ.
Integral Equ. 31(9-10), 657-684 (2018)

Jevnikar, A., Wei, J., Yang, W.: On the topological degree of the mean field equation with two param-
eters. Indiana Univ. Math. J. 67(1), 29-88 (2018)

Jevnikar, A., Yang, W.: Analytic aspects of the Tzitzéica equation: blow-up analysis and existence
results. Calc. Var. PDEs 56(2), 43 (2017)

Jost, J., Lin, C.S., Wang, G.: Analytic aspects of the Toda system. II. Bubbling behavior and existence
of solutions. Commun. Pure Appl. Math. 59(4), 526-558 (2006)

Jost, J., Wang, G.F.: Analytic aspects of the Toda system: I. A Moser-Trudinger inequality. Commun.
Pure Appl. Math. 54(11), 1289-1319 (2011)

Jost, J., Wang, G., Ye, D., Zhou, C.: The blow-up analysis of solutions of the elliptic sinh-Gordon
equation. Calc. Var. PDEs 31, 263-276 (2008)

Joyce, G., Montgomery, D.: Negative temperature states for a two dimensional guiding center plasma.
J. Plasma Phys. 10, 107-121 (1973)

Kiessling, M.K.H.: Statistical mechanics of classical particles with logarithmic interactions. Commun.
Pure Appl. Math. 46(1), 27-56 (1993)

Lin, C.S., Wei, J.C., Yang, W.: Degree counting and shadow system for SU(3) Toda system: one bub-
bling. J. Differ. Equ. 264(7), 4343-4401 (2018)

Lin, C.S., Wei, J.C., Ye, D.: Classification and nondegeneracy of SU(n + 1) Toda system. Invent. Math.
190(1), 169-207 (2012)

Lions, P.L.: On Euler Equations and Statistical Physics. Scuola Normale Superiore, Pisa (1997)
Malchiodi, A., Ruiz, D.: A variational analysis of the Toda system on compact surfaces. Commun.
Pure Appl. Math. 66(3), 332-371 (2013)

Marchioro, C., Pulvirenti, M.: Mathematical Theory of Incompressible Nonviscous Fluids. Springer,
New York (1994)

Mosconi, P., Mussardo, G., Rida, V.: Boundary quantum field theories with infinite resonance states.
Nucl. Phys. B 621, 571-586 (2002)

Natali, F.: On periodic waves for sine- and sinh-Gordon equations. J. Math. Anal. Appl. 379, 334-350
(2011)

Newton, P.K.: The N-Vortex Problem: Analytical Techniques. Springer, New York (2001)

Ohtsuka, H., Suzuki, T.: Mean field equation for the equilibrium turbulence and a related functional
inequality. Adv. Differ. Equ. 11, 281-304 (2006)

Onsager, L.: Statistical hydrodynamics. Nuovo Cimento Suppl. 6, 279-287 (1949)

Pointin, Y.B., Lundgren, T.S.: Statistical mechanics of two-dimensional vortices in a bounded con-
tainer. Phys. Fluids 19, 1459-1470 (1976)

Sawada, K., Suzuki, T.: Derivation of the equilibrium mean field equations of point vortex and vortex
filament system. Theor. Appl. Mech. Jpn. 56, 285-290 (2008)

Schoen, R., Zhang, D.: Prescribed scalar curvature on the n-sphere. Calc. Var. 4(1), 1-25 (1996)
Shafrir, I., Wolansky, G.: Moser-Trudinger and logarithmic HLS inequalities for systems. J. Eur.
Math. Soc. JEMS) 7(4), 413-448 (2005)

Tarantello, G.: Analytical, geometrical and topological aspects of a class of mean field equations on
surfaces. Discrete Contin. Dyn. Syst. 28(3), 931-973 (2010)

Tarantello, G.: Selfdual Gauge Field Vortices: An Analytical Approach. Progress in Nonlinear Differ-
ential Equations and Their Applications, vol. 72. Birkhéduser Boston Inc., Boston (2008)

Wazwaz, A.M.: Exact solutions to the double sinh-Gordon equation by the tanh method and a variable
separated ODE method. Comput. Math. Appl. 50, 1685-1696 (2005)

Wente, H.C.: Large solutions to the volume constrained Plateau problem, Arch. Ration. Mech. Anal.
75(1), 59-77 (1980/81)

@ Springer



W. Ao etal.

49. Wente, H.C.: Counterexample to a conjecture of H. Hopf. Pac. J. Math. 121(1), 193-243 (1986)

50. Yang, Y.: Solitons in Field Theory and Nonlinear Analysis. Springer Monographs in Mathematics.
Springer, New York (2001)

51. Zhong, W.P, Beli¢, M.R., Petrovi¢, M.S.: Solitary and extended waves in the generalized sinh-Gordon
equation with a variable coefficient. Nonlinear Dyn. 76, 717-723 (2014)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

@ Springer



	Wave equations associated with Liouville-type problems: global existence in time and blow-up criteria
	Abstract
	1 Introduction
	2 Preliminaries
	3 Proof of the main results
	3.1 Local and global existence
	3.2 Blow-up criteria

	Acknowledgements 
	References




