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Ramsey theorems in the Weihrauch lattice.
ATRg from the point of view of reverse mathematics, there is not a canonical way to
phrase them as multivalued functions. We identify 8 different multivalued functions (5
corresponding to the open Ramsey theorem and 3 corresponding to the clopen Ramsey
theorem) and study their degree from the point of view of Weihrauch, strong Weihrauch
and arithmetic Weihrauch reducibility. In particular one of our functions turns out to be
strictly stronger than any previously studied multivalued functions arising from statements
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6. Conclusions 34

§1. Introduction. This work explores the uniform computational strength
of some infinite-dimensional generalizations of Ramsey’s theorem. The classical
finite-dimensional Ramsey theorem can be stated as follows: for every A C N let
[A]" :={B C A:|B| = n} be the set of subsets of A with cardinality n. A map
c: [N]® — k is called a k-coloring of [N]™. A set H s.t. ¢([H]|") = {i} for some
1 < k is called homogeneous for c.

THEOREM 1.1 (Ramsey’s theorem). For every m,k > 1 and every coloring
c: [N]™ = k there is an infinite subset H C N that is homogeneous for c.

There is a vast literature exploring the computational aspects of Ramsey’s
theorem. Our focus will be on the infinite generalization of the above result, i.e.
we will consider n = oo. In particular we will focus on Nash-Williams’ theorem,
also called the open Ramsey theorem:

THEOREM 1.2 (Nash-Williams [20]). The open subsets of [N]" admit infinite
homogeneous sets.

We will also consider the restriction of Nash-Williams’ theorem to clopen sub-
sets of [N]".

The notion of Weihrauch reducibility provides a useful tool to explore the
uniform computational content of theorems: indeed many statements in mathe-
matics can be written in the form (Va € X)(¢(x) — (Jy € Y)(¢(x,y))), which
can be thought of as a computational problem where x is an instance of a problem
and the goal is to find a solution y (which is, in general, not unique). This can be
naturally written in the language of partial multivalued functions by considering
FCX=Yst fe)={yeY :¢(z,y)}, for every z € X s.t. o(z).

Starting with the work of Gherardi and Marcone [11], it has been shown that
Weihrauch reducibility provides a bridge between computable analysis and re-
verse mathematics. In particular reverse mathematics focuses on proving the
equivalence of statements over a weak base theory. Historically, a large num-
ber of theorems turned to be equivalent to one of the so-called big five: RCAy,
WKLy, ACAg, ATR,, H%—CAO. Oftentimes, the close connection between re-
verse mathematics and Weihrauch reducibility has been exploited to translate
results from one setting into the other.

Following this connection, there are a number of established “analogues” of the
big-five in the Weihrauch lattice: RCAq corresponds to computable problems,
WKL corresponds to Con (i.e. choosing an element from a non-empty closed
subset of 2V) and ACAq corresponds to iterations of lim.

Recently Marcone [8] raised the question “What do the Weihrauch hierarchies
look like once we go to very high levels of reverse mathematics strength?”. There
have been several works in this direction: Kihara, Marcone and Pauly [18] have
studied several principles, like the (strong) comparability of well-orders, the per-
fect tree theorem and the open determinacy theorem; Goh [13, 12] analyzed
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the weak comparability of well-orders and the Konig duality theorem; Angles
D’Auriac and Kihara [1] dealt with the ¥} choice on N and variants thereof.

Our work explores the formalization of the open and clopen Ramsey theorems
as multivalued functions and analyzes their position in the Weihrauch lattice
(both the open and the clopen Ramsey theorems are known to be equivalent
to ATRg over RCAy, see [26, Sec. V.9]). Notice that, as already occurred to
other principles equivalent to ATRg ([18, 12]), there is not a single multivalued
function corresponding to the open Ramsey theorem. Actually, in our case, the
situation is even more complex than for the open determinacy or the perfect
tree theorem, as the two alternatives (homogeneous solution on the open side
or homogeneous solution on the closed side) given by the open Ramsey theo-
rem are not mutually exclusive. Therefore given an open set we can ask for a
homogeneous solution on the open side, a homogeneous solution on the closed
side or a homogeneous solution on either side. Altogether we will define five
different multivalued functions corresponding to the open Ramsey theorem and
three different functions corresponding to the clopen Ramsey theorem.

While it is hard to point out a single analogue of ATRq in the Weihrauch
lattice, there are a number of degrees that play a central role in calibrating the
strength of principles that, from the point of view of reverse mathematics, lie at
the level of ATRg. Prominent among these are UCx, Cyv and TCyn (see Section
2.2 for their precise definitions). It is known that UC <w Cyn <w TCyw (see
18)).

When dealing with multivalued functions that are very high in the Weihrauch
lattice it is often appropriate to use arithmetic Weihrauch reducibility rather
than (computable) Weihrauch reducibility.

In Figure 1 we summarize the results we obtain both with respect to Weihrauch
reducibility and arithmetic Weihrauch reducibility. Notice that the multivalued
function Find HSch is stronger than any multivalued function related to ATRg
considered so far. In fact all these functions are strictly Weihrauch reducible to
TC{w, which, by Corollary 4.27, is strictly below FindHSs0. Notice also that,
since FindHSz(lj is closed under parallel product (Proposition 4.24), it computes
sTCiw =w TCiw X Xl*ﬂ’ which was suggested as an ATR analogue in [18, Sec.
9].

1.1. Structure of the paper. In Section 2 we briefly introduce the nota-
tion and recall the preliminary notions on represented spaces (Section 2.1) and
Weihrauch reducibility (Section 2.2). In Section 3 we will recall the precise state-
ment for the open and clopen Ramsey theorems and prove some lemmas that will
be useful in proving the results on the Weihrauch degrees. The reader may skip
these lemmas on the first read, and return to it as needed. In Section 4 we define
the multivalued functions corresponding to the open and clopen Ramsey theo-
rems and study their degrees. In particular we divide the analysis into: functions
that are reducible to UCy~ (Section 4.2), functions that are reducible to Cyn (but
not to UCyx, Section 4.3) and functions that are not reducible to Cyn (Section
4.4). Moreover, in Section 4.5 we characterize the strength of these functions
from the point of view of strong Weihrauch reducibility. Finally, in Section 5 we
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FiGure 1. Multivalued functions related to the open and clopen
Ramsey theorems in the Weihrauch lattice. Dashed arrows rep-
resent Weihrauch reducibility in the direction of the arrow, solid
arrows represent strict Weihrauch reducibility. The large rect-
angles indicate arithmetic Weihrauch equivalence classes. In
particular, every function strictly arithmetically reduces to all
the functions in rectangles above its own.

focus on the behavior of these functions under arithmetic Weihrauch reducibility
and in Section 6 we draw some conclusions and list some open problems.

§2. Background. We refer the reader to [26] for a detailed introduction to
reverse mathematics.

Here we introduce the notation we will use in the rest of the paper.

Let NV be the Baire space endowed with the usual product topology and let
N<N be the set of finite sequences of natural numbers. Let also [N]N be the
space of total functions f: N — N that are strictly increasing (i.e. n < m =
f(n) < f(m)). This is sometimes called Ramsey space (see e.g. [26, Sec. V.9)]).
We will use the symbol C for the prefix relation. For o,7 € N<N we write: |o|

for the length of o, 0”7 for the concatenation of o and 7, and o < 7 for the
domination relation, i.e. |o| = |7] and (Vi < |o|)(c(i) < 7(i)). The domination
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relation applies also to infinite strings. Also if x € N<N U NN we write z[m] for
the prefix of 2 of length m. If f,g € NN we denote the composition f o g by fg.
Moreover, we write f < g if f is a subsequence of g, i.e. if there exists h € [N]N
s.t. f = gh. In particular for every h € [N]N we have gh = g. Similarly, we write
o =* f if o is a finite subsequence of f.

2.1. Represented spaces. We briefly introduce the main concepts on the
theory of represented spaces. For a more thorough presentation we refer to
21, 28].

A represented space is a pair (X,dx) where X is a set and §x :C NN — X
is a partial surjection. For every z € X a name or code for = is any element
of 65" (). When it is clear from the context, we omit to explicitly mention the
representation map dx.

Given two representation maps ¢ and &’ of the same set X, we say that ¢ is
reducible to &' (and we write § <. ¢') if there is a computable map F :C NN — NN
s.t. 6(p) = &' (F(p)) for every p € dom(d). The maps § and &’ are called equivalent
if 6 <. ¢ and &' <. 0.

Let (X,dx) and (Y, dy) be represented spaces and f :C X = Y be a partial
multivalued function. We say that a partial function F :C NN — NN is a
realizer' for f (and we write F I f) if, for every p € dom(f o 6x) we have that
Oy (F(p)) € f(dx(p)). The notion of realizer allows us to transfer properties of
functions on the Baire space (such as computability or continuity) to multivalued
functions on represented spaces. In particular we say that a multivalued function
between represented spaces is computable if it has a computable realizer.

Let (X, d) be a separable metric space and a: N — X be a dense sequence in
X. The tuple (X, d,a) is called a computable metric space if do (ax a): N> — R
is a computable double sequence in R.

Fix a computable enumeration (g, )nen of Q. If (X, d, @) is a separable metric
space, for every k > 1 we can define the represented spaces (X9(X ), 650(x));

(Hg(X)a5ng(X))7 (AQ(XMA%(X)) inductively by:

52?(X) (p) = U(i,j)Eran(p) B(Oé(l), q])7
om0 (x)(P) == X \ 050 (x) (P);
522+1(X)(<P0,p17 c)) = UieN 51'[5;()()(191‘);
5Ag(X)(<pv q)) = 5):2()()(29), iff p € dom(5zg(x))7 q € dom(5ng(x)) and
52:2()()(19) =X\ 5Hg(x)((1)-
The represented spaces (22(}(),522@()), (H%(X),(SHQ(X)) can be defined for
any represented space (X,0x), using the fact that the category of represented
spaces is cartesian-closed and letting a name for an open set be the name of its
characteristic function, where the codomain {0, 1} is equipped with the Sierpinski
topology. For separable metric spaces, the two representations are equivalent (see
[21, 3]).

LEMMA 2.1. The following maps are computable:

1. A?([N]z) < 22([1\1]2) =D D;

2. AY(N]) = AY(N]Y) := D N7\ D;

1The very existence of realizers for every f depends on some form of the axiom of choice.
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3. U ZY(N) x BY(NTY) = ZU(NY) := (P.Q) = PUQ.

PROOF.

1, 2: follow from the fact that a name for a clopen set is the join (p, ¢) of two
names for open sets (one for the set and one for its complement);
3: see [3, Prop. 3.2(5)].
O

The set X](X) of analytic subsets of X can be seen as a represented space by
defining a name for S to be a name for a closed set A C X x NV s.t. § = mx(A)
(where 7 denotes projection). Moreover, we can define a name for a coanalytic
set R € IT1(X) to be a name for its complement.

We denote with Tr the space of trees on N represented via their characteristic
function. Similarly we denote with Ti the space of trees with strictly increasing
strings, represented analogously. The function []: Tr — II9(NV) that maps a
tree to the set of its paths is computable with multivalued computable inverse.
This implies that a closed set A of NN or [N]N can be equivalently represented
via the characteristic function of a tree T s.t. [T] = A.

Similarly, an open set P of NN can be equivalently represented via an enu-
meration p of a prefix-free subset of N<N st. P = {f € NV : (3i)(p(i) C f)}.
With a small abuse of notation we write 7 € p in place of 7 € ran(p). The same
considerations can be made for the space [N]".

We denote by LO = (LO, d1,0) the represented space of countable linear orders,
where an order L is represented by the characteristic function of the relation
{{a,b) : a <p b}. We also denote by WO = (WO, dwo) the represented space
of countable well-orders, where the representation map dwo is the restriction of
Lo to codes of well-orders.

For every tree T' C N<N we denote by KB(7') the Kleene-Brouwer order on T
defined as 0 <kp(r) 7 iff 0,7 € T and 7 C 0 or 0 <j¢p 7. The map T+ KB(T)
from Tr to LO is computable. It is known that KB(T') is a well-order iff [T] = ()
(see e.g. [26, Lem. V.1.3]).

2.2. Weihrauch reducibility. Let f :C X =2 Y and g :C Z =3 W be
multivalued functions between represented spaces. We say that f is Weihrauch
reducible to g and we write f < g iff there are two computable maps &,V :C
NN — NN s.t., for every realizer G - g we have p — U((p, G®(p))) is a realizer
for f. We say that f is strongly Weihrauch reducible to g, and we write f <qw g,
if there are two computable maps ®, ¥ :C NN — NN s t., for every realizer G F ¢
we have UG F f. We often say that ® is the forward functional of the (strong)
Weihrauch reduction, while ¥ is the backward functional.

The relations <y and <gw are reflexive and transitive, and therefore induce
two degree structures on the family of multivalued functions on represented
spaces. For more details on the algebraic properties of the Weihrauch and strong
Weihrauch degrees we refer the reader to [16, 9, 7.

In the following we briefly introduce the operations on multivalued functions
that we will need in this work:

parallel product: fxg:C X xZ =Y xW = (x,2) — f(z) x g(z) with
dom(f x g) := dom(f) x dom(g);
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finite parallelization: f*:C X<N = Y <N with domain dom(f*) := {(2;)i<n :
(Vi < n)(x; € dom(f))} defined as f*((2;)i<n) = {(¥i)icn : (Vi <n)(y; €
f(@a)};

parallelization: f :C XN = YN with domain dom(f) := dom(f)N defined

~

as f((wn)nen) = (f(Tn))nen;

jump: we define the jump of the represented space (X, dx) as the represented
space X' = (X,dx/), where a dx/-name for z is a string (pg,p1,...) s.t.
dx (limy, 00 pr) = . The jump of f is defined as f/ :C X' =R Y =z —
f(z). We write f( to denote the result of applying the jump operation n
times.

We also define the compositional product as
[xg:= n<1ax{f0 0go: fo <w f and go <w g}
>w

Intuitively the compositional product captures the idea of applying first g, then
using some computable operation on the output of g and then feeding the result
as an input for f. The fact that the compositional product is well-defined has
been shown in [9, Cor. 3.7]. Notice that, by definition, f * g is a Weihrauch
degree and not a specific multivalued function. Nonetheless, with a small abuse
of notation, we will write formulas such as h <w f*g with the obvious meaning.
We also write f[") to denote the n-fold compositional product of f with itself,
where fl% :=id and f0:= f.

We say that f is a cylinder if f =gw id X f, where id denotes the identity on
the Baire space. The notion of cylinder is very useful because of the following

PROPOSITION 2.2 ([5, Cor. 3.6]). For every multivalued functions f and g, if
g is a cylinder then f <w g <= [ <sw g-

Cylinders are also useful to deal with the compositional product, thanks to
the so-called cylindrical decomposition:

PROPOSITION 2.3 ([9, Lem. 3.10]). For all f,g and all cylinders F,G with
F =w f and G =w g there exists a computable K such that fxg=w FoKoG.

In particular, knowing that for every function f we have that f =w id x f and
that the latter is a cylinder, we can always take a representative of f *x g of the
form (id x f) o ®. o (id xg) for some computable function ..

Finally we define the total continuation or totalization of f, written Tf, as
the total multivalued function Tf(x) := f(z) if x € dom(f) and Tf(z) =Y
otherwise. Clearly Tf = f iff f is total. Notice that the definition of Tf is
sensitive to the particular definition of f as a multivalued function between
represented spaces. For a more detailed exposition we refer to [6].

Let us now define some well-known multivalued functions that will be useful
in the development of the work:

e LPO: NN — {0,1} is defined as LPO(p) := 1 iff (3n)(p(n) = 0). It is often
convenient to think of LPO as the problem of finding a yes/no answer to a
2P or 1197 question.

e lim :C (NN)N — NN := (pp)nen + lim, o0 Pn, where the domain of lim is
the set of Cauchy sequences.
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e NHA : NN = NV is defined as NHA(p) = {q : ¢ is not hyperarithmetic in p}.

® Xt NN — {0,1} is the characteristic function of a IT}-complete set. It is
often convenient to think of x1 as the function that takes in input a tree
on N and checks whether it is well-founded.

A central role is played by the choice problems: given a represented space
X we define I-Cy :C T'(X) = X as the multivalued function that chooses an
element from a non-empty set A € I'(X). I T = H(l) we simply write C. We
also write I'-UC ; if the choice is restricted to singletons.

Three choice problems that turned out to be very relevant to calibrate the
strength of multivalued functions that corresponds to theorems around ATRg
(from the point of view of reverse mathematics) are UCyn, Cyw and TCyn. They
have been explored in great detail in [18]. It is known that lim™ <y UCys
for every n (see [4, Sec. 6]) and indeed lim" =y UCyy, where lim' corresponds
to the iteration of lim over a countable ordinal ([22]). Moreover UCyv and Cyn
are closed under compositional product ([4, Thm. 7.3]). In [18] it is proved that
Z{—UCNN =w UCyr and E}—CNN =w Cyr. The fact that UCyy <w Cyn follows
from the fact that the element of a X1 singleton is hyperarithmetic, but the
hyperarithmetic functions are not a basis for the IT{ predicates (see [24, Thm.
I.1.6 and thm. III.1.1]). In particular we have

THEOREM 2.4 ([18, Cor. 3.4]). Let f :C NN = X be a (partial) multivalued
function, for some represented space X. If f <w UCyn then, for every x €
dom(f), f(x) contains some y hyperarithmetic relative to x.

The Weihrauch degree of TCyn has been explored in [18, Sec. 8]. Tt is known
that Cyv <w TCyw ([18, Prop. 8.2(1)]) and TCiw is one of the strongest problem
studied so far that is still considered among the “ATR, analogues™

We conclude this section with the following proposition.

PROPOSITION 2.5. Let f :C X =Y and g :C Z = W be multivalued functions
between represented spaces and let A C dom(g) be s.t.

{z € dom(g) : (Yw € g(2))(w is not hyperarithmetic in z)} C A.
If f x NHA <w g then f <w g 4.

PRrROOF. Assume f x NHA <w ¢ and let the reduction be witnessed by the
computable functions ®, U. For every p, which is the name of some x € dom(f),
the pair (p.,p,) is mapped via ® to a name p, for some element z € dom(g).

It suffices to show that for every name p, of an element in the domain of f,
the pair (p,,p.) is mapped via ® to a name p, of an element z € A.

If this were not the case then, for some z € dom(f), p. is the name of some
z ¢ A. By hypothesis, there is a w € g(z) s.t. w has a name p,, which is
hyperarithmetic in p,. Let G be a realizer of g s.t. p,, = G®(pz,p.). Since py,
is hyperarithmetic in p,, and hence in p,, we have reached a contradiction with
the fact that U(py, p., ps) computes a solution for NHA(p,,). O

This result will often be used in combination with Theorem 2.4. In fact if

there is a computable x € dom(f) s.t. f(z) does not contain any hyperarithmetic
element, then f Zw UCyx.
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§3. Ramsey theorems. The space [N]N, endowed with the induced topology
from the Baire space NV is computably isometric to NY. There is actually a
canonical choice for a computable bijection NN — [N]",

Let P C [N]N. We say that f is a homogeneous solution for P iff

(Vg € [N]")(fg € P)V (Vg € [N]")(fg ¢ P).

If f is homogeneous for P we say that f lands in P if the first disjunct holds,
ie. if (Vg € [NJY)(fg € P). Vice versa, if (Vg € [N]V)(fg ¢ P) then we say
that f avoids P. A set P C [N]" is called Ramsey (or we say that it has the
Ramsey property) iff it has a homogeneous solution. We will denote the set
of homogeneous solutions for P (which may either land in it or avoid it) with
HS(P). Notice that, in general, a set can have both solutions that land in the
set and solutions that avoid the set.

In the literature, the symbol [N]N is sometimes used to denote the family of all
infinite subsets of N. Also, if X is an infinite subset of N, [X]" denotes the family
of all infinite subsets of X. It is easy to identify the Ramsey space [N]N with
the space of infinite subsets of N (by identifying a function f with its range).
With this in mind, we may write [f]" := [ran(f)]" to denote the set of all infinite
subsequences of f. The definition of homogeneous solution can now be written
as

fINcPV[fINnP=0.

It is natural to ask which classes of subsets of [N]N have the Ramsey property.
The problem is well studied and has an extensive literature. The Galvin-Prikry
theorem ([10]) states that all Borel subsets of [N]" have the Ramsey property.
This result can actually be extended to analytic sets ([25]). To go beyond the
analytic sets we need axioms above ZFC (see e.g. [26, Rem. VI.7.6, p. 240],
[17, pp. 1036-1037]). We will focus on Nash-Williams’ theorem ([20]), which
states that open sets have the Ramsey property. This is also known as the open
Ramsey theorem. It, in turn, implies the clopen Ramsey theorem (which is the
restriction of Nash-Williams’ theorem to clopen sets). As already mentioned,
the open and clopen Ramsey theorems are known to be equivalent to ATR over
RCAy (see [26, Thm. V.9.7]).

3.1. Some useful tools. Before formalizing the open and clopen Ramsey
theorems in the context of Weihrauch reducibility as multivalued functions, let
us explicitly state some properties of the set of homogeneous solutions that will
turn out to be useful in the rest of the paper. As a notational convenience we
will use the letters P, Q,... to denote open sets and D, E, ... to denote clopen
sets.

PROPOSITION 3.1. Let T be a definable (boldface) pointclass that is downward
closed with respect to Wadge reducibility (i.e. it is a downward closed family of
Wadge degrees), such as the families of open and of clopen sets. Assume that

every P € T(IN]V) is Ramsey and that for every f € [N]",

L1 = {Pn[f": P e T(N)}.



10 ALBERTO MARCONE AND MANLIO VALENTI

Then for every f € [NV, every Q € T([f]Y) is Ramsey. Moreover if P € T'([N]")
and f € [N]N there exists h € HS(P) s.t. h < f.

PROOF. It is easy to see that every f € [N]N induces a f-computable homeo-
morphism ¢y : INJ™ = [f]N defined as

¢r(p) :==n f(p(n)).
Notice also that

(*) or(h)g = fhg = ¢ (hg).
In particular this homeomorphism preserves subsequences, i.e. for every ¢ < p

we have ¢¢(q) < ¢f(p). Fix f € IN]" and let Q € T([f]Y). Since I is closed
under Wadge reducibility we have that

P:=¢;'(Q) e T(N).

Moreover, since every pointset in I'( [N]N) has the Ramsey property, there is
h € HS(P). Using (%), it is straightforward to conclude that ¢;(h) € HS(Q).

For the second part it suffices to apply the first part to @ := [f]" N P, which
is in T([f]Y). O

PROPOSITION 3.2. Let A, B C N be disjoint. Let P,Q € E?([N}N) be s.t.

1. (Vf e P)(f(0) € A and f(1) € A);

2. (Vg € Q)(9(0) € B and g(1) € B).

If R:= PUQ then
HS(R)N R = (HS(P)N P)U (HS(Q) N Q).

PrOOF. The inclusion (HS(P)NP)U (HS(Q)NQ) C HS(R) N R is trivial and
always holds, so we only need to prove the converse direction. Let h € HS(R)NR
and assume that h € P. By induction we can easily show that ran(h) C A.
Indeed, by point 1, h(0) € A and h(1) € A. Moreover, if h(i) € A then h(i+1) €
A because h lands in R: indeed if not then the substring (h(i), h(i +1),...) of h
can neither be in P nor in @ (by the disjointness of A and B), hence it cannot
be in R, contradicting the fact that h lands in R. This shows that h € P implies
h € HS(P) N P. Notice also that, by the disjointness of A and B, ran(h) C A
implies ran(h) N B = @ and therefore no subsequence of h is in Q. Similarly
we can show that h € HS(R) N @ implies h € (HS(Q) N Q) \ (HS(P) N P) and
therefore the claim follows. O

The following construction was used by Avigad [2] in his proof of the open
Ramsey theorem in ATRy.

DEFINITION 3.3. Let P € S9([N]") and let (P) be a name for P. We can
define the tree

Tipy = {o € [N]": (7 <* 0)(7 & (P))}.

LEMMA 3.4. Let P € 3Y(INV). For every name (P) of P and every f € [N]"
we have

fEHS(P)\ P < f€[Tp).



THE OPEN AND CLOPEN RAMSEY THEOREMS IN THE WEIHRAUCH LATTICE 11

PrOOF. If f ¢ [T py] then (3n)(fn] & T(py), i.e. (In)(IT =* fln])(1 € (P)).
This implies that there exists a ¢ < f s.t. 7 C g. This shows that ¢ € P and
hence f ¢ HS(P) \ P.

Let f € [Tipy] and let g <X f. If g € P then (3n)(g[n] € (P)), contradicting
the fact that f € [T{py] (by definition of Ty py). Therefore we have that f &
HS(P)\ P. O
Notice that the above lemma shows that HS(P)\ P is closed whenever P is open.
In particular, if D is clopen then HS(D) is closed: indeed, letting F := [N]N \ D,
we have HS(D) = HS(E) and

HS(D) = (HS(D)ND)uU (HS(D)\ D) = (HS(F) \ E) U (HS(D)\ D)
is the union of two closed sets.

On the other hand, the set of solutions for an open set P that lands in P can
be I}-complete: let (¢;)ien be an enumeration of the rationals. We can define

T:= {O’ S [N]<N : (Vi < ‘0’| - 1)(qg(i+1) <Q qg(i))}.

A path through T is an infinite descending sequence in Q. If we define P :=
IN]" \ [T] we have that HS(P) N P is the set of well-suborders of Q (every
suborder of Q that is not a well-order contains an infinite descending sequence
with increasing indexes, and therefore, a subsequence that lands in [T]) and
hence is ITi-complete.

This underlines a critical difference between the problem of finding a homoge-
neous solution that lands in P and finding one that avoids P.

The following construction will be used in the following to move open sets
around while “preserving” homogeneous solutions.

DEFINITION 3.5. For every n > 1 let pow,, := i — nTl. We can define the
map 7, (N7 UNJ"™) — (IN]V U [N]") as
N (f) := pow,, of =i nfOFL,

It is clear that 7, is a computable injection with computable inverse.
Let P € £(N]") and let (P) be a name for P. We can define (with a small
abuse of notation)

ma((P) = |J {f €N ima(o) C /.
oc€e(P)

We can naturally extend the definition to a multivalued map X9 ([N]") = 39(IN]")
defining

N (P) = {n((P)) : (P) is a name of P}.

LEMMA 3.6. Let P € SNV, Fiz n > 1 and let Q := n,((P)) for some
name (P) of P. Then

f € HS(P)N P < n.(f) € HS(Q) N Q.

PRrOOF. It is straightforward to see that, for every f € [N]N, fePiffn,(f) €
Q. Moreover, if g € [N]N, then

nn(f)g =i nl90OT = nn(f9)-
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If f is a homogeneous solution that lands in P then 7,(f)g € @ for every
g € INN, ie no(f) € HS(Q) N Q. Vice versa, if 1,(f) € HS(Q) N Q then for
every g € [N]N we have 0, (f)g = nn(fg) € Q, which implies fg € P. O

DEFINITION 3.7. Let 0,7 € [N]<N. We define o X 7 to be the set of all strings
of the form ((p(i),0(i)) : i < N) where p,0 € [N]<" and s.t.
ocCpATCOAN =max{|o|,|T]}.
Clearly the map X can be extended to infinite strings by defining

R g:=((£(0),9(0)), (f(1),9(1)),--.)-

For the sake of readability, it is convenient to introduce the following notation:
for ¢« = 1,2, we define

i (Nx N)<NuU (N x NN - N<NyNN

as the map that, given in input a finite (resp. infinite) string of pairs, returns
the finite (resp. infinite) string of the i-th elements of the pairs.
Let (P), (Q) be two names for two open subsets of [N]". We can define

(PR@Q:= |J | owr
oce(P) Te(Q)
which is a name for a new open set.
This leads to a map S(N]") x BY(IN") = 29(IN]") defined by
PRQ:={Re =(N"): (P)K (Q) is a name for R}.

Notice that, in general, it is not true that if f lies in the open set with name
(P) R (Q) then 7, f € [N]".

LEMMA 3.8. Let P, P, € E?([N]N) and let (P1),{Ps) be names for Py, Ps
respectively s.t. every string in (Py) has length at least 2. Let P € $9(IN]") be
the open set with name (Py) X (Py). Then

HS(P)NP={fRg:fecHS(P)NP and g € HS(P,)N P5).

PROOF. Notice first of all that f € HS(P) N P implies that, for i = 1,2,

mif € [N]N

Indeed, fix n € N and consider the substring g := (f(n), f(n+1),...) of f. Since
f is homogeneous we have g € P. In particular, there is 7 = ((71 (i), 72(4)) : i <
N> € <P1> X <P2> st.7tCg. Fix o1 € <P1> and o9 € <P2> s.t. 7 € 01 Moy, Since
|o1| > 2 we have |7| > 2. Moreover

(mif)(n) = 7:(0) < (1) = (mif)(n +1).

Let now f € HS(P)N P. For every g < f we have that g € HS(P) N P and
myg € P, mg € P, (indeed if mg ¢ Py or mog ¢ P, then g ¢ P). Hence
mf € HS(P;) N P; for i = 1,2. The reverse inclusion is straightforward as if
fi € HS(P;) N P; then f := f; K f5 is a homogeneous solution for P. O

The following generalizes the tree used by Solovay [27].
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DEFINITION 3.9. Let ¢: N — N be injective. For every tree T' € Ti we define
the Solovay open set Wy(T) as

Wo(T) == {f € [N]": (3k)(v7 < f[M])(r ¢ T) and
(3n,m € N)(f(0) = ¢(n) and f(1) = ¢(m))}.
If ¢ is the identity function we drop the subscript.
It is easy to see that W (T') is an open set.

LEMMA 3.10. Let T € Ti and let W := Wy(T'). Then

1. If[T] = 0 then HS(W)NW # 0. Moreover, if ¢ is surjective then W = [N]"
and therefore HS(W) = HS(W)NW = [N]N.

2. If [T] # 0 then HS(W) = HS(W) \ W. Moreover every f € HS(W)
dominates a path through T .

PROOF. For each f € [N]" define the tree
Tp:={oceT:(Vi<|o|)(o(i) < f(3))}.

1: Notice that, for every f € [N]N, the set T is a finitely-branching well-
founded subtree of 7. By Konig’s lemma, Ty must be finite and therefore
there is a k s.t. every string in Ty has length < k. This implies that every
7 < flk] is not in T. If ran(f) C ran(¢) (as is always the case if ¢ is
surjective) then f € HS(W)NW .

2: Notice that HS(W) N W = ) because for every path = € [T] and every
fe [N]N, there exists g € [N]N that grows sufficiently quickly s.t. x < fg
(as proved in [27, p. 108]).

Moreover, if f € HS(W) \ W then (Vk)(37 < f[k])(7 € T). This implies
that T is infinite and therefore, by Konig’s lemma, [T] # 0. This concludes
the proof as [Ty] C [T].

(Il

DEFINITION 3.11. Let ¢: N — N. For every tree T' € Ti we define the clopen

set Dg(T) as
Dy(T) = {f € [N : (300,01 € T)(f(0) = ¢({00)) and
f(1) =¢((o1)) and 69 C 01) }-
If ¢ is the identity function we just drop the subscript.
LEMMA 3.12. Let T € Ti and let D := Dy(T) for some computable strictly
increasing function ¢: N — N. If [T] # 0 then HS(D) N D # 0 and there is a

uniform computable surjection HS(D) N D — [T]. On the other hand, if [T] =0
then HS(D) N D = {.

PRrROOF. Let y € [T] and define h € D s.t. h(i) = ¢((y[z])). It is easy to see
that h is an homogeneous solution for D landing in D, therefore HS(D)N D # (.
Moreover, given any f that lands in D we can compute a path x through T as

zi=J o (k).

keN
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Indeed, since f lands in D we have that ¢~! f(k) € T for every k € N. Moreover,
for every k, (f(k),f(k+1),...) € D so that ¢~ 1f(k + 1) is a finite string
that properly extends ¢~!f(k). Therefore z is a well-defined function N — N.
Finally it is easy to see that x € [T]: for every i, let j > i s.t. there is a k s.t.

z[j]

= ¢~ f(k). By definition of D we have that ¢=1 f(k) € T. Since T is a tree,

we can conclude that x[i] € T. Notice that ¢! is computable, therefore x is
computable from f. Notice also that, if y and h are as in the beginning of this
proof, then y = (J, oy #~1h(k), which proves that the mapping is a surjection.
On the other hand, if [T] = @ then, for every f € D, there is an i s.t.
d7L(f(i) & T or ¢72(f(i)) Z ¢ (f(i + 1)), otherwise we could compute a
path through T'. In any case if f € D then it is not a homogeneous solution for

D.

O

LEMMA 3.13. The following maps are computable:

1 2Y(NY) = I(IN]Y) := P = HS(P) \ P;

2. Ny : E?([N}N) = E?([N]N) =P — n,(P), for every n € N;

3. ®: ZY(N)Y) x ZYNY) = ZY(N]Y) := (P,Q) = PRQ;

4. Wy: Ti — SUNY) =T Wy (T), for every injective map ¢: N — N
with computable range;

5. Dg: Ti — AN =T — Dy(T), for every invertible map ¢: N — N
with computable inverse.

PROOF.

1: Let P C [N]" be open and let (P) be a name for P. The definition of Tpy

is computable in (P). Moreover, x € [T py] iff z € HS(P) \ P (see Lemma

3.4). Since a name for A € I9([N]"') can be a tree T s.t. A = [T], the claim
follows.

2, 3: Straightforward from the definition.
4: Let T € Ti be represented by its characteristic function xr. We can define

(Wy(T)) :={o € [N : (vr Q0o)(r ¢ T) and

(In,m € N)(0(0) = ¢(n) and o(1) = ¢(m))}.
Notice that the universal quantifier is bounded, while the formula in the
scope of the existential quantifier is equivalent to requiring that ¢(0) and

o (1) are in ran(¢), which is computable by hypothesis. Therefore (Wy(T'))
is computable in T

5: Let T' € Ti. By definition of Dy(T), the basic clopen cone {f € NY: 7

f}1is a subset of Dy(T) iff
¢~ '7(0) € T and ¢~ '7(1) € T and ¢~ *7(0) = ¢~ *7(1).

In particular, this shows that we can T-computably obtain open names for
D4 (T) and its complement.

O

§4. Ramsey theorems in the Weihrauch lattice.
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4.1. Definitions. There are several ways to formalize the open Ramsey the-
orem as a multivalued function.

DEFINITION 4.1 (Open Ramsey Theorem). We define the full version of the
open Ramsey theorem as the (total) multivalued function

»0—RT: 2Y(NY) = [N := P — HS(P).

We may modify the full version by adding the requirement on “which side” we
want the solution to be in. In this case, however, we need to restrict the domain to
the family of open sets that admit a solution. We can define the strong versions of
the open Ramsey theorem as the multivalued functions FindHSso, FindHSpyo :C

»(N]Y) = [N]Y with domain respectively
dom(FindHS o) := {P € S([N]") : HS(P) N P # 0},

dom(FindHSypo) = {P € ZI(IN]") : HS(P) \ P # 0}

and defined as FindHSxo (P) := HS(P) N P and FindHSo (P) := HS(P) \ P. We
may strengthen further the requirements, defining the weak versions of the open
Ramsey theorem: namely we define WFindHSzcl) as the restriction of FindHSzml)
to

dom(wFindHSso) := {P € Z9(IN]") : HS(P) C P}.

Similarly we can define the weak version of FindHSyyo as the multivalued function
wFindHSypo obtained by restricting FindHSppo to

dom(wFindHSyy) := {P € B{(IN]") : HS(P) n P = 0}.

Recall that, in general, an open set can have both solutions that land in the set
and solutions that avoid the set. The domain of wFindHSso (resp. wFindHSyyo)
is therefore strictly smaller than the domain of FindHSso (resp. FindHSppo). As
we will see the two versions exhibit very different behaviors. Notice also that
the weak versions are restrictions of E?—RT, while the strong versions are not
(the set of solutions can be strictly smaller).

As in the case of the open Ramsey theorem, we can consider different multi-
valued functions corresponding to the clopen Ramsey theorem.

DEFINITION 4.2 (Clopen Ramsey Theorem). We define the full version of the
clopen Ramsey theorem as the multivalued function AY—RT : A?([N}N) =
IN]" := D — HS(D).

The strong version of the clopen Ramsey theorem is the multivalued function

FindHS 50 :C AY(N]") = [N]" := D~ HS(D) N D
with domain
dom(FindHS 50) := {D € AY(N]") : HS(D) N D # 0}.
The weak version of the clopen Ramsey theorem is the multivalued function

wFindHS 50 :C AY(NY) = [NV defined as the restriction of FindHS o0 to
dom(wFindHS o) := {D € AJ(N]") : HS(D) C D}.



16 ALBERTO MARCONE AND MANLIO VALENTI

Notice that we defined only one strong and one weak version of the clopen
Ramsey theorem. This is because, using Lemma 2.1.2, it is straightforward to
see that the other two are (strongly) Weihrauch equivalent to the ones we defined.

4.2. Problems reducible to UCyi. We show that wFindHSs0, wFindHS A0
and A?—RT are all Weihrauch equivalent to UCyn. None of these principles are
strongly Weihrauch equivalent to UCyr, as we will show in Proposition 4.29.

LEMMA 4.3. wFindHSES) <w UCxr.

PROOF. Since ATR =w UCyx [18] it suffices to prove that wFindHSgo <w
ATR. Here we use the formulation of ATR given in [13], namely ATR is defined
as the function ATR : WO x 2V x N — 2Y mapping a countable well-order L,
a set A C N and (a code for) an arithmetic formula 6(n, W, V) to the unique
set Y C N satisfying Hy(L,Y, A), where Hy(X,S,T) is the arithmetic formula
defined in [26, Def. V.2.2], asserting that X is a linear order and S is the result
of iterating 6 along X with parameter 7. The proof is the direct translation in
the context of Weihrauch reducibility of the proof presented in [26, Lem. V.9.4].
More details on the construction can be found in the paper where the proof was
first presented, i.e. [2, Sec. 3]. Let P € dom(wFindHSx0). The proof consists of
four steps:

1. build the tree T':= T\ py of homogeneous solutions that avoid P;

2. build KB(T);

3. via arithmetic transfinite recursion along KB(T'), obtain a sequence of in-
finite sets (Us)oer s-t. Uy \ Ur is finite whenever 7 <kp(r) o, and classify
each o € [N]" as “good” or “bad”;

4. use this classification to build a solution f.

Notice that steps 1 and 2 are computable (using Lemma 3.13.1). For o ¢ T, we
classify o as good if the shortest prefix of ¢ which is not in T belongs to (P),
and bad otherwise. For o € T, to define U, and classify o as good or bad, we
first define an infinite set V., as follows:

e if 0 is the minimum of KB(T') then V, :=N;

e if o is the successor of 7 in KB(T) then V, := U;

e if o is a limit in KB(T) then we define V, by diagonal intersection: we
computably and uniformly find a sequence 7; cofinal in o. Define

up = minU,;

Uiq1 := min m Ur, \ {u;} ¢ s
j<i
Vo :={u; : i € N}
It is easy to verify that V, is defined by an arithmetic formula. Let
V>!i={me€V,:0 " mis good},
and similarly V? := {m € V, : 6" m is bad} = V,, \ V,!. Set
n €U, & (V) =occand n € V})or (V) < oo and n € V).

We now classify o as good if V! is infinite, and bad otherwise.
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We can obtain the information about (U, )ser and the goodness (or badness)
for each 0 € T as a name for Y € ATR(KB(T), P, ), for an appropriate arith-
metic formula 6.

As in [26, 2], one can show that () is good and compute a solution f €
wFindHS 50 (P) from Y. O

LEMMA 4.4. UCyv <w wFindHS po.

PrOOF. We follow the proof of the fact that the clopen Ramsey theorem
implies ATR( over RCA( presented in [26, Lem. V.9.6]. We actually prove the
reduction 2}—Sep <w WFindHSA?, as the equivalence E}—Sep =w UCyv has
been proved in [18].

Let (T, T}))ken be a sequence of pairs of trees s.t. for all k at most one of
TQ and T} has a path (i.e. the sequence is a valid input for Ei—Sep). Our goal
is to find a set Z s.t. if T has a path then k € Z and if T}! has a path then
k¢ Z.

Following [26], we can uniformly compute from ((7},7}))ren a name for a
clopen D € dom(wFindHS o) s.t. for every f € wFindHS o0 (D), f and (T2, TH))ken

uniformly compute some Z € X7 —Sep(((T2, T}))ken)- O
THEOREM 4.5. UCyy =w wFindHSE? =w wFindHSA?.

PrOOF. This follows from Lemma 4.3, Lemma 4.4 and the fact that wFindHS 0
is the restriction of wFindHSs0 to clopen sets. ]

THEOREM 4.6. UCy: =w A} —RT.

ProOOF. By Theorem 4.5 it suffices to prove that WFindHSA? =w A(l)fRT.
The reduction wFindHS A0 <w AY—RT is trivial (the former is a restriction of
the latter).

Let us prove the reverse reduction. By Proposition 3.1, for every open P C
[N, if f ¢ HS(P) then there is a g < f s.t. g € HS(P). This implies that the
set, [N]" \ HS(P) has no homogeneous solution that lies in itself.

Let D € AY(N]") and fix a name (p, q) for D. Consider the set

E:={f¢e [N]N (3o, Tep) o T f)V(Zo,Treq) (o T f)}

It is clear that F is a clopen set and a name for F is computable from (p, g).

Notice also that HS(D) C E. Indeed, let f be a homogeneous solution for
D and assume first that f € D. Since D is open there must be a o € p s.t.
o C f. Moreover, since f is a homogeneous solution, g := (f(|o]), f(|o|+1),...)
must again be in D, hence there must be a 7 € p s.t. 7 C ¢g. This implies that
ot C f,ie f€E. Thecase f € [N]N \ D is analogous by replacing D with
IN]"\ D.

Moreover we can notice that there are no homogeneous solutions that land
in [N]"\ E, ie. E € dom(wFindHS p0). Indeed assume that f avoids £ and let

o,T € [N]<N be s.t. 077 C f and o € p and T € ¢ (the case in which 7 € p and
o € q is analogous). Let also g := (f(|o|), f(lo| +1),...). Since g < f and f
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is homogeneous there must be p € p s.t. 77°p C g. We can now notice that the
subsequence h of f defined as

h:=(f0),.... f(lol = 1), f(lo| + I7]), f(lo| + [T+ 1),...)

is s.t. ¢ p C h, and therefore h € E, contradicting the fact that f avoids E.

We now claim that HS(D) = HS(E). Once the claim is proved we can use
wFindHS A0 (E) = AY—RT(D) to finish the reduction.

It is straightforward to notice that HS(D) C E implies HS(D) C HS(E), hence
we only need to prove the inclusion HS(E) C HS(D). Let f € HS(E). Since
E e dom(wFindHSA?) we must have f € E. Assume w.l.o.g. that f € D and
let o C f best.oc €p. Fixg =< fandlet p C g best. pe pUgq. Let
k € N be s.t. maxp < f(k) and maxo < f(k), and consider 7 € p U ¢ be s.t.
7 C {(f(k), f(k+1),...). By the homogeneity of f we have that 7 € p (otherwise
every substring of f that begins with ¢ 7 would not be in E). Let h < f be
s.t. p7°7 C h. Again, by the homogeneity of f we have that p € p, hence g € D.
Since g was arbitrary, we have that f € HS(D). O

4.3. Problems reducible to Cyv. Here we consider wFindHSpyo, FindHSpyo
and FindHS 0.

THEOREM 4.7. Cyv =sw FindHSA(l) =W FindHSH?.

PRrROOF. We first show that FindHSpo <qw Cyv. Given a name (P) for some
open set P € dom(FindHSHcl)), by Lemma 3.13.1 we can compute a name for the
closed set HS(P) \ P, which by hypothesis is nonempty. Therefore we can use
Cyr to pick a solution.

Since FindHSA? <sw FindHSH:l) is trivial, it remains to show that Cyn <qw

FindHS A¢. Let T' C [IN]N be s.t. [T] # 0 and let D := D(T), i.e.
D={fe[NNN: f0)eTand f(1) € T and f(0) C f(1)}.
Recall that D is computable from T' (see Lemma 3.13.5). Moreover, by Lemma

3.12, we have that D € dom(FindHS o) and that every f € FindHS o0 (D) uni-
formly computes a path through 7. O

PROPOSITION 4.8. UCyw <w wFindHSppo.

PrOOF. The reduction UCyn <w WFindHSH? is straightforward knowing that
UCy =w wFindHSA[l) (Theorem 4.5). The fact that the reduction is strict fol-
lows from [27, Sec. 3]. In particular, Solovay showed that there is an open set W
with computable code s.t. every homogeneous solution avoids W (hence W is a
valid input for WFindHSH(l)) and is neither $1 nor II} (in particular it is not hy-
perarithmetic), while every computable instance of UCyn has an hyperarithmetic
solution (Theorem 2.4). O

PROPOSITION 4.9. wFindHSpo <w Cynv =w Con * wFindHSppo.

PRrROOF. The first reduction follows from Theorem 4.7 as WFindHSH({ is the
restriction of Find HSH? to a smaller domain. The reduction Cgon *WFindHSH? <w
Cyw Is straightforward from Con <w Cyn, wFindHSo <w Crev and Cyy is closed
under compositional product.
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Finally the reduction Cyn <w Con >(<WFindH51-Ic1) is suggested by the proof of the

corollary in [27, Sec. 3]. In particular, given an ill-founded tree T' C [N]N we can
computably define the open set W := W(T') (Definition 3.9). By Lemma 3.10,
W € dom(wFindHSyyo) and every solution f € wFindHSyyo (W) dominates a path
through T. Let X be the subtree of N<V of the strings that are dominated by f
and let Ty := T'N X. Since § # [Ty] C [T}, we can use C y([T¥]) to compute a
path through T'. To conclude the proof it is enough to notice that Con =w C[ X]
([7, Thm. 7.23]). O

Notice that, by the choice-elimination principle ([7, Thm. 7.25]), if Y is a
computable metric space, f :C X — Y is a single-valued function and f <y Cyx
then f <w wFindHSyy.

Since we are not able to show the equivalence of WFindHSH[I) with any known
principle, it is worth to study its properties.

PROPOSITION 4.10. wFindHSyo =sw wFindHSpo X wFindHSpyo.

PRroOF. Notice that if P, Q € dom(wFindHSyyo) then PUQ € dom(wFindHSpyo).

Indeed, for every f € [N]N, by the open Ramsey theorem applied to [f]N N P
(see Proposition 3.1), there isa g < f s.t. [g]N C [fINNPor [gNN[fINNP =0.
In the first case we would have a contradiction as [g]Y C [f]N N P implies
[g]N C P, ie HS(P)N P # (), against P € dom(wFindHSyyo). Therefore we
have [g]NN[fINNP = [gNNP =0, ie. g € HS(P)\ P. With a similar argument,
we can now apply the open Ramsey theorem to [g]¥ N @ and conclude that there
isah <gst heHSQ)\Q. Inparticular h ¢ Q and h ¢ P (as h < g and g
avoids P). Therefore h is a subsequence of f that is not in P U Q. Since f was
arbitrary, we have that HS(PUQ)N(PUQ) = 0. This shows that every homoge-
neous solution f € HS(PUQ) avoids PUQ, and, in particular, avoids both P and
Q. Since the union is computable (see Lemma 2.1.3) we can compute a solution
for (wFindHSpo x wFindHSpy0) (P, @) by computing f € wFindHSpo (P U Q) and
returning two copies of f. O

Let $1-C :C B}(N) = N be the multivalued function that chooses an ele-
ment from a non-empty ] cofinite subset of N. Tt is equivalent to assume that
the input is a E} final segment of N. Indeed, given a cofinite Ei set A we can
computably define the X7 set

B:={neN: (Ym>n)(me A)},

which is a (non-empty) final segment of N. Since B C A, choosing an element in

B yields a solution for E%—CCNO'C(A). With this in mind, we can assume that an

input for E%—Cf\ff is a sequence (T),)men of trees s.t. there exists k s.t. [T;] = ()

iff 1 < k.
The problem £1-C<* has been studied in [1] under the name E}—ACIC\%. More-

over, [18] (implicitly) uses 3}-CE in the proof of Lemma 4.7 to separate 3}-WKL

—

from 2}-Cy. It is known that 2}-C2' <w Cyv [1, Thm. 3.34]. Moreover,

N

UCy <w =1-C2 ([15)).
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—

THEOREM 4.11. 21-C <. wFindHS .

ProOF. We will use strings o which are prefixes of an infinite string f obtained
by joining countably many strings g;; we write o = dvt(7o,...,7,) if 7; is the
prefix of g; contained in o. Formally o = dvt(r,...,7,) iff

e n=max{i: (;,0) < |o|},

e for each i, |7;| = max{j : (i,j) < |o|} + 1,

e for each (i, ) <o, 7(j) = o({i,))-

Let (T, m)n,men be a double sequence of trees s.t. for every n there is k,, s.t.
[T,,m] =0 iff m < k,. For every n we can define

T, = (U | (m) " Tm.
meN

Notice that, by hypothesis, for every n we have [T,,] # 0. Moreover, if f € [T},]
then f(0) € 21-C¥' (T3, m)men). Define also

T:={oc e NN:g=dvt(rg,...,7) A (Vi < k)(mi € T})}.

Notice that if f,, € [T},] then (fn)nen € [T], hence [T ] (. Moreover, if f € [T]
and ¢ < j then, letting f[¢] = dvt(ro,...,7%) and f[j] = dvt(po,...,pn), for
every n < k we have 7, C p,,. Therefore

fell] <= f=(falnen and (Vn € N)(fn € [T0]).
Let W := W(T') be the Solovay open set for T'. By Lemma 3.10, W € dom(wFindHSy0)
and every h € wFindHSpo (W) dominates a path through 7'
To conclude the proof we notice that, if f = (f,)nen € [T] and h dominates f
then, for every n,

h({n,0)) = fu(0) € B1-CF" (Tosm Jmen).

In particular h((n,0)) € X1- CCOf(( Tn.m)men)- O

Let ATRy : LO x 2¥ x N = {0,1} x NY be the two sided version of ATR,
defined in [13, Def. 8.2 and prop. 8.9] as the multivalued function whose inputs
are triples (L, A, ) and the output is a pair (¢,Y) s.t. either i = 0 and Y is a <j-
infinite descending chain or 7 = 1 and Y is a (pseudo)hierarchy (Y, )qecr s.t. for all
be L, Yy={n:0(n,D,.,,Ya, A)}. By a classical argument (see e.g. [26, Lem.
V.4.12]), there are ill-founded linear orders which support a pseudo-hierarchy.

Tt is known that UCyn <w ATRy <w Cyr ([13, Cor. 8.5 and 8.7]). Jun Le Goh
(personal communication) observed the following corollary:

COROLLARY 4.12. wFindHSpo Zw ATRs.

PROOF. The claim follows from the fact that Cyn <y ConxwFind HSHc1> (Propo-
sition 4.9) while Cyv Lw Con * ATR2 ([13, Cor. 8.5]). O

Let us denote with TwFindHSs0 the total continuation of wFindHSsyo, i.e. the

(total) multivalued function with domain X°([N]") defined as

HS(P) if P € dom(wFindHSxo);

TwFinstzg (P) = {[N}N otherwise



THE OPEN AND CLOPEN RAMSEY THEOREMS IN THE WEIHRAUCH LATTICE 21

The following proposition underlines the gap between wFind HSE? and wFind HSH?
(WFindHSs0 <w wFindHSyyo by Lemma 4.3 and Proposition 4.8).

PROPOSITION 4.13. TwFindHSs0 <w ATR2, and hence wFindHSyo Zw TwFindHSs0.

ProOF. Let P € S(N]") be an input for TwFindHSs0 and consider the
tree Ty py. We can computably build the linear order KB(7(py). Let 6 be the
arithmetic formula defined in the proof of Lemma 4.3. Notice that KB(Tpy)
is not necessarily a well-order, as we are not assuming P € dom(wFindHSE?)
(i.e. there may be solutions that avoid P). We therefore need to modify 6 by
requiring that for every o € Tpy, if either V, is finite or V, \ U- is infinite for
some T <KB(T(p)) O (this cannot happen if KB(T|p)) is a well-order), then we
set U, = N and we label ¢ as bad. Let 6’ be the modified formula.

Let (i,Y) € ATRo(KB(Tipy), P,0"). If i = 0 then Y is a <kp(r,,,)-infinite
descending sequence and P ¢ dom(wFindHSso); therefore any f € [N]N is a
valid output for TWFindHSchl (P). Suppose now that ¢ = 1, so that YV is a

(pseudo)hierarchy. By construction, Y yields a labeling of each o € [N]<N as
“good” or “bad”, and, for each o € Tpy, an infinite set U, (see the proof
of [26, Lem. V.9.4]). The classical proof shows that if P € dom(wFindHSx0)
then () is good. In particular if () is bad then we can immediately conclude that
P ¢ dom(wFindHSx) (and, again, any f € [N]N is a valid solution for the original
problem). On the other hand, if () is good then the modifications made to obtain
0" ensure that the intersection of finitely many U, is infinite, and therefore we
can compute f € [N]" following the construction of the classical proof. Notice
that if P € dom(wFindHSxo) then f € HS(P) = TwFindHSs0(P). On the other
hand, if P ¢ dom(wFindHSs0) then f € TwFindHS50 (P) (trivially).

The second part follows from Corollary 4.12. (]

4.4. Problems not reducible to Cyv. Let us turn our attention to the last
two remaining problems, namely $Y—RT and FindHSE(l).

PROPOSITION 4.14. TCy <w Con * B)—RT and x: <w LPO » 39 —RT.

PROOF. We first show TCyn <w ConxXV—RT. Let T C [N]N be a tree and let
W := W(T) be the Solovay open set of T. Let also f € XY—RT(W). By Lemma
3.10, if [T] # 0 then HS(W)NW = @ and f is a bound for some x € [T]. On the
other hand, if [T] = ) then W = [N]" and f is just an arbitrary infinite string.

Let X be the subtree of N<N of the strings that are dominated by f. Notice
that TCix) =w C;yj. Indeed, to show that TC x) <w Cy) we can notice that,
given a tree S C X, we can computably define an ill-founded tree R as follows:
for each level n we check whether S has no nodes at level n. If this happens for
some n, we can (computably) extend S to an ill-founded tree R. If this never
happens then R = 5. It is straightforward to see that C y ([R]) C TCx([S]).

Let Ty := TN X. By [7, Thm. 7.23], Con =w C[X] =w TCxj, therefore we
can use Cyn to compute a solution h € TCx([Tf]). Notice that h € TCrn([T7]).
Indeed, if [T'] # 0 then [Tf] # 0 and h is a path through T'.
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A simple modification of the above argument shows that xm <w LPO x
>Y_RT. In fact, we can see the tree T as an input for xm- I f € S)—RT(W(T))

then T} is a finitely branching tree. Thus whether T is finite is a ¢ question
in Ty. We can therefore use LPO to check if T is infinite and hence establish
whether it is well-founded or not (by Konig's lemma, a finitely-branching tree is
infinite iff it has a path).

The reduction is trivially strict as xqp: always has a computable output. U

It follows from Theorem 4.20 that the reduction TGy <y Con * 2(1)—RT is
actually strict.

COROLLARY 4.15. 2)—RT Zw Cyn.
PrROOF. If {—RT < Cyn then
X! <w LPO x E?—RT <w Cyr * Cyv =w Cyy,
contradicting the fact that xi;1 Zw Cyw (see [18, Sec. 7]). O

COROLLARY 4.16. wFindHSpo <w »{—RT.

PROOF. The fact that wFindHSpo <w X]—RT is trivial since wFindHSyy
is a restriction of £{—RT to a smaller domain. The reduction is strict because
2)—RT Zw Cyv (Corollary 4.15) but wFindHS o <w Cy (Proposition 4.9). U

DEFINITION 4.17. For every represented space X, we define the strong total
continuation of Cx to be the multivalued function sTCy : IIJ(X) = 2 x X
defined as

sTCx(A):={(b,z) €2xX:(b=02A=0)A(b=1—2€ A)}.
In particular, for X = N (and analogously for X = 2N) we can think of sTCyn
as the total multivalued function that, given in input a tree, returns a string

(b)"x s.t. b codes whether the tree is well-founded or not and, if it is ill-founded,
then z is a path through 7.

It is clear that TCyn <w sTCyn (the fact that the reduction is strict follows
from xm Zw TCp [18, Cor. 8.6], while obviously xm <w sTCxn). We can also
notice the following:

COROLLARY 4.18. sTCyn <w sTCon + XV—RT.

Proor. It suffices to repeat the proof of the first statement of Proposition
4.14, using sTCyn in place of Con. O

We will prove in Corollary 5.13 that the above reduction is actually strict.
PROPOSITION 4.19. @ |w sTCyn.

PROOF. The fact that sTCyn Lw @ follows from the obvious observation
that xm: <w sTCyn, while X1 £w TCyv (see [18, Cor. 8.6]).
On the other hand, if @ <w sTCyv then, in particular, TGy x Cyv <w

sTCyn. Since NHA <y Cyn (see e.g. [18, Cor. 3.6]), by Proposition 2.5, this
implies that TCyn <w sTCyw|,, where A is the set of non-empty closed sets
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of NN with no hyperarithmetic member (notice that sTCyn(()) has computable
solutions). In particular, this implies that TCyv <w Cyv, contradicting [18,
Prop. 8.2.1]. O

We will now show that Z?—RT Lw TCyv. We actually prove a stronger result
that will be useful in Section 5.

THEOREM 4.20. For every n € N, Z)—RT Zw sTCyn X lim™.

PROOF. Let (X,dx) be the represented space of computably open subsets
of [N with no arithmetic homogeneous solution, where §x is the restriction
of dgo(upv) to computable names. Let us define »)-RTx : X = [NV as
»{—RTx(P) := HS(P).

The reduction XY—RTx <w XY—RT holds trivially, hence it is enough to
prove that

»0-RTx Zw sTCy x lim™.

Assume by contradiction that there is a reduction. Since lim™ is a cylinder, we
can assume that the reduction is a strong Weihrauch reduction. Let &, ®5, ¥ be
the maps witnessing the strong reduction, with ®; producing an input for sTCyx
and ®, producing an input for lim™. Assume that there is a P € X s.t. ®1((P))
is a name for the empty set, for some name (P) of P. By definition, 0% is a valid
output of sTCyu (). Let ¢ := lim™ (®5((P))). Notice that ¢ is arithmetic, as
(P) is computable by definition of X. We have now reached a contradiction as
U (0¥, q) is arithmetic, against the fact that P has no arithmetic solution.

This implies that, for every P € X and every name (P) of P, ®;((P)) is
a name for a non-empty closed set, hence we have a reduction E?fRT x <w
CNN X Iim(") =w CNN.

We now claim that E?—RT x Lw Cyw, concluding the proof. We will in fact
show that cx <w LPO x 20 —RTx, where cxm is the restriction of xm to
computable trees. The claim then follows from the fact that cxm ZLw Cyv (as
exm is not effectively Borel measurable, see [4, Thm. 7.7]) and the fact that Cys
is closed under compositional product.

Let ®p be the forward functional witnessing E%—UCNN <w wFindHS 50 (recall
that Z)%—UCNN =w UCyv [18, Thm. 3.11], while UCyn <w wFindHS Ao has been
proved in Lemma 4.4). Let also Tnar be a computable input for Eli—UCNN with
a single non-arithmetic solution (recall that, by [24, Thm. 11.4.2] every H-set is
a 119 singleton).

Let T be an input for exrt - We can assume w.l.o.g. that 7" has no hyperarith-
metic path: indeed if S is a computable ill-founded tree with no hyperarithmetic
path then

T xS :={{{c(0),7(0)),...,{c(n—1),7(n—1))) ;o0 € T and 7 € S}

is ill-founded iff T is, and T x S has no hyperarithmetic path.

Let W := W(T) be the Solovay open set for T and let @ be the clopen set
with name ®p(Tyar). Notice that, since @ € dom(WFindHSA?), for every f we
can computably find a subsequence g < f s.t. g € Q.
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We can computably define P := W N Q (see [3, Prop. 3.2.4]). Since W and @
are computable then so is P. Let us show that P does not have any arithmetic
solution, which implies P € X. We distinguish two cases:

1. [T] = 0: by Lemma 3.10 we have that W = [N]", hence P = Q and
HS(P) = HS(Q). Since every solution for ) computes the non-arithmetic
solution for Ty ar, P does not have arithmetic solutions.

2. [T] # 0: notice first of all that P € dom(wFindHSpp) as P C W and
W € dom(wFindHSyyo) (see Lemma 3.10).

Given f € HS(P) then, by the above observation, we can computably
find a subsolution g € HS(P) s.t. g € @, thus g ¢ W. By Konig’s lemma
such a g is a bound for a path through T (see the proof of Lemma 3.10).
This also implies that every f € HS(P) is not (hyper)arithmetic (as, by
hypothesis, T' does not have hyperarithmetic paths).

Given f € XY—RTx(P) we can computably find ¢ < f s.t. g € Q. Let T, be
the subtree of T' bounded by ¢g. Notice that g is a bound for a path through
T iff T, is ill-founded iff T' is ill-founded (as shown in case 2 above). Since T,
is a finitely-branching tree, by Konig’s lemma T} is ill-founded iff it is infinite.
Moreover, the problem of checking whether 7} is finite is a E(l)’g question, hence
we can use LPO to solve the problem (as in the proof of Proposition 4.14). O

PROPOSITION 4.21. For every (partial) multivalued function f, if f x NHA <w
SV_RT then f <w Cyp.

PROOF. Assume f x NHA <w XY—RT and let B := dom(wFindHSs0). Ob-
viously £{—RT|,; = wFindHSs0, hence, since wFindHSso =w UCys (Theorem
4.5), the restriction of £ —RT to B always has a solution that is hyperarithmetic
relative to the input (Theorem 2.4). Since f x NHA <y E?—RT, by Proposition
2.5, we have that f is reducible to the restriction of E?—RT to

A :=39(IN]") \ B = dom(FindHS ).

This implies that f <w FindHS, as for each P € A we have FindHSH?(P) C
»{—RT(P) (and therefore every realizer for FindHSppo is also a realizer for
E?—RT|A). The claim follows from the fact that FindHSgo =w Cys (Theorem
4.7). 0

COROLLARY 4.22. X9—RT <w NHA x Z9—RT <w Cyv x ZY—RT.

PROOF. The first reduction is straightforward and the second one follows from
the fact that NHA <y Cyn (see [18, Cor. 3.6]). The fact that the first reduction is
strict follows from Proposition 4.21 and the fact that £ —RT Zw Cyv (Corollary
4.15). O

To have a better understanding of the uniform strength of £Y—RT, we now
show that, even with a parallel access to some hyperarithmetic computational
power, Z?fRT does not reach the level of TCyn X Cyn. Thus E?fRT is not at
the level of TC{w, which is one of the strongest principles considered in [18] to
be still at the level of ATRg.
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PropoOSITION 4.23. If f :C X = Y always has an hyperarithmetic solution
relative to the input and f <w Cyv then TCxyn X Cyv €w f X E?—RT.

ProoOF. Notice that, if we define B := dom(wFindHSxy0), then
(f x }—RT)|x, 5 = f x wFindHS 0.

Since wFindHSs0 =w UCy (Theorem 4.5) we have that (f x 2R |y v
always has a solution that is hyperarithmetic relative to the input (Theorem
2.4). Assume by contradiction that the reduction TCyn X Cyw <w f X E?—RT

holds. By Proposition 2.5 we have that TCyn is reducible to the restriction of
fx Z)-RT to

A= X x (BY(IN]") \ B) = X x dom(FindHS).
In particular this implies that TCyv <w f X FindHSH(IJ (see also the proof of
Proposition 4.21). We have therefore reached a contradiction as we would have
TCyw <w [ x FindHSpo <w Gy x Crov =w G O
In particular, Proposition 4.23 implies TCxr x Cy Zyw UCx x ZY—RT.

Let us now turn our attention to FindHSs0. We first notice the following useful
property:

PROPOSITION 4.24. FindHSs0 x FindHSs0 <sw FindHSs0.

PROOF. Let (Pr),(P») be names for two open sets P, P € dom(FindHSsp).
Assume w.l.o.g. that every string o € (P;) has length at least 2 (there is no loss
of generality as we can computably modify the code of P; by replacing a string
with length 1 with all its extensions of length 2).

Let P be the open set with name (P;) K (P,). Recall that P is computable
from P; and P, (see Lemma 3.13). Moreover, by Lemma 3.8

HS(P)NP={fKWg: feHS(P)N P and g € HS(P) N Py}.

Since the projections m; are computable, it is clear that, from every solution
of FindHSE(lJ (P), we obtain two homogeneous solutions that land in P; and P
respectively. O

COROLLARY 4.25. FindHSso is a cylinder.

PRrROOF. This follows from Proposition 4.24 and the fact that idygn <gw Find HSELI)7
as it then follows that

idy xFindHS 0 <gw FindHSs0 x FindHS 50 =aw FindHS .

To prove that idyy <gw Find HSE({ we proceed as follows: let p € NV and assume

w.lo.g. that p € [N]". Consider the tree T := {p[k] : k € N} of prefixes of p and
let D := D(T). By Lemma 3.12 we have that D € dom(FindHSs0) and that

every f € HS(D) N D uniformly computes p. O
The problem FindHSE? is much stronger than all of the other Ramsey-related

problems we introduced. We will in fact show that L9—RT < FindHS 50 (and
this holds even if we consider arithmetic reductions, see Theorem 5.14).
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Although we will prove much stronger results it is worth it to sketch a short
proof for the reduction L¢—RT <w FindHSxo. Given a name (P) for an open
set P build the open set

Q= 772(<P>) U Dfl’s(T(P})’

where 3 := o+ 3(7*1 and (o) is the code of . Using Lemma 3.6 and Lemma
3.12 one can prove that @ € dom(FindHSxo) and that every f € HS(Q) N Q
computes a solution for P.

PROPOSITION 4.26. sTCyn <w FindHSs0 and hence xm <w FindHSsp.

PrOOF. Let 9, : NN = N := ¢ = n(@*1 where (o) is the code of o.

Let T C [N]<" be a tree. We can define the open set P C [N]" as P := PyUP,,
where P; := Dy, (T) and P, := Wy, (T). Notice that, by Lemma 3.12 and
Lemma 3.10 we have

[T]=0 < HS(P)NP, =0 < HS(P,) NP, #0.
Moreover, by Proposition 3.2,
HS(P)NP = (HS(P,) N P) U (HS(P) N Py).

This implies that

[T] # 0= HS(P)n P =HS(P,)N P,

[T] =0 = HS(P)N P =HS(P)NP,.
In particular, given a f € HS(P) N P we can know whether f € HS(P;) N Py or
f € HS(P;) N P, just by checking f(0). If f(0) is a power of 2 then [T] # () and
we can compute a path through T' by considering the string x € [N]N s.t.

v =J vy (F()).
i€N

In the other case [T] = () hence we can just return (0)" f.
The result about x51 follows from xm <w sTCyr and sTCyw Lw X 8s X
always has computable output. (]

COROLLARY 4.27. TCiw <w FindHSs0.

Proor. The reduction follows from TCyv <w FindHSs0o (Proposition 4.26)
and the fact that FindHSso is closed under product (Proposition 4.24). The
fact the reduction is strict follows from the fact that FindHSs0 computes xm
(Proposition 4.26), while TCin does not ([18, Cor. 8.6]). O

This shows that FindHSE? is properly stronger than any multivalued function
arising from statements related to ATRq studied so far.

THEOREM 4.28. Cyn % )—RT <w FindHSss.

PrROOF. By the cylindrical decomposition we can write
Crr * 2)—RT =w Cyw 0 &, 0 (id x ) —RT)
for some computable function ®.. It is enough to show that
Crr 0 @ 0 (id x B —RT) <y FindHS5o x FindHSs0 X X111
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and the claim will follow from x1 <w FindHSxo (Proposition 4.26) and the fact
that FindHSsy0 is closed under product (Proposition 4.24).

Let (p1,p2) be an input for Cyw o @, o (id xX—RT) and let P be the open
set with name p,. We can consider the tree T},, of homogeneous solutions for P
that avoid P. We can now compute a tree R s.t. for every x,y € NV,

z € [Tp,] and y € [Dc(p1,2)] <= (z,y) € [R].

Using the canonical computable bijection between NN and [N]N it is easy to
transform R into a tree S € Ti so that from any path through S we can compute
a path through R.

Recall that TwFindHSs0 <w Cy» (see Proposition 4.13). Since Cyx is closed
under compositional product we have that Cyno®. o (id x TwFind HSgg) <w Cyp.
Let ®4,¥4 be two computable maps witnessing the reduction. In particular,
® A ({p1,p2)) is an ill-founded subtree of NN and every path through ® 4 ((p1, p2))
computes a solution for Cyn o @, o (id xTWFindHSZrl)) via W 4. Let also ¢, be
the function that maps o to n{?)*!, where (o) is the code of o.

Let D := Dy, (S) and define

U:=DUDy,(Pa({p1,p2)));
V. =DU st(‘s’)

Let us first show that U, V' € dom(FindHSx0). Notice that if P € dom(FindHSyo)
then [T},,] # 0 and [S] # (. By Lemma 3.12 we have that HS(D) N D #
0 and therefore U,V € dom(FindHSso). On the other hand, assume P ¢
dom(FindHSyp). Since TwFindHSso is total we have that ®4((p1,p2)) is ill-
founded. This implies that Dy, (®4({p1,p2))) has solutions that land in itself
(again by Lemma 3.12), and hence U € dom(FindHSs0). Moreover, since P ¢
dom(FindHSpp0) we have that [S] = () and therefore HS(Wy, (S)) N Wiy, (S) # 0,
which shows that V' € dom(FindHSsy0).

Let (f,g,b) € (FindHSxo x FindHSs0 x x111)(U, V, 5). We distinguish 2 cases:

e if b =1 then [S] = (), and hence P € dom(wFindHSxy). By Proposition 3.2

f lands in Dy, (P a((p1,p2)))-

In particular f computes a path through ®4({p1,p2)) (Lemma 3.12).
Moreover TwFindHSs0(P) = HS(P) = S)—RT(P), so that f computes
also a solution for the compositional product (by applying ¥ 4 to the path).

e if b = 0 then [S] # 0 and hence P € dom(FindHSpyo). Moreover HS(V') N

V =HS(D)N D. Indeed, by Proposition 3.2,

HS(V)NV = (HS(D) N D) U (HS(Wy, (S)) N Wy, (S))

and HS(Wy, (S)) N Wy, (S) = 0 by Lemma 3.10. In this case g computes a
path through S, hence a path through R, and eventually a solution for the
compositional product (by projecting the path through R).

The previous two points describe a way to compute a solution for the compo-
sitional product given a solution to FindHSso X FindHSs0 x X111, and therefore
conclude the proof. O
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Notice that if P ¢ dom(wFindHSs0) then we cannot (in general) use U to com-
pute a solution for the compositional product. Indeed, it may be that HS(P) N
P # () and the solution obtained from FindHSxo(U) lands in Dy, (@ ((p1,p2)))-
However, since every string is a valid solution for TwFindHSE(I;(P)7 the solution
we obtain is not guaranteed to have any connection with the original problem.

Notice moreover that 3 —RT <y FindHSs0 as the former is not closed un-
der product with Cyv (Corollary 4.22) while the latter is closed under product
(Proposition 4.24) and computes Cynv (see Proposition 4.26). We will prove a
stronger result in Theorem 5.14.

4.5. A 0—1 law for strong Weihrauch reducibility. We now characterize
the strength of the Ramsey-related multivalued functions from the point of view
of strong Weihrauch reducibility.

PROPOSITION 4.29. Let T be a definable (boldface) pointclass that is downward
closed with respect to Wadge reducibility. Assume also that every P € T([N]") is
Ramsey and that, for every h € [N}N,

L([h") = {Pn[p)": P e T(NY)}

If R :C T(IN") = NIV is a multivalued function, s.t. for every = € dom(R),
R(z) = HS(x), then

ids Zew R.

In particular ids (and, a fortiori, UCyy ) is not strongly Weihrauch reducible to
wFindHS 0, wFindHSpye, wFindHS A0, £{—RT, A}—RT.

PRrROOF. Assume there is a strong Weihrauch reduction witnessed by the com-
putable maps ®,¥. Let p; := ®(i) (with a small abuse of notation we are
identifying ¢ with its name) and let P; := (Sr([N]N)(pi). By definition of strong
Weihrauch reducibility, for every f € HS(P;) we have ¥(f) =i. Fix f € HS(F)
and consider the set [f]N N P, € T([f]). By Proposition 3.1 we have that ev-
ery pointset in T'([f]") has the Ramsey property, therefore there is a g < f s.t.
[N < PLn[f]Y or [g]Y € [f]N\ Pi. In both cases g € HS(P;) and therefore
U(g) = 1. However g = f, hence g € HS(Fy) and so ¥(g) = 0, which is a
contradiction. (]

On the other hand, Theorem 4.7 shows that Cyv =gw Find HSH? =W FindHSArl)
which implies that FindHSg and FindHSAo are cylinders. Since FindHSso

is also a cylinder (Corollary 4.25) we have that, for every g and every f €
{FindHSch,FindHSHg,FindHSA?}

g<wf &= g<sw [

This shows that, from the point of view of strong Weihrauch reducibility, the
principles related to the open and clopen Ramsey theorems are either very weak
(they do not strongly uniformly compute the identity on the 2-element space) or
they are as strong as possible (the notions of Weihrauch reducibility and strong
Weihrauch reducibility coincide).
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§5. Arithmetic Weihrauch reducibility. Let us now define the notion of
arithmetic Weihrauch reducibility, which is obtained by relaxing the computabil-
ity requirements in the definition of Weihrauch reducibility. This was introduced
in [12, Def. 1.4] (see also [14, Def. 2.2] and [1, Sec. 2.4]).

DEFINITION 5.1 (Arithmetic Weihrauch reducibility). Let f:C X =Y, g :C
Z = W be partial multivalued functions between represented spaces. We say
that f is arithmetically Weihrauch reducible to g, and we write f <{; g, if

(3 arithmetic ®, ¥ :C NN — N (VG F g) U((idy, G®)) F f
where a function F :C NN — NN is called arithmetic if there is n € N s.t.
F <y lim™.

It is straightforward to see that f <w g = f <{ g. Notice moreover that if
f <§ g then there exists n s.t. f <w lim™ % g lim™ (this follows directly from
the definition of the compositional product).

PROPOSITION 5.2. For every multivalued function f
(@) (f <w lim™) = F <& id.
PROOF. Assume there is a strong reduction f <gw lim™ witnessed by the

computable maps @, ¥. It is easy to see that the maps ® := ¥y o lim™ o o
and V¥ := id witness the reduction f < id. (]

COROLLARY 5.3. id =% Cov =% LPO =4 lim™.

PrOOF. Straightforward from Proposition 5.2 and the fact that id is Weihrauch
reducible to Cyv, LPO and lim™. O

PROPOSITION 5.4. For every (partial) multivalued functions f, g, if f <$§ id
then fxg={g9*f =W 9.

PRroOF. Let us first prove f* g ={ g, the other equivalence is analogous. We
only need to prove that f * g <{; g as the converse reduction is trivial. We can
assume w.l.o.g. that f,g are (partial) multivalued functions :C NY¥ = NN (see
e.g. [7, Lem. 3.8]). By the cylindrical decomposition, we can write

fxg=w (id X f) o @, o (id xg)

for some computable ®.. In particular

(id x f) o @, o (id xg)({p1,p2)) = (®1(p1,9(p2)), f © P2(p1, 9(P2)))

where @1, @5 are the computable functions s.t. ®.(p) = (P1(p), P2(p)).
Let ®;, ¥y be two arithmetic maps witnessing the reduction f <, id. It is
straightforward to see that the maps

P = <p17p2> = D2,
U = ((p1,p2): @) = (P1(p1, ), Vs (P2(p1,0), P P2(p1,9)))
witness the reduction (id x f) o @, o (id xg) < g¢. O

COROLLARY 5.5. wFindHSo =3 Cyi.
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Proor. This follows from Cyn =w Con * wFindHSyyo (Proposition 4.9), using
Corollary 5.3 and Proposition 5.4. O

LEMMA 5.6. Let g be a (partial multivalued) function that computes every
arithmetic function and is closed under compositional product. For every (partial)
multivalued function f

f<w9=f<wg
PRroOF. It is enough to notice that f <{; ¢ implies that there exists n s.t.
f <w lim™ % g lim™.
The hypotheses on g immediately yield the claim. O
COROLLARY 5.7. Cyv <{y TCyr.

ProoF. The fact that Cyv <{ TCnw is trivial as Cynv <y TCyn. The sep-

aration follows from Lemma 5.6 (recall that, for every n, lim (™) <w UCyn, see
[7, Prop. 7.50]) and the fact that TCyn Lw Cpr. O

THEOREM 5.8. TCyv =f sTCy.

PROOF. This follows from Proposition 5.2, Proposition 5.4 and the fact that
TCNN SW STCNN SW LPO % TCNN. O
We will now prove the fact that TCyv <& XJ—RT. To do so we will first

need some additional results about compositional products of iterations of lim
and TCyw.

LEMMA 5.9. Let D(X,Y,Z) be an arithmetic predicate with free variables
among X,Y, Z and let ®: NN x NN — Tr be computable. Define the 11} predicate
P(X,Y,Z) as

DX, Y, Z) N ([2(X,Y)] # 0 = Z € [2(X,Y)]).
There exists a 11 predicate S(X,Y,Z,W) s.t. an index for S is computable from
indices for D and ® s.t.

@EW)(S(X,Y, Z,W)) = D(X,Y, Z),
[B(X,YV)] £ 0= ( P(X,Y,2) = @W)(S(X,Y,Z,W))).
ProOOF. By Kleene’s normal form theorem (see e.g. [23, Thm. 16.IV]), there
is a I1Y predicate T s.t.
D(X,Y,Z) < (GW)(T(X,Y,Z,W)).
Define the 1Y predicate S(X,Y,Z, W) := T(X,Y,Z, W) A Z € [®(X,Y)]. Tt
follows from Kleene’s normal form theorem that an index for S is computable

from indices for D and ®. The first property of S is immediate. For the second
notice that, if [®(X,Y")] # 0 then

P(X.Y,Z) < D(X,Y,Z)AZ € [B(X,Y))
— AW)T(X,Y,Z,W)AZ € [d(X,Y)])
= @AW)(S(X,Y,Z,W)). O
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The previous lemma can be interpreted as follows: the predicate P describes
the compositional product (on both sides) of TCyn with an arithmetic problem f,
while D says that Y is a solution for f(X, Z). Notice that, if we are considering
the composition TCyw  f then f (and therefore D) will not depend on the output
Z of TCyy. On the other hand, if we consider f % TCyv then we need to keep
track of Z. The lemma proves that there is a uniform way to build a tree (whose
body is the set of solutions to S) s.t., by projecting its paths, we can obtain the
solutions to the original problem P. Notice however that the lemma does not
guarantee such a tree to be ill-founded. In other words, we can recover (some)
solutions to the original problem only if the tree is ill-founded.

Obviously, if D depends only on X,Y and not on Z, then a solution for D
can be (arithmetically) computed without first finding a path through the tree
o(X,Y).

LEMMA 5.10. For every n € N, TCyn * lim™ =y TCu X lim(™).

PROOF. Fix n € N. The reduction TCyn X lim™ <y TCxn * lim™ trivially
follows from the algebraic rules of the operations (see [9, Prop. 4.4]).
To prove the converse reduction, by the cylindrical decomposition we can write

TCx #lim™ =y (id x TCx) 0 @, o lim™),
for some computable function ®.. In particular
(id x TCyn) 0 @, o lim™ (p) = (@1 (1lim™ (p)), TCu @2 (lim™ (p)))
where @1, P, are the computable functions s.t. ®.(p) = (®1(p), P2(p)).
Let D(X,Y) be the predicate that says
Y = (@1 (im™ (X)), B (lim ™ (X)),

Notice that an index for D can be (uniformly) computed from an index of ®..
Define also the predicate P(X,Y, Z) as

DX, Y) A ([ma(Y)] # 0 = Z € [ma(Y)]),

where 79 := (Y1,Y5) — Y5. Since D(X,Y) is arithmetic, we can use Lemma 5.9
to define a computable tree S s.t.

AW)((X,Y,Z,W) € [S]) = D(X,Y),
[ma (V)] #0 = (P(X,Y,2) <= (GW)(X,Y,Z,W) € [5])).

For every fixed p € dom((id xTCxx) o ®, o im™) we define Sy = {o :
(pllol], o) € S}. We now claim that, from an answer to (TCyy X Iim("))([Sp],p)
we can compute a solution to (id x TCyn) o @, o lim™ (p).

Indeed ®; o lim™ (p) is trivially uniformly computed from lim (™) (p). On the
other hand, there is a unique ¢ s.t. D(p,q). Assume [m2(q)] # 0 and let zo €
[2(q)]. Since P(p, g, zo) holds, we have that (Jw)((g, z0,w) € [Sp]), in particular
[S,] # 0. Let (y,z,w) € TCy([S,]). Notice that, since lim™ is single-valued,
we have y = ¢q. Hence we can conclude that P(p,q, z) holds, and therefore, by
projecting (y, z, w) on the second component we obtain a path through [m2(q)].
If, on the other hand, [m2(q)] = 0, then any z belongs to TCyn([m2(q)]). In
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both cases, by projecting the output of TCyu ([Sp]) we can compute a solution to
(TCyrr 0 @3 0 lim™)(p) and this concludes the proof. O

LEMMA 5.11. For every n € N, lim™ « TCyv <w sTCyu X limn+9).
ProoOF. Fix n € N. By the cylindrical decomposition we can write
im™ 5 TCxpw =w lim™ 0 @, o (id x TCxp)

for some computable function ®..

Let us define F : N¥ x NN = NN as F := T(lim™ o ®,). Recalling that
lim™ = lim"*1 it is immediate that being in the domain of lim™ is a 9, .5
property. On the other hand, whether ®.(p, q) is defined is a ITJ property. This
implies that F <y lim2" T — |im©®7+5) 41 hence to prove the lemma it
suffices to show that lim™ o @, o (id x TCy) <w sTCpn x F.

Let D(X,Y, Z) be the arithmetic predicate
Y =lim™ o &, (m(X), Z).

Clearly an index for D is computable from an index of ®.. Let also P(X,Y, Z)
be the predicate

D(X,Y, Z) A ([me(X)] # 0 = Z € [m(X)]).
Since D(X,Y, Z) is arithmetic, we can use Lemma 5.9 to define a computable
tree S s.t.
EW((X,Y, 2, W) € [5]) = D(X,Y, Z),
[m(X)] # 0= (P(X,Y,2) <= @W)(X,Y,Z,W) € [5]) ).

For every fixed p = (p1,p) € dom(lim™ o &, o (id x TCyn)) we define S, :=
{o : {p[lo|],o) € S}. We define the forward Weihrauch functional as the map
® = (p1,p2) — ([Sp), (p1,0¥)). Notice that, since F is total, ®({p1,p2)) is a
correct input for sTCyn X F. Let ((b)(y, z,w),r) € (sTCyn X F)([Sp], (p1,0%)).
We claim that a solution for lim™ @&, (py, TCxu(ps)) is y if b =1 or is 7 if b = 0.

Assume that b = 1, i.e. that (y,z,w) € [Sp]. Then D({p1,p2),y, 2) holds,
ie. y = lim™(®,(py,z)). Therefore it is enough to show that z € TCxr([p2))-
Assume that [ps] # 0 (the other case is trivial). Since (y, z,w) € [S,], we have
that P((p1,p2),y,2) holds and therefore z € [ps].

Assume now that b = 0, i.e. for all y,z there is no w s.t. (y,z,w) € [S,].
If [ps] # 0 then choose z € [po] and let y = lim™®,(p;,2). We then have
that D((p1,p2),y,2) and P({(p1,p2),y,z) hold. Therefore there exists w s.t.
(y,z,w) € [Sp], which is a contradiction. This implies that [ps] = @ and there-
fore 04 € TCyu([p2]) and (p1,0¥) € dom(lim™®,). Therefore r = F(p;,0¢) €
lim™®,(p1, TCxn([p2])) and this concludes the proof. O
We are now ready to prove the following characterization of arithmetic reducibil-
ity to TCxv, conjectured by Arno Pauly during the BIRS-CMO 2019 workshop
“Reverse Mathematics of Combinatorial Principles”.

THEOREM 5.12. For every multivalued function f,
f <& TCp < (An)(f <w sTCx x lim™).
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PrOOF. The right-to-left implication follows from Corollary 5.3 and Proposi-
tion 5.4, as sTCyw <w LPO * TCxu.

To prove the left-to-right implication, assume that there exists m s.t. f <w
lim(™) TCpxw * lim™). Notice that for every single-valued k and every g, h we
have

(%) (gxh)xk <w (gxk) x (h*k).

This fails for multivalued k, as shown in [9, Prop. 4.9(19)]. We can therefore
write

lim ™) 5 TCpe # im™ <y (sTCppe x imBm+6] s fjmlm 1] Lot 511
<w (STCy # lim™H 1y 5 fim4m+7] )
<w (LPO  TCx # lim™+Hy x [iml4m+T7]
=w (LPO % (TCyr x limI™ 1)) > lim*™ 7 Lemma 5.10
<w (LPO # lim™+ & TC) x limlAm+7]

<w (im™ 4 TC) x limH4m+7)

<w sTCyu x imBm+9 5 fimlAm+7] Lemma 5.11
=w sTCxn x lim!™,
where n = max{3m +9,4m + 7}. O

COROLLARY 5.13. TCy <$% X7—RT.

PROOF. The reduction follows from TCyn <w Con* X —RT (Proposition 4.14)
using Corollary 5.3 and Proposition 5.4. The fact that the reduction is strict
follows from Theorem 5.12 as X —RT Zw sTCyr X lim® for any k (Theorem
4.20). O

THEOREM 5.14. 3{—RT <§; FindHSxo.

PRrROOF. It suffices to show that XY —RT <§y Cnw x 3BV —RT, as Cuu x BV —RT <w
FindHSs0 follows from )-RT <w FindHSs0 (see Theorem 4.28), Cyv <w
FindHSxo (see Proposition 4.26) and the fact that FindHSso is closed under
parallel product (Proposition 4.24).

The reduction is trivial, so we only need to prove the separation. Notice that
the analogue of Proposition 2.5 for arithmetic Weihrauch reduction holds (the
same proof works by replacing “computable” with “arithmetic” and <y with
<% ). This allows us to repeat the proof of Proposition 4.21, obtaining that
Cy x BY—RT <¢ B)—RT implies £7—RT <&, Cyr. This contradicts Corollary
5.7 and Corollary 5.13. O

THEOREM 5.15. £)—RT* =% TCx.

PRroOOF. The right-to-left reduction is a trivial consequence of TCrw <§ EQ—RT
(Corollary 5.13).
To prove the left-to-right reduction we first notice that

E{—RT <w sTCys x TwFindHS .
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Indeed, given an open set P we can consider the input ([T p], P) for sTCyn x
TwFindHSng. This is clearly a valid input as both functions are total. Let

((0) "z, f) € (sTCyw x TwFindHSs0)([T(py], P). If b = 1 then z € HS(P)\ P
(Lemma 3.4), and therefore € XY—RT(P). If b = 0 then [T;py] = 0, which

implies that P € dom(wFindHSx0) and hence f € wFindHS 5o (P).
We then have

) —RT <w sTCyr x TwFindHS 50 <w sTCrv x Cyn <{y TCrw x TCpy,

where TwFindHSs0 <w Cyn follows from TwFindHSs0 <w ATR; (Proposition
4.13). From this 3)—RT* <& TChu follows immediately. O

§6. Conclusions. Some problems resisted full characterization. In particu-
lar two questions remain open:

QUESTION 6.1. wFindHSyo =w Cy?

QUESTION 6.2. Cyn <w XJ—RT?

Observe that a positive answer to the first question automatically yields a pos-
itive answer to the second one by Corollary 4.16. We can expect that answering
one of the two questions can shed light on the other.

As already observed in [18], there is not a single “analogue” of ATRy in the
context of Weihrauch reducibility, and theorems that are equivalent from the
reverse mathematics point of view can exhibit very different behaviors when
phrased as multivalued functions.

Notice in particular that the classical proofs of the equivalences, over RCAy,
of ATR( and the open and clopen Ramsey theorems ([26]) are useful only to
establish that UCyy =w wFindHS 50 =w wFindHS Ao.

Finding a homogeneous solution that lands in an open set, when there are
also solutions that avoid it, is a much harder problem. In particular, notice
that a natural candidate for TI; —CA in the Weihrauch lattice is X~ The fact
that FindHSzrl) computes Xy and is closed under parallel product implies that
XE} <w FindHSE(l). This naturally leads to the following question:

QUESTION 6.3. Fing <w FindHSs0?

A positive answer to this question would locate FindHSE? in the realm of

H%—CAO, in sharp contrast with what happens in reverse mathematics.
Let us now derive a few computability-theoretic corollaries.

COROLLARY 6.4 (Solovay’s theorem [27, Thm. 1.8]). If P C [N]" s open with
computable code then either there is an hyperarithmetic homogeneous solution
landing in P or there is a homogeneous solution avoiding P.

Proor. This follows from Theorem 2.4 and the fact that wFindHSso =w
UCyr (Lemma 4.3). O

The following result is attributed to Solovay [27] (see [19, Thm. 1] for an
explicit proof).
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COROLLARY 6.5. The set of homogeneous solutions for a clopen set with com-
putable code always contains an hyperarithmetic element.

PROOF. This follows from Theorem 2.4 and the fact that AJ—RT =w UCy»
(Theorem 4.6). O

COROLLARY 6.6. There is a clopen set D C [N]N with computable code s.t.
every homogeneous solution that lands in D is not hyperarithmetic.

Proor. This follows from the fact that FindHS a0 =w Cyw (Theorem 4.7): if
every computable clopen set had an hyperarithmetic solution landing in itself
then every computable instance of Cyn would have a hyperarithmetic solution,
contradicting NHA <y Cyn ([18, Cor. 3.6]). O

COROLLARY 6.7. Fvery open set P C [N]N with computable code has a homo-
geneous solution f that is strictly Turing reducible to Kleene’s O.

PrROOF. Tt follows from the proof of Gandy basis theorem (see [24, Chap.
I, Thm. 1.4]) that {f : f <r O} is a basis for the X} predicates. If P €
dom(wFindHSx0) then, by Corollary 6.4, it has an hyperarithmetic solution.
Otherwise P € dom(FindHSH?) hence, by Lemma 3.4, a homogeneous solution
for P can be computed from any element of [T(py] (the tree T\ py is computable
from (P), see Lemma 3.13). By the Gandy basis theorem the claim follows. O
In particular Corollary 6.7 shows that the difference, in the (arithmetic) Weihrauch
lattice, between E?fRT and Cywv cannot be explained in terms of complexity of
the solutions but rests entirely on the lack of uniformity.
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