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A Low Complexity Robust Beamforming

Using Diagonal Unloading

for Acoustic Source Localization
Daniele Salvati, Carlo Drioli, Member, IEEE, and Gian Luca Foresti, Senior Member, IEEE

Abstract—In acoustic array processing, beamforming is a class
of algorithms commonly used to estimate the position of a
radiating sound source. This paper presents a diagonal unloading
(DU) transformation method for the conventional response power
beamforming to achieve robust localization with low computa-
tional complexity. The transformation is obtained by subtracting
an opportune diagonal matrix from the covariance matrix of the
array output vector. Specifically, the DU beamformer aims at
subtracting the signal subspace from the noisy signal space. It is
hence a data-dependent covariance matrix conditioning method.
We show how to calculate precisely the unloading parameters,
and we present a comparison of the proposed DU beamforming,
the robust minimum variance distortionless response (MVDR)
filter and the multiple signal classification (MUSIC) method, in
terms of their respective eigenanalyses. Theoretical analysis and
experiments conducted on both simulated and real acoustic data
demonstrate that the DU beamformer localization performance
is comparable to that of robust MVDR and MUSIC. Since
its computational cost is equivalent to that of a conventional
beamformer, the proposed DU beamformer method can thus
be very attractive due to its effectiveness and computational
efficiency.

Index Terms—Diagonal unloading beamforming, acoustic
source localization, direction of arrival estimation, broadband
robust beamforming, acoustic analysis, microphone array.

I. INTRODUCTION

A
COUSTIC source localization is an important task in

microphone array processing and it is of interest to

numerous applications including teleconferencing systems,

audio surveillance, autonomous robots, human-computer in-

teraction and acoustic monitoring [1]–[10]. In general, the

localization can be performed by indirect and direct methods.

The indirect (two-step) approach computes a set of time

difference of arrivals (TDOAs) using measurements across

various combinations of microphones [11], [12], and then

estimates the source position using geometric considerations

[13]–[15]. Direct methods are based on the steered response
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power (SRP) beamformers [16]–[23], on subspace algorithms

[24]–[26], or on maximum-likelihood estimators [27]–[29].

Beamforming is very attractive in acoustic applications

due to its robustness in noisy and reverberant conditions.

A beamformer is a spatial filter whose goal is to achieve

directional signal reception, to separate acoustic signals orig-

inating from different spatial positions. The conventional

data-independent beamformer [30] is based on a delay-and-

sum procedure, which has its roots in time-series analysis.

Among conventional beamformers, the minimum variance

distortionless response (MVDR) [31] filter is a well-known

data-dependent beamformer that has a better resolution than

the data-independent beamformer. However, its localization

performance is not robust in most practical situations, since

the spatial spectrum might be deteriorated by steering vector

errors and discrete sampling effects. Therefore, a robust variant

of the MVDR filter, obtained with regularization techniques

[32], is often preferred. A popular approach is the class of

diagonal loading (DL) robust MVDR techniques [33]–[38].

Another popular robust localization method is the multiple sig-

nal classification (MUSIC) [24], which exploits the subspace

orthogonality property to build the spatial spectrum and to

localize the sources. It can be interpreted as a beamformer

that uses the noise subspaces of the covariance matrix in

the computation of the SRP. Several robust MVDR-based

and MUSIC-based algorithms can be found in [39]–[44] and

in [45]–[49], respectively. The family of robust localization

algorithms provides a better resolution and a better rejection

of energy components from other directions if compared to the

conventional beamformer, at the cost however of an increase of

complexity. MVDR and MUSIC methods require a full-rank

inversion matrix the former, and an eigendecomposition the

latter. For both methods, the complexity is O(n3), which leads

to a relevant computational cost in broadband applications.

In this paper, we focus on far-field source direction of

arrival (DOA) estimation and we propose a low complex-

ity and robust beamformer based on a diagonal unloading

(DU) transformation of the covariance matrix involved in the

conventional beamformer computations. The transformation is

data-dependent and it is obtained by subtracting an opportune

diagonal matrix from the covariance matrix of the array output

vector. The DU beamforming aims at removing as much as

possible the signal subspace from the covariance matrix to de-

sign a high resolution beampattern. This goal will be achieved

through a DU transformation of the covariance matrix, whose

objective is to set to zero the eigenvalue corresponding to the
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signal subspace. This constraint determines exactly how to cal-

culate the penalty weight for the DU operation. Furthermore,

this DU procedure leads to a negative semidefinite transformed

covariance matrix, which allows to put the proposed DU

beamforming in a form that is comparable to that of the

MVDR and MUSIC formulation. In this paper, we also provide

a comparison analysis between DU, robust DL MVDR and

MUSIC by taking into account their transformed covariance

matrices and their eigenvalue decomposition, and it is shown

that the proposed DU beamforming achieves state-of-the-art

robust beamforming localization with significant reduction of

the computational complexity. Hence, the advantage of the

DU beamforming is that the computational cost is equivalent

to that of the conventional beamforming, which has O(n)
complexity, whereas the localization performance and the

spatial resolution is comparable to that of the regularized

MVDR and MUSIC methods.

In summary, the objective of this paper is twofold: 1) to de-

velop a novel form of low complexity and robust beamformer,

which has high resolution and data-dependent properties, by

applying an appropriate diagonal unloading procedure to the

conventional spatial filter; 2) to provide an eigenvalue analysis,

which highlights the relationship between DU, robust MVDR

and MUSIC by taking into account their transformed covari-

ance matrices.

The paper is organized as follows. Section II provides the

definition of the data model and of the broadband spatial

filters. The DU beamforming is then described in Section

III. We examine the importance of the attenuation of the

signal subspace by discussing the eigendecomposition of the

PSD matrix and the orthogonality property. We introduce the

proposed beamformer by considering the single source case,

and then an analysis in a multisource scenario is described.

Next, we introduce a suboptimal implementation. Section IV

provides an eigenvalue analysis of the covariance matrix and

of the transformed covariance matrices in the DU beamformer,

the MVDR filter, and the MUSIC method. We provide some

properties for evaluating the performance of the proposed

method in comparison with high resolution robust beamform-

ing. Section V provides a computational complexity analysis.

Experiments using artificially-generated and real-world signals

are shown in Section VI. The conclusions are drawn in Section

VII.

II. BACKGROUND

A. Notation

In what follows, we will make use of standard notational

conventions. R and C denote the sets of all real and complex

numbers respectively. Vectors and matrices are written in

boldface with matrices in capitals. For a random matrix X,

E{X} denotes the expectation of X. For a matrix A, AT , AH ,

and tr(A) denote the transpose, the conjugate transpose, and

the trace, i.e. the sum of diagonal elements of A, respectively.

The identity matrix of any size is denoted by I. The symbol

* stands for convolution.

B. Data Model

Suppose that a single source impinges upon an array of N
sensors and let s(t) ∈ R denote the signal generated by a

nonstationarity broadband source at time t. The output of the

nth (n = 1, 2, . . . , N ) sensor is given by

xn(t) = (hn ∗ s)(t) + vn(t), (1)

where hn(t) is the impulse response from the source to the

nth sensor, and vn(t) is an additive noise that is assumed to

be uncorrelated and spatially white Gaussian with zero mean

and variance equal to σ2 for all sensors. This is a reasonable

model for many real-world noise fields [50]. In the short-time

Fourier transform domain, the data model of the array signals

can be expressed as

x(k, f) = h(k, f)S(k, f) + v(k, f), (2)

where k is the block time index, f is the frequency bin, the

vectors are defined as

x(k, f) = [X1(k, f), X2(k, f), . . . , XN (k, f)]T ∈ C
N ,

h(k, f) = [H1(k, f), H2(k, f), . . . , HN (k, f)]T ∈ C
N ,

v(k, f) = [V1(k, f), V2(k, f), . . . , VN (k, f)]T ∈ C
N ,

and Xn(k, f), Hn(k, f), S(k, f), and Vn(k, f) are the

discrete-time Fourier transforms (DTFTs) of xn(t), hn(t),
s(t), and vn(t) respectively. We now select the first sen-

sor (n = 1) as the reference sensor. Assuming anechoic

conditions, and under the hypothesis that all the sensors

are omnidirectional, identical and with time-invariant transfer

functions, the expression (2) can be simplified in the far-field

as [51]

x(k, f) = a(f, θ)S̄(k, f) + v(k, f), (3)

where S̄(k, f) is the source signal at the reference sensor, and

a(f, θ) is the array steering vector defined as

a(f, θ) = [1, e
−j2πfτ12(θ)

L , . . . , e
−j2πfτ1N (θ)

L ]T ∈ C
N , (4)

where L is the size of the DTFT, j is the imaginary unit, θ is

the DOA of the source and τ1n is TDOA between the reference

sensor and sensor n. The relationship between the TDOA τ1n
and the DOA θ is given by τ1n(θ) = d1n sin(θ)c

−1, where

c is the speed of wave propagation and d1n is the distance

between the reference and the nth sensor.

C. Beamforming

An acoustic SRP beamformer is typically computed in the

frequency-domain by calculating the response power of each

frequency bin and by fusing the narrowband components.

The output of a narrowband beamformer Y (k, f, θ) ∈ C at

block time k, for frequency f and look direction θ, is obtained

as

Y (k, f, θ) = w
H(k, f, θ)x(k, f), (5)

where w(k, f, θ) ∈ C
N is a column vector containing the

beamformer coefficients for time-shifting, weighting, and sum-

ming the data, so to steer the array in the direction θ. Then,
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the power spectral density (PSD) of the spatially filtered signal

is

P (k, f, θ) = E{|Y (k, f, θ)|2}

= w
H(k, f, θ)Φ(k, f)w(k, f, θ),

(6)

where Φ(k, f) = E{x(k, f)xH(k, f)} ∈ C
N×N is the PSD

matrix of the array signal, which is symmetric and positive

definite. The PSD matrix Φ(k, f) is unknown and it has to

be estimated through the averaging of the array signal blocks

[52], [53]

Φ̂(k, f) =
1

M

M−1∑

kp=0

x(k − kp, f)x
H(k − kp, f), (7)

where M is the number of signal blocks for the averag-

ing, which is typically called number of snapshots. In the

conventional narrowband beamformer, whose implementation

reflects the delay-and-sum scheme, all its weights are equal in

magnitude, i.e. wSRP(k, f, θ) = a(f, θ).
The broadband SRP is obtained by integrating the nar-

rowband SRP over all frequencies. To increase the spatial

resolution, the narrowband components are in general normal-

ized with respect to some spectral characteristic. Examples

of normalization methods used in practice are the phase

transform (PHAT) [17], a pre-filter that uses the magnitude

information of the PSD matrix to normalize the narrowband

components in the SRP conventional beamforming, or the

incoherent frequency fusion [54], a post-filter normalization

which is defined as

P (k, θ) =
L−1∑

f=0

P (k, f, θ)

max
θ

[P (k, f, θ)]
, (8)

and that will be adopted herein to perform the narrowband data

fusion. The PSD P (k, θ) of a beamformer conveys information

on the acoustic energy coming from direction θ, thus it will

be characterized by a maximum peak corresponding to the

source direction θ̂. Therefore, the DOA estimate of the source

is obtained by

θ̂ = argmax
θ

[P (k, θ)]. (9)

D. The MVDR Beamformer

The MVDR beamformer [31] is a data-dependent spatial

filtering technique which is aimed at keeping constant the gain

related to a desired direction, while minimizing the acoustic

energy originating from noise and sources located elsewhere.

To improve robustness, the MVDR filter is often computed

through a diagonal loading (DL) regularization [33]–[38],

which leads to the following minimization problem

minimize w
H(k, f, θ)(Φ(k, f) + µ′

I)w(k, f, θ),

subject to w
H(k, f, θ)a(f, θ) = 1,

(10)

where µ′ is a real-valued, positive scalar. Solving (10) using

the method of Lagrange multipliers, leads to the solution

wMVDR(k, f, θ) =
(Φ(k, f) + µ′

I)−1
a(f, θ)

aH(f, θ)(Φ(k, f) + µ′I)−1a(f, θ)
, (11)

and to the corresponding PSD

PMVDR(k, f, θ) =
1

aH(f, θ)(Φ(k, f) + µ′I)−1a(f, θ)
. (12)

The DL regularization mitigates steering vector errors and

discrete sampling effects in practical applications. However,

the penalty weight µ′ has to be determined empirically. In

general, a limitation of the DL regularization is that it is not

clear how to efficiently compute the penalty weight for optimal

performance, although useful data-dependent methods have

been proposed as ad hoc procedures for specific applications

[55], [56]. Finally, note that when the source signal is not

active, the MVDR solution reduces to that of the conven-

tional beamformer since Φ(k, f) = σ2
I, thus resulting in

wMVDR(k, f, θ) = a(f, θ)/N . The same condition holds also

when µ′ approaches infinity.

E. The MUSIC Method

The MUSIC method [24] is based on a matrix eigende-

composition which exploits the orthogonality between signal

and noise subspaces. The estimated noise subspace is used for

obtaining the steering vector that is as orthogonal to the noise

subspace as possible. The subspace orthogonality property

leads to define the MUSIC pseudo spatial spectrum as

PMUSIC(k, f, θ) =
1

aH(f, θ)Uv(k, f)UH
v (k, f)a(f, θ)

, (13)

where Uv(k, f) ∈ C
N×(N−Z) is a matrix containing the

eigenvectors corresponding to the noise subspace of the PSD

matrix Φ(k, f), and Z is the number of sources. The imple-

mentation of MUSIC requires that the number of sources is

known or has to be estimated.

III. DIAGONAL UNLOADING BEAMFORMING

The proposed DU beamforming, which is discussed in depth

in this section, has as its principal objective the subtraction of

the signal subspace from the noisy signal space. The intuition

that the removal of the signal subspace contribution from the

PSD matrix is beneficial to the beamforming performance

comes from the observation of the principles underlying other

beamformers, such as MUSIC and MVDR (an eigenanalysis

that highlights the relationships between these beamformers

will be provided in Section IV). We first examine the impor-

tance of the attenuation of the signal subspace by discussing

the eigendecomposition of the PSD matrix and the orthogo-

nality property. Then, we illustrate the method for a single

acoustic source and we derive an optimal implementation

for the case in which the noise statistics is known or can

be estimated. Moreover, we analyze the multisource case,

and finally we derive a suboptimal implementation that is

effective even if the information on the noise component is not

available. For simplicity, we will omit the block time variable

k in the rest of the paper.
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A. The Eigendecomposition of the PSD Matrix and the Or-

thogonality Property

The symmetric and positive definite PSD matrix Φ(f)
can be decomposed in its eigenvalues and their associated

eigenvectors through a subspace decomposition. Organizing

the eigenvalues of Φ in descending order (λ1 > λ2 > · · · >
λN , λn ∈ R) and denoting un ∈ C

N their corresponding

eigenvectors, the PSD matrix takes the following form

Φ(f) = UΛU
H , (14)

where Λ = diag(λ1, λ2, . . . , λN ) ∈ R
N×N and U =

[u1,u2, . . . ,uN ] ∈ C
N×N . Under the hypothesis of a sin-

gle source, the eigenvector that corresponds to the largest

eigenvalue spans the signal subspace, and the remaining

eigenvectors, which correspond to the smaller eigenvalues,

span the noise subspace. Let Ps(f) = E{|S̄(f)|2} denote the

power of the signal, then the PSD matrix can be written as

Φ(f) = Ps(f)a(f, θ)a
H(f, θ)+σ2

I. Therefore, we have that

λ1 = NPs(f)+σ2, λ2 = λ3 = · · · = λN = σ2, with λ1 being

the signal eigenvalue corresponding to the signal eigenvector

us = u1.

A positive definite Hermitian matrix has the important

property that its eigenvector matrix U is unitary and that its

eigenvalues are always real and positive. If we separate the

signal and the noise components, we can thus write

UU
−1 = UU

H = usu
H
s +UvU

H
v = I, (15)

where Uv = [u2,u3, . . . ,uN ] is the noise subspace matrix.

Moreover, since the matrix U is unitary, its columns form

an orthonormal basis for the definite positive matrix, and in

particular we have that the signal eigenvector is orthogonal to

each noise eigenvector:

u
H
s ui = 0, i = 2, 3, . . . , N. (16)

Finally, since it is Φ(f) = Ps(f)a(f, θ)a
H(f, θ) + σ2

I =
NPs(f)usu

H
s + σ2

I, then the noise eigenvectors in Uv are

orthogonal to the steering vector a(f, θ):

a
H(f, θ)Uv = 0, (17)

i.e., the array steering vector a(f, θ) corresponding to the true

signal parameters spans the signal subspace, us, and is orthog-

onal to the noise subspace, Uv . The orthogonality property,

which is fully exploited in the MUSIC method, is known

to be strictly connected to its high resolution property [45]–

[49]. In fact, we can note that a
H(f, θ)UvU

H
v a(f, θ) = 0

results into a theoretically infinite energy peak in the pseudo

spatial spectrum defined as in (13). We will show in Section

IV that also the MVDR beamformer exploits the subspace

orthogonality.

In order to compute the pseudo spatial spectrum in (13), the

MUSIC method must compute the noise subspace Uv from the

PSD matrix Φ(f). This involves some computationally inten-

sive operation due to the eigendecomposition. It is important

to stress, however, that the noise subspace computation can be

also achieved through a transformation F(Φ(f)) of the PSD

matrix that removes the signal subspace, since we can write

UvU
H
v = Udiag(0, 1, . . . , 1)UH =

( 1

λ′

v

I
)
F(Φ(f)), (18)

where the eigenvalue λs = NPs(f) + σ2 was imposed to

be zero and λ′

v are the noise eigenvalues of F(Φ(f)). We

can thus write Φ(f) = (σ
2

λ′

v
I)F(Φ(f)) + NPs(f)usu

H
s .

We can hence say that the exploitation of the orthogonality

property can be performed by the removal or the attenuation

of the signal subspace from the PSD matrix. Specifically, we

can define a gain G that represents the amount of signal

subspace left over after the removal from the PSD matrix

and that is normalized with respect to the noise eigenvalues,

the noise eigenvectors will all have unitary gain, F(Φ(f)) =
λ′

vUdiag(G, 1, . . . , 1)UH . When G = 0, the orthogonality

property is fully exploited (aH(f, θ)F(Φ(f))a(f, θ) = 0).

When 0 < G < 1 we have an attenuation of the signal sub-

space with respect to the noise subspace, and the orthogonality

property is partially exploited, i.e. a
H(f, θ)F(Φ(f))a(f, θ)

returns the closest value to zero in the source direction. This

may be the cause of some degradation in the localization

performance in comparison to the case G = 0. Hence,

a lower value of the gain G indicates a theoretical better

localization performance. When G > 1, the orthogonality

property cannot be exploited, and we fall in the case of the

conventional beamformer. In fact, the normalized eigenvalue

matrix for the conventional SRP can be written as Λ̄ =
diag(NPs(f)+σ2

σ2 , 1, . . . , 1). Let SNR= Ps(f)/σ
2 denote the

signal-to-noise ratio. The SRP gain is given by

GSRP =
NPs(f) + σ2

σ2
= NSNR + 1, (19)

which is always greater than 1 (it will be 1 when Ps(f) = 0,

i.e. in absence of source signal, or when σ2 = ∞).

B. Diagonal Unloading: Single Source Case

We make the following assumptions: 1) At the time of

the acoustic analysis a single source is active in the sensed

region; 2) The signals sensed by the sensors are affected by

uncorrelated spatially white Gaussian noise with zero mean

and variance equal to σ2; 3) There exists a transformation

F : C
N×N → C

N×N that turns a PSD matrix into a

transformed PSD matrix ΦDU(f) = F(Φ(f)) ∈ C
N×N ,

which is negative semidefinite, and whose eigenvalue λs ∈ R

corresponding to the signal subspace is equal to zero, while

the other eigenvalues, corresponding to the noise subspace, are

different from zero.

We formulate the DU beamformer by using an optimization

problem with an orthogonality constraint that aims to achieve

the signal subspace removal discussed before. Following what

is proposed in [57], the optimization reads as:

minimize ||w(f, θ)− a(f, θ)||2,

subject to u
H
s w(f, θ) = 0.

(20)

We thus design the DU beamformer by imposing that

the beamformer output is zero in the look direction

(aH(f, θ)w(f, θ) = u
H
s w(f, θ) = 0), which correspond to

pursue the removal of the signal subspace from PSD matrix,

and thus the orthogonality in (17). Using the method of

Lagrange multipliers, leads to the solution

wDU(f, θ) = (I− usu
H
s )a(f, θ), (21)
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and by using equations (15) and (18), we obtain

wDU(f, θ) = UvU
H
v a(f, θ)

= Udiag(0, 1, . . . , 1)UH
a(f, θ)

=
( 1

λ′

v

I
)
F(Φ(f))a(f, θ)

=
( 1

λ′

v

I
)
ΦDU(f)a(f, θ),

(22)

where λ′

v ∈ R is the noise eigenvalue of the matrix ΦDU(f).
Substituting (22) in (6), we have

P ′

DU(f, θ) = a
H(f, θ)ΦDU(f)Φ(f)ΦDU(f)a(f, θ)

=
σ2

λ′

v

a
H(f, θ)Udiag(0, λ′

v, . . . , λ
′

v)U
H
a(f, θ)

=
σ2

λ′

v

a
H(f, θ)ΦDU(f)a(f, θ),

(23)

where the quantity σ2

λ′

v
is a scalar factor that can be omitted

since it has no influence on the DOA estimation. We can note

that (23) has a form similar to that of the conventional SRP

beamformer. However, since ΦDU is negative semidefinite, we

have that P ′

DU(f, θ) ≤ 0, and we can write the maximum

search of the PSD in (23), θ̂ = argmax
θ

[P ′

DU(f, θ)], in the

following equivalent form

θ̂ = argmax
θ

[−
1

P ′

DU(f, θ)
] = argmax

θ

[PDU(f, θ)], (24)

where the pseudo spatial spectrum PDU(f, θ) is defined as

PDU(f, θ) = −
1

aH(f, θ)ΦDU(f)a(f, θ)
. (25)

To ensure that ΦDU is negative semidefinite, the Hermitian

matrix must have all strictly nonpositive eigenvalues. This

condition can be met by transforming the PSD matrix Φ with a

diagonal unloading. The DU transformed PSD matrix is given

by

ΦDU(f) = Φ(f)− µI, (26)

where µ is a real-valued, positive scalar. Note that the negative

semidefinite assumption is fundamental in the design of the

DU beamformer, since it allows the exploitation of the high

resolution orthogonality property. The matrix ΦDU(f) is nega-

tive semidefinite if µ ≥ NPs(f)+σ2. If µ ≤ σ2, then ΦDU(f)
is positive semidefinite, the gain of the signal subspace will

be grater than 1, and the DU operation simply corresponds

to a noise attenuation operated on a conventional beamformer.

Substituting equation (26) in (25), the pseudo spatial spectrum

becomes

PDU(f, θ) = −
1

aH(f, θ)(Φ(f)− µI)a(f, θ)
. (27)

By adding or subtracting the same real offset µ to each

element of the diagonal, all eigenvalues of the PSD matrix are

increased or decreased by the value µ while its eigenvectors

remain the same. In other words, a transformation of the

diagonal of Φ modifies its eigenvalues while keeping the same

signal and noise subspaces. This fact is very important since

it allows us to control the contribution of the subspaces in

the computation of the beamformer through a transformation

of the eigenvalues. The eigenvalue decomposition of the

transformed PSD matrix (26) is therefore given by

ΦDU(f) = U diag(NPs(f)+σ2−µ, σ2−µ, . . . , σ2−µ) UH .
(28)

Now, the constraint of having the eigenvalue corresponding to

the signal subspace of the transformed PSD matrix ΦDU equal

to zero (λs = 0) becomes

NPs(f) + σ2 − µ = 0. (29)

The solution is easily found by considering that

tr(Φ) = tr(Λ) = N(Ps(f) + σ2), (30)

and hence we have that the penalty weight of DU is data-

dependent and is given by

µ = tr(Φ(f))− (N − 1)σ2. (31)

The DU transformation with the penalty weight in (31)

guarantees that the transformed PSD matrix (26) is negative

semidefinite and that the eigenvalues corresponding to the

noise subspace are non-zero, since they are set to λ′

v =
σ2−µ = −tr(Φ(f))+Nσ2 = −NPs(f). This fact guarantees

the total removal of signal subspace in the transformed PSD

matrix. Finally, substituting (31) in (27) and changing the sign,

the pseudo spatial spectrum of the optimal DU beamforming

becomes

PDU(f, θ) =
1

aH(f, θ)Φopt
DU(f)a(f, θ)

, (32)

with

Φ
opt
DU(f) = [tr(Φ(f))− (N − 1)σ2]I−Φ(f). (33)

The constraint on the signal eigenvalue is fundamental for

the proposed DU beamforming and has the important effect

of improving the narrowband spatial resolution with respect

to the conventional beamforming, by exploiting the subspace

orthogonality. In order to adopt in practice this optimal im-

plementation of the DU beamforming, it is required that σ2

is known or can be estimated. Typically σ2 can be estimated

from signal-free analysis blocks, if the noise can be considered

stationary.

We can note that the PSD in (32) has a form similar to

that of MVDR and MUSIC in (12) and (13), respectively. The

PSD in (32) can be considered as a normalization constant

that does not affect the output of the beamformer (similarly to

the MVDR case [58]). We can thus write the weights of the

DU beamformer by omitting the scalar factor λ′

v in (22) and

by inserting the normalization constant as

w
opt
DU(f, θ) =

Φ
opt
DU(f)a(f, θ)

aH(f, θ)Φopt
DU(f)a(f, θ)

. (34)

The result has a form similar to that of an MDVR beamformer

without the computational cost of the matrix inversion. When

the source signal is not active, the DU beamformer reduces to

the conventional beamformer due its data-dependent nature,

resulting in w
opt
DU = a(f, θ)/N .
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C. Multisource Case

Without loss of generality, we consider the case in which

two sources impinge an array of sensors. Let s1(t) ∈ R and

s2(t) ∈ R denote the signals generated by two sources at

time t. The source signals are assumed to be uncorrelated.

The multisource PSD matrix can be written as ΦMS(f) =
ASA

H + σ2
I where A = [a1(f, θ),a2(f, θ)] and S =

diag(Ps1(f), Ps2(f)) with a1(f, θ) and a2(f, θ) being the

array steering vectors for source s1(t) and s2(t), and Ps1

and Ps2 being the power of the source signals. Let λ1 and

λ2 denote the larger eigenvalues corresponding to the signal

subspaces of s1(t) and s2(t), then we have that the diagonal el-

ements of eigenvalue matrix ΛMS(f) are λ1 = NPs1(f)+σ2,

λ2 = NPs2(f) + σ2, and λv = σ2 with v = 3, . . . , N . The

trace of ΦMS becomes

tr(ΦMS(f)) = tr(ΛMS(f)) = N(Ps1(f)+Ps2(f)+σ2). (35)

In a multisource scenario, we can only minimize the signal

eigenvalues with the DU procedure in (31). We can normalize

to one the eigenvalues corresponding to the noise subspaces

(the gain of each noise subspace will thus be one in the

beamforming computation), and we can write the normalized

eigenvalue matrix of Φ
opt
DU as

Λ̄
opt
DU(f) = diag

( Ps2(f)

Ps1(f) + Ps2(f)
,

Ps1(f)

Ps1(f) + Ps2(f)
, 1, . . . , 1

)
.

(36)

Let G1 and G2 denote the theoretical gains of the signal

subspace in the transformed PSD matrix, then we have

G1 =
1

γ + 1
,

G2 =
1

γ−1 + 1
,

(37)

where γ = Ps1(f)/Ps2(f). Both gains are always minor than

one. Hence, the DU operation guarantees a reduction of the

signal subspaces in this scenario. The theoretical attenuation

of the signal subspace is thus related to the signal power

of both sources. In the general case of S sources, each

signal subspace vector is attenuated by a factor proportional

to the corresponding signal eigenvalue and the gain quantity

is related to the sum of the other eigenvalues due to the

subtraction operation.

D. Suboptimal Implementation

If σ2 is unknown or cannot be estimated, the DU beamform-

ing can be implemented through a suboptimal solution that still

aims at the signal subspace subtraction, but does not guarantee

its total removal, thus resulting in λs 6= 0. By ignoring the

noise component in (33), the DU beamforming becomes

PDU(f, θ) =
1

aH(f, θ)Φsubopt
DU (f)a(f, θ)

, (38)

with

Φ
subopt
DU (f) = tr(Φ(f))I−Φ(f). (39)

Equation (38) is an optimal solution in the ideal noise-free case

σ2 = 0. On the other hand, when a noise component is actually

present, its adoption results in a suboptimal implementation

of the DU algorithm due to the residual amount of the signal

subspace. This residual will affect the beamforming computa-

tion also in the single source case and may be the cause of

some degradation in the localization performance due to the

reduced effectiveness in the exploitation of the orthogonality

of subspaces (an example of the DU localization performance

at variations of the signal subspace gain is shown in Figure

8). To analyze the amount of signal subspace involved in

the computation of the spatial filter, note that the normalized

eigenvalue matrix of Φ
subopt
DU can be written as

Λ̄
subopt
DU (f) = diag

( (N − 1)σ2

NPs(f) + (N − 1)σ2
, 1, . . . , 1

)
. (40)

Let GDU denote the signal subspace in the spatial filter. We

can then write the DU theoretical gain as

GDU =
(N − 1)σ2

NPs(f) + (N − 1)σ2
=

N − 1

NSNR +N − 1
. (41)

The gain is always less than 1 (it would be 1 when Ps(f) = 0
and in case of infinite noise power), and its value decreases

as the number of sensors in the array decreases or as the SNR

increases. Note that the capability of signal subspace atten-

uation of the suboptimal implementation decreases when N
increases, since the unknown noise component is proportional

to (N − 1)σ2. The total removal of the signal subspace is not

guaranteed when using the suboptimal DU implementation of

equation (38) (unknown σ2), however a certain attenuation is

always obtained. On the other hand, the total removal of signal

subspace is achieved with equation (32) when σ2 is known and

an accurate estimate of the PSD matrix is computed.

For the suboptimal DU implementation in a multisource

scenario, the normalized eigenvalue matrix in case of two

sources becomes

Λ̄
subopt
DU (f) = diag

( NPs2(f) + (N − 1)σ2

N(Ps1(f) + Ps2(f)) + (N − 1)σ2
,

NPs1(f) + (N − 1)σ2

N(Ps1(f) + Ps2(f)) + (N − 1)σ2
, 1, . . . , 1

)
.

(42)

We have that the signal subspace gains of equations (37)

becomes

G1 =
NSNR2 +N − 1

N(SNR1 + SNR2) +N − 1
,

G2 =
NSNR1 +N − 1

N(SNR1 + SNR2) +N − 1
,

(43)

where SNR1 = Ps1(f)/σ
2 and SNR2 = Ps2(f)/σ

2. Both

gains are always less than one. The theoretical attenuation of

the signal subspace is thus related to the SNR of both sources.

Note that when Φ(f) is singular and has rank 1, i.e.,

in the case of single source with σ2 = 0, the suboptimal

implementation reduces to an optimal solution since the signal

subspace is totally absent in the transformed matrix. The
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weights of the suboptimal DU beamformer are determined

substituting Φ
subopt
DU (f) in (34):

w
subopt
DU (f, θ) =

(tr(Φ(f))I−Φ(f))a(f, θ)

aH(f, θ)(tr(Φ(f))I−Φ(f))a(f, θ)
, (44)

which is an exact solution when rank(Φ(f))=1, otherwise

it is only an approximation solution since we cannot derive

the PSD in (38) substituting (44) in (6), unless the signal

eigenvalue of Φ
subopt
DU (f) = tr(Φ(f))I−Φ(f) is zero.

IV. PSD MATRIX EIGENANALYSIS

In this section, we provide an analysis of the proposed

DU beamforming properties, highlighting the role of the

signal subspace attenuation. We analyze from a theoretical

viewpoint the relationship between the DU method and some

known beamformers by discussing the eigenanalysis of their

respective transformed PSD matrices.

By expressing the DU, the MVDR and the MUSIC beam-

formers in terms of their transformed PSD matrix, we obtain

the spatial spectrum of the three methods in a form which

is easily comparable. The transformed PSD matrix Φ
opt
DU(f)

is given in (33). The corresponding eigenvalue matrix of the

transformed matrix Φ
opt
DU(f) can be derived from (28), and

reads as

Λ
opt
DU(f) = diag(0, tr(Φ(f))−Nσ2, . . . , tr(Φ(f))−Nσ2).

(45)

Let us first compare Φ
opt
DU(f) and Λ

opt
DU(f) to the PSD

and eigenvalue matrices of the MUSIC method. From

(13), we have that the transformed PSD matrix of MU-

SIC can be written as ΦMUSIC(f) = Uv(f)U
H
v (f) =

U(f)ΛMUSIC(f)U
H(f). Assuming that a single source is

present, the eigenvalue diagonal matrix is then

ΛMUSIC(f) = diag(0, 1, . . . , 1). (46)

That is, MUSIC assigns a zero value to the eigenvalue cor-

responding to the signal subspace, and sets to 1 all eigen-

values corresponding to the noise subspace, resulting a signal

subspace gain GMUSIC = 0. We can interpret MUSIC as a

beamformer that removes the signal subspace and uses a trans-

formed PSD matrix ΦMUSIC, in which the eigenvector matrix

U is that of Φ, and the eigenvalues are set to zero or to one

if corresponding to noise or signal eigenvectors respectively.

If we now compare the DU and MUSIC eigenvalue matrices,

we note that it is

Λ
opt
DU(f) = α1ΛMUSIC(f), (47)

where α1 = tr(Φ(f))−Nσ2. In this single source case, since

the signal eigenvalue of the DU transformed PSD matrix is

zero, we have that DU differs from MUSIC only by a scaling

factor of the spatial spectrum, i.e. PDU = 1
α1

PMUSIC.

If we now look at the MVDR beamformer, from (12) we

have that the transformed PSD matrix is ΦMVDR(f) = (Φ(f)+
µ′
I)−1, and the diagonal matrix of the ΦMVDR eigenvalues can

be written as

ΛMVDR(f) =diag
( 1

NPs(f) + σ2 + µ′
,

1

σ2 + µ′
, . . . ,

1

σ2 + µ′

)
.

(48)

Since ΦMVDR is Hermitian and full-rank, the eigenvectors of

the inverse matrix are equal to those of the matrix itself.

We can normalize the eigenvalue matrix of ΦMVDR(f) by

multiplying each element for σ2 + µ′, obtaining

Λ̄MVDR(f) = diag
( σ2 + µ′

NPs(f) + σ2 + µ′
, 1, . . . , 1

)
. (49)

The theoretical total removal of the signal subspace is achieved

when Ps(f) = ∞ or N = ∞, and in such case we have that

PMVDR = α2PDU and PMVDR = α3PMUSIC, where α2 and α3

are real positive values. Hence, MVDR is always affected by a

certain amount of signal subspace in the SRP computation. Let

GMVDR denote the gain of the signal subspace in the MVDR.

We can then write the theoretical gain as

GMVDR =
σ2 + µ′

NPs(f) + σ2 + µ′
=

1 + µ′

σ2

NSNR + 1 + µ′

σ2

. (50)

The noise signal attenuation is always guaranteed since GMVDR

is always less than 1. Hence, the DU beamforming has the

advantage, if compared to MVDR, that the signal subspace is

not used in the orthogonality searching procedure. However,

the DU method requires that σ2 is known to exploit its optimal

solution. If σ2 is unknown, DU can be implemented through its

suboptimal solution given by equation (38). By comparing (41)

and (50) when µ′ = 0, we can write the following equation,

valid when N > 2

GDU =
N − 1

NSNR +N − 1
>

1

NSNR + 1
= GMVDR. (51)

Hence, the theoretical MVDR signal subspace attenuation is

greater than the DU subspace attenuation when the suboptimal

solution is used.

In practical applications, there is always a certain mismatch

between the estimated and the actual PSD matrix, due to

the finite sample size (number of snapshots), to the signal

model mismatches, and to the nonstationary nature of the

source. It should be noted however that, in slowly varying

acoustic conditions, the estimated PSD matrix approaches

its true value as the number of snapshots increases [59].

In stationary conditions, it is well known that the estimated

PSD matrix converges to the actual PSD matrix for infinity

snapshots in a mean square sense: M → ∞, Φ̂(f) → Φ(f).
On the other hand, when the acoustic conditions change too

fast, the assumption that incrementing the number of snapshots

improves the PSD estimation is not valid anymore. We can

write the estimated eigenvalue matrix of Φ̂(f) as

Λ̂(f) = diag(λ̂1, λ̂2, . . . , λ̂N ). (52)

For the suboptimal DU beamformer, we have that the esti-

mated eigenvalue matrix of Φ̂
subopt
DU (f) is

Λ̂
subopt
DU (f) =diag(λ̂2 + λ̂3 + · · ·+ λ̂N , λ̂1 + λ̂3 + · · ·+ λ̂N ,

. . . , λ̂1 + λ̂2 + · · ·+ λ̂N−1).
(53)

We can then note in (53) that the DU operation may result in

different gains for the noise subspaces in the transformed PSD

matrix if compared to the theoretical case (40). Specifically,

the signal subspace has smallest gain, the noise eigenvector
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TABLE I
THE SPATIAL SPECTRUM, THE WEIGHTS AND SIGNAL SUBSPACE GAIN (SINGLE SOURCE SCENARIO) OF NARROWBAND BEAMFORMERS.

Conventional PSRP = a
H
Φa [30] wSRP = a [30] GSRP = NSNR + 1 > 1

MVDR PMVDR = 1
aH (Φ+µ′I)−1a

[31] wMVDR =
(Φ+µ′

I)−1
a

aH (Φ+µ′I)−1a
[31] GMVDR =

1+ µ′

σ2

NSNR+1+ µ′

σ2

< 1

MUSIC PMUSIC = 1
aHUvU

H
v a

[24] wMUSIC = UvU
H
v a [57] GMUSIC = 0

DU PDU = 1
aH (tr(Φ)I−Φ)a

wDU =
(tr(Φ)I−Φ)a

aH (tr(Φ)I−Φ)a
GDU = N−1

NSNR+N−1
< 1

associated with the smallest eigenvalue has gain equal to 1, and

the other noise eigenvectors have gain minor than 1. Note that,

in contrast to the MUSIC method, in which the gains of the

noise subspace components are all set to 1 (see equation (46)),

here the relative weighting of the different noise components

are preserved. This fact results, as the simulations in Section

VI will show, in different DU vs MUSIC localization perfor-

mances in the single source scenario. For the robust MVDR

beamformer, the estimated eigenvalue matrix of Φ̂MVDR(f) is

Λ̂MVDR(f) = diag
( 1

λ̂1 + µ′

,
1

λ̂2 + µ′

, . . . ,
1

λ̂N + µ′

)
. (54)

If we normalize the eigenvalues with respect to the last

eigenvalue, which is the largest one due to the diagonal

removal and to the inversion operation, in the single source

case we obtain the following estimated signal subspace gains

ĜDU =

∑N
i=2 λ̂i∑N−1
i=1 λ̂i

,

ĜMVDR =
λ̂N + µ′

λ̂1 + µ′

,

(55)

and we have that

ĜDU < ĜMVDR, if µ′ >

N−1∑

i=2

λ̂i. (56)

When the condition in equation (56) holds, DU will pro-

vide better localization performances. On the other hand,

the MVDR will provide a better performance when µ′ <∑N−1
i=2 λ̂i. When the PSD matrix is estimated with a limited

number of snapshots (M < N ), the PSD matrix is singular

and hence the noise eigenvalues are smaller than the true

values. The DU signal subspace attenuation will be larger

than the attenuation provided by MVDR, in which the DL

regularization guarantees that ΦMVDR(f) is always full-rank.

When increasing the number of snapshots, the noise eigenvalue

estimation of the PSD matrix will be more accurate and

the MVDR will provide a larger signal subspace attenuation,

which confirms the theoretical comparison in (51).

It is interesting to observe that the MVDR beamforming

can be considered as a special case of the DU beamforming

under the hypothesis of the model in equation (3) (single plane

wave plus spatially uncorrelated white Gaussian noise). From

(45) and (48) it can be seen that if we add a constant equal

to σ2 + µ′ to the diagonal of the DU matrix, we have

Λ
c
DU(f) = diag(σ2+µ′, tr(Φ(f))−Nσ2+σ2+µ′, ...), (57)

TABLE II
A COMPARISON OF THE DU PROCEDURE AND OTHER BEAMFORMERS, FOR

THE SINGLE SOURCE SCENARIO.

ΦDU(f) = Φ(f)− µI Transformed PSD matrix Equivalence

Positive Semidefinite ΦDU(f) = Φ(f)− µI (µ ≤ σ2) Conventional

Negative Semidefinite Φ
opt
DU(f) = [tr(Φ(f))− (N − 1)σ2]I−Φ(f) MUSIC

Negative Semidefinite Φ
c
DU(f) = [tr(Φ(f))− (N − 2)σ2 + µ′]I−Φ(f) MVDR

Negative Semidefinite Φ
subopt
DU (f) = tr(Φ)I−Φ

and the two eigenvalue matrices will become equal apart from

a scaling factor α = 1
(σ2+µ′)(NPs(f)+σ2+µ′) , i.e. ΛMVDR(f) =

αΛc
DU(f). We thus can say that the robust MVDR can be

considered as a special case of the proposed DU method with

a suboptimal solution given by

Φ
c
DU(f) = [tr(Φ(f))− (N − 2)σ2 + µ′]I−Φ(f). (58)

With this specific solution, given the equivalence with the

MVDR beamformer in (11), we can write the weight of the

DU beamformer as

w
c
DU(f, θ) =

Φ
c
DU(f)a(f, θ)

aH(f, θ)Φc
DU(f)a(f, θ)

, (59)

and, by using the weight w
c
DU(f, θ) in the output power

beamforming equation, we obtain the following output PSD:

P c
DU =

a
H(f, θ)Φc

DU(f)Φ(f)Φc
DU(f)a(f, θ)

[aH(f, θ)Φc
DUa(f, θ)][a

H(f, θ)Φc
DUa(f, θ)]

. (60)

We now search for a simpler form of the matrix product

Φ
c
DU(f)Φ(f) by referring to the eigenvalues of the two

matrices and to their product. If for simplicity we set µ′ = 0,

we have that Λc
DU(f)Λ(f) = (NPs(f) + σ2)σ2

I = α′
I. This

finally leads to

P c
DU =

α′

aH(f, θ)Φc
DUa(f, θ)

. (61)

The quantity α′ is a scalar factor that can be omitted since it

has no influence on the DOA estimates.

In table I, we summarize the narrowband spatial spectrum,

the weights and the signal subspace gain (single source sce-

nario) equations of the conventional beamforming, the robust

MVDR, the MUSIC and the suboptimal DU beamforming

(i.e., when σ2 is unknown) omitting for simplicity the depen-

dency from f and θ. In table II, we summarize the proposed

DU procedure and the equivalence with other beamformers for

the single source scenario.



9

TABLE III
THE COMPLEXITY OF BROADBAND BEAMFORMERS.

Conventional - DU O(L logL+ L
2
N)

MVDR - MUSIC O(L logL+ L
2
N3)

V. COMPUTATIONAL COMPLEXITY ANALYSIS

The computational complexity of the DU beamformer is that

of a conventional spatial filter, which has O(n) complexity.

In fact, the DU procedure adds few basic operations since it

consists of N − 1 additions for the calculation of the trace of

the PSD matrix, N subtractions for the diagonal unloading

procedure, and ΓL/2 divisions, where Γ is the number of

angles for searching the source and L is the size of the

fast Fourier transform (FFT). On the other hand, the MVDR

and MUSIC methods require a full-rank inversion matrix

the former, and an eigendecomposition the latter. For both

methods, the complexity is O(n3). In the frequency-domain

broadband beamforming, the accuracy and the computational

cost is related to the number of narrowband components.

Therefore we have that the conventional and the DU beam-

forming has O(L logL + L
2N) complexity, where L logL is

the complexity contribution of the FFT, while the MVDR and

MUSIC methods require O(L logL + L
2N

3) flops. Hence,

the DU beamforming is attractive in array processing since

it provides a robust localization beamforming at no significant

additional cost.

VI. EXPERIMENTAL RESULTS

In this section, we present some experiments, based on both

simulated and real acoustic data, that validate the proposed

DU beamformer. The acoustic data were obtained by simu-

lating the wave propagation of a speech signal in different

reverberating indoor environments, and by actually recording

a speech signal reproduced in an reverberant environment.

We have compared the DOA localization performance using

the root mean square error (RMSE) of the proposed DU, the

MVDR [31] with DL, the MUSIC [24], and the conventional

beamforming [30], i.e, the steered response power (SRP),

and the SRP-PHAT [17]. Note that in DU, MVDR, MUSIC,

SRP the broadband fusion was computed with the post-

filter normalization [54] of equation (8). A data-dependent

DL for the MVDR is adopted to improve the robustness of

the MVDR. The data-dependent DL factor used is given by

µ′(f) = tr(Φ(f))∆ [60], where ∆ is a parameter that controls

the relative artificial noise level in the data. We have set ∆
equal to 1/N , which has been demonstrated to be a robust

solution in [60]. The inversion and eigendecomposition of the

PSD matrix was performed by singular value decomposition

since it provides some numerical advantages. Besides, an

optimal frequency range between 80 Hz and 8000 Hz, since it

is the typical spectrum range of speech signals, was used for

all beamformers. The sampling frequency was 44.1 kHz and

frames of the signal were obtained by a Hann window of size

L = 2048 samples with an overlap of 512 samples. Given the

nonstationary nature of the speech signal, a small number of

snapshots was used for the estimation of the PSD matrix. For
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Fig. 1. The simulated room setup with the positions of sensors and sources.
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Fig. 2. The beampattern for the conventional, the DU, the MVDR, and the
MUSIC beamformers of a 1000 Hz sinusoid impinging the array from a DOA
of -18 degree.

the DU beamforming, we thus used the suboptimal version,

as formulated in equation (38). We also provide some results

that illustrate its optimal solution performances with known

and estimated noise statistics.

A. Synthetic Data

We consider an uniform linear array (ULA) of 8 sensors in

noisy and reverberant conditions. The distance between micro-

phones was set to 0.07 m. Acoustic simulations of reverberant

environments were obtained with the image-source method

[61], [62]. We configured a localization task in a room of 4.5

m × 3.75 m × 3.05 m. The simulations were conducted with

different SNR levels, obtained by adding mutually independent

white Gaussian noise to each channel. We have investigated

both the single and the multiple source scenarios using speech

signals from the TSP Speech Database1. The sources and

microphones were considered omnidirectional. The room setup

is shown in Figure 1, in which we can see the source positions

used in the simulations. The spatial aliasing frequency for the

array is fa = c
2d sin(θmax)

[63], where θmax is the maximum

searching angle and d is the inter-microphone distance of

the ULA. In our setup, θmax = 48.22 degree, resulting in

fa = 3285.5 Hz. The DOA limit to avoid aliasing up to 8000

Hz is 17.83 degree. By referring to the source positions in

Figure 1, we have that about half of them are located in the

region where aliasing occurs above 8000 Hz (the positions

in front of the array), whereas the other ones are located

where aliasing occurs in the range [3285.5, 8000] Hz. In

1http://www-mmsp.ece.mcgill.ca/Documents/Data
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Fig. 3. Localization performance of a male speech signal at variation of
number of snapshots with RT60=0.4 s and SNR=20 dB.
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Fig. 4. Localization performance of a male speech signal at variation of
number of snapshots with RT60=0.4 s and SNR=0 dB.

our experiments, the percentage of narrowband components

affected by aliasing is small in general, and do not exceed

40% in the worst case (i.e., when the source is at an angular

position of θmax). We have observed that even in the worst

case the aliasing related artifacts do not significantly affect

the localization performances.

First, we analyzed the narrowband responses when a si-

nusoidal signal impinges the array. The beampatterns for a

frequency of 1000 Hz with a DOA of -18 degree are shown

in Figure 2. We can observe the high resolution response of

the DU beamforming. We can also note that the beampatterns

of DU, MVDR, and MUSIC are indistinguishable and, if

compared to the conventional beamformer, they all provide

better resolution and a better rejection of unsought energy

components.

Next, the localization of a male speech signal of a duration

of 25 s was investigated. The overall performance was com-

puted with a simulation for each position depicted in Figure 1.

The localization performance for different numbers of snap-

shots used to estimate the PSD matrix was conducted. Figures

3 and 4 show the results for a reverberation time (RT60) of

0.4 s with an SNR of 20 dB and 0 dB respectively. The DU

performance is in general comparable to that of MVDR and

MUSIC. In case of moderate noise (Figure 3), and when the

number of snapshots does not exceed four, DU provides the

best performance if compared to other methods. When the

number of snapshots exceeds four, MVDR outperforms DU

due to the improvement of accuracy in the estimated PSD

matrix. When the noise is higher (Figure 4), DU provides the

best performance for whatever number of snapshots, due to

its robustness with respect to PSD estimation errors, for the

reasons discussed in Section IV.

Next, we have conducted an analysis for different values

of SNR in the range [-20,20] dB with RT60=0.4 s and a

number of snapshots equal to 10. Figure 5 shows the results
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Fig. 5. Localization performance of a male speech signal at variation of
SNR with RT60=0.4 s and a number of snapshots equal to 10.
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Fig. 6. Localization performance of a male speech signal at variation of
RT60 with SNR=10 dB and a number of snapshots equal to 10.

TABLE IV
THE RMSE (DEGREE) OF LOCALIZATION PERFORMANCE WITH AND

WITHOUT NORMALIZATION OF A SINGLE SOURCE WITH RT60=0.4 s,
SNR=10 dB, AND A NUMBER OF SNAPSHOTS EQUAL TO 10.

MVDR MUSIC DU SRP-PHAT SRP

with norm. 6.708 6.946 6.847 7.025 7.655
without norm. 13.852 10.643 8.311 13.175 13.175

that demonstrate the robustness against noise of the DU. We

can notice that the DU provides a comparable performance

if compared to MUSIC method when SNR is 0 and -5 dB.

Afterwards, simulations were conducted to analyze the effects

of reverberation on the DU algorithm with SNR=10 dB and a

number of snapshots equal to 10. As it can be seen in Figure

6, DU is characterized by a performance very close to that

of the MVDR, which has the lowest RMSE in all reverberant

conditions.

To evaluate the impact of normalization of equation (8) in

the DU, we have performed a simulation without it. Table IV

shows a localization comparison with RT60=0.4 s, SNR=10

dB, and a number of snapshots equal to 10, with and without

the normalization of narrowband components for all methods.

As we can observe, the normalization provides an error

reduction of the DOA estimation for all methods.

Moreover, we have evaluated the localization performance

by using the optimal DU implementation, assuming two cases:

1) an estimation of the noise, which is computed when the

source signal is not active; 2) a perfect knowledge of the noise

in each frame, i.e. guaranteeing that the signal subspace is

always completely removed. Simulation was computed with

RT60=0.4 s, SNR=10 dB, and a number of snapshots equal to

10. We can note in Table V that the performance of the DU is

the same when the noise is estimated, since the signal subspace

is not completely canceled due to the errors in the PSD matrix

estimation and the averaging in the noise power estimation. On
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TABLE V
THE RMSE (DEGREE) OF LOCALIZATION PERFORMANCE WITH OPTIMAL

DU IMPLEMENTATION OF A SINGLE SOURCE WITH RT60=0.4 s, SNR=10
dB, AND A NUMBER OF SNAPSHOTS EQUAL TO 10.

MVDR MUSIC DU DU (noise est.) DU (noise know.) SRP-PHAT SRP

5,9758 6,5893 6,3285 6,3285 6,288 6,5493 7,3803

the other hand, when the noise was assumed to be known in

each frame, only a very slight improvement can be noticed,

which confirms the good performance of the suboptimal DU

implementation in practical applications. Note that the MUSIC

performance has a higher RMSE if compared to the DU with

the noise known in each frame. Both methods totally remove

the signal subspace in the localization computation. However,

as we discussed in Section IV, the gains of noise subspaces

in the MUSIC are all set to unity, whereas they can be minor

or equal to 1 in the DU method, since the diagonal procedure

assigns a lower gain to larger noise eigenvalues and a gain

equal to 1 to the smallest eigenvalue.

The effect of the signal subspace contribution is then re-

ported in Figure 8, that shows the DU localization performance

at variations of the signal subspace gain given from (55). The

gain was set to a specific value in the range [0.1, 0.9] in the

simulation with a male speech signal, RT60=0.4 s, SNR=20

dB, and a single snapshot. After the diagonal removal using

the suboptimal implementation, the PSD matrix is analyzed

using the single value decomposition. The eigenvalues are

normalized, and the signal eigenvalue, i.e the signal gain ĜDU

from (55), is forced to a specific value. Then, the transformed

PSD matrix is reconstructed with the new eigenvalues. We can

observe a degradation performance when the gain increases.

Figure 8 reports also the localization performance of others

methods. When the gain increases, the exploitation of the

orthogonality property is attenuated, and the performance

approaches that of the conventional beamformer. Note that

when the gain is equal to 1, it corresponds to the case of

absence of the signal, resulting in a flat response, and when

the gain is grater than 1, the DU reduces to the conventional

SRP.

Next, the single source localization performance with a

larger number of snapshots, ranging from 20 to 80, is evaluated

in very low noise condition. Figure 7 shows a localization

comparison with RT60=0.4 s and SNR=-10 dB. The results

shows that when the number of snapshots increases, the

estimation of the PSD matrix will be more accurate and the

MVDR provides a larger signal subspace attenuation, and

hence a better localization performance, which confirms the

theoretical comparison in (51).

Then, we present numerical examples to verify the DOA

estimation in case of two sources. A male speech signal and

a female speech signal, both of duration equal to 25 s and

without silent parts, were used. In each trial, two positions

were randomly selected from the ones depicted in Figure 1,

and were used as source positions to simulate the acoustic

propagation. A mean power ratio of 1 was imposed between

them. We have assumed that the noise eigenvectors have di-

mension N−2 for the MUSIC method. The results of 30 trials
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Fig. 7. Localization performance of the DU beamformer with a larger number
of snapshots with RT60=0.4 s and SNR=-10 dB.
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Fig. 8. Localization performance of the DU beamformer at variation of

signal subspace gain ĜDU with RT60=0.4 s and SNR=20 dB.

TABLE VI
THE COMPLEXITY EXPRESSED AS TOTAL NUMBER OF FLOPS OF

BROADBAND BEAMFORMERS WITH AN FFT SIZE L OF 2048 SAMPLES.

N=8 N=16

Conventional - DU 24 · 103 32 · 103

MVDR - MUSIC 540 · 103 4210 · 103

at variation of the number of snapshots is depicted in Figure

9 with RT60=0.4 s and SNR=10 dB. MUSIC outperforms DU

when the number of snapshots increases since it guarantees the

total removal of both signal subspaces. However, DU provides

a good performance in the multisource scenario, comparable to

that of MUSIC for the most part of the parameters investigated.

This is also confirmed in the results depicted in Figure 10

and 11 that show the localization performance of two speech

signals at variation of SNR and of RT60, respectively. We can

observe in Figure 10 that the performance of the DU, the

MVDR, the MUSIC and the SRP-PHAT is very similar in the

SNR range [10, 20] dB, whereas in the range [−5, 5] dB a

better performance of the DU and the MUSIC is measured.

In Figure 11, MUSIC outperforms other methods at moderate

reverberation, and all methods provide degraded localization

performances when the reverberation time increases.

Finally, a complexity comparison is depicted in Table VI

using an FFT size L of 2048 samples. We can observe the

significant reduction of total number of flops of the DU beam-

former in comparison of state-of-the-art robust beamforming.

B. Real Data

The experiments were performed in a room of 4.5 m ×
3.75 m × 3.05 m with RT60=0.4 s. The same array setup (i.e.,

an ULA of 8 sensors) and system parameters used for the

simulated experiments were adopted. The distance between

microphones was set to 0.07 m. A speech signal having
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Fig. 9. Localization performance of two speech signals at variation of number
of snapshots with RT60=0.4 s and SNR=10 dB.
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Fig. 10. Localization performance of two speech signals at variation of SNR
with RT60=0.4 s and a number of snapshots equal to 10.

TABLE VII
THE RMSE (DEGREE) OF LOCALIZATION PERFORMANCE OF A SINGLE

SOURCE WITH REAL DATA AND RT60=0.4 s AND A NUMBER OF

SNAPSHOTS EQUAL TO 10.

MVDR MUSIC DU SRP-PHAT SRP

4.888 4.962 4.980 5.338 5.255

duration of 25 s, from a male speaker, was reproduced with

a loudspeaker at a distance form the array of about 2 m with

DOA=[26, 13, 6,−13,−19,−26] degrees. The results reported

in Table VII confirm the effectiveness of the proposed DU

beamformer. MVDR provides the best DOA estimation, which

is however very close to that of the proposed DU.

VII. CONCLUSIONS

We have proposed a data-dependent DU beamformer for

acoustic source localization in microphone array signal pro-

cessing. It consists of a transformation of the conventional

beamformer into a high resolution and robust method with

low complexity by an opportune covariance matrix condition-

ing operation. The DU procedure is designed to attenuate

the signal subspace in the transformed covariance matrix

in order to exploit the subspace orthogonality property. We

have highlighted the role of the eigenvalues as weights for

the attenuation of the signal eigenvectors in the calculation

of the response power on one hand and, on the other, for

the amplification of noise subspaces. We have introduced an

eigenvalue analysis for a clear understanding of DU, robust

MVDR and MUSIC, and of their relationships from the point

of view of the transformed covariance matrices. The theoretical

DU derivation for a single acoustic source in noisy conditions

is based on an optimization problem with an orthogonality

constraint and on a PSD matrix transformation imposing that

the eigenvalue corresponding to the signal subspace is zero.
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Fig. 11. Localization performance of two speech signals at variation of RT60

with SNR=10 dB and a number of snapshots equal to 10.

This constraint determines how to exactly calculate the penalty

weight in the DU operation. We have then analyzed the DU

beamforming in a multisource scenario and we have intro-

duced a suboptimal implementation for practical applications.

Experiments conducted on both simulated and recorded acous-

tic data have been presented, which confirm the effectiveness

of the method. Thus, the DU offers an attractive alternative to

the current robust state-of-the-art localization beamformers at

a computational cost comparable to that of the conventional

beamformer. DU is robust with respect to errors in the covari-

ance matrix estimation, and its performance does not depend

on the heuristic determination of critical parameters, as it is

the case of the penalty weight for the regularization of MVDR

or the case of the estimated covariance matrix analysis in the

MUSIC method.
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