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QUOTIENTS OF LOCALLY MINIMAL GROUPS
DEKUI PENG, DIKRAN DIKRANJAN, WEI HE, ZHIQIANG XIAO, WENFEI XI

ABSTRACT. A topological group G is called locally minimal if there exists a neighbourhood V'
of the identity of G such that whenever H is a Hausdorff group and f : G — H is a contuinuous
isomomorphism such that f(V) is a neighbourhood of 1 in H, then f is open. This paper is
focused on the study of quotients of locally minimal groups.

A surprizing connection between locally g-minimality and divisibility is found, by showning
that a dense subgroup of R” is locally g-minimal if and only if it is divisible. This provides
examples showing that a topological group with a dense locally g-minimal subgroup need not
be locally g-minimal. We also propose a weaker notion, namely local ¢*-minimality and show
that a dense subgroup H of a Hausdorff group G is locally ¢*-minimal if and only if G is locally
¢*-minimal and H is locally ¢-dense in G.
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1. INTRODUCTION

Call a Hausdorff topological group G minimal, if G admits no properly coarser Hausdorff
group topology. Obviously, GG is minimal precisely when G satisfies the open mapping theorem
with respect to continuous isomotphisms with domain G. Compact groups are minimal, the
first examples of non-compact minimal groups were found by Doichinov [20] and Stephenson
[31] and the research in this field, inspired by G. Choquet, was quite intensive for almost five
decades (see the [4, 7, 12, 13, 15, 16, 19, 21, 25, 27, 28, 29, 32, 33], as well as the surveys or
monographs [6, 8, 9, 10, 14]).
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As noticed by Stephenson, locally compact groups need not be minimal (actually, a compact
abelian group is minimal precisely when it is compact). This motivated Morris and Pestov
[26] (see also [3]) to introduce the notion of locally minimal groups: a Hausdorff topological
group (G, 7) is locally minimal with respect to a neighbourhood V of the identity of G if every
Hausdorff group topology ¢ < 7 and such that V' is a o-neighbourhood of the identity, coincides
with 7 (sometimes, for simpllcitiy, we simply speak of local minimality without mentioning an
explicit neighbourhood V). Further detail on locally minimal groups can be found in [11, 1, 2].
The relevant permanence of local minimality related to the passage to closed or dense subgroup
was largely studied in these papers. Nevertheless, perhaps the most relevant (from the point of
view of the open mapping theorem) permanence property was not discussed so far, namely the
preservation of local minimality under taking quotients. The aim of this paper is to fill this gap
by a careful study of the stability of the class of locally minimal groups under taking quotients.

Minimality fails to be preserved under taking quotients. This is why the smaller class of
totally minimal groups, namely the minimal groups that are minimal along with all their Haus-
dorff quotients, was introduced in [12] (somewhat later also in [33], under the name g-minimal
groups). Equivalently, a topological group G is totally minimal if every surjective continuous
homomorphism of G onto a Hausdorff topological group is open. Inspired by the latter for-
mulation (and the definition of local minimality, depending on a fixed neighbourhood V' of the
identity), the locally g-minimal groups were introduced in [11] as follows:

Definition 1.1. [11] A topological group G is called locally g-minimal with respect to a neigh-
bourhood V' of the identity of G if every contuinuous surjective homomorphism f : G — H
onto a Hausdorff group H such that f(V') is a neighbourhood of 1 in H, is open.

Often we say briefly G is locally g-minimal if there exists such a neighbourhood V. Obviously,
every discrete group G is locally ¢g-minimal (with respect to the neighbourhood {e}).

The point of view adopted in the first of the above two equivalent formulations of total
minimality (every Hausdorff quotient of the group is minimal) provides an obvious alternative
way to obtain a “local” version of total minimalily as follows:

Definition 1.2. A topological group G is called locally t-minimal if each Hausdorff quotient
group of G is a locally minimal.

This property was given and used in [34] under the term local g-minimality. We prefer to
dedicate a different term (namely, local t-minimality), since one of the aims of this paper is to
show that these two notions differ substantially. It is clear that a topological group G is locally
g-minimal with respect to a neighbourhood V' of the identity of G iff G/N is locally minimal
with respect to VIN/N for each closed normal subgroup N of G . Hence, a locally g-minimal
group is obviously locally ¢-minimal, but the converse is not true (see Examples 4.3 and 4.8).

The third generalization of total minimality (the local ¢*-minimality) is closely related to
another relevant property of total minimality that we recall first.

The following notion was proposed in [12] and independently (but somewhat later) also in
[33]: a subgroup H is a topological group G is called totally dense if H N N is dense in N for
every closed normal subgroup N of G. This notion was used to provide the following crucial
criterion for total minimality of dense subgroups:

Theorem 1.3. [12] A dense subgroup H of a topological group G is totally minimal iff G is
totally minimal and H 1is totally dense in G.

Lin particular, G /N is minimal whenever VN = G, we shall see that this become a too strong restraint to
impose on G.
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Definition 1.4. A Hausdorff topological group G is called locally ¢*-minimal with respect to a
neighbourhood V' of the identity of G if every continuous surjective homomorphism f : G — H
onto a Hausdorff group H such that f(V') is a neighbourhood of the identity in H and ker f C V/,

1S open.

Often we say briefly G is locally ¢*-minimal if there exists such a neighbourhood V. Obviously,
local g-minimality implies local ¢*-minimality, but the converse implication may fail even for
subgroups of R (see Examples 4.3 and 4.8). We provide an example showing that this property
does not coincide with (actually, does not imply) local ¢-minimality (Example 5.9).

It has been an open problem for some time to find a criterion for local g-minimality of dense
subgroups in this line. Our second main result shows that such a criterion for local g-minimality
cannot be available, as a group containing a dense locally g-minimal subgroup need not be
locally g-minimal itself (Example 4.8). The weaker notion of local ¢*-minimality we propose
(see Definition 1.4) allows for such a criterion for local ¢*-minimality of dense subgroups (see
Theorem 5.4 ). In order to obtain this characterization one needs the notion of local t-density
(see Definition 5.2 ).

Notation and terminology. We denote by N and P the sets of positive natural numbers and
primes, respectively; by Z the integers, by Q the rationals, by R the reals, and by T the unit
circle group which is identified with R/Z. The cardinality of the continuum 2* will be also
denoted by ¢. The cyclic group of order n > 1 is denoted by Z(n). For a prime p the symbol
Z(p>) stands for the quasicyclic p-group and Z, stands for the p-adic integers.

The subgroup generated by a subset X of a group G is denoted by (X), and (z) is the cyclic
subgroup of GG generated by an element z € G. The abbreviation K < G is used to denote a
subgroup K of G.

Throughout this note all topological groups are assumed to be Hausdorff, unless otherwise
stated explcitely. We denote by V(1) (or simply by V(1)) the filter of neighbourhoods of 1 in
a topological group (G, 7).

For a topological group G we denote by G the Raikov compeltion of G. We recall here some
compactness-like conditions on a topological group G. A group G is precompact (some authors
prefer “totally bounded”) if G is compact. The centre Z(G) = {g € G : gz = xg for all z € G}
of GG is a closed subgroup of G.

The torsion part t(G) of an Abelian group G is the set {g € G : ng = 0 for some n € N}.
Clearly, t(G) is a subgroup of G. For a prime p, the p-primary component G, of G is the
subgroup of GG that consists of all x € G satisfying p"x = 0 for some positive integer n. The
group G is divisible if nG = G for every n € N. 2

All unexplained topological terms can be found in [23]. For background on Abelian groups,
see [24] and [30].

2. BACKGROUND ON LOCALLY MINIMAL GROUPS

Fact 2.1. [1, Proposition 2.5] If G is a locally minimal topological group and H is a closed
central subgroup of GG, then H is locally minimal. More precisely, if local minimality of G is
witnessed by V, then H is locally minimal with respect to V; N H for any neighbourhood V; of
the identity of G such that VZ C V.

2maybe can be omitted:
For a prime p and element x of a topological group G, p is said to be topologically p-torsion, if p"x — 0. A
subgroup H of G is called p-monothetic, if H has a dense cyclic subgroup generated by a topologically p-torsion
element of H.
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Corollary 2.2. Let G be a locally minimal abelian group. Then there exists a neighbourhood
U of the identity in G such that each closed subgroup N of G contained in U is minimal (so,
precompact).

Proof. Assume that G is locally minimal with respect to U?, where U is a neighbourhood of the
identity of G. Let N be a closed subgroup of G contained in U. According to Remark 2.1, N is
locally minimal with respect to U N N = N, hence, N is minimal. For the last assertion recall
that according by the celebrated Prodanov-Stoyanov Theorem, every minimal abelian group is
precompact. 0]

In order to formulate the local minimality criterion from [2], we need to recall first the
following notion:

Definition 2.3. [2] Let H be subgroup of a topological group G. We say that H is locally
essential in G if there exists a neighborhood V' of 0 in G such that H\ {0} meets each nontrivial
closed normal subgroup N of G which is contained in V.

When necessary, we shall say H is locally essential with respect to V' to indicate that V
witnesses local essentiality. Note that if V' witnesses local essentiality, then any smaller neigh-
borhood of zero does too.

Definition 2.4. A topological group G is said to have no small subgroups (or shortly, to be
an NSS group), if G has a neighbourhood of the identity element that contains no non-trivial
subgroups.

Remark 2.5. Obuviously, every subgroup of an NSS group is locally essential.
The following criterion for local minimality was established in [2]:

Fact 2.6. [Criterion for local minimality] Let H be a dense subgroup of a topological group G.
Then H is locally minimal iff G is locally minimal and H is locally essential in G.

Remark 2.7. The proof of Fact 2.6 in [2, Theorem 3.5] shows more. Namely, for a dense
subgroup H of G:

(1) When H is locally minimal and if W is a closed neighbourhood of 1 in G such that W N H
witnesses local minimality of H, then each neighbourhood Wy of the identity in G satisfying
W2 C W witnesses local essentiality of H in G and W witnesses local minimality of G.

(2) When G is locally minimal and if the neighbourhood V' of the identity in G witnesses both
local minimality of G and local essentiality of H in G, then for every neighbourhood Vi of the
identity in G with V2 C V' the neighbourhood Vy N H witnesses local minimality of H.

3 According to [14, §4.1], for a prime number p, an element x of a topological group G is called
quasi-p-torsion iff (x) is either a cyclic p-group or topological isomorphic to (Z,7,). Following
[14, p.145], call a subgroup H of G p-monothetic, if G has a dense cyclic subgroup generated
by a quasi-p-torsion element of GG. If G is complete, then the closed p-monothetic subgroups of
G are cyclic p-groups or topologically isomorphic to Z,. According to a useful local criterion
for minimality in [14, Theorem 4.3.7], a precompact abelian group G is minimal if and only
if G non-trivially meets every non-trivial closed p-monothetic subgroup of G for every prime
p. Using this criterion for minimality, along with Corollary 2.2, we obtain now a useful local
(w.r.t. the primes p) version of Fact 2.6:

3This definition, along with the corollary that follows are maybe not needed. Then they should be deleted
(and kept for the second paper).
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Corollary 2.8. Let G be a complete locally minimal abelian group. A dense subgroup H of G
15 locally minimal if and only if there exists a neighbourhood U of 0 in G, such that for every
prime p the subgroup H mnon-trivially meets every non-trivial closed p-monothetic subgroup of
G, t.e., every subgroup N = Z, of G contained in U non-trivially meets G and H contains
every cyclic group of order p that is entirely contained in U.

Proof. The necessity follows from Fact 2.6. Now assume that neighbourhood U of 0 with the
above properties exist in G. According to Fact 2.6, it is enough to check that H is locally
essential in G w.r.t. U. Shrinking, if necessary, U we can assume that every closed subgroup of
G contained in U is compact, by Corollary 2.2. Pick an arbitrary closed subgroup N # {0} of
G contained in U. By [14, Theorem 4.1.7], N contains a non-trivial closed monothetic subgroup
N;. Now our hypothesis implies that H N Ny # {0}, so H N N # {0} as well. O

Fact 2.9. The following useful facts will be used in the sequel:

(a) ([11, Lemma 2.8]) Locally compact groups and totally minimal groups are locally ¢-
minimal, hence locally t-minimal.

(b) local t-minimality and local g-minimality are both preserved under taking quotients.
More precisely, a topological group G is locally g-minimal with respect to some neigh-
bourhood V of 1 if and only if for every closed normal subgroup N of GG the quotient
group G/N is locally minimal with respect to the neighbourhood (VN)/N of 1 in G/N.

Fact 2.10. [11, 34] If a group G has an open locally minimal subgroup, then G itself is locally
minimal.

In item (b) we see some examples of locally minimal groups without open locally minimal
subgroups.

Example 2.11. (a) According to [11, 34, 26] every subgroup G of a Lie group L is locally
minimal. To see that G is also locally t-minimal, assume that G is dense in L (obviously,
this is not a restrictive assumption). Let G/N be a quotient of G w.r.t. a closed
normal subgroup N of G. Then G/N is isomorphic to a (dense) subgroup of the quotient
L/cl,(N) of L, hence G/N is locally minimal.

On the other hand, G is also locally q*-minimal, witnessed by any neighbourhood of
eq containing no non-trivial subgroups.

(b) Consider the subgroup G = Z(p™) of T. Then G is locally t-minimal by (a), but H has
no proper open subgroups and H itself is not minimal. Thus H has no open minimal
subgroup. Analogous argument shows that any dense embedding of Z in T induces on Z
a locally q-minimal topology on Z without open minimal subgroups.

For a symmetric subset U of a group (G,+) with 0 € U, and n € N let
(1/n)U ={reG:kxeUforal ke {l,2,...,n}}

The following group analog of a normed space was introduced by Enflo [22]. A Hausdorff
topological group (G, 7) is said to be uniformly free from small subgroups (UFSS for short) if
for some neighbourhood U of 0, the sets (1/n)U form a neighborhood basis at 0 for 7. The class
of UFSS groups is stable under taking subgroups, completions, local isomorphisms and has the
three space property (and so stability under finite direct product). Finally, UFSS group is both
NSS and locally minimal [1, Proposition 3.12].

The property UFSS is not stable under taking quotients, nevertheless this cannot exclude a
priori that (subgroups of) UFSS groups are locally g-minimal. In Remark 4.4 we show that
R has subgroups that are not locally g-minimal, so subgroups of Banach spaces (in particular,
UFSS groups) need not be locally g-minimal.
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3. SOME GENERAL PROPERTIES OF THE LOCAL ¢-, ¢*- AND {-MINIMALITY

3.1. Invariance under taking closed or open subgroups. Now we show that a closed
central subgroup of a locally g-minimal (resp., locally ¢*-minimal, locally t-minimal) group is
locally g-minimal (resp., locally ¢*-minimal, locally ¢-minimal).

Proposition 3.1. Let H be a closed central subgroup of a topological group G.
(a) if G is locally q-minimal then also H is locally g-minimal.
(b) if G is locally ¢*-minimal then also H is locally ¢*-minimal.
(c) if G is locally t-minimal then also H is locally t-minimal.

Proof. (a) Suppose that G is locally ¢g-minimal with respect to U, a neighbourhood of the
identity of G. Let H be a closed central subgroup of G. Take a neighbourhood V' of the
identity such that V2 C U, we are going to prove that V' N H witness local ¢g-minimality of H.

Let N be a closed subgroup of H, then it is a closed normal subgroup of G as well. Denote
by 7 the natural quotient mapping of G onto G/N. By our assumption, G/N is locally minimal
with respect to w(U). Since w(V) is a closed subgroup of G/N and 7(V)? = n(V?) C =(U),
we apply Remark 2.1 and get that 7(H) is locally minimal with respect to 7(V') N7 (H), so to
7(VNH)Cx(V)nn(H) as well.

The proofs of (b) and (c) are similar (do it!). O

The next proposition shows that the implication of the above proposition can be inverted in
case the closed subgroup is actually open (see also Remark 3.3 below):

Proposition 3.2. A Hausdorff topological group with an open locally q-minimal (resp., q*-
minimal, t-minimal) subgroup is locally g-minimal (resp., ¢*-minimal, t-minimal).

Proof. We first prove the case of local ¢g-minimality, the case of local ¢*-minimality is similar.
Let H be a locally g-minimal group witnessed by U € Vg(0) and suppose that H is an open
subgroup of the (G, 7). Then U is a neighborhood of 0 in G. Assume that f : G — G is
a surjective homomorphism such that f(U) is a neighborhood of 0 in G;. Let f [y be the
restriction of f to H, considered as a surjective homomorphism of H onto f(H). Since U C H,
we have that f(U) C f(H), then f(U) is a neighbourhoodof 0 in f(H) and f(H) is open in
(1 (because it contains a neighbourhood f(U) of the identity of G). By the U-local minimality
of H, one readily gets that f [g: H — f(H) is open. Since that H is open in G and f(H) is
open in Gy, f: G — G is also open.

Now suppose that the open subgroup H of G is locally t-minimal. Let N be an arbitrary
closed normal subgroup of G, it suffices to show that G/N is locally minimal. Obviously,
M = H N N is a closed normal subgroup of H. By local t-minimality of H, H/M is locally
minimal.

Let m: G — G/N and £ : H — H/M be the canonical maps. They are continuous and open;
moreover, there exists a continuous isomorphisms j : H/M — w(H) with 7 [g= j o {. Pick
an open neighbourhood U of the identity in H, such that {(U) witnesses local minimality of
H/M. Since H is open in G, this yields that U is an open neighbourhood of the identity in G
as well. Then 7(U) is an open neighbourhood of the identity in G/N contained in 7(H). To
the continuous isomorphism j : H/M — 7(H) we can apply the local minimality of H/M (with
respect to £(U)) to conclude that j is a topological isomorphism, as j(£(U)) = w(U) is open
in w(H). Hence, the open subgroup 7 (H), being topologically isomorphic to H/M, is locally
minimal. Hence, G/N is locally minimal as well. 0
Remark 3.3. Let H be a closed central subgroup of a topological group G. We do not know if

any of the three implication above can be inverted in general. We show below that this is true
in the abelian case.
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Definition 3.4. [17, Definition 3.1] A subgroup H of a group G is called:

(i) Hausdorff embedded in G if for every Hausdorff group topology T on H there exists a
Hausdorff group topology T on G such that T = 7' [g (and in this case we say that 7' extends
T);

(#i) super-normal (in G) if G = cq(H)H, i.e., for every v € G there exists y € H such that
xtha=t = y~thy for every h € H.

Super-normal subgroups are Hausdorff embedded, hence central subgroups, as well as direct
summands are Hausdorff embedded [17]. As far as extension of a fized Hausdorff group topology
is concerned, one has the following:

Fact 3.5. Let H be a normal subgroup of a group G. A group topology X\ on H, can be extended
to a topology \* on G in a standard way, by declaring the family V(g x(e) to forms a local base
at e of a X*. Then X* is a group topology if and only if all automorphism of H, obtained by
restriction to G of conjugations by elements of G are continuous [17, Theorem 3.4]. Clearly,
then \* [g= X\ and H is \*-open.

Theorem 3.6. Let H be an open subgroup of a topological group G.
(a) If H is Hausdorff embedded and G is locally minimal, then so is H.
(b) If H is super-normal and G is locally ¢*-minimal, then so is H.

Proof. Let T be the topology of G.

(a) Let V' € Vg(1) witness local minimality of (G, 7). Since H is open, we can assume
slog that V' C H, so V € Vy(1). To show that V witnesses local ¢*-minimality of (H,7 [g)
pick a Hausdorff group topology o < 7 [ with V' € . Since H is a Hausdorff embedded
subgroup of GG, the standard extension ¢* of ¢ is a Hausdorff group topology on G such that
0* [u=0 <7 [gand H is c*-open in GG. Since V' € o, we deduce that V € ¢* as well. Since H
is 7-open, we deduce that o* < 7. Now the local minimality of (G, 7) implies that the identity
(G,7) = (G,0*) is open. Hence, 0* = 7 and consequently 0 = o* [g= 17 [g.

(b) Let us note that the (stronger) assumption that H is super-normal implies that every
normal subgroup of H is normal in G as well. Let V € V(1) witness local ¢*-minimality of
(G, 7). Since H is open, we can assume slog that V' C H, so V € Vg(1). To show that V
witnesses local ¢*-minimality of (H,7 [g) pick a normal closed subgroup N of H, it will be a
normal subgroup in G. Let f: H — H/N and h : G — G/N be the quotient maps and let
o be a Hausdorff group topology on H/N such that f : (H,7 [g) — (H/N,o) is continuous
and f((V) € 0. Let j : H/IN — G/H be the obvious idenitification of H/N with a subgroup
of the abstract group G/N. As H is open in G, j(H/N) will be open in (G/N,7), where 7
denotes the quotient topology of G/N. Since j(H) is T-open, we deduce that o* < 7, so the
local ¢*-minimality of (G, 7) implies that h : (G,7) — (G/N,0c*) is open. Since H is T-open,
this yields that f = h [g is open as well. 0

Corollary 3.7. Let H be an open subgroup of a topological abelian group G. Then H 1is locally
(q*-)minimal iff G is locally (q*-)minimal.

For a topological group G denote by o(G) the intersection of all open subgroups of G. This is
a closed normal subgroup of G containing the connected component ¢(G) of G. The subgroup
o(G) coincides with the whole G precisely when G has no proper open subgroup. If G is locally
precompact, then this occurs precisely when its locally compact completion K is connected.

For locally precompact G with locally compact completion K, o(G) is a proper open subgroup
of G precisely when G intersects ¢(K) into a dense subgroup and c¢(K) is an open subgroup of

K.
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Assume that we have a group G such that o(G) is open in G. Then such a G is locally
g-minimal precisely when o(G) is locally g-minimal.

3.2. The 3-space property. In case the open subgroup H as in Proposition 3.2 is also normal,
one can formulate the above results in a way to connect to the 3-space problem: if a group G has
a normal subgroup H such that G/H is discrete (hence, locally g-minimal), then G is locally
g-minimal (resp., locally ¢*-minimal, locally ¢-minimal) whenever the subgroup H is locally
g-minimal (resp., locally ¢*-minimal, locally ¢t-minimal). We shall see in Example 4.9 that the
counterpart of this property, when H is supposed to be discrete and G/H locally g-minimal,
fails.

In the sequel, for a group X a subgroup G < X and a topology 7 on G the symbol 7/G
stand for the quotient topology on X /G with respect to 7.

Lemma 3.8. Let X be a group and G C X be a subgroup. Let T, o be group topologies such
that o C 1,0 [¢=7 |g, and 0/G = 7/G. Then o = T.

Lemma 3.9. Let (G, 1) be a Hausdorff topological group and K a closed normal subgroup of
G. Suppose that for some neighbourhood U of the identity of G the group K is locally minimal
with respect to U N K and UK /K witness local minimality of G/K. Then for any Hausdorff
group topology o which is coarser than 7, if U is a o-neighbourhood of the identity and K is
o-closed, then 0 = 7.

Proof. To conclude that ¢ = 7 we intend to apply Lemma 3.8. To this end we use local
minimality of (K,7 [k) writ. U N K and the fact that UN K € o [x< 7 [g. This gives
o k=T [k. Now consider o/H < 7/H. Since K is o-closed, it is Hausdorff. Moreover, as
U € o, we deduce that UK/K € o/K. By the local minimality of G/K w.r.t. UK/K we
deduce that o/H = 7/H. Hence, we get 0 = 7 applying a well-known fact (Merzon lemma, see
[19, Lemma 1]).

O

Now we show that the 3-space property is available both for local minimality and for local ¢*-
minimality under appropriate natural conditions. Recall that a group is called totally complete
if every Hausdorff quotient group is complete.

Theorem 3.10. If H is a totally complete subgroup of G such that both H and G/H are locally
(q*-)minimal, then G is also locally (q*-)minimal.

Proof. First we prove the version with local minimality and in this case it is enough the have
H simply complete.

Suppose that U is a neighbourhood of the identity of G such that K is locally minimal with
respect to U N K and UK /K witness local minimality of G/K. We are going to prove that
G is U-locally minimal, by using apply Lemma 3.9. Denote by 7 the original topology on GG
and o another Hausdorff group topology on G such that o C 7 and U is a o-neighbourhood of
the identity. Clearly U N K is a neighbourhood of the identity of K < (G, o), hence the local
minimality of K implies that o [g= 7 [g. As (K,7 [k) = (K, 0 [k) is complete, it is o-closed
in (G, o). Hence, we can apply Lemma 3.9 to complete the this part of the proof.

Now we pass to the proof of the stronger property of local ¢*-minimality. Without loss of
generality, we can choose a neighbourhood U of 1 in G such that U? N H witnesses local ¢*-
minimality of H and UH/H witnesses local ¢*-minimality of G/H. We will show that G is
locally ¢*-minimal with respect to U. Take a closed normal subgroup N of G contained in U, it
suffices to prove that G/N is locally minimal with respect to 7(U), where 7 : G — G/N is the
quotient homomorphism. By local ¢*-minimality of H, 7 [y is open, i.e. m7(H) = H/(HNN).
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Therefore, (H) is locally minimal with respect to 7(U*NH) D 7(UNNH) = «(U)Nw(H). Since
H is totally complete, m(H) is complete. Hence, w(H) is a closed normal subgroup of 7(G) =
G/N. Note that n(G)/n(H) = G/NH = (G/H)/(NH/H). Since N C U, NH/H C UH/H.
By local ¢*-minimality of G/H, n(G)/7(H) is locally minimal with respect to #(U)n(H)/7(H).
So, according to Theorem ??, 7(G) is locally minimal with respect to 7(U). O

4. LOCAL ¢-MINIMALITY VS DIVISIBILITY OF GROUPS

For an abelian group GG, we define the subgroups

v(G) = ﬂ nG and 7(G) = mpG.
neN p
Obviously,
d(G) Cv(GQ) C 7(G),
where d(G) is the maximum divisible subgroup of G. Moreover, v(G) = d(G) when G is
torsion-free. On the other hand, G = 7(G) implies that G = d(G) is divisible.
We will give a example to show that a locally t-minimal group need not to be locally ¢-
minimal. In order to produce the examples we need the following lemma:

Lemma 4.1. If a dense subgroup G of R is not divisible, then for any € > 0, there exists an
element g in G such that |g| < € and g € pG for some prime p.

Proof. Fix an € > 0. As U = (—¢,e) NG is dense in (—¢, ), it suffices to show that the set
X :=JG\pG =G\ [)pG =G\ =(G)
P P

is dense in G (hence, in U as well). Our hypothesis G # d(G) yields G # m(G), hence there
exists g € G\ 7(G). Obviously, the coset Y = g + 7(G) is contained in X.

Consider now two cases. If 7(G) is dense in G, then obviously Y will be dense in G, hence
X DY will be dense as well.

If 7(G) is not dense in G, then it is not dense in R either, so 7(G) is cyclic. Therefore, 7(G)
is a closed set with empty interior of G, hence X = G \ 7(G) is dense in G. O

Proposition 4.2. A dense subgroup of R endowed with the usual topology is locally g-minimal
iff it is divisible.

Proof. First, assume that G is locally g-minimal with respect to U = W N G, where W is a
connected neighbourhood of 0 in R. We can assume without loss of generality that W = (—¢, ¢)

for some € > 0.
Assume that G is not divisible. Then there exists g € U such that

(1) g & pG

for some prime p, by Lemma 4.1. Let N = (g). Then N + W = R. Moreover, the local
g-minimality of G' with respect to U yields that G/N is locally minimal with respect to

(U + N)/N = (WNG) +N)/N =G/N,

hence G/N is minimal. Since G/N is dense in R/N, which is topological isomorphic to T,
G/N must contain the socle of R/N. In particular, G/N must contain an element z = x + N
(x € G) of order p. Then px € N, while x ¢ N. So, there exists a positive integer n such that
pr € ng and n is co-prime with p, i.e. (n,p) = 1. Hence, there exists an integer u such that
un = 1(mod p). Then ung = upr € pG and (un — 1)g € pG which implies that ¢ € pG, in
contradiction to (1). A contradiction.
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Conversely, suppose that G < R is divisible. We claim that G is locally g-minimal with respect
to U := (—1,1) N G. Let N be a closed subgroup of G, we may assume that {0} # N # G.
While, since each nontrivial closed proper subgroup of R is cyclic, N is a subgroup of an infinite
cyclic group, so, N itself is an infinite cyclic group. We identify G/N with a subgroup of T,
then the divisibility of G and N = Z imply that G/N contains the torsion part of T. Hence
G//N is minimal, this implies that G/N is locally minimal with respect to (U + N)/N. O

Now we are in position to produce an example of a locally £-minimal group that is not locally
g-minimal.

Example 4.3. Let p be a prime and let G be the subgroup of R defined as follows
{reR:p"r €Z for somen € N}.

Since G is a dense non-divisible subgroup of R, G is not locally g-minimal, by Proposition 4.2.
On the other hand, G is locally t-minimal, by Ezample 2.11 (a).

Remark 4.4. Proposition 4.2 also produces an example which shows that a topological group
with a dense locally qg-minimal subgroup need not to be locally g-minimal.

In fact, let G = (a) + Q be the subgroup of R, where a is an irrational number. Then Q
1s dense in G and locally g-minimal, while G is not locally q-minimal since G is not divisible.
Note that G is also an example that a locally t-minimal group fails to be locally q-minimal.

This example shows that a subgroup of a Banach space need not be locally q-minimal. Since
G is a UFSS group (as a subgroup of R), this example also means that there exists an UFSS
group which is not locally g-minimal.

Proposition 4.2 gives a necessary and sufficient condition for a dense subgroup of R to be
locally g-minimal. A natural question is to consider the high-dimensional situation, i.e. for
n > 1, what about the dense locally g-minimal subgroup of R™ ? The following theorem gives
a positive answer to this question.

Theorem 4.5. Let n be a positive integer. A dense subgroup of R™ is locally q¢-minimal iff it
1s divisible.

Proof. Necessity. Suppose that G is a dense subgroup of R™ that is not divisible.

We first note that G has no proper open subgroup. Indeed, if H is an open subgroup of G,
then H = O N G, where O is an open subset of R”. Hence, O = H is a subgroup of R" that
contains the open set O. So O is an open subgroup and hence a closed subgroup of R”, by the
connectedness of R™ we have O = R™. This implies that H is dense in R, so dense in G. As
H is also closed in G, H must coincide with G.

Assume that G is locally ¢-minimal with respect to V.= W N G, where W is an open
neighbourhood of 0 in R"™. Take a convex open neighbourhood U of R™ such that

U+U+...+UCW.

n times

Since 7(G) = (,cp PG # G, 7(G) is not an open subgroup of G. So UNG & w(G). Then
there exists a prime p with U NG € pG. Pick an element g, € (UNG)\ pG. Since GNU = U
has a non-empty interior in R™, we can choose gs, 93, ..., g, € G NU such that {g1, g2, ..., gn }
forms a basis of the vector space R™. Let N; = (g;) C L; and denote by L; the linear hull of g;
for i =1,2,...,n. Then N; = (¢g;) C L; and R" can be identified with [}, L; and each point in
R"™ can be represented as a;g; + asgs + ... + a,g, uniquely, where a; is a real number for each
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i=1,2,...,n. The group N :=[]_| N, is a closed subgroup of both R™ and G. Moreover,

R"/N = HTZ" where T; = L;/N; 2T for each i.
i=1
We claim that that W 4+ N = R™. It suffices to show that if z = Y | a;¢9; with a; € [0,1) for

each ¢, then x € W. Since U is convex and g; € U, we have that a;9;, € U, for ¢ = 1,...,n.
Hence

r=a1g1 +ago+ ...+ a9, €U+U+...+U CW.

n times

We now prove that (W N G) + N = G. To show the equation we only need to prove that
G C (WNG)+ N. Fix g € G, then there exits x € W and y € N such that g = z + y since
W+ N=R" So,r e G+ N =G, ie. 2 € WNG. Hence, g=x+y € (WNG)+ N. Since G
is locally g-minimal with respect to V, G/N is locally minimal with respect to (V + N)/N =
(WNG)+ N)/N = G/N, hence, it is minimal. A similar argument with that in Proposition
4.2 shows that G/N does not contain the cyclic subgroup of order p of 7. So G/N is not
essential in [[}"_, L;, a contradiction.

Sufficiency. Let GG be a divisible dense subgroup of R” and U a bounded neighbourhood of 0
in R". Take a neighbourhood U; of 0 in R™ such that U; +U; C U. Let V = U; N G. We will
see that (G is locally ¢-minimal with respect to V. Let N be a closed subgroup of GG contained
in V. Consider the linear hull of N, clearly it is topologically linearly isomorphic to R™ for
some positive integer m < n.

If m = n, then N contains a subset P = {x1, 3, ..., z,,} that is a basis of R", i.e. each element
in R™ can be represented as the form a2, + asxs + ... + a,x, uniquely, where aq, as, ..., a, € R.
This implies that R™ can be identified with [[;_, L;, where L; = Rz;. Put N’ = (P), then N’ is
a discrete (hence closed) subgroup of both G and R™. Note that R™ /N’ is naturally topologically
isomorphic to [[;_, T;, where T; = L;/(z;) = T for each 7. Since G is divisible, G/N’ contains
the torsion part of R"/N’. So G/N’ is totally minimal. Then G/N = (G/N')/(N/N') is
minimal, so locally minimal with respect to (V + N)/N.

Now we consider the case m < n. Similarly, we can choose a subset P = {x1,xs, ...,z } of
N such that P is a basis of X, where X is the linear hull of N. Since G is dense in R”, the
linear hull of G is exactly R"™, so we can choose @ = {y1,%2, ..., Yn—m} C G such that P U Q
is a basis of R". Let Y be the linear hull of @), then R"™ can be identified with X x Y. Since
G is divisible, the subgroup P’ = {q121 + @222 + ... + ¢mTm : ¢; € Q} of X is contained in G.
Clearly P’ is dense in X, so G; := G N X is dense in X. Similarly, Gy := GNY is dense in Y.
Further, both G; and G5 are divisible since G, X and Y are divisible and R" is torsion-free.
Let N' = (P), then N' C N C GN X = G;. A similar argument with the case m = n shows
that G;1/N’ is totally minimal, so G;/N is minimal. Hence, G;/N is essential in X/N. Let 7
be the natural projection of X x Y onto Y. Then W = 7(U) is bounded since U is bounded.
Clearly, U C X x W.

We claim that G1/N x Gy is locally essential with respect to X/N x W in X/N x Y. Indeed,
Y is NSS with respect to W, so any closed subgroup K of X/N x Y contained in X/N XY is
also contained in X/N x {0}. Then the essentiality of G;/N in X/N implies that K intersects
G1/N x {0} non-trivially. Since G; x Gy C G, G/N is also locally essential with respect to
X/N x W. Note that X/N x W also witnesses local minimality of X/N x Y (since X/N is
compact as a quotient group of X/N’ and Y =2 R" ™). Further, by the choice of V', we obtain
that
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(V+N)/N+(V+N)/N=({+V+N)/NC(U-+N)/NC(XxW+N)/N=X/NxW
According to (1) of Remark 2.7, G/N is locally minimal with respect to (V + N)/N. O

At this point we can apply all this observation to describe which (not necessarily DENSE)
subgroups G of R" are locally g-minimal.

Indeed, assume that G is a subgroup of R™. Then its closure K in R" is locally compact and
isomorphic to R™ x ZF (let us identify for simplicity K = R™ x ZF), so o(G) = G N K. Now
o(G) is dense in R™, so o(@G) is locally minimal if and only if o(G) is divisible. This gives the
following corollary of Thm. 5.5 that reinforces the theorem itself:

Corollary 4.6. If G is a subgroup of R", then G is locally q-minimal iff o(G) is divisible.

Unfortunately, one cannot go too far with this since even T has plenty of dense divisible
subgroups that are not locally g-minimal. probably this will easily give dense divisible subgroups
of the compact group Q" that are not locally q-minimal. (Actually, one can see with ”plain
eye” dense subgroups of Q" that are divisible and not even ¢*-minimal, i.e., not totally locally
dense).

In the next proposition we characterise the infinite locally g-minimal and non-totally minimal
subgroups of T as those having finite torsion part (recall that an infinite subgroup T is totally
minimal precisely when it contains t(T) = Q/Z).

In the next proof we put for brevity V,, = (—=1/4n,1/4n)+Z in T and note that V; witnesseses
the NSS property of T.

Proposition 4.7. A dense subgroup G of T 1is locally q-minimal iff it satisfies one of the
following two conditions:

(1) G is totally minimal;

(2) The torsion part T of G is finite.

Proof. We split the proof of the sufficiency into two cases according to (1) and (2).
Case 1. G is totally minimal. Then G is locally ¢g-minimal with respect to G.

Case 2. The torsion part 7' of G is finite. Let n := |T|. We claim that G is locally ¢-
minimal with respect to U = V,, N G. Let N be a proper closed subgroup of G. Then N is
finite cyclic, let m = |N|, so m|n. The map f of T/N onto T defined by f(z + N) = max,
for any € T, is an topological isomorphism (it is well defined, as * + N = y + N yields
r —y € N, so mz = my). So we can identify G/N with the dense subgroup mG of T, then
UN/N Cc mV,, = (—m/4n,m/4n) +Z C (—1/4,1/4)

Since (—1/4,1/4) witnesses local essentiality of G/N in T, according to Remark 2.7 (2), G/N
is locally minimal with respect to UN/N.

Necessity. Assume that G satisfies neither of the conditions (1) and (2), and G is locally
¢-minimal with respect to a connected neighbourhood U of 1. In particular, T is infinite,
hence dense. Therefore, we can choose a € G of finite order such that (a)U = G. By the
negation of case 2, there exists p such that G does not contain Z(p>), so G N Z(p™) = Z(p")
for some n € N. We can choose the torsion element a € G with the additional property
(a) NZ(p>®) = GNZ(p>) = Z(p™). Then G/{a) has no non-trivial p-torsion elements, while its

completion G/(a) is isomorphic to T. Hence, G/(a) is not minimal, i.e., not ((a)U)/(a)-locally
minimal. This proves that GG is not locally minimal w.r.t. U. U
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Example 4.8. Let G be a quasi-cyclic subgroup of T with the usual compact topology. Proposi-
tion 4.7 shows that G is not locally g-minimal. According to Example 2.11(a), every Hausdorff
quotient group of G s locally minimal. This example shows that a locally t-minimal group, even
it 18 precompact and divisible, needs not to be locally q-minimal.

The next example shows that local g-minimality has not a three-space-property of such form.

Example 4.9. Let H be the discrete subgroup (v/2) of R. Let G = Q@ H < R, then H is an
totally complete and locally q-minimal subgroup of G. Further, G/H is topologically isomorphic
to a torsion-free dense subgroup of T, so G/H 1is also locally g-minimal. While, G is not locally
qg-minimal since it is not divisible.

5. LOCAL ¢*-MINIMALITY CRITERION

5.1. Local t-density and the local ¢*-minimality criterion. As shown in [12] (see also
[8, Theorem 2.6]), a dense subgroup H of G is totally minimal iff G is totally minimal and
H is totally dense in G. This theorem is called criterion of total minimality. The criterion of
total minimality implies that a topological group containing a dense total minimal subgroup
must by total minimal on its own account. Remark 4.4 implies that a similar criterion for local
g-minimality cannot be available.

We will give a criterion for local ¢*-minimality.

It is easy to check that the Hausdorff group G is locally ¢*-minimal iff there exists a neigh-
bourhood V' of the identity such that G/N is m(V')-locally minimal for each closed normal
subgroup N of H contained in V', where 7 is the natural quotient mapping of G onto G/N.
Hence, a locally g-minimal group is locally ¢*-minimal.

Lemma 5.1. If a topological group G is locally g-minimal (resp. locally ¢*-minimal) with respect

to U?, then G/N is locally minimal with respect to UN/N for any closed normal subgroup N
(resp. for any closed normal subgroup N C U) of G.

Proof. We prove the case of local g-minimality, the other is similar.

Since G is locally g-minimal with respect to U?, G/N is locally minimal with respect to
U?N/N = (UN/N)> > UN/N. The last conclusion is from the openness of the quotient
mapping of G onto G//N. O

Definition 5.2. A dense subgroup H is a topological group G is called locally t-dense if there
exists a neighbourhood V€ V(1) such that H N N is dense in N for every closed normal
subgroup N of G contained in V.

In an NSS group every dense subgroup is obviously locally ¢-dense.
The next proposition shows that every locally ¢-dense subgroup H of K is actually totally
dense and consequently coincides with K.

Proposition 5.3. Let K be a compact torsion abelian group. Then every locally t-dense sub-
group H of K coincides with K.

Proof. Indeed, let U be the neighbourhood of 0 witnessing the local ¢t-density of H. Since K
has a local base of open subgroups, we can assume slog that U is an open subgroup of K.
Moreover, as K = [],.; C; is a topological product of finite cyclic groups C;, we can assume
(by further shrinking U), that U is a direct summand of K, i.e., K = F x U, where F is a
finite group. Now Hy = H N U is dense in U and the local t-density of H w.r.t. U means that
H, is totally dense in U. Since Uj is torsion, total density of Hy implies H; = U. This proves
that H contains U. Consequently, H itself is open and consequently also closed. Therefore,
H=K. O



14 DEKUI PENG, DIKRAN DIKRANJAN, WEI HE, ZHIQIANG XIAO, WENFEI XI

Compactness plays a relevant role in this proposition. Indeed, the torsion group Q/Z has
plenty of proper dense subgroups and they are all locally t-dense as Q/Z is NSS.

Theorem 5.4. A dense subgroup H of a Hausdorff group G is locally ¢*-minimal iff G is locally
q*-minimal and H is locally t-dense in G.

Proof. First we assume that H is locally ¢*-minimal with respect to a neighbourhood V? of
the identity e in H, where V =W N H and W is a closed neighbourhood of the identity in G.
Take a neighbourhood U of e in G such that U? C W. We prove that U witnesses both local
¢*-minimality of G and local t-density of H in G.

Let N be a closed normal subgroup of G contained in U and N’ the closure of N N H. Then
N’ is normal in G. Denote by 1 the quotient mapping of G onto G/N and by 7 the quotient
mapping of G onto G/N'. Then we can identify G/N with the quotient group of G/N’ with
respect to the closed normal subgroup N/N’ of G/N’. Let p be the above quotient mapping
of G/N" onto G/N. Clearly, ¥ = pom. Since HNN'" = HN N is dense in N’, the quotient
mapping 7 remains open when restricted to H, hence we identify H/(H N N) with the dense
subgroup w(H) of G/N'. By the local ¢*-minimality assumption of H and Lemma 5.1, 7(H)
is (V') N 7(H)-locally minimal, where 7(V) is the closure of (V) in G/N’. Clearly, W C V
yields 7(W) C #(V) C w(V). According to Remark 2.7 (1), G/N’ is locally minimal with
respect to m(V'), so locally minimal with respect to (W) and 7w(U). Moreover, the inclusion
m(U)? = n(U?) C w(W) implies that w(H) is locally essential in G/N’ with respect to 7(U).
Therefore, the proofs of both the local ¢g*-minimality and local ¢-density will be complete if we
show that N = N’(i.e., p is a topological isomorphism). Denote by K the kernel N/N’ of p.
We aim to show that

) K O r(H) = {e}
Take h € H such that n(h) € KNnw(H) =7n(N)Nw(H), then
he NN'NH=NAHCN =kerr,

hence 7w(h) = {e,}, where {e,} is the identity of G/N’. Since K = m(N) C w(U), this proves
(2). Hence, by the m(U)-local essentiality of w(H) in G/N’, K is trivial, which implies that
N =N

Now we assume that G is locally ¢g*-minimal with respect to a neighbourhood U of the identity
and H is locally t-dense in G with respect to U. Take neighbourhoods W, W’ of the identity in
G such that W2 c U, W2 c W, and let V.= W' N H. We are going to prove that H is locally
¢*-minimal with respect to V.

Let N be a closed normal subgroup of H such that N C V.Denote by N the closure of N
in G. Then the natural quotient mapping of H onto H/N can be extended to the quotient
mapping 7 : G — G/N when we identify H/N with the dense subgroup 7(H) of G/N. The
assumption that N C V implies that N ¢ V = W/ € W C U. Then G/N is locally minimal
with respect to m(U), hence, with respect to (W), by our assumption. We claim that 7(H) is
locally essential in G /N with respect to 7(W). Take a closed normal subgroup K C 7(W) of
7(H) such that K Nw(H) = {e,}, where e, is the identity of G/N. Then 7~!(K) is a closed
normal subgroup of G and

T (K)CWNCWW CU.
So, m1(K) N H is dense in 7 '(K). Therefore {e,} = K N7(H) is dense in K, which implies
that K = {e,}. Hence we finished the proof of the local essentiality. Moreover, it is clear that
T(W')? = (W) C m(W). Again, Remark 2.7 (2) shows that 7(H) is locally minimal with
respect to 71(W') Nw(H), so to (W' N H) ==n(V). O
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We give now a result about totally dense subgroups.

Proposition 5.5. A totally dense subgroup H of G is locally qg-minimal iff G is locally q-
mainimal.

Proof. We first assume that U is a neighbourhood of the identity of G such that H is locally
g-minimal with respect to V2, where V denotes U N H. Let W be a neighbourhood of the
identity in G such that W? C U, we are going to prove that G is locally g-minimal with respect
to W. Let N be a closed normal subgroup of G and N’ = H N N. By the total density of H
in G, we can identity H/N’ with the dense subgroup HN/N of G/N. Denote by 7 the natural
quotient mapping of G on to G/N.

Since H is locally g-minimal with respect to V2, Lemma 5.1 implies that 7(H) is locally
minimal with respect to (V) N 7w(H), where 7(V) is the closure of 7(V) in G/N. According
to Remark 2.7 (1), G/N is locally minimal with respect to w(V'), so it suffices to prove that
7(W) C w(V). Since w(H) is dense in G/N, n(W) C n(W) N nw(H). Therefore, it is enough to
check that 7(W)N#(H) C ©(V) C 7(V). Since, N = N’ and N’ C H, we have the following
chain of inclusions:

T(W)Nm(H) = 1(WNNH) C t(WWN'NH) = n(W*NH)N') C 7(W?NH)N) = 7(W*NH) C (V).

Conversely, assume that G is locally ¢g-minimal with respect to U. Choose a neighbourhood
W of the identity in G such that W2 C U, let V.= W N H. We claim that V' witness local
g-minimality of H. Let N’ be a closed normal subgroup of H and N the closure of N’, then
N is a closed normal subgroup of GG. Denote by 7 the natural quotient mapping of G onto
G/N, clearly m(H) = H/N' is dense in G/N. Moreover, since H is totally dense in G, 7w(H)
is also totally dense, hence locally essential with respect to any neighbourhood of the identity,
in G/N. By the U-local g-minimality assumption of G we know that G/N is locally minimal
with respect to 7w(U). Since n(V) C n(W) N w(H), according to Remark 2.7 (2), it suffices to
prove that m(W)? C w(U). This obviously follows from the choice of W. O

Since local minimality and local ¢*-minimality coincide on NSS-groups and since every sub-
group of a Lie group is locally minimal, we conclude (as in Example 2.11 (a)) that every
subgroup of a Lie group is locally ¢*-minimal.

5.2. Applications of the local ¢*-minimality criterion. The next example was given in
[11, Example 2.10] to show the difference between local minimality and local g-minimality. We
will see that the group in this example is not even locally ¢*-minimal either. Moreover, it can
be used to produce a divisible locally minimal abelian group that is not locally ¢*-minimal.
(According to [7, Proposition 2.1], all divisible minimal abelian groups are totally minimal,
this motivates the question of whether all divisible locally minimal abelian groups are locally
q*-minimal.)

Example 5.6. Let ¢ = (a,),cp be a topological generator of the compact monothetic group
K =1l,epZp-

(a) Consider the subgroups N = [[,cppZ, and G = (c) + N of K. Then G is dense in K
and minimal, hence, locally minimal ([11, [Example 2.10]). Let us see that G is not locally
¢*-minimal. Indeed, if G were locally ¢*-minimal, then G would be locally ¢t-dense with respect
to some neighbourhood U of the identity in K. Omne can choose p € P such that Z, C U.
Theorem 5.4 implies that G N Z,, is dense in Z,. While, G N Z, = pZ,, a contradiction.

(b) Consider the topological group (G, ) introduced in (a). Let H be divisible hull of G
and let 7" be the topology (standard extension of 7) on H defined in Fact ??. By Proposition



16 DEKUI PENG, DIKRAN DIKRANJAN, WEI HE, ZHIQIANG XIAO, WENFEI XI

3.1 (b), local ¢*-minimality is stable under taking open subgroups in abelian groups. Hence,
we deduce that (H,7*) is not locally ¢*-minimal, as G is not locally ¢*-minimal, by item (a).
However, (H, \) is locally minimal since it contains the open locally minimal subgroup G (see
[1, Proposition 2.4]).

Since any locally g-minimal group is locally ¢*-minimal, we get the following corollary imme-
diately:

Corollary 5.7. If H is a dense locally g-minimal subgroup of a Hausdorff topological group G,
then H is locally t-dense in G.

Notice that the converse of Corollary 5.7 is not true, Example 4.8 provides a counter example.
Another corollary is obtained by making use of Example 5.3.

Corollary 5.8. A locally ¢*-minimal precompact torsion abelian group is compact.

Remark 4.4 and Example 4.8 together show that we can not obtain a criterion of local
g-minimality for dense subgroups (at last in the same format as the criterions for (total) mini-
mality).

We saw that local t-minimality and local ¢*-minimality are both strictly weaker than local
g-minimality. (By Proposition 4.2 and Theorem 4.5, any dense non-divisible subgroup G of R
is not locally g-minimal, while it is both locally t-minimal and locally ¢*-minimal.)

The following example shows that a locally ¢*-minimal abelian group needs not to be locally
t-minimal, i.e., has a non-locally minimal quotient. This shows that local ¢*-minimality, unlike
local g-minimality and local t-minimality, is not preserved by taking quotients.

Example 5.9. The Hilbert space ¢? considered as a topological abelian group ¢? is UFSS
(see [1, Example 3.14]). Hence, every subgroup of ¢? is also UFSS (see [1, Lemma 3.12(b)]),
so locally ¢*-minimal. Let {e, : n € N} be the canonical basis of ¢2. Take a prime p, let
P be the dense subgroup of the R generated by {#,n € N}. Following [1, Example 3.14],

= ({;7€n : 7 € N}) and Consider the group G = {(z,) € ¢*: x, € P} = PN (*>. We prove
that for the closed subgroup N := H NG of G the quotient G/N is not locally minimal.

(a) We prove first that G is dense in £2. Indeed, fix y = (y,) € £2 and ¢ > 0, by P = R, we
can choose x,, € P such that |z, — y,| < 5 for each n € N. Since

n — — <
[ — ) \/72 .
nEN neN

we deduce that z := (z, — yn) € /%, 50 * = (v,) = z + y € (?, and hence, x € G. The former
inequality also anhes that ||z — yH < g, thus G is dense in 62

(b) Denote by 7 the natural projection of £ onto £2/H. As N is dense in H, the subgroup
7(G) of ?/N is naturally topologically isomorphic to G/N, according to [14, Lemma 4.3.2].

(c) We now show that 7(G) is not locally minimal. Indeed, if 7(G) were locally minimal,
there must exits € > 0 such that each closed subgroup of 7(G) contained in 7(¢B) is minimal,
by Corollary 2.2, where B is the unit ball in ¢2.

An argument similar to that in [1, Example 3.14] shows that there exists a positive integer kg
such that w(S) C w(eB), where S is the linear hull of the set {ex : k > ko}. Let k be an integer
such that k > ko, then n(Pey) C m(Rey) C w(S) C w(eB). We note that m(Rey) is closed in
7(¢?) since 7(Rey) is topologically isomorphic to T. Moreover, ker m |g., = <#ek> C G. So
7(Per) = n(G) N w(Rey), hence, it is a closed subgroup of m(G). This implies that 7(Pey) is
minimal, by Corollary 2.2. Since m(Pey) is topologically isomorphic to the p-torsion part of T,
so m(Pey) is not essential in its completion, a contradiction.
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6. LOCAL ¢*-MINIMALITY COMBINED WITH OTHER COMPACTNESS PROPERTIES

A topological group G is said to be sequentially complete is every Cauchy sequence in G
is convergent (equivalently, when G is sequentially closed in its Raimov completion). Clearly,
complete groups are sequentially complete, so the latter is a rather weak compactness-like
property. Now we shall combine it with pseudocompactness.

Theorem 6.1. Every sequentially complete locally q*-minimal pseudocompact abelian group is
compact.

Proof. Assume that G is a sequentially complete locally ¢*-minimal pseudocompact abelian
group. Since pseudocompact groups are precompact, the completion K of G is compact. By
Theorem 5.4, G is locally t-dense in K and let U be a neighbourhood of 0 in K witnessing that.
By the structure theory of compact groups, one can find a closed subgroup N of K contained in
U such that K/N is metrizable (actually, one can have it even a Lie group). Then the subgroup
N of K is a Ggs-set. By Comfort-Ross’ criterion for pseudocompactness, we deduce that G is
Gs-dense in K. In particular, the subgroup GG; = N NG of G is Gs-dense in N. On the other
hand, Gy is closed in GG, hence (G is sequentially complete. Next we note that G is totally
dense in its completion N, by the local t-density of G w.r.t. U. Hence, Gy is totally minimal
and sequentially complete, hence compact, according to [9, Theorem 3.4]. This proves that
G1 =N, so N <(@. Since G is Gg-dense and N is a Gg-subgroup, we deduce that K = G+ N,
hence G = K. O

We are not aware whether “pseudocompact” can be replaced by “precompact” in Theorem
6.1 (see Question 7.6).

One cannot omit “pseudocompact” in the above theorem, since there are plenty of complete
non-compact UFSS groups (e.g., the Hilbert space ¢?) which are, of course, locally ¢*-minimal.
On the other hand, since countably compact groups are both sequentially complete and pseu-
docompact, we obtain:

Corollary 6.2. Every countably compact locally q*-minimal abelian group is compact.

Theorem 6.3. For a compact abelian group K TFAE:
(a) K has no proper pseudocompact totally dense subgroup;
(b) K has no proper pseudocompact locally t-dense subgroup;
(c) there exists a torsion closed Ggs-subgroup of K.
(b*) K has no proper dense pseudocompact and locally q*-minimal subgroup;

Proof. The equivalence of (a) and (c) is contained in [15] and the implication (b) — (a) is
trivial. To prove (c) — (b) assume that N is a torsion closed Gs-subgroup of K. Assume that
H is a pseudocompact locally ¢t-dense subgroup of K. Since dense pseudocompact subgroups
are Gs-dense by Comfort-Ross criterion for pseudocompactness of dense subgroups of compact
groups, the subgroup Hy; := H N N is Gs-dense in N. Moreover, the closed subgroup H; of H
is locally ¢*-minimal (by 3.1).

The equivalence of (b) and (b*) follows from Theorem 5.4. O

7. OPEN PROBLEMS

We have three types of notions to describe the local minimality of quotient groups locally
t-minimal groups, locally g-minimal groups and locally ¢*-minimal groups. We do not know
whether local ¢-minimality imply local ¢*-minimality.

Question 7.1. Does local t-minimality imply local ¢*-minimality ?
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The following diagram shows the implication we have proved or disproved:

locally compact & minimal — — > totally minimal

- ()
7 (no)
£
normed spaces abelian Lie group —— locally compact min.& locally g-minimal
S 3
\ ‘/ N N (3) ()
UFSS locally g-minimal ;O\ min. & loc. gx-minimal
[ N
[ (2 . -
no, (29 & . (7
Y N
locally t-minimal < — 2°~ - locally g*-minimal < "% - — — — minimal
\ (5)

locally minimal

The non-implication “totally minimal -4+ locally compact” yields also a non-implication
“minimal & locally g-minimal—~ locally compact”.

The non-implication “UFSS—~ locally ¢t-minimal” follows from Example 5.9.

The non-reversibility of the implications (2) and (2*) follows from Example 2.11.

The non-reversibility of the implication (7) witness by the the group subgroup G = K|[2| +
@D, Z(4) of the group K = Z(4)*,

The non-reversibility of the implication (6) is witness by the socle G of T group ,

The non-reversibility of the “parallel” implications (3), (4) and (5) follows from the fact that
locally compact abelian groups are not minimal.

The following example show that the implication (1) in the above diagram cannot be inverted.

(

Example 7.2. Let p be a prime and K = Z, x Z(p*). Let & € Z, \ pZ, be independent with
1 € Z, and let ¢ be the generator of the group Z(p*). The subgroup G = ((£,¢)) + Z x (pc) of
K is dense,essential and contains an open totally minimal (hence, locally q-minimal) subgroup.
Hence, G is minimal and locally q-minimal, but G is not totally minimal as G is not totally
dense in K.

The subgroup G of the upper triangular linear group 75+ (R), consisting of all matrices with
as; = 0 and age = 1, is minimal and locally compact, hence locally g-minimal, but not totally
minimal.

According to [7], minimal abelian groups that are also divisible, are totally minimal. A
similar phenomenon can be observed in Proposition 4.2 and Theorem 4.5, where we prove
the counterpart of this property for local ¢-minimality for the dense subgroups of R and R".
Moreover, we see that the implication can be inverted, namely local ¢-minimality for these
subgroups implies divisibility. (Such a phenomenon is not present for arbitrary minimal abelian
groups, More precisely, the compact Pontryagin dual K = Q" of the discrete group Q is divisible
and has dense totally minimal subgroups that are not divisible. Same applies to T, it has dense
totally minimal subgroups that are not divisible.) On the other hand, Proposition 4.2 provides
plenty of examples of non-locally ¢g-minimal subgroups of T. Among them there are many
divisible locally minimal groups:



QUOTIENTS OF LOCALLY MINIMAL GROUPS 19

Question 7.3. Can we give a necessary and sufficient condition for a dense subgroup G of T?
(or T™) to be locally g-minimal ?

Question 7.4. Does local t-minimality have the three space property, e.g., if G has a totally
complete normal subgroup K such that G/K is total locally minimal, does G have the same
property?

Example 7.2 leaves open the following:

Question 7.5. If G has an h-complete* (in particular, compact® ) normal subgroup K such
that G/ K 1is localy q-locally minimal, does G have the same property?

If K < G is a totally complete subgroup of G that is locally t-minimal along with G/ K, then
also GG is locally ¢-minimal. Assume that local t-minimality of G/K is witnessed by m(U) for
some neighbourhood of e such that K NU witnesses local t-minimality of K. Let N be a closed
normal subgroup of G. To prove that G/N is locally minimal ¢ : G — G/N is a continuous
homomorphism such that ¢(U) is open in G/N. Consider the quotient map h: G/K — G/KN
and assume that G/K N carries the quotient topology of G/N. Then [ : G/N — G/NK takes
the neighbourhood ¢(U) of eg/n to a neighbourhoodof e in G/KN. Since I(q(U)) = h(nw(U)),
this allows as to claim that h is open since G/K is locally g-minimal w.r.t. =(U). yet it is not
clear if this can prove that ¢ is open 7

Question 7.6. Can “pseudocompact” be replaced by “precompact” in Theorem 6.1.

Call a property P of topological spaces contageuous, if whenever X is a dense subspace of a
space Y, then X € P implies Y € P. When we speak of topological groups, we shall consider
dense subgroups, of course. Here is a list of contagious properties:

(a) connectedness;

b) pseudocompactness;

¢) minimality;

d) total minimality;

e) local minimality;

f) local ¢*-minimality;

(g) commutativity.

We showed that local ¢g-minimality is not a contagious property.

(
(
(
(
(

Question 7.7. Is total local minimalty a contagious property ?

Our criterions for (total) minimality, of local (¢*-) minimality are designed for contagious
properties, that’s why we cannot produce such a criterion for local g-minimality. This circum-
stance determines our major interest in locally ¢*-minimal groups (rather than locally g-minimal
ones).

REFERENCES

[1] L. Aulenhofer, M. Jesus Chasco, D. Dikranjan and X. Dominguez, Locally minimal topological groups 1, J.
Math. Anal. Appl. 1 370 (2010), 431-452.

[2] L. Aulenhofer, M. Jesus Chasco, D. Dikranjan and X. Dominguez, Locally Minimal Topological Groups 2,
J. Math. Anal. Appl. 2, 380 (2011) 552-570.

[3] T. Banakh, Locally minimal topological groups and their embeddings into products of o-bounded groups,
Comment. Math. Univ. Carolin. 41 (4) (2000) 811-815.

[4] B. Banaschewski, Minimal topological algebras, Math. Ann. 211 (1974), 107-114.

4i.e., all continuous homomorphic images of H are complete.

°I believe this must be true when H is finite, although I have no proof at hand.



20 DEKUI PENG, DIKRAN DIKRANJAN, WEI HE, ZHIQIANG XIAO, WENFEI XI

[5] M.P. Berri, J.R. Porter and R.M. Stephenson, Jr., A survey of minimal topological spaces, In: “General
Topology and Its Relations to Modern Analysis and Algebra,” edited by S.P. Franklin, Z. Frolik, and
V. Koutnik, pp. 93-114. Proceedings of the (1968) Kanpur Topology Conference. Akademia, Prague 1971.

[6] W. W. Comfort and D. L. Grant, Cardinal invariants, pseudocompactness and minimality: some recent
advances in the topological theory of topological groups, Topology Proc. 6 (1981), 227-265.

[7] D. Dikranjan, Divisible abelian groups admitting minimal topologies, Lecture Notes in Mathematics, Vol.
1060, Springer-Verlag, Berlin, (1984) 216-226.

[8] D. Dikranjan, Recent advances in minimal topological groups, Topology Appl. 85 (1998), 53-91.

[9] D. Dikranjan, Countably compact groups satisfying the open mapping theorem, invited talk at IT Iberoamer-
ican Topology Conference, Morelia Mexico, Topology Appl. 98 (1999) 81-129.

[10] D. Dikranjan, and M. Megrelishvili, Minimality conditions in topological groups, Recent Progress in General
Topology 111, Hart, K.P., van Mill, Jan, Simon, P (Eds.) Springer Verlag (Atlantis Press), Berlin, 2014, pp.
229-327

[11] D. Dikranjan and S. Morris, Subgroups of products of locally compact groups, Topology Proc., 26 (2001-2002)
533-544.

[12] D. Dikranjan and Iv. Prodanov, Totally minimal groups, Ann. Univ. Sofia Fac. Math. Méc. 69 (1974/75)
5-11.

[13] D. Dikranjan and Iv. Prodanov, A class of compact abelian groups, Annuaire Univ. Sofia, Fac. Math. Méc.
70, (1975/76) 191-206.

[14] D. Dikranjan, Iv. Prodanov and L. Stoyanov, Topological Groups: Characters, Dualities and Minimal Group
Topologies, Pure and Applied Mathematics, Vol. 130, Marcel Dekker Inc., New York-Basel, 1989.

(1990) 13-15.

[15] D. Dikranjan, D. Shakhmatov, Compact-like totally dense subgroups of compact groups, Proc. Amer. Math.
Soc. 114, no. 4 (1992) 1119-1129.

[16] D. Dikranjan, D. Shakhmatov, Pseudocompact and countably compact abelian groups: Cartesian products
and minimality, Trans. Amer. Math. Soc. 335, (1993) 775-790.

[17] D. Dikranjan, D. Shakhmatov, Reflection principle characterizing groups in which unconditionally closed
sets are algebraic, J. Group Theory 11 (2008), 421-442.

[18] D. Dikranjan and L. Stoyanov, A-classes of minimal abelian groups. Annuaire Univ. Sofia Fac. Math. Méc.
71, part I, (1976/77) 53-62.

[19] S. Dierolf and U. Schwanengel, Ezamples of locally compact non-caompact minimal topological groups,
Pacific J. Math. 82 (1979), no, 2, 349-355.

[20] D. Doitchinov, Produits de groupes topologiques minimauz, Bull. Sci. Math. (2) 97 (1972) 59-64.

[21] V. Eberhardt, S. Dierolf and U. Schwanengel, On products of two (totally) minimal topological groups and

the three-space-problem, Math. Ann. 251 (1980) 123-128.

] P. Enflo, Uniform structures and square roots in topological groups I, II, Israel J. Math. 8 (1970) 23072.

| R. Engelking, General Topology, 2nd edition, Heldermann Verlag, Berlin 1989.

| L. Fuchs, Infinite Abelian groups, Vol. I, Academic Press, New York, 1970.

] M. Megrelishvili, Group representations and construction of minimal topological groups, Toppology Appl.

62 (1995) 1-19.

[26] S. Morris and V. Pestov, On Lie groups in varieties of topological groups, Colloq. Math., 78 (1998) 39-47.

[27] Iv. Prodanov, Precompact minimal group topologies and p-adic numbers, Annuaire Univ. Sofia Fac. Math.
Méc. 66 (1971/72) 249-266.

[28] Iv. Prodanov and L. Stoyanov, Every minimal abelian group is precompact, C. R. Acad. Bulgare Sci. 37
(1984) 23-26.

[29] D. Remus and L. Stoyanov, Complete minimal and totally minimal groups, Topology and its Applications

42 (1991) 57-69.

| D.J.F. Robinson, A Course in the Theory of Groups, Springer-Verlag, Berlin 1982.

] R. M. Stephenson, Jr., Minimal topological groups, Math. Ann. 192 (1971) 193-195.

] U. Schwanengel, Minimale topologische Gruppen, Dissertation, (1978) Munchen.

] U. Schwanengel, An example of a q-minimal precompact topological group containing a non-minimal closed

normal subgroup, Manuscripta Math. 27 (1979), 323-327.

[34] W. Xi, D. Dikranjan, W. He and Z. Xiao, Locally compact groups and locally minimal group topologies,
Fund. Math. to appear.

[35] W. Xi, D. Dikranjan, M. Shlossberg, D. Toller, Locally compact hereditarily locally minimal groups, sub-
mitted.



QUOTIENTS OF LOCALLY MINIMAL GROUPS

[36] W. Xi, D. Dikranjan, M. Shlossberg, D. Toller, Densely locally minimal groups, arXiv preprint.

DEKUI PENG
Institute of Mathematics, Nanjing Normal University, Nanjing 210046, China
e-mail: pengdkl10@Ilzu.edu.cn

Dikran Dikranjan
Dipartimento di Matematica e Informatica, Universita di Udine, 33100 Udine, ITALY
e-mail: dikran.dikranjan@uniud.it

WEI HE
Institute of Mathematics, Nanjing Normal University, Nanjing 210046, China
e-mail: weihe@njnu.edu.cn

ZHIQIANG XIAO
Institute of Mathematics, Nanjing Normal University, Nanjing 210046, China
e-mail: zhiqiang102@126.com

WENFEI XI
Institute of Mathematics, Nanjing Normal University, Nanjing 210046, China
e-mail: xiwenfei0418@Outlook.com



