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1 Introduction

The analysis of the geometry of null hyper-surfaces has contributed significantly to advance-
ments in gravitational physics. Over the past decade, the study of the symmetries and the
construction of the phase space on null boundaries have yielded a wealth of new results, paving
the way toward a holographic description of gravity. Specifically, two primary classes of null
boundaries are distinguished: the asymptotic null boundaries (such as the (past) future null
infinity () FT in asymptotically flat spacetimes) and the null boundaries located at a finite



distance (such as the (past) future horizon (# ~) #* of a black hole). Efforts have been made
to relate the physics of finite null hyper-surfaces with that of asymptotic null boundaries.

The analysis of asymptotic symmetries dates back to the early sixties, when Bondi, van
der Burg, Metzner and Sachs demonstrated that the gravitational symmetry group in a
radiative, asymptotically flat spacetime consists of the semi-direct product of the Lorentz
group with super-translations (an infinite-dimensional Abelian sub-group), forming the so-
called BMS group [1-5]. However, it has only been established in the last decade that this
symmetry group (and its various extensions studied in [6-14]) plays a fundamental role
in understanding the infrared structure of gravitational scattering [15]. In particular, this
infrared structure can be encapsulated in the so-called (leading) infrared triangle, which ties
together super-translations, the displacement memory effect [16, 17], and the Weinberg soft
graviton theorem [18]. Nonetheless, these relations represent only the tip of the iceberg, as a
richer structure emerges when considering the subleading contributions in the asymptotic
expansion. Indeed, at subleading order a new infrared picture appears, connecting super-
Lorentz transformations [9], the spin memory effect [19], and the subleading soft graviton
theorem [20]; going deeper, the sub-subleading soft graviton theorem dictates the conservation
of a spin-2 charge generating a non-local symmetry [21]. Ultimately, exploring the sub-leading
structure of asymptotically flat spacetimes in further depth, an infinite tower of soft symmetries
emerges packaged in the wio algebra, first discovered in [22] and subsequently investigated
in [23, 24] through a canonical and a non-perturbative analysis [25, 26] and also in [27-29]
from a twistor perspective.

On the other hand, significant progress has been achieved regarding null boundaries
located at a finite distance [30-38]. BMS-like symmetries have been explored for arbitrary
null hyper-surfaces, leading to remarkable results and providing new insights into the black
hole information loss problem [39-41]. Furthermore, intriguing results have been established
between Carrollian physics and stretched horizons, providing novel links to a hydrodynamical
description of black holes [33, 42-45].

Nonetheless, relevant differences occur between asymptotic and finite distance null bound-
aries, most notably the presence of genuine degrees of freedom in the latter case. Indeed,
asymptotic null boundaries behave as weakly isolated horizons [34, 35, 37, 38, 46] and
these degrees of freedom are frozen due to the boundary conditions. Therefore, a direct
correspondence has been identified between weakly isolated horizons and null infinity [46, 47].

However, it has recently been claimed in [48, 49] that an asymptotic-finite correspondence
should be investigated by analysing the sub-leading phase space of finite distance null hyper-
surfaces, where the self duality condition must be imposed. This self-duality condition
allows for the identification of an analogue of the previously discussed asymptotic celestial
W1i4oo Symmetry.

In this work, we continue the investigation of symmetries on a finite distance null
hyper-surfaces, emphasizing similarities and differences with null infinity. The main goal of
the manuscript is to construct functionals of the metric which transform semi-covariantly
under the action of the near-horizon symmetry group and to subsequently identify their
evolution equations via symmetry arguments. In the same spirit of [50], we identify in
the sub-sub-leading order of the space-like boundary metric a boost-weighted w = —2



quantity that transforms covariantly under boost transformations and semi-covariantly under
the near-horizon symmetry group. This boost-(—2) tensor, denoted by 7,5, corresponds
to the leading order of the Weyl scalar ¥, and represents the spin s = —2 charge when
contracted with the complex dyad (an, E®), as shown in [49]. Once the behaviour of the
covariant functional T, under the action of the symmetry transformations is established,
the expressions of the remaining boost covariant functionals follow straightforwardly by
observing that the following rule

5(77y)Qw = (7‘ Oy + Ly + w’f')Qw - (w - Q)Qw_H or (1.1)

holds, for Qu € {Nub, Jas Aab, Pa, Tap} and w € {2,1,0,—1,—2}. Moreover, by noticing
that the time derivative acts as a boost-raising operator, we then look for combinations of
these metric functionals that transform homogeneously under the near-horizon symmetry
group. Therefore, using the same strategy adopted in [50] for null infinity, we identify the
following combinations:

3. .
Oua — (R - 59(18))% — &b (D — 7N, =0,

Dy A + gé“m — (D + #a) T + 6N = 0,
~ Bspc A e\ Fa . st
Op A+ S0OA — (Do + #2) T + M =, (1.2)

1 1 ~ o~ "
OuPa + fi(eyPa — 5Py — 5 (O + 37ta) A — 5 (D + 37a) A+ 26" 7% = 0,
1s o 3. 3o(n) ~
0uTar + (2e) — 509) Too — (Do + 50 Py + 5605 A+ 5021,),4 — 0,
whose behaviour under near-horizon symmetry transformations can be summarized through

the following recursive pattern
EW = (19 + Ly + (w+ 1)7)EW + (2 — w)EW+1 Or. (1.3)

Hence, once the evolution equation of the lowest boost-weighted covariant functional is
established, the evolution equations of the others follow immediately from (1.3). In the set of
equations shown above, the tilde denotes the duality operation discussed in subsection 3.3.
Similar to the null infinity analysis [50], the duality symmetry plays a fundamental role in
evaluating the dynamics of the covariant functionals and encapsulates the concept of the
dual gravitational charges [51-54]. Furthermore, the structure of (1.3) is significantly richer
than its asymptotic analogue, reflecting the fact that null infinity behaves specifically as
a weakly isolated horizon [34, 35, 37, 38, 46].

Finally, as demonstrated in [49], the evaluation of the sub-leading near-horizon phase
space reveals a structure analogous to the leading phase space at null infinity. Indeed, the
authors in [49] showed the sub-leading Barnich-Brandt charges are related to the leading
orders of the Weyl scalars U3 and Re{VU2}. Adding a topological term to the Einstein-Cartan
Lagrangian, we demonstrate that the imaginary part of the Weyl scalar W5 also enters into the
sub-leading super-translation Noether charge, emphasizing the similarities with asymptotic
dual gravitational charges identified in [51-53].



The organization of the paper is as follows. The first section collects some results
concerning the geometry near a null hyper-surface. Some of the results follow from [55] and
reference therein, employing the metric ansatz introduced in [56, 57].

The second section encapsulates the core of the work. Following the analysis carried
out in [50] for asymptotic null boundaries, we construct operators of boost weights w =
—2,—1,0,1,2 which transform homogeneously under the homogeneous subgroup of the near-
horizon symmetry group. In particular, we emphasize the role of duality transformation, which
is instrumental in arranging the Bianchi identities in appendix B into a suitable metric form.

The third section is devoted to analysing the behaviour of the equations of motion of
the covariant functionals under the near-horizon symmetry group. We find that the same
pattern found at null infinity also holds at a finite distance.

Finally, in section 5 we compute the sub-leading Einstein-Cartan-Holst Noether charges
by using the covariant phase space methods, and compare our charges with those obtained
in [49]. Although the sub-leading charge associated with S-diffeomorphisms coincides with
the result in [49], the sub-leading charge relative to super-translations does not. A similar
discrepancy was encountered at null infinity in [12] and resolved through the introduction
of a non-covariant boundary Lagrangian. This remarkable result achieved in [12] highlights
the importance of the Noetherian construction advocated in [58], alongside the definition
of a Lagrangian-dependent charge bracket. Consequently, following the same strategy, we
conclude by providing the expression for the non-covariant boundary Lagrangian that yields
the Noetherian construction of the sub-leading charges obtained in [49].

For completeness, we have set up the calculation of Einstein-Cartan-Holst Noetherian
fluxes in appendix A and provided a detailed Newman-Penrose analysis in appendix B.

Notations and conventions. In this work, natural units and the metric signature (—+ ++)
are adopted. Greek letters pu,v, ... denote spacetime indices, while lowercase Latin letters
a,b,--- are used for indices on the corner S. Uppercase Latin letters are used for spinorial
indices. In particular, lowercase Latin letters from 4, j,- - -, are used to denote the complex
"
p = 0, is denoted by a circle over such a quantity, i.e. 00 X 9O To symmetrize (resp.

dyad, i.e. e}, = (my,m,). The value of a quantity evaluated on the horizon H, namely when
anti-symmetrize) indices we use the round (resp. square) brackets (-) (resp. [-]) and we denote
by (-) the symmetric trace free part. The volume form is € = \/—g d*z with orientation
€vpop = 1. We follow the notation used in [58] for the covariant phase space formalism.

2 Near-horizon geometry: review

To begin with, in this section we recall some results concerning null geometry and near-horizon
symmetries [55-57, 59, 60]. Let us introduce the Gaussian null coordinates (v, p, z%), where
v is the advanced time, p is the radial coordinate and x® denotes the coordinates on the
space-like codimension-2 surface S. The null boundary (/horizon) H is defined as a smooth
union of the space-like hyper-surfaces S,, namely H = U,S,. In these coordinates, the
near-horizon metric assumes the following form

ds® = —2dvdp + 2V dv? + qup(dz® + U%dv)(dz® + Uldw), (2.1)



which satisfies the so-called Newman-Unti [61] (NU) gauge conditions
9op =0, Gpa=0,  gop=-1 (2.2)
and the inverse metric is
9" 8,0, = —20,0, — 2V 8,0, + 2U" 9, 8, + q° 9, Op. (2.3)

The Levi-Civita connection compatible with the boundary metric g, is denoted by D,, and by
Rablq] and R[g] we identify the relative Ricci tensor and Ricci scalar. In addition to the gauge
conditions imposed above, we require the metric to satisfy the following boundary conditions,

Gov = O(ﬂ)? Gva = O(,O), Jab = 0(1) (2'4)

Now, in order to extract some relevant physical quantities for our analysis, let us introduce
two null vectors

oy, =0,+V0,—-U"0, and n* = 0p, (2.5)
which span the space normal to S. These two null vectors are defined up to a local rescaling
0 — e My and n— e *n, (2.6)

where A1 (v,0°) is a smooth function on the null boundary H. The null vectors (2.5) define
the following extrinsic curvatures

1 n _ 1
KC(L? = 5 (anab + Vapqd) - 2D(¢1Ub))a and Kc(r,b) = 5 ap‘]abv (27)

where the trace-free part of K((I? (resp. KELZ)) defines the longitudinal (resp. transversal) shear

UC%) (resp. a((lz)), while its trace defines the longitudinal (resp. transversal) expansion ()

(resp. (™). Under the rescaling (2.6), the extrinsic curvatures transform as follows
KW 5@ K ek, (2.8)
Moreover, we introduce the rotational 1-form
wy, = —n, V0", (2.9)

whose spatial projection, denoted by 7, defines the Hajicek field. In particular, the contraction
'z, is equal to the non-affinity parameter r(y, defined by

KMVMEV = /i(g)gu. (2.10)
The Hajicek field and the non-affinity parameter transform as connections under (2.6), i.e.,
Mg — Tg + Og AL, Ky = 6)":(/-6(4) 4 au/\L). (2.11)

Once the non-affinity parameter and the Héjicek field are evaluated, the explicit expressions of
metric function V' (z#) and the vector U%(x*) in (2.1) are derived from the following relations

V= /dp K(0)s and U = 2/dp 7. (2.12)

The radial behaviour of these functions is encoded in the hypersurface Einstein equations,
evaluated in the next subsection.



2.1 Einstein equations

In order to solve the hypersurface Einstein equations
By := Rpp — éRgpu + Agpu = 0, (2.13)
we assume the following radial behaviour of the boundary metric
Gab(p,2") = dap(a") + pAan(a) + pPdap(z') + p*dly) (27) + O(p), (2.14)
denoting by D, the covariant derivative of the leading order metric ¢y, i.e.,
D,Ub = DU + O(p). (2.15)
Thus, solving the hypersurface Einstein equations, we obtain the following radial behaviours

0 () = 0 — pK D KE + ofp),

(n

To(2t) = Fra(v,2°) + p( DKM = (Dy + 7a)0™) + o(p),

. . o s oD s A oe e (216)
ko) (@) = kg (v, %) + p(—K(n)Kab = (Ou + ()0 + (Dg — 27a)7

+ 5 (R —28)) +olp).

From the relations in (2.12), we obtain the following radial expansions of the metric functions,

2
o o o o 1 o
V = pivy + B (KK = 0+ )0 + (Do = 28)7" + S (R = 24)) + o(p?),
U = 2p7* + p* (DKl — (D* + 7)0) — 2K, ) + o(p?),
o °~(n 1 ° °~(N) ¢
Gab = qab + QPK(SI;) + p2 (d(ab> + iqabK((;d)K(g)) + O(p2)'
(2.17)
Therefore, the metric up to the second order in the radial coordinate reads
ds? = —2dvdp + §apda®da®
+ 2p{iedv? + 2#yda"dv + K datdz’ |
o o o o 1 .
+ o2 {(— KK — (0 + #)8™ + (Do + 27) 7" + S (R~ 20) ) dv?
+ 2((Dy+270) K™ — (Do + 710)0™ ) dadv + (d L KA ) 4700
b b))\ g a T Tq r dv + <ab)+2Qab ¢ d T ax
+0(p%).
(2.18)
The Einstein evolution equations can be computed by evaluating order by order in the
radial coordinate the remaining components of the Einstein equations. The leading order
of the null component Ey, yields
By = 8,69 — k0O + KB KL, (2.19)
that is the null Raychaudhuri equation and the leading order of |Ey, gives

Bgq = (0y + 09) ity — Da(fie) +6©) + Dy K0P, (2.20)



that is the Damour equation. The evolution equation of the transversal extrinsic curvature
is encoded into the E,, component, which reads

Eab =2(0y + /%(5))f{(§z) — 210)((173},) — 2Tt Ty + é(n)f((%) + é(é)f(éz) (2 21)
2(0) 2-(n) o) e 5 Lo '
= 2K, K" = 2K Ky + Rap — 5 dan(R = 21),

where 70201, is the Ricci tensor associated with the boundary metric ¢up. In particular, the

trivial equation is
€, = R+ 2(0y + &))" — 277 — 2DcA° + 2000©) — R + 2A. (2.22)

In the rest of the work, we set the cosmological constant to zero, since it does not play a
fundamental role as in the asymptotic analysis.

2.2 Near-horizon symmetries

In this subsection, we complete the review of the near-horizon geometry by introducing
the spacetime diffeomorphisms that preserve the gauge and boundary conditions defined
previously in (2.2) and (2.4). One finds that

¢ =r1(v,2%, E=Y"@)+I0, & =—pi+ 10T, (2.23)
where
1% = /dp g and b = /dp Goag®. (2.24)
Using the radial expansions furnished in the previous subsection, we have
I = p§™ — P Kb +o(p?), 1" = p*%" + o(p?). (2.25)

By truncating the v-expansion of 7 at the linear level, i.e. 7 = T'(z¢) + vW (z°), the algebra
reads as a double semi-direct sum,

g = (Diff(S) DR3y) BRT, (2.26)
where the super-translations, Weyl super-boost and S-diffeomorphisms are generated by
&0 =T 0y + pi®™ T 0+ p* T (7 9p — Ky 0u) + O(p°),

Ew = —pW 8, + vép=w, (2.27)
§Y = Ya ach

respectively. Next, we want to determine how the quantities defined in the previous subsection
transform under the diffeomorphisms in (2.27). By computing the Lie derivative of the
codimension-2 metric with respect to the diffeomorphisms (2.27), we obtain the following
behaviours

5Edab = (T av + EY)éab
65)\(1(7 = (10 + Ly —T)Aap + 2ﬁ(abb)7- + 479‘-(bﬁa)7—
(n)e (2.28)

5§dab = (7‘ Oy + Ly — 2’f‘)dab + 2(1")01"((2}) — b(af(é)n)c) 0.7 + QIO((;L Da) OeT

+2( DK+ 27 K — Dol ™ — 0™, 07 + 2K ) 7 Oer.



One can easily see that A\, and dg, transform non-covariantly under diffeomorphisms. Per-
forming a time derivative of the first relation in (2.28), one obtains the behaviour of the
longitudinal extrinsic curvature under symmetry transformations, while the second relation
yields the transformation rule of the transversal extrinsic curvature. Practically, one obtains

67'Y)Jab (7’8 +£Y—T) —|—D Db>T—|-27T<bD>

6TY)Uab = (170, +£Y+T) , (2.20)
Sry)0™ = (10, + Ly — 7)0 ”> + D?1 + 27Dy,

30 = (10, + Ly + 7)Y,

The behaviour of the non-affinity parameter and the Héjicek field can be easily computed by
evaluating the Lie derivative of the metric component g,, and ¢4, and read
(5(7.’}/)/%([) == (T 81; + »CY + ’T)Io{,(g),

. (2.30)
S(ryya = (T Oy + Ly )itq + k0T + 9u7 — KPP 8,7

Before delving into the construction of the covariant observables, let us spend a few words
on the boost symmetry in following subsection.

2.3 Boost symmetry

At the beginning, we introduced a rescaling symmetry (2.6), under which the metric is
invariant. This symmetry has been studied in [62] and yields a non-vanishing charge on
the corner. It acts infinitesimally as follows

5)\L£'“ = A\ ", 5)\Ln'u’ = f)\Ln“, 5>\Lﬂjab =0. (2.31)

In particular, requiring that J. y,)¢ = 0, one obtains that A\j(z¢) = —W (z). Previously,
we showed how this symmetry acts on the extrinsic curvatures, on the Hajicek field and
on the non-affinity parameter. In general, given an arbitrary quantity O, we say that O
has boost weight w if transforms as follows

Oy = €Oy 2.32
(w) (w)

under the boost transformation in (2.6). Therefore, since the behaviour of the extrinsic
curvatures under boost transformations obey the rule in (2.32), we have the following
boost weights

wiey=-1,  we =1,  w@O™)=-1  w6?)=1. (2.33)
Conversely, 7, and £y do not follow the transformation rule (2.32) since they exhibit extra
terms under the boost transformation and, therefore, are not boost-weighted quantities.
3 Covariant observables

In the previous section, we briefly reviewed some basic and well-known symmetry properties
of arbitrary null hyper-surfaces located at a finite distance. In particular, we observed that



some quantities transform non-homogeneously under the action of the near-horizon symmetry
transformations, exhibiting extra terms called the anomaly terms; these are identified through
the anomaly operator [58, 63]

AcO = (J¢ — Le)O, (3.1)

where O is an arbitrary functional of the metric. Specifically, one can distinguish the following
general structure in the transformation rules listed previously,

S(ryyO = [0y + Ly +wi]O + L 0o + L 0ut + QE Do 07 + QF Dy Oy, (3.2)

where w is the boost weight. The first two inhomogeneous terms are called linear anomalies,
while the last two terms are called quadratic anomalies. In the spirit of [50], in this section we
construct some quantities that transform as pseudo-tensors of weight w under the near-horizon
symmetry group. In other words, we define combinations of the quantities introduced in the
previous section such that their quadratic anomaly and linear Weyl anomaly (i.e., ﬁ%) vanish.

In particular, assuming that the same pattern found at null infinity holds at a finite
distance, these covariant functionals should be related to the near-horizon Weyl scalar,
computed in [49]. Unlike [50], we start our treatment by analysing the transformation
rule of the hypothetical boost-weighted —2 covariant functional 7,;. Once the symmetry
transformation of boost-weighted —2 quantity is determined, the boost-weighted —1 covariant
functional should appear in the linear anomaly of 7., and so on for the other boost-weighted
w functionals.

3.1 w = —2 covariant functional

Let us start the construction of the covariant functionals by searching for a quantity of boost
weight w = —2. The sub-sub-leading contribution of the boundary metric transforms with
boost weight —2 under (2.6), i.e. dyy — e **dyp, but it exhibits anomalous terms under
the action of the near-horizon symmetry transformations, as shown in (2.28). Specifically,
the anomaly of d, reads as follows

Aﬁdab = 2(10)Cf((§z) — b(af(é)n)c) OeT + 2}?(

2k K — Do) — 00k, ) Oy + 2K 7 O

(n)e g

(b Da) 8,;7

. (3.3)
+2( DK

In particular, we are looking for a quantity that transforms homogeneously under the action
of the homogeneous near-horizon group. Therefore, it is convenient to distinguish in (3.3)
a quadratic contribution, that is

o Day 07 + 0" Do Oy 7 (3.4)
ab) 0T + é(n)ﬁ(a ab)7-7

Ag Yoy = 260D

where we used the following relation’

&) Dy 07 = 70’( WD, o7, (3.5)

'Proved in [50).



and a linear contribution

A diary = 2(Detly) = DKy ) 007 4+ 2( DKV + 27 K (Y — D™

, (3.6)
— 0™ (,) Oy + 2607 D

Now, using the transformation rules listed in subsection 2.2, it is straightforward to see that
the quadratic anomaly of the trace-free part of dy, has the same structure as the quadratic
anomaly of the following combination

Ag(B™Ma5)) = 0 A5 + 65 (™)

s (n) 7 (n) 5 (37)
=4 )D< Oy T + 20 Ty OuyT + 6y D OeT + 264, 7€ Oe.
Therefore, the quantity
T = diapy — 0™5L) (3.8)

possesses no quadratic anomaly, i.e. Aéz)’ﬁlb = 0. In particular, it is immediate to see that
the tensor Ty, transforms according to the rule in (2.32) with boost weight w = —2. Putting
all the previous contributions together and using the fact that?

(Debly) = Dayyy)) 0°r = Dot {2 Oy, (3.9)

we obtain the transformation rule of the boost-weighted —2 tensor 7, under the action of
the near-horizon symmetry transformations,

a n)c 1 - o S(n
Sy Tab = (7 0y + Ly = 2)Tap + 4((De + 7)8 (" = S (Do + #,)0™) Oy

(3.10)
= (7’ au + [,y — 27")72{, =+ 4P<a 6b>7,
where we introduced the following quantity
(D 4aeme Lo s \hm)
Po = (De + 7e)5V¢ — §(Da + 7,)0\", (3.11)

which denotes the linear anomaly in (3.10). Assuming that the same pattern found at
future null infinity holds at a finite distance, the equation (3.10) suggests that P, must
be the boost-weighted w(P,) = —1 covariant functional. Let us analyse its properties in
the next subsection.

3.2 w = —1 covariant functional

Let us now analyse the quantity that appears as a linear anomaly term in the transformation
rule of 7. If one assumes that the pattern found at null infinity also holds at a finite
distance, P, should have boost weight w = —1. However, we notice that P, contains the

2This can be shown by introducing a 4-tensor Typeq = Daab 047, and noticing that
j-vabcc - Tcabc + chab = qachcdd,

with T[abcd] =0, T[abc]d =0, Ta[bcd] =0, Ta[bc]d =0, Taccb =0

,10,



Hajicek field, which transforms anomalously under boost transformations. Then, before
analysing the behaviour of P, under near-horizon diffeomorphisms, let us determine its
transformation under (2.6). We have

o 1o o
Py — Dy(e M50 4 e g 5(b 4 o= Ar g (b g, X — 5Da(e*ALe(”))

_ %e_x%aé(n) _ %e—)\Lé(n) e (3.12)
= e_AL,Paa
and therefore P, transforms according to the rule in (2.32) with boost weight w = —1. Now,

in order to analyse its behaviour under the near-horizon symmetry transformations, it might
be convenient to rewrite P, as follows

Py = (Dy + 7)) KM — (D, + 74)0™). (3.13)

Using the results in (2.29)—(2.30) and the relations (C.3) in appendix C, we obtain that the
first term in (3.13) possesses the following anomaly structure

. . . . 1. .. N
Ag(DyE(M?) = 0,K" 0yr — K 0y + SR o7 + Do D7 205 KL Oy
+ Dy 8,7 + Dyita 07 + #° Dy Dyt + 7, D1 (3.14)

RO gy 4 REPED o6,

and
Ag(ﬁ'b}%[(ln)b) = f%(gn)blci 8{,7’ + f{((ln)b 81,7' - I%én)b]%éf)c 8CT + ﬁbﬁ(aﬁb)T

° (3.15)
+ 2# %, Dy
Additionally, the last two terms in (3.13) easily read as follows
A¢[(Da +7)0™] = [0y + f(0))0"™)] dut + Do D?r + 2Do7" Oy (3.16)

+2#°D, OpT + Fa D2 + 2,70 OpT — é(”)ffc(f)b OpT.

Putting all of the above contributions together, we have that the quadratic anomaly of

the boost w = —1 metric functional (3.13) vanishes, i.e. AéQ)Pa = 0, and also the linear

Weyl anomalies (those o« J,7) cancel each other out. Then, we are left with the following
linear anomaly

o 1. o o o o
APa = (9, + KK Oyr + SR Dot — 2K {5y K, 07 + Dy’ 0ur + Dy 07
+ Io(é”)bé(@ OpT + Io(c(”)bf(é? ot — f(é”)bf(ée)c OeT + 70y Ot (3.17)

— (O + F(0))0'™ By — 2D, 71 By — o i® Bpr + KD 9.
Using the fact that Rab[q] = %qabR[q] and the following relation

n) _(f)c o n) ¢
20000 = daoy (), (3.18)
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after some algebraic manipulations the linear anomaly of P, can be put in the following form

1. 1. .
AP = 5B, Oy — 5By dur + 3 (R b+ 9<”>9<f> p— 26061 o7

— 30&2(75]) 1 — 3D[a7rb] ot (3.19)
2 3 Aq 0T,
where 1. 1. ..
A = 5 (Rab + 59(")9(6)5!@ - Q&E?J‘%g)c) - ‘7([ )UIS]) — Diuy. (3-20)

Thus, the behaviour under the near-horizon symmetry transformations of the boost-weighted
functional P, is

8(r.y)Pa = (T 0y + Ly — 7)Pa + 3Aw 7. (3.21)

From the transformation rule introduced in section 2, it is very straightforward to notice
that the quantity A,, has boost weight equal to zero.

3.3 w = 0 covariant functional

Before delving into the analysis of the behaviour of the boost-weight-0 covariant functional
under symmetry transformations, let us introduce the duality symmetry. Given two arbitrary
quantities Y, and X, on S, their duals are defined as follows

Yo=elY  Xop=eXa, (3.22)
where €4, is the volume form on S, i.e. €,v/§ = €ap, also defined in appendix B via the

complex dyad. In particular, from the following relation ¢ °¢,* = —(5b~c, one can infer that the

dual of a dual 1-form is equal to minus the 1-form itself, namely Y, = %bf/b = —Y,. The

tensorial density ¢, transforms as follows under symmetry transformations

8(ryyEab = (T 0y + DY)/ €an, (3.23)

b

and the mixed tensor is defined as £, := £,.¢®°. Having introduced the duality transformation,

let us now analyse the behaviour of the boost-0 quantity

1/ 1. c n a Y
Ay = B (Rab + 50(”)0( ) Ga — 20(() (f) ) 01(:[201(;]@ — Diay) (3.24)

under symmetry transformations. In order to simplify the calculations, it is useful to evaluate
the symmetric and the anti-symmetric parts of Ay, separately, i.e.,

Aab = Aap) + Afa)- (3.25)
The symmetric part of Ay, reads as follows
1/: 0 Aln 3 o (1) o c o 1 o
Aab) = Z(Q( 197 + R~ Zaéd)a(g))%b = §AQab7 (3.26)
and using the transformations rule provided in section 2 and in appendix C, we have

A(096™ — 250580y = 6O D¢ O.r + 2007 Oer — 268 Dy, Oy (3.27)
— 487 Oy,
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and

AR = 4Da5 0y — 2D°0') 0.7 + 26 Dy Oy — 6 D¢ 07 (3.28)

The quadratic anomaly terms cancel each other out, and we are left with the following
transformation rule

LD = #000) oyr

SeA = (10 + Ly)A+ 2((1‘2 — #ta) 60 — 5

= (10 + Ly)A+ 2T 0y,

(3.29)

where we denoted by J¢ the linear anomaly contribution enclosed in the round bracket. Now,
let us focus on the anti-symmetric part of Ay, which can be written as follows

L/ maz®e % .. 1~
Alap) = —§(U§ M5y + Dt )Eab = 5Aca, (3.30)

where we used the duality transformation in (3.22) and we introduced the scalar A as the
quantity enclosed in the round bracket. Under the action of the near-horizon symmetry
group, we have that

Ag(e™ Daty) = (Dt — Dyfigry) Dat — e DKy Do — 59Dy D7

. o . , (3.31)
2 (9,00 — §O%, — 2D,5M%) dyr — 269D, 0,7,
where we imposed the Damour equation (2.20) and used the following relation
Doy et = Dot Oy, (3.32)
that comes from the identity E[a&én)c 047 = 0. The other term reads
Ae(656 ") = 50 Do Oy T + 26y Oy (3.33)

Putting the previous contributions together into the expression of ﬂ, we finally obtain

0eA = (10y+ Ly — 7) A+ 26 ((D, - 7)) — %(bb — )00 D7

B _ (3.34)
=(T0y+ Ly —7)A+2T% 0y,

where we defined j a — gab 7 Because it shares the same structure as the boost-weight

—1 functional, it is straightforward to see that J% transforms covariantly under (2.6) with

boost weight equal to 1, i.e.

To — M T, (3.35)

b

In particular, since £’ is invariant under (2.6), the dual quantity J° transforms as J,

under boost transformations.
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3.4 w = 1,2 covariant functionals

The behaviour of the zero-boost-weight covariant functional under symmetry transformations
suggests the form of the boost-weight 1 functional J,, which reads

. L. 1, . s
Jo = (Dy = #)5" = 5 (Do =~ )0 (3.36)
= (Dy — ) KO — (D, — 74)6.

Let us analyse how this quantity transforms under the near-horizon symmetry group. The
first term in (3.36) transforms according to the following rule

Ae(DyKOY) = 9, K08 gyr + KO 97 + 0O KO8 gy — 2i O D g, 7
S Ta a a a ¢ K W) (3.37)
+ KO0 ger,
and
Ae(#oKOP) = KO gyr + KO 9y — KOV KL% 0,7, (3.38)

Then, using the transformation rules listed in subsection 2.2 and putting all the contributions
together, we obtain the following linear anomaly for J,,

Agja = (&,f(g)b — I%(g)f%y)b + I"{[(Lé)cl%éf)b) abT — I@:‘:M 6a7-, (339)

where we used the null Raychaudhuri equation (2.19). Hence, one can infer that 7, transforms
as follows under the near-horizon symmetry group

5¢Ja = (T Oy + Ly +7)Ta + N, Oy, (3.40)
where we identify the covariant functional of boost weight 2 as
o e ° o Z o o E
Noy = 8,K5) — o KYy) — KK, (3.41)
which is indeed anomaly-free, i.e. A¢Ng, = 0, and transforms as follows
5§Nab = (10y + Ly + 27)Ngp. (3.42)
In particular, the trace of Ny, vanishes on shell, indeed N,* = I@JM and therefore
A . (€ o o (C
Ny = Nigny = (0,65 — k5. (3.43)
In spite of the presence of the non-affinity parameter # ) in the expression of Nap, which
does not transform homogeneously under boost transformations, the full N, obeys the

transformation rule in (2.32), indeed

Ny — e 3v(e)‘Lf(£?) — eQAL/%(g)al(li) — eQALIO((S? Op AL, — eQALlc(éﬁ)f(lEé)c

_ upr, (3.44)
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4 Evolution equations

In the previous discussion, we determined a set of boost-weighted covariant functionals
Quw = (Napy, Tas Aab, Pa, Tap) just by constructing a homogeneous tensor out of the trace-free
part of dg, and showing that the following pattern

Or,y)Qu = (T Oy + Ly +w7)Qu — (w — 2)Qu+1 07 (4.1)
holds. In other words, the knowledge of the lowest boost-weighted functional (w” = —2 in
our case) allows the construction of the boost weighted w = w" 4 1,...,2 functionals.

Now, we would like to evaluate the near-horizon evolution equations of the covariant
functionals defined above and the properties of the former under symmetry transformations.
Let us consider the time derivative of the covariant current, knowing that

1 o N
OvTa = Oy [(Db - 7rb) ((1) ) (Da - 770,)0(6)} . (42)

Thus, let us evaluate the r.h.s. of the equation (4.2). In particular, given an arbitrary tensor
T b, we use the following relation

0y Dy(T,%) = 8,(8,T,° + T0.T,¢ — T, T.)

= Dy 0,T," + T%, D00 — T (D, K7 + DK (O — DeEY), &8
where
0,1, = (DK% + DyK(0° — DoY)y (4.4)
and &,I‘gc = 10)000“). Then, we have
0y T = Dy 0, KO0 + KOV D40 — KOV (D, K¢ 4 DO — DerD)y (5)

— i, O, K — KO 9,70, — D, 8,09 + 7, 0,00 400 9,7,

and using the null Raychaudhuri equation (2.19) and Damour equation (2.20) in the fol-
lowing form

IE:E(L = 81)7%(1 + frblo(y)b - aa/%(e) + ja (46)
after some algebraic manipulations we obtain

OpTu = (l‘%(f) - 2é(£))ja + Io(t(f)b\jb + (bb — ﬁ'b)Nab — Io(t(f)b]ﬁgb

. . oo (4.7)
— (Dg — 7o) Egp + 0Ty,

Therefore, imposing the null Raychaudhuri and Damour equations to hold, we find the
evolution equation of the boost-1 covariant functional, which reads

Eg = 0uTa — (fy — 2090) Jo — KOV T, — (Dy = 1) N, (4.8)

As we show in appendix B, the evolution equation of 7, comes from a re-arrangement of the
evolution equation of the leading order of Weyl scalar W;. In particular, under the action

,15,



of the symmetry transformations we have

6¢(0uTa) = (T 0y + Ly + 27) 0pTu + 8u(N,® 9p7),
Se(DyN,Y) = (1 8y + Ly + 27N, + N, 8y + 2N,° 8y + 6N, 0 Oyr

. . o (0) = 4.9
—NPR ) Doy + NPKS) Do, (49)
5f<7?(b'/\[ab) = (7_ Oy + Ly + 27'_)(7?17'/\/’(11)) + ’E"’(K)Nab OpT + Nab OpT — Nabf((f)c 867_7
and using the following formula
205 0Ny = dabo g N, (4.10)

we obtain that £7 transforms without anomalies under the symmetry transformations, i.e.
Sery)eq = (T + Ly +27)E7. (4.11)

In order to identify the evolution equations of the remaining covariant functionals, one can
follow the same strategy discussed in [50]. In other words, one can construct combinations of
the previously introduced quantities such that the given combination transforms covariantly
under near-horizon symmetries.

4.1 Evolution equation for w = 0

Assuming that the same pattern found at null infinity holds at a finite distance (where
the covariant derivative is now replaced by a Weyl connection [64-66]), we obtain that the
following combination

64 = 0, A+ S0OA— (Dot )T+ 55N (4.12)

transforms (on-shell) covariantly under the action of symmetry transformations. To demon-
strate that the combination (4.12) transforms covariantly under near-horizon symmetry
transformations, let us notice that

Ae(DaT?®) = 8y(T8a1) + Dy(N® 9y7) — T26Y) 8,7,
S¢(7aT ™) = fopy T OaT + T 0ut — T K Op1 + 7N Oy, (4.13)
55 (&gZ)Nab) = ./\/’abf)m 8b)7— + 2./\/.ab7ed'<a 81))7'.

Thus, combining the previous contributions, we obtain that the behaviour of the evolution
equation of A under symmetry transformations is

Sy €4 = (10 + Ly +)EA+ (B0 + 20 — i) T + K" T — (Dy = 1)N™ | Qur

= (T0y + Ly + 7)EA + E% D,
(4.14)
Therefore, the linear anomaly Agé’A = &% 0,7 vanishes when £% is imposed. Similarly,
exploiting the duality symmetry, it is immediate to compute the evolution equation of the
antisymmetric part of Agp, which reads

eX = o, A+ gé“w (D + #a) T+ 5N, (4.15)
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and transforms as follows under the action of the near-horizon symmetries
A _ \eA | ca
(5(7’1/)5 = (10 + Ly +7)E + Sjaar. (4.16)
Similarly, the linear anomaly Agé’g = 5} 0,7 vanishes when 5% is imposed.

4.2 Evolution equation for w = —1
Using the same strategy, let us now focus our attention on the evolution equation of the
boost-—1 functional P,. Then, we obtain the following combination

1 1~ o~ .
EP = 0,Pa+ figpyPa — 6Py — 5(0a +370) A — 5 (0 + 37a) A+ 25 gb (4.17)

where iy = F(y) + o) /2 is the surface tension of H. Following the transformation rules
listed below

Ae[(0y + fi(e))Pa] = 3(0y +M( 1) (Aay 0°7),
A¢(o é)bpb) 3Abca 867,

Ag(0aA) = 0y AduT + 2D (T 0y7), (4.18)
Ag(ﬂa ) = RA 0T + ADyT — AK b g, + 250 Tl Oy,
A6 T = 6SINY 0r + TP Dy Oy + 2T % 0 Oy
and putting them together into the (4.17), the quadratic anomaly of £ can be written
as follows
APEP = 27Dy Oy — T D 047 — T Da Oy, (4.19)

while the linear anomaly reads

AYED = (0uA+ B+ 300+ B) our — Dag* Oy = DTy 4T R0

— 37, TP Oy — 37 T 0T + Q&C(LZ)./\/’I’C O,T.

Then by exploiting the properties of the duality symmetry we have that J bD OpT =
-7 bD 8b7' and using the following relation e, = 264 [05 ], we obtain

2 E 1 ~ o o 1 o
T"Da 0y = —J"D(,0T + §jb5abD2T = J"D o OyT — 5\7(117277 (4.21)

which implies that Agz)gf = (0. Moreover, from the same computation the following identities

also hold

(lc)ajb + 5a~7b) o't = (D cjc) o™ + (D D Cjc)507—7

o ~ L (4.22)
(Ta Ty + TaTb) ot = (77eT ) OuT + (7T €)0aT,

and . .
T Oy = 5T 0 0uT + ST Da. (4.23)
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Finally, by employing this last identity

&C(L?Z)A/};C = &E?sz)c + Uc[a'/\[b]
. (4.24)

§Qab0'cd NCd + 25abacd NCd

we obtain that the behaviour of the equation (4.17) under the action of the near-horizon
symmetry is the following

S EF = (70 + Ly)EF + EA 0, + A,

o T (4.25)
= (10, + Ly)E, +2E5 T,

and its linear anomaly vanishes when £4 and £4 are imposed.

4.3 Evolution equation for w = —2

To conclude our analysis, let us investigate the behaviour under symmetry transformations
of the evolution equation relative to the covariant functional 7,3, of boost weight w = —2.
Let us demonstrate that the following combination

32(n

3500 4 4 5 VA (4.26)

2 Oab
transforms without anomalies (on-shell). In particular, the trace-free part of 9,74, i.e.
(8 Tap) ™™ = 0Ty — 2T Jg) , yields the following anomaly

. 1 . .
gZ‘;b> = (8vﬁb)TF + (2:‘?(@) - 59(@)7;1, — <D<a + 57T<a)73b>

Ae(0uTa) ™ = 40,(P OyT) — AP 6y 0°7 — AP6()° Oy 7. (4.27)

The other anomaly terms read as follows

o . 3 32 ~
Ag(D(an) = 81)7)((1 8b>7 — P(a ab>7' + §D<a(¢4 81))7') + §D<a(¢4 ab>7')

— 2K )¢ 0b>7‘ + P65 oer,

(4.28)
Ag (71 Py)) = A7r o OyT + A7r 0 0T + Fi(0yPla Oy T + Pla Oy 7 — Py O,
Ac(60) A) = AD<a Dy + 2A7r<a a7 + 265 7€ 0.7
Using the relation introduced in the footnote 2, which gives
S o {4 c l
(Pcaéb) P<aa,§>)) o°r =P, ag e Oy T, (4.29)
and the fact that &((;Z) Jb = éﬁfg) J°, we obtain that the linear anomaly of (4.26) is
ATy = 3(0uPra + fitnyPra — Pet® — L(040 + ) A — (Do + 35 (0) A
£C(ab) = (v (@ TH@0)Pa = Peoy, —5( (a 37 (a) —f( + 7r<) (£.30)

+27¢6! )31))

that vanishes once the evolution equation of P, is imposed. Hence, the evolution equa-
tion (4.26) transforms as follows

Sry)Ely = (T 0y + Ly = #)E 4y + 3EL Oy (4.31)

under the action of the near-horizon symmetry transformations.
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4.4 On-shell action

In the previous subsections, we derived the evolution equations of the (semi-) covariant
functionals by looking for combinations that transform homogeneously under the action of
the full near-horizon symmetry group. In summary, we obtain the following set of evolution
equations

0uTa— (e — 300) Tu — 60T, — (D — N, =0,

O A + Z’HW)A (Da + #ta) T + 6N =
0. A+ 20O A~ (Dot 70) T+ 85N = (4.32)

BoPa + figeyPa — 600P, — f(a + 3fa) A — f(éa + 35’@)1 +260 7 =0,
~(n

(0 Tar) ™ + (260) — fe“))n — (D + 5%(0) Py 2 by At S5 A=0.

As emphasized in the introduction, the main difference from the asymptotlc case resides in the
presence of genuine degrees of freedom on H, which implies ot ) £ 0, &t b ;é 0, &gy # 0,74 # 0.
In appendix B, we demonstrate that these equations can be obtained from the Newman-
Penrose Bianchi identities, by exploiting the metric equations and the properties of duality
symmetry. From the behaviour of these evolution equations under the action of the near-

horizon symmetry group, we can extract the following recursive pattern
5 y)EY = (T0y + Ly + (w+ 1)F)EY + (2 — w)EW T Or, (4.33)

which is analogous to that found in [24, 50] for asymptotic null boundaries. In particular,
imposing the constraints (4.32), we obtain the on-shell action of the near-horizon symmetry
group on the phase space variables. Thus, substituting the evolution equations (4.32) in
the pattern (4.33), we have

Sy Ja= (Ly +# + 7l — 200)) Ja + TR T, + 7(Dy — )N, + NP Oy,
5. y)A (Lv - 79 NA+ (D + 7a)T* = 765N + 27 D,
(ﬁy— T ).A—i—T( o+ 7a) T —T&(n)ﬁab—l—Zj“aaT,

(Ly — 7 — Tﬂ(f))P + T&(e)bpb + Z(a + 3fa) A+ 5 (8 +374) A (4.34)

g

2

=
R}
I

27‘0 Jb+ A@ + A@aT

Sy Tap = [zy 97— 7(2&(@ - f9< >)} Tab + 27 Toabyy* + T(Dia + 57() Py
37'

56 A—— 70 A+ 4Py, 0y,

and the evolution equations come from the action of super-translations on the covariant
functionals and taking 7 = 1, i.e. Q, = 0(1,0)Qu-
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5 Einstein-Cartan-Holst Lagrangian

As noted in [49], these covariant functionals of the metric appear in the sub-leading near-
horizon Barnich-Brandt charges. Using the methodology of the covariant phase space [58, 63,
67-72], the authors relate the sub-leading super-translation and S-diffeomorphism charges to
the Weyl scalar Re{‘iIQ} and \i/g, respectively.® It would be interesting to see if it is possible
to recover the imaginary part of W, by adding topological terms to the Einstein-Hilbert
Lagrangian. Following the analysis carried out at null infinity in [51-53], it was shown that
the dual charges can be derived by adding the Holst term to the Einstein-Cartan Lagrangian.

The main goal of this section is to derive the covariant functional A (namely the imaginary
part of W5 as shown in appendix B) from the Holst pre-symplectic potential. For completeness,
we also show how A and P, appear in the Noether subleading charges, comparing our findings
with those obtained in [49]. In particular, in the computation of the sub-leading charges,
we face a puzzle: our super-translation sub-leading charge does not coincide with the one
obtained in [48]. This mismatch is resolved in section 6 by adding a non-covariant boundary
Lagrangian and using the formulae derived in [58]. From the pre-symplectic potential
ambiguity @ — 0’ = 0 + £, — d¥, the Noether charges and fluxes in the two formulations
are related through the following relations

Q/g - Qg + /S(Lgfb - 15’19), .7:2 = .7:5 + L((SL&@[, — 55’(9), (5.1)
where £, is the boundary Lagrangian and 9 is the corner pre-symplectic potential.

5.1 Null tetrad

Before delving into the construction of the sub-leading near-horizon charges, let us introduce
the following frame fields

é0:€:8V+V8p—U“8a, élznzap, éi:Efaa, (52)

B0, = |2 <ﬂ_ 9 Dy + md)) . (5.3)
2q 490

where

The dual frame e’ can be computed straightforwardly, and its components read as follows
e’ =n = —do, el =£=Vdv—dp, e’ = El(dz® + U%dv), (5.4)

where 1 1
E,dz® = ﬁ\/@ dé + m(q% —iy/q) do. (5.5)

In particular, using the results introduced in section 2, the radial expansion of the com-
plex dyad is

€% = €y + pefry + olp), (5.6)
and specifically reads

6?0)1‘ = Eaz'a 6((11)1' = ——f(c(n)aEciv (5.7)

3To be precise, in our convention U3 and ¥4 have to be compared with the ¥; and ¥ of [49], respectively.
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and
O — fr eWi = gnep, e (5.8)

a a

Then, the near-horizon metric is defined as follows
g’ = —nt¥ — (Fn? + nijefe?. (5.9)

In addition to the frame fields, in the tetrad formulation one needs to introduce the spin

connection w!”. Assuming a torsion-free spacetime, the components of the spin connection

w!’ are defined via the following relation

wl{‘]dx“ =elv, e’ dat. (5.10)
Explicitly, we obtain

wgldx“ = rydv + 7o (U%dv + dz?),
wiida = B (mudp — K(j) (da? + UPdv) + (aV = Vira)dv),

wlidat = — B (K(da® + (my + UPKS) o), (5.11)
wffda:“ = El 3pEj]adp + (E([; o, File + Ea[iEjl])Dan)dv + w¥dz.
The curvature tensor is defined as follows
Ryj =dwrs+ %[w, wlry, (5.12)
and the Einstein-Cartan Lagrangian plus the Holst term is
Lpcy = %EU AR (5.13)
where
> = Pk e neb, with  Prjgr = S€1IKL + ,lym[K?mJ- (5.14)

Sometimes - is taken to be the Immirzi parameter, but here we consider it as a general param-
eter. The pre-symplectic potential is defined through the variation of the Lagrangian (5.13)
and reads [73]

1 1
OECH[ea 5&)] = 52[] VAN Swl’ = §P[JKL6K AN el VAN 5&)[‘], (5.15)

and does not depend on de. For convenience, we distinguish in the ECH pre-symplectic
potential two contributions: the Einstein-Cartan pre-symplectic potential, denoted as follows

1
Opc = ZGIJKLGK A el A 5wIJ, (516)

and the dual pre-symplectic potential, which is

1
OH = %T]I[KT/L]JBK A eL A\ 5(.AJIJ (517)

and comes from the Holst term.
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5.2 Symmetries and charges

The symmetry transformations of the tetrads read as follows

5(§7>\)€[M = ﬁgelu - )\]Je‘]u. (5.18)

The internal gauge transformations have to preserve the structure of the adapted met-

ric, namely
eV =0, ¥ =0, el, =0, (5.19)
from which we obtain
)‘Oj = _Eja aaé-va
A = EI(V 06" — 0a8”), (5.20)
= apgp’

while A% remains unfixed. Using the results obtained in [72, 73], the Einstein-Cartan charges
are defined as follows

QAN / ®z /q(ew™ + A10). (5.21)
Thus, by substituting the leading orders of the spin coefficient w!?, we obtain
_ /S 0\/G Thg, O = - /8 22/G Y%, OB —uOr_w.  (5.22)

The charge associated with internal gauge transformations yields the so-called internal
Lorentz boost charge and reads

= —/Sd%c VW (5.23)

As shown in [55], the well-known Carrollian charges are obtained by adding a covariant
Lagrangian
& = (i) + 09/ dv d?a, (5.24)

and using the formula in (5.1), noticing that the corner potential is zero.

These charges are well-known in literature, while the subleading structure of the near-
horizon Einstein-Hilbert phase space has been analysed only in [49]. In this section, we compare
our sub-leading charges with the ones obtained in [49] and analyse the sub- leading phase
space coming from the presence of the Holst term. Knowing that /g = (1 + P NG+ o(p),
the sub-leading charge associated with the near-horizon super—translatlons is

W ler] = / (W)e( " 4 ki) + 27%% — baﬁ“) V§ A%z
_/ y +0,0™) Vi d%a (5.25)
= —/ST(.A-F/%(@)HQ( n_ (D + g )7 ) \/> d?z.
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The sub-leading super-translation charge does not coincide with that one obtained in [49], due
to the presence of extra-terms. As we show in section 6, this inconsistency can be resolved by
adding a non-covariant boundary Lagrangian. Now, let us compute the sub-leading charge
associated with S-diffeomorphisms. Using the expansions furnished in section 2, we obtain

> (n Lo s _
Qflley] = — [ Yo (Dusl" = 5Du6) Vi d%
=— / ye (Pa . ke 1f’raé“l)) Vi d%z,
s 2

consistent with the sub-leading charge obtained in [49]. In conclusion, the sub-leading Weyl

(5.26)

charge is QS()J [Ew] = vQ](El()J [€r—w] and the sub-leading Lorentz charge is
oW = /S (W™ 4 279 9,(T + vW)) V3§ d%a. (5.27)

5.3 Dual charges

Now, we are interested in computing the Noether charges coming from the Holst contribution
in the Einstein-Cartan-Holst pre-symplectic potential (5.15). From the expression of the
Holst pre-symplectic potential in (5.17), the Holst Noether charge associated with a generic
vector field £ reads as follows

Quld]= o~ 2 /771[K77L]J6 Ael A ew!
— ﬂ /S Eianb [g” (E([:Z auEﬂC + EC[iEjl]iDcUd) + ngc[z OpEj]c (528)
+ §Cw2j} dz® A da?.

Then, evaluating the equation (5.28) for £ = &p, the leading Holst charge associated with
the super-translation symmetry is

Oulér] = / TE Ly, (E[’a pile ) dz® A dz?

(5.29)

=—— / TKY O(EEb — Baf)\/§ a2,
2vJs ¢

which contains the imaginary part of the spin-coefficient éy (see appendix B). The sub-
leading contribution is

oWer) = > / | T (KB 0,57 — BL0,(K" E®) + 289 E7, Do)
Y JS

.. 1 o
¥ o T| Vi P+ > / 6 duler] VG A2 (5.30)
1

=5 8[72T(~’Z+§£€) °()>+€ZJWU88T+9 QHfT}\[(P

Similarly, one can extract the leading and subleading charge contributions coming from the
S-diffeomorphisms and Weyl super-boosts, which yield

Quley) = 5 [ ey (@ + o0 + &) Vi o, (5:31)
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and
2 1
Quléw] = v(Qulér-w] + pQiy [ér-w]), (5.32)
respectively. Hence, the inclusion of the Holst term in the Einstein-Cartan formulation reveals
the existence of new, non-trivial near-horizon Noether charges.

6 Non-covariant boundary Lagrangian

In the previous section, we faced an inconsistency: the sub-leading near-horizon super-
translation charge we obtained does not coincide with the sub-leading super-translation
Barnich-Brandt charge computed in [49]. A similar problem was already encountered in
the literature on null infinity, where the Noetherian charges constructed in [12] were not
the same as the one considered in [8]. In that case, the puzzle was resolved by a choice of
a non-covariant boundary Lagrangian, providing a Noetherian construction of the charges
obtained in [8]. Therefore, we use the same reasoning. In our notation, the sub-leading
super-translation charge (2.28) obtained in [49] is the following

Q7 = / (00 + ey + 1(;"?“))é’(”) = Dait® — #a7)/§ %2

(6.1)
= /(A—i—a b)a&b))\/gd%,
where we used the trivial equation in (2.22) in the following form
. . 1. n
(9o + ()0 — (Da + fa)it" + 600 + 558 + A= 0. (6.2)

Considering also the sub-leading contribution of the boundary Lagrangian required to transi-
tion from the Einstein-Cartan to the canonical formulation, a Noetherian construction of the
sub-leading charge (6.1) is obtained by adding the following boundary Lagrangian

V) = (0™ + 5y + 0y + 7"ra7"ra} Vi dv &z

= [ud™ — K5V K — (Do + #4)7°| VG dv da.

Indeed, using the radial expansions furnished in section 2, the corner potential is still zero

(6.3)

and from the relations in (5.1) we obtain
Qlyler] = Qfler + [, Lgﬂé”
—/ 8 + fi(e))0 ( W — T T )\/ngSL' (6.4)

The contribution of this boundary Lagrangian has to be taken into account to obtain the
correct charge algebra. Indeed, as shown in [58] an extra term in the Barnich-Troessaert
bracket [8] occurs in order to include the contributions from the Lagrangian and its anomaly.
The contribution given from a non-covariant boundary Lagrangian enters in the bracket
through the following term tcAcly — & <+ ¢, where

! ) o \fra N
Aﬁ’e[g ) = {(Da + 37TQ)K(5 3;,7' — (2 8,1 + ﬂa)ﬁ(f) 0%t + 59(6)D2T (6 5)
— (D + 27t0) 97| v/ dv d%.
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7 Conclusion

In this work, we have analysed the symmetry properties of the near-horizon covariant metric
functionals that appear in the leading order of the Newman-Penrose Weyl scalars [49]. Fol-
lowing the same strategy developed in [50], we utilized the first (finite-distance) higher Bondi
aspect dqp to construct a functional of the metric that transforms semi-covariantly under
the action of the near-horizon symmetry group and covariantly under boost transformations,
with boost weight w = —2. The recursive pattern identified in the boost weight w further
allowed for the construction of remaining functionals with boost weights w € {—1,0, 1, 2}.
In particular, we emphasized the pivotal role of the duality symmetry in characterizing the
phase space of a finite-distance null hypersurface and in evaluating the evolution equations of
the covariant functionals. Specifically, we demonstrated that the dynamics of these boost-
weighted functionals can be derived from symmetry arguments by identifying combinations
of free data that transforms without anomalies under symmetry transformations.

As discussed throughout the work, the structure of the evolution equations in (4.32)
is richer than the one found at null infinity, as the latter behaves as a non-expanding
horizon [34, 35, 37, 38, 46]. This richness naturally leads to some complications, such as
the integration of the evolution equations under the no-radiation condition Ny = 0. In
particular, the trace part of the non-radiation condition requires the null Raychaudhuri
equation to hold, which can be solved non-perturbatively by trading the time variable for a
dynamical field, called the dressing time which is canonically conjugate to the Raychaudhuri
constraint [62, 74]. While this requires deeper investigation, it is already evident that the
integration of (4.32) becomes straightforward when the horizon is non-expanding — a case

we will explore in a forthcoming work.

As demonstrated in [49], the boost weighted w = 0 and w = —1 functionals appear in the
sub-leading contributions to the Barnich-Brandt charges, revealing a structural similarity
between the sub-leading phase space at a finite distance and the leading radiative phase
space at null infinity. However, the sub-leading super-translation charge in [49] contains only
the real part of the Weyl scalar Ws and it might be interesting to see if its imaginary part
appears when adding topological terms to the Einstein-Cartan Lagrangian, in the same spirit
of [53, 54]. Our results show that this dual contribution emerges when computing the sub-
leading Noether charge in the Einstein-Cartan-Holst formulation. Similarly to the asymptotic
case, where the subleading BMS and dual charges are related to the Newman-Penrose charges,
the derivation of the Holst/dual Noether charges presented in this work could be useful to

capture the near-horizon Newman-Penrose (or Aretakis) charges [75-77].

Finally, we also showed that the sub-leading super-translation charge identified in [49]
can be recovered by considering the charge contribution coming from adding a non-covariant
boundary Lagrangian. The anomaly of this boundary Lagrangian enters in the charge algebra
via the generalized Barnich-Troessaert bracket introduced in [58], and therefore has to be
taken into account in order to avoid field-dependent 2-cocycles.

To conclude, in addition to the future directions discussed throughout the manuscript, it
might also be interesting to pursue the investigation of the near-horizon memory effects [78, 79]
and to further clarify the relationship with these covariant functionals.
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A Noetherian and dual fluxes

In this appendix, we provide a derivation of the near-horizon Einstein-Cartan and Holst
symplectic fluxes. Advocating the Noetherian split discussed in [58], the Noetherian flux
is defined as follows

Fleay) = /S(%B + Ae + Q5 + G5),) (A1)

where the symplectic flux is
Fl = /S%e - /S(grev — o) /G dPa, (A.2)

and A¢ is the symplectic anomaly, whose exterior derivative is dA¢ := A0 — dac + as¢
and a¢ = A¢L is the Lagrangian anomaly. However, the Einstein-Cartan formulation is
anomaly-free when A = 0, and therefore the contributions from the Lagrangian and symplectic
anomaly vanish. Using the expression of the Einstein-Cartan-Holst pre-symplectic potential
n (5.15), the symplectic flux then reads as follows

Ficnlé] :[SL59ECH[6,5w]
:1/L§(PIJKL eK/\eL/\dwu) (A.3)
2 /s .
1 K, L 1J 1 P 1
:4/SL§(€IJKL€ ANe” N dw )—I—M/S%(W[Knmje ANe” N dw ),

where the first term in the last line is the Einstein-Cartan symplectic flux, while the second
term is the Holst (or dual) symplectic flux. Let us compute these two contributions separately.
The Einstein-Cartan flux relative to the generic vector field £ = £ 0, +£% 0, + &P 0, is

1
fg = Z/ €IJKL (2L£6K6L VAN Sw!’ + el VAN eLbf(szJ)
S
1 K 1 1J b
ZZGIJKLfsf“(eue b+§e KoL 5w )dx”/\dm
1 1 g
= —ZEL]KL/SgU( v aéwu—i- 26 e b dw! ) dz® A da?
+ 1 /Sﬁp(—Qe p€ g 0w b)ﬁzy dz?® A da®.
In particular, for £ = £Y 0, we have
0 1 v 1J LI\ go.a o q.b
fﬁvau:_ZEIJKL S& (e 5w + e ebéw )dz A dx
1 . , . . .
= _Z/ £ (2601) el 0wl —2et el 6% + 26, €7 6uwO + € e] 6w’ ) e;j da® A da®
S
= / £ (2B7,001 + 2V 7,005 — 2U°E', B0 — ' B, 6w) €; da® A da®
S

1 , , '
=3 / &Y (25@)1; + QV(Swog _ QUCElc(SwObl) Eib\/zl P — / {U(S(,uoi /i Lo
s S
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- _% /S ¢ (20(BKy)) +2v s(E“KY)) + 20 B bm,) E;*\/q d*a
—/5”6 Ii([)+7TCUC) \/(}de
/ £ (2000 +2ve0™) — (Kf) + VK)o — 20%m,) /g d%a
— [ & 0(ki +7U°) va da, (A.5)
and for ¢ = £70,, we obtain
Floo, = —% /S &F, 0(E7KY)) eij dat A da®
- /S &3 (EOKG)) B g a (A.6)
- /S e (500 — %ng)aqcb) Vi &z,

Let us now focus on the Holst contribution to the symplectic flux. From the expression of
the Holst pre-symplectic potential in (5.17), we have

1
0 K _L 1J , K , L 1J
— 2 ) o
Frlé] 2’7/377[[1(77”‘]( Lge e’ Now' " + e’ Ne lgow )
1 1o K
= MLnI[KnL]Jﬁ (28 el owl + ek el sw! ) dz® A dab (A.7)
- /S gr (Qeoueja&uog + 261Meja5wlg + 2eiuejq0w") + emejb&u’i) da? A da?.
Then, we have the following two contributions:
1 : . g
Fhie o) = / €' [~2VEjubw + 2Bjudw’] + 20U Eicejab’]
+ emeﬂ, 5(El 0,7 + BV EY,D.UY)| dat A dat
- / & (2VEW0(BYKS) - 2850 6(ETKS) ) + 2U° Bie Fjudw’)

/ (246, (VoKD — sKDY + (VED — KO)5¢8, + 2U°EioEjob

C

(
+ EmEﬂ, 5(EL 0, B + B ET,D.UY)) dat A dat
(

E;6(El 0,E9 + EUE" D Ud)) dz? A dz?,

(A.8)
and
]:H [gp 8 / 13 261115“ b + €ia€jb 5( El 8,,Ej]c>) dz® A dab
= /Sép —2B;4 6(EYKY) + EiaByy 6 (EL 9,E) ) da® A da (A.9)
= _417 & (20°0K + K566, = Bialyy 0 (EL 0,B7¢) ) da? A da.
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B Newman-Penrose analysis

Now, to be consistent with our treatment, in this appendix we present a Newman-Penrose anal-
ysis of the near-horizon geometry, comparing our results with the ones obtained in [49].* The
near-horizon geometry (2.1) can be described by choosing the null frame e} = (¢#, n*, m*, mH)
introduced in (5.2). The spin coefficients are computed using the following formula

YIJK ZBIMGI?VVBJM (Bl)
with vr7x = —vyrx. Explicitly, we use the following convention for the spin coefficients
1
K = 7131, 0 = 7134, €= 5(’7121 - 7341)7
1
T = 7133, M= Y423, V= 5(’7122 — Y342),
1 (B.2)
A = Y424, T = Y132, a= 5(7124 — V344),
1
v = Y422, T = Y421, B = 5(7123 — 7343).

The complex conjugate of any spin coefficient is obtained by replacing the index 3 by the
index 4 whenever it occurs, and vice versa.

The leading order of the boundary metric and the volume form on S introduced in
subsection 3.3 can be written in terms of the complex dyad as follows

G BB RS, e fef Fei, B3

and by defining the mixed tensor ic,? 1= ig,.q®® = E,E" — EaEb, we have

bed = -2, elEY =it ePET = —iE. (B.4)

a a

The directional derivative along the vector fields e’; can be compactly written as follows
A :=ntd,, D :=0"0,, d :=mt 0y, §:==mt o, (B.5)

Before delving in the computation of the spin coefficients and Weyl scalars, it is fundamental
to introduce the notion of weighted operators.

Weighted operators. The null tetrad defined previously can be written in terms of a pair
of spinor field o and 4 as follows

o = oo, nt = A mt = oA, mh = Ao (B.6)
with A = 0,1 and we set 04:* = 1. The boost and spin transformations, respectively
0 — e R, nt — e Mk, (B.7)

and
mt — eXmH, mt — e "XmH, (B.8)

“Notice that in this work we have used a different notation. In particular, the roles of ¢ and n must be
switched in order to compare our results with the ones in [49], i.e., our Wy is equal to W in [49].
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reads as follows in the spin frame (0%, :4),

ot = to?, A thA (B.9)

where t is a nowhere vanishing complex scalar field. Therefore, a quantity n is of type
{p,q} if transforms as follows

n — tPtin (B.10)

under (B.9). Equivalently, we say that 7 has spin weight s = (p — ¢)/2 and boost weight
w = (p+ q)/2. At this point, one introduce the following weighted operators

by = (D — pe — qé)n, P'n = (A —py—qy)n, (B.11)
on = (6 — pB — qa)n, 0'n = (6 — pa — qB)n,
with {p, ¢}-weights
p={1,1}, P ={-1-1}, od={1,-1}, & ={-1,1}. (B.12)

In addition to the transformations in (B.9), one has to consider the conformal rescaling
ot = Qoo A en A (B.13)

where ) is a definite-positive scalar field and wq 1 are the Weyl weights of the spinorial fields.
Then, we say that a quantity n has Weyl weight w if transforms as follows

n— Qn (B.14)

under (B.13). As previously, one introduces the following Weyl-weighted operators

Pg =P+ [w+ (p+ qwilp, b =D — [w — (p + q)wolu, (B.15)
Og = 0 + [w + pw1 — quo]T, 0'¢ =0 — [w— pwo + gu|,
whose {p, q,w}-weights are
Py = {1,1, 2w}, Pl = {—1,—1,2u),
¢ = { o} e { 1} (B.16)
Og = {1, —1,wo + w1}, ¢ ={-1,1,wo + w1}

The Bianchi identities are covariant under the transformations in (B.9) and (B.13), and
following the same conventions of [80], the Weyl scalars have the following {p, ¢, w}-weights

Uy ={4,0,4wy — 1}, Uy = {2,0,3wp +w; — 1}, ¥y ={0,0,2wp + 2w; — 1},
Uy ={-2,0,wp + 3wy — 1}, Wy={-4,0,4w; — 1}.
(B.17)
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Spin coefficients. As emphasized in [24], many subtleties occur when writing solutions
obtained in the metric formulation into the Newman-Penrose formalism. Therefore, in order
to avoid these mismatches, the metric-NP dictionary worked out in [24] must be carefully
followed. Firstly, we have to require £ and m to be parallel propagated along n*, i.e.,

An =0, Al =0, Am =0, (B.18)

that means v = 7 = v = 0. However, using the null tetrad introduced in (5.2), we have

1 b

R = 8aV ma7 Y= g (?pqab(m“m — mamb)
1
= Sdab d,Um?, A= KWmomb
1 _ 1 1 _
™= Saw O,U M, € = 3t — 5" Veria
1
=0 S10)
1% N 0 2
1 1 _ 1 SN
H= Qe(n)’ Q= ZQab 8,0Uamb - §(Dbma)mbma
o= — (f)mamb ﬁ_l OU“mb+1(D ) b=a
- ab ) - 4Qab P B Mg )M

and see that Re{y} = 0 and Im{u} = 0, so the twist is zero. Therefore, we have to perform
Lorentz transformations in order to set to zero the spin coefficients 7 and =. Recall that
we have three classes of rotations. Given a and b complex functions and A and y real
functions, we have

(a) rotations of class I which leave ¢ unchanged:

{0, m — m + af, m — m+ al
(B.19)
n — n+ am + am + aal;
(b) rotations of class II which leave n unchanged:
n—n, m — m+ bn, m — m+bn
- - (B.20)
{— 0+ bm + bm + bbn;
(c) rotations of class III which leave the direction of ¢ and n unchanged:
0 — A Y, n — An, m — eXm, m— e Xm. (B.21)

We want to preserve the direction of n, therefore we apply a combination of class IT and

IIT transformations, yielding

n — An, 0 — A7+ be™Xm + be~Xm + Abbn (B.22)
m — eXm + Abn, m — e~ Xm + Abn. .

Then, the spin coeflicients in exam transform as follows

. 1 .
T — eXr, v — Ay — in”(&,A —iAdyX), v — e XA%p, w— Ap (B.23)
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under the IIT class, and
T — T4 2by — ¥’ d,b + b2y, V=, v — v+ by, W=+ bv (B.24)
under the II class. Then, by identifying the new spin-coefficients with the subscript n, we have
N~ = X7 + 26(/17 — %n”(@,,A —3A al,x)) — AnY 9,b =0,
v = Ay = on(0,4 — iAD,x) =0, (B.25)
pN = Ap.
From the last equation, we set A = 1 and
eXT—9b=0 = b= / dp eXr. (B.26)
Finally, one obtains

A=1, X = Qi/dp Im{~}, b= /dp eXr, (B.27)

Now, substituting the expressions of 7 and v in the integrals above, we get
i
X = Z /dp aanb(mamb - mamb)’

h | (B.28)
b= 3 /dp eXqap apU“mb.

From now on, we use the transformed tetrad (¢, n’y, m’, m’) to compute the Newman-

Penrose scalars. The new tetrad then reads

IN = Oy + phigp) Op — p(TE® + 7 E%) 8, 4 o(p), (B.29)
. . oo . .29
my = pr 0, + (Ea — p(A\E* + uE“)) Oa + 0(p).

In particular, except for the xy (and obviously for vy and 7 which now vanish), the leading
order of the spin coefficients and Weyl scalars does not change under Lorentz transformations
of class II and III, i.e., Ay = A and ¥4 = W4. Then, the new spin coefficients read as follows

KN = p(ba:‘%(g) — Duita) 2% + 0(p),
TN = fg B — p(frﬁ + AN+ \113) + o(p),
1o 0o
un = 50" = p(i? + V) + o(p),
AN = fi’gbl)E“Eb — p(25\ﬁ + @4) + o(p),
L/, 1 o), a7 a s, .p &
EN = 5(5(4) + iKéb)(E E'—E Eb)) —p(méa+7f + Va) + o(p), (B.30)

1 oo | 2% | 2
oN = _59(5) —p(fto+ A + Wa) + o(p),

1 . N oo o o
aN = 5(7Ta_Da)E —p(ﬁ/\—i—,ua—i—\Ilg)—i—o(p),
/BN = i(ﬂa"f’Da)E —P(M5+Oé)\)+0(ﬂ)a

on = —KGE B — p(is + 6)) + olp).
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Under the boost and spin transformations discussed in the previous subsection (see the
book [80] for details), the spin coefficients which admit well-definite {s,w}-weights are
K, U, P, i, 0, A\, T, T, while the remaining spin coefficients admit extra terms under these trans-
formations and are used to define the weighted operators P, P, 9,9 in (B.11). For convenience,
we always work with the leading order of these weighted operator, i.e. 0 = d. In particular,
for an arbitrary quantity X, of spin weight s and boost weight w, we have

ﬁX(s,w) =0+ w%)X(s,w), and ﬁX(s,w) = (8 + w;r)X(s,w)’ (B.31)
where D = E“lo)a and D = L%alo)a.

Weyl scalars. The five complex Weyl scalars are defined as follows

\IIO = - abcdgambgcmd> \Ill = - abcdgambécndv \112 = - abcdgambmcnda

Uy = —Clopeal®n®mn?, Uy = —Cupeam®nPmn?.

(B.32)

Having computed the NP spin coefficients, the Weyl scalars can be evaluated by using the NP
angular equations, the radial equation of Ay and the evolution equation of oy . In particular,
their subleading terms can be evaluated through the radial Bianchi identities

AVUpno —0¥N1 = —unVYno — 288U N1 + 30NV N2,
AVpn1 — 0V Ny = —2uNTU N1 + 2073,

AUpny — 0¥ N3 = —3un¥n2 + 288V Ng + on VN,
AUng — 0UNg = —4pnTUns + 48N U Ng

(B.33)

once V4 is specified on H. Indeed, ¥4 is a free data on H and its value is fundamental
to access to the sub-leading orders of the other Weyl scalars. Let us see how to compute
its leading and sub-leading expression.

Computation of ¥,4. Using the metric equation (relative to the null tetrad in (5.2))
dpm® = —Mn® — (p — v +7)m* (B.34)
the Weyl scalar W, relative to the tetrad in (5.2) is

Uy =—0,A— 20+ 3y —7)A
= —(@,Kymemb — K o, (mom?) — (2p + 47) KV mm? (B.35)
= 0,k — 0™ K ymam?,
Since W4 = e 2XW, and e ?X = O(p), we have that Uy = Uy However, this is not true

for the sub-leading orders. Then, to compute the sub-leading order of Wy, we proceed
as follows. We know that

Ung = —OpAN — 2UNAN, (B.36)
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and since the Lorentz transformations of class II and III do not change the vector n, we
have that Ay = K(b)mNm?v Then

Wiy = -2 - 2unAy) — 22w

X . . @ (B.37)
=202 0 + Wy) + 2>\(/1 + )\)\) —2\N
where e . e e _
AP = QKW ECED — dyy(AG™ + 60 E“EY) + 2X%X + 6%\ B.38)
+ (2Ma+ W)+ (52 + IV
Putting these contributions together, we obtain
Wiy, = —(3dly) — 2 + 262K ) BB, (B.39)

Radial expansion of Wj. Then, using the Newman-Penrose radial equations and the
results obtained above, we have

Uy = —Top B*E® + P‘PE\Z +o(p),
Ung = —P, E + p(é\i’zl - ﬂi’3) + O(p),
Wy = — A B E® + p(0%5 — 3iubs + 604 ) + o(p), (B.40)

Ui = ~Ja B+ p(02 — 24y +25%3) + o(p),
Uno = —Ny, EE® + 0(5‘@1 — il + 35&’2) + o(p)-

The knowledge of the sub-leading terms of the spin coefficients and Weyl scalars allows to
compute the spin-—3 charge and its evolution equation. The evaluation and the transformation
properties of the charges with spin s > 3 will be investigated in a future work. In section 3,
we computed the boost weights of the covariant functional, obtaining w(7gp) = —2, w(P,) =
—1, w(Aw) =0, w(T,) =1, w(Ng) = 2. Since the complex dyad (Ea,éa) has vanishing
boost weights and (1, —1) spin weights and in the transformation in (B.13) we take w; = —1
and wy = 0, we have the following (s, w,w)-weights

\114 = (_27 _27 _5)7 \IIS = (_17 _]-7 _4)7 \112 = (0’0’ _3)’

(B.A1)
\Ill = (17 17 _2)7 \IIO = (2727 _1)7

or compactly ¥, = (2 —k,2 — k,—k — 1).

Bianchi identities. In the previous subsection we derived the leading expressions of the
Weyl scalars, and now we are interested in the evolution equation of the latter. Using the
Bianchi identities, these yield

(0o — 46 — 28) W1 = (B + 7) Do,
(0 35)\?2 0+ 270\1}1 A:i/?’ (B.42)
Oy — 26+ 28) W5 = (3 + 37) Ty — 2004,
(8, — 6+ 4&) 0y = (D 4 47) V3 — 32T,
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These equations can be written in a recursive formula in terms of the weighted operators
defined in [80],

bW, =0gV,_1 — (n— DAV, 5,  withn=1,2,3,4, (B.43)

where in our case

Pg =P + (w —2w)p, and 0g =0— (w—w+ ). (B.44)

Notice that the operator Pg (Pf) is a boost-raising (-lowering) operator, since it raises
(lowers) the boost weight of +1 (—1), while d¢ (resp. d'¢) is a spin-raising (-lowering)
operator, since it raises (lowers) the spin weight of +1 (—1). Moreover, in our convention P
lowers the Weyl weight of —2 while J¢ and 0'¢ lower the Weyl weight of —1. Now, we want
to rearrange the evolution Bianchi identities in (B.42) to recover the evolution equations
of the boost-weighted covariant functionals listed in subsection 4.4. For this purpose, let
us explicitly work out the terms of the form

. 3=

(O — 2s€.) Vs, where €. = (B.45)

In the first Bianchi identity, we have

av\ifl — QEC\i’l = — 8v(jaEa) + QECjaEDa
= — 0y(T)E* 4 28, T, E* — 0 T B — Ju(b + 28.) E° (B.46)
= - av(ja)éa - &jaEa - jaéEa'

The term (B.45) in the evolution equation for P, yields
Oy W3 4 28, W3 = — 8,(P,EY) — 2¢, P, E*

= B 0,Pa — Pa(6E + (6 — 260)E) — 26, P B (B.47)
- _-Eg‘a avpa - Paé_EOCL - Paé.éa,

and finally, in the last Bianchi identity we have

av\i]4 + 4&0\1’4 = — av(’];bEi'aE_'b) — 4éc7jleg‘aE_’b
= (8, Tap) EOEY — Ty 0y(EOEY) — 48, To, BB (B.48)
= (0T E"E” — 26T E'E",

where we used the metric equation
0B = GE + (6 + ¢ — &) . (B.49)

Thus, substituting the above relations into (B.42), using the expressions of the spin coefficients
listed in (B.30), the properties of the dual symmetry introduced in subsection 3.3 and the
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relations in (B.31), we finally obtain

3 . .
10070 ( M)j 2([( (08 7 1+ KOV — (D — RN, B =0,
() > (6)c = (f)c o . - (n) o ib
(00 Ay + 9 Agh = Acta(K})) = Ky ) = (Do + #a) Ty + 6N BB = 0, B0
B.50
1 ¢
(00Pa + fi(eyPa - 5 (K + KOVPy) — (Dy + 37) AL + 26 jb]E“ —0,
00T + (2% 79< N Tas = (Do + 57(a) Py + 360 A BB = 0.
. <(0) IO »
In particular, we have 8 7, = -0 7,. 0 P, = —0UP, and also
O =597 and  sOpt =5UpY (B.51)
Therefore, the first and the third equations in (B.50) become
A %é(@) Tu—6Ob T, — (Dy — A NLE =0 (B.52)
and
1 1~ o - .
&%+ﬁmﬂfﬁﬁﬁk—§%+&MA—§wwwﬁ@A+%gj%ﬂx (B.53)

respectively. In particular, by noticing that Ay, = %(A(jab—l—ﬂaab), the second Bianchi identity
can be split in two equations: its symmetric part

By A + W)A (Do + #a) T + 60N = (B.54)
and its anti-symmetric part

O A + MA (Do + #ta) T + 6N = (B.55)

C Useful formulae

In this appendix, we provide the derivation of some formulae used in the paper. Let us start
by computing the behaviour of the boundary connection under symmetry transformations.
One obtains that

o ]_ o o . o . o °
Sz yylap = 54 U(Dab¢dba + Dpd¢dad — Dadedan)
— qu (bab(bYd) + bblo)(aYd) — lo)db(aYE,) + Tlo)af(éfl) + Tlo)bf%(g?
- Tﬁdf(é? + f(éfl)ﬁ T+ Io(éfi)bm — Io(fbi)ﬁdT) (C.1)

¢ )Cf)a)T k9 per,

+ 2K,
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where we used the following commutators

[Dg, Dy)Y, = R, Yy, [Da, DY = R, Y. (C.2)

abc

In particular, one infers that the Christoffel symbols possess the following linear anomalies

Agf‘gb = 2[0(((5)615@’7' — f((%)bcﬂ Affgb = O(K)ba’r. (C?))

Now, having established the behaviour of the Christoffel symbols under symmetry transforma-
tions, the Ricci tensor associated with the boundary metric possesses the following anomaly

AeRap = D (DG, — TG, + T4, — Tl )
= 2D K} 07 — DKL) 0cr + 206(K () Dyyr) — 0u(K L) Der)

= DO — (00 Dr) + 2L KO Dy — P, K s

00T, B 4 PO Dy~ oF L KO Dy 4 TR DD (CA)
— 2f‘gd[0{((f)d aa)T
= Qﬁ(af(b()e)c OeT — 2103610(2? 0.7 + Qﬁc(f(((f)clo)a)ﬂ — f((%)ﬁc 0T

— 2D(aé(€) 8(,)7’ — é(z)bb &J.
Tracing the equation above, the anomaly of the boundary Ricci scalar reads as
AR = 4D K dyr — 4D°0) 0,7 + 2K Dy 0y — 200 D° .. (C.5)
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