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1 Introduction

The analysis of the geometry of null hyper-surfaces has contributed significantly to advance-
ments in gravitational physics. Over the past decade, the study of the symmetries and the
construction of the phase space on null boundaries have yielded a wealth of new results, paving
the way toward a holographic description of gravity. Specifically, two primary classes of null
boundaries are distinguished: the asymptotic null boundaries (such as the (past) future null
infinity (ℐ−) ℐ+ in asymptotically flat spacetimes) and the null boundaries located at a finite
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distance (such as the (past) future horizon (ℋ−) ℋ+ of a black hole). Efforts have been made
to relate the physics of finite null hyper-surfaces with that of asymptotic null boundaries.

The analysis of asymptotic symmetries dates back to the early sixties, when Bondi, van
der Burg, Metzner and Sachs demonstrated that the gravitational symmetry group in a
radiative, asymptotically flat spacetime consists of the semi-direct product of the Lorentz
group with super-translations (an infinite-dimensional Abelian sub-group), forming the so-
called BMS group [1–5]. However, it has only been established in the last decade that this
symmetry group (and its various extensions studied in [6–14]) plays a fundamental role
in understanding the infrared structure of gravitational scattering [15]. In particular, this
infrared structure can be encapsulated in the so-called (leading) infrared triangle, which ties
together super-translations, the displacement memory effect [16, 17], and the Weinberg soft
graviton theorem [18]. Nonetheless, these relations represent only the tip of the iceberg, as a
richer structure emerges when considering the subleading contributions in the asymptotic
expansion. Indeed, at subleading order a new infrared picture appears, connecting super-
Lorentz transformations [9], the spin memory effect [19], and the subleading soft graviton
theorem [20]; going deeper, the sub-subleading soft graviton theorem dictates the conservation
of a spin-2 charge generating a non-local symmetry [21]. Ultimately, exploring the sub-leading
structure of asymptotically flat spacetimes in further depth, an infinite tower of soft symmetries
emerges packaged in the w1+∞ algebra, first discovered in [22] and subsequently investigated
in [23, 24] through a canonical and a non-perturbative analysis [25, 26] and also in [27–29]
from a twistor perspective.

On the other hand, significant progress has been achieved regarding null boundaries
located at a finite distance [30–38]. BMS-like symmetries have been explored for arbitrary
null hyper-surfaces, leading to remarkable results and providing new insights into the black
hole information loss problem [39–41]. Furthermore, intriguing results have been established
between Carrollian physics and stretched horizons, providing novel links to a hydrodynamical
description of black holes [33, 42–45].

Nonetheless, relevant differences occur between asymptotic and finite distance null bound-
aries, most notably the presence of genuine degrees of freedom in the latter case. Indeed,
asymptotic null boundaries behave as weakly isolated horizons [34, 35, 37, 38, 46] and
these degrees of freedom are frozen due to the boundary conditions. Therefore, a direct
correspondence has been identified between weakly isolated horizons and null infinity [46, 47].

However, it has recently been claimed in [48, 49] that an asymptotic-finite correspondence
should be investigated by analysing the sub-leading phase space of finite distance null hyper-
surfaces, where the self duality condition must be imposed. This self-duality condition
allows for the identification of an analogue of the previously discussed asymptotic celestial
w1+∞ symmetry.

In this work, we continue the investigation of symmetries on a finite distance null
hyper-surfaces, emphasizing similarities and differences with null infinity. The main goal of
the manuscript is to construct functionals of the metric which transform semi-covariantly
under the action of the near-horizon symmetry group and to subsequently identify their
evolution equations via symmetry arguments. In the same spirit of [50], we identify in
the sub-sub-leading order of the space-like boundary metric a boost-weighted w = −2
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quantity that transforms covariantly under boost transformations and semi-covariantly under
the near-horizon symmetry group. This boost-(−2) tensor, denoted by Tab, corresponds
to the leading order of the Weyl scalar Ψ4 and represents the spin s = −2 charge when
contracted with the complex dyad (E̊a, ˚̄Ea), as shown in [49]. Once the behaviour of the
covariant functional Tab under the action of the symmetry transformations is established,
the expressions of the remaining boost covariant functionals follow straightforwardly by
observing that the following rule

δ(τ,Y )Qw = (τ ∂v + LY + wτ̇)Qw − (w − 2)Qw+1 ∂τ (1.1)

holds, for Qw ∈ {Nab,Ja,Aab,Pa, Tab} and w ∈ {2, 1, 0,−1,−2}. Moreover, by noticing
that the time derivative acts as a boost-raising operator, we then look for combinations of
these metric functionals that transform homogeneously under the near-horizon symmetry
group. Therefore, using the same strategy adopted in [50] for null infinity, we identify the
following combinations:

∂vJa −
(̊
κ(ℓ) −

3
2 θ̊(ℓ)

)
Ja − σ̊(ℓ)b

a Jb − (D̊b − π̊b)N b
a = 0,

∂vA+ 3
2 θ̊(ℓ)A− (D̊a + π̊a)J a + σ̊

(n)
ab N ab = 0,

∂vÃ+ 3
2 θ̊(ℓ)Ã− (D̊a + π̊a)J̃ a + σ̊

(n)
ab Ñ ab = 0,

∂vPa + µ̊(ℓ)Pa − σ̊(ℓ)b
a Pb −

1
2(∂a + 3π̊a)A− 1

2(∂̃a + 3˚̃πa)Ã+ 2σ̊
(n)
ab J b = 0,

∂vTab +
(
2̊κ(ℓ) −

1
2 θ̊(ℓ)

)
Tab − (D̊(a + 5π̊(a)Pb) +

3
2 σ̊

(n)
ab A+ 3

2
˚̃σ(n)

ab Ã = 0,

(1.2)

whose behaviour under near-horizon symmetry transformations can be summarized through
the following recursive pattern

EQw = (τ ∂v + LY + (w + 1)τ̇)EQw + (2− w)EQw+1 ∂τ. (1.3)

Hence, once the evolution equation of the lowest boost-weighted covariant functional is
established, the evolution equations of the others follow immediately from (1.3). In the set of
equations shown above, the tilde denotes the duality operation discussed in subsection 3.3.
Similar to the null infinity analysis [50], the duality symmetry plays a fundamental role in
evaluating the dynamics of the covariant functionals and encapsulates the concept of the
dual gravitational charges [51–54]. Furthermore, the structure of (1.3) is significantly richer
than its asymptotic analogue, reflecting the fact that null infinity behaves specifically as
a weakly isolated horizon [34, 35, 37, 38, 46].

Finally, as demonstrated in [49], the evaluation of the sub-leading near-horizon phase
space reveals a structure analogous to the leading phase space at null infinity. Indeed, the
authors in [49] showed the sub-leading Barnich-Brandt charges are related to the leading
orders of the Weyl scalars Ψ3 and Re{Ψ2}. Adding a topological term to the Einstein-Cartan
Lagrangian, we demonstrate that the imaginary part of the Weyl scalar Ψ2 also enters into the
sub-leading super-translation Noether charge, emphasizing the similarities with asymptotic
dual gravitational charges identified in [51–53].
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The organization of the paper is as follows. The first section collects some results
concerning the geometry near a null hyper-surface. Some of the results follow from [55] and
reference therein, employing the metric ansatz introduced in [56, 57].

The second section encapsulates the core of the work. Following the analysis carried
out in [50] for asymptotic null boundaries, we construct operators of boost weights w =
−2,−1, 0, 1, 2 which transform homogeneously under the homogeneous subgroup of the near-
horizon symmetry group. In particular, we emphasize the role of duality transformation, which
is instrumental in arranging the Bianchi identities in appendix B into a suitable metric form.

The third section is devoted to analysing the behaviour of the equations of motion of
the covariant functionals under the near-horizon symmetry group. We find that the same
pattern found at null infinity also holds at a finite distance.

Finally, in section 5 we compute the sub-leading Einstein-Cartan-Holst Noether charges
by using the covariant phase space methods, and compare our charges with those obtained
in [49]. Although the sub-leading charge associated with S-diffeomorphisms coincides with
the result in [49], the sub-leading charge relative to super-translations does not. A similar
discrepancy was encountered at null infinity in [12] and resolved through the introduction
of a non-covariant boundary Lagrangian. This remarkable result achieved in [12] highlights
the importance of the Noetherian construction advocated in [58], alongside the definition
of a Lagrangian-dependent charge bracket. Consequently, following the same strategy, we
conclude by providing the expression for the non-covariant boundary Lagrangian that yields
the Noetherian construction of the sub-leading charges obtained in [49].

For completeness, we have set up the calculation of Einstein-Cartan-Holst Noetherian
fluxes in appendix A and provided a detailed Newman-Penrose analysis in appendix B.

Notations and conventions. In this work, natural units and the metric signature (−+++)
are adopted. Greek letters µ, ν, . . . denote spacetime indices, while lowercase Latin letters
a, b, · · · are used for indices on the corner S. Uppercase Latin letters are used for spinorial
indices. In particular, lowercase Latin letters from i, j, · · · , are used to denote the complex
dyad, i.e. ei

µ = (mµ, m̄µ). The value of a quantity evaluated on the horizon H, namely when
ρ = 0, is denoted by a circle over such a quantity, i.e. θ̊(ℓ) H= θ(ℓ). To symmetrize (resp.
anti-symmetrize) indices we use the round (resp. square) brackets (·) (resp. [·]) and we denote
by ⟨·⟩ the symmetric trace free part. The volume form is ϵ =

√
−g d4x with orientation

ϵvρθϕ = 1. We follow the notation used in [58] for the covariant phase space formalism.

2 Near-horizon geometry: review

To begin with, in this section we recall some results concerning null geometry and near-horizon
symmetries [55–57, 59, 60]. Let us introduce the Gaussian null coordinates (v, ρ, xa), where
v is the advanced time, ρ is the radial coordinate and xa denotes the coordinates on the
space-like codimension-2 surface S. The null boundary (/horizon) H is defined as a smooth
union of the space-like hyper-surfaces Sv, namely H = ∪vSv. In these coordinates, the
near-horizon metric assumes the following form

ds2 = −2dvdρ + 2V dv2 + qab(dxa + Uadv)(dxb + U bdv), (2.1)
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which satisfies the so-called Newman-Unti [61] (NU) gauge conditions

gρρ = 0, gρa = 0, gvρ = −1, (2.2)

and the inverse metric is

gµν ∂µ ∂ν = −2 ∂v ∂ρ − 2V ∂ρ ∂ρ + 2Ua ∂a ∂ρ + qab ∂a ∂b. (2.3)

The Levi-Civita connection compatible with the boundary metric qab is denoted by Da, and by
Rab[q] and R[q] we identify the relative Ricci tensor and Ricci scalar. In addition to the gauge
conditions imposed above, we require the metric to satisfy the following boundary conditions,

gvv = O(ρ), gva = O(ρ), gab = O(1). (2.4)

Now, in order to extract some relevant physical quantities for our analysis, let us introduce
two null vectors

ℓµ ∂µ = ∂v + V ∂ρ − Ua ∂a and nµ = ∂ρ, (2.5)

which span the space normal to S. These two null vectors are defined up to a local rescaling

ℓ → eλLℓ and n → e−λLn, (2.6)

where λL(v, σc) is a smooth function on the null boundary H. The null vectors (2.5) define
the following extrinsic curvatures

K
(ℓ)
ab = 1

2
(
∂vqab + V ∂ρqab − 2D(aUb)

)
, and K

(n)
ab = 1

2 ∂ρqab, (2.7)

where the trace-free part of K
(ℓ)
ab (resp. K

(n)
ab ) defines the longitudinal (resp. transversal) shear

σ
(ℓ)
ab (resp. σ

(n)
ab ), while its trace defines the longitudinal (resp. transversal) expansion θ(ℓ)

(resp. θ(n)). Under the rescaling (2.6), the extrinsic curvatures transform as follows

K
(ℓ)
ab → eλLK

(ℓ)
ab , K

(n)
ab → e−λLK

(n)
ab . (2.8)

Moreover, we introduce the rotational 1-form

ϖµ = −nν∇µℓν , (2.9)

whose spatial projection, denoted by πa, defines the Hájiček field. In particular, the contraction
ℓµϖµ is equal to the non-affinity parameter κ(ℓ), defined by

ℓµ∇µℓν = κ(ℓ)ℓ
ν . (2.10)

The Hájiček field and the non-affinity parameter transform as connections under (2.6), i.e.,

πa → πa + ∂aλL, κ(ℓ) → eλL(κ(ℓ) + ℓµ ∂µλL). (2.11)

Once the non-affinity parameter and the Hájiček field are evaluated, the explicit expressions of
metric function V (xµ) and the vector Ua(xµ) in (2.1) are derived from the following relations

V =
∫

dρ κ(ℓ), and Ua = 2
∫

dρ πa. (2.12)

The radial behaviour of these functions is encoded in the hypersurface Einstein equations,
evaluated in the next subsection.
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2.1 Einstein equations

In order to solve the hypersurface Einstein equations

𝔼ρµ := Rρµ − 1
2Rgρµ + Λgρµ = 0, (2.13)

we assume the following radial behaviour of the boundary metric

qab(ρ, xi) = q̊ab(xi) + ρλab(xi) + ρ2dab(xi) + ρ3d
(1)
ab (x

i) + O(ρ4), (2.14)

denoting by D̊a the covariant derivative of the leading order metric q̊ab, i.e.,

DaU b = D̊aU b + O(ρ). (2.15)

Thus, solving the hypersurface Einstein equations, we obtain the following radial behaviours

θ(n)(xµ) = θ̊(n) − ρK̊
(n)
cd K̊cd

(n) + o(ρ),

πa(xµ) = π̊a(v, xc) + ρ
(
D̊bK̊

(n)b
a − (D̊a + π̊a)θ̊(n)

)
+ o(ρ),

κ(ℓ)(xµ) = κ̊(ℓ)(v, xc) + ρ
(
−K̊ab

(n)K̊
(ℓ)
ab − (∂v + κ̊(ℓ))θ̊(n) + (D̊a − 2π̊a)̊πa

+ 1
2(R̊ − 2Λ)

)
+ o(ρ).

(2.16)

From the relations in (2.12), we obtain the following radial expansions of the metric functions,

V = ρ̊κ(ℓ) +
ρ2

2
(
−K̊ab

(n)K̊
(ℓ)
ab − (∂v + κ̊(ℓ))θ̊(n) + (D̊a − 2π̊a)̊πa + 1

2(R̊ − 2Λ)
)
+ o(ρ2),

Ua = 2ρπ̊a + ρ2
(
D̊bK̊

ab
(n) − (D̊a + π̊a)θ̊(n) − 2K̊ab

(n)π̊b

)
+ o(ρ2),

qab = q̊ab + 2ρK̊
(n)
ab + ρ2

(
d⟨ab⟩ +

1
2 q̊abK̊

(n)
cd K̊cd

(n)

)
+ o(ρ2).

(2.17)
Therefore, the metric up to the second order in the radial coordinate reads

ds2 = −2dvdρ + q̊abdxadxb

+ 2ρ
{

κ̊dv2 + 2π̊adxadv + K̊
(n)
ab dxadxb

}
+ ρ2

{(
−K̊ab

(n)K̊
(ℓ)
ab − (∂v + κ̊)θ̊(n) + (D̊a + 2π̊a)̊πa + 1

2(R̊ − 2Λ)
)
dv2

+ 2
(
(D̊b+2π̊b)K̊(n)b

a − (D̊a + π̊a)θ̊(n)
)
dxadv +

(
d⟨ab⟩ +

1
2 q̊abK̊

(n)d
c K̊

(n)c
d

)
dxadxb

}
+ O(ρ3).

(2.18)
The Einstein evolution equations can be computed by evaluating order by order in the
radial coordinate the remaining components of the Einstein equations. The leading order
of the null component 𝔼ℓℓ yields

𝔼̊ℓℓ = ∂v θ̊(ℓ) − κ̊(ℓ)θ̊
(ℓ) + K̊ab

(ℓ)K̊
(ℓ)
ab , (2.19)

that is the null Raychaudhuri equation and the leading order of 𝔼ℓa gives

𝔼̊ℓa = (∂v + θ̊(ℓ))̊πa − D̊a(̊κ(ℓ) + θ̊(ℓ)) + D̊bK̊
(ℓ)b
a , (2.20)
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that is the Damour equation. The evolution equation of the transversal extrinsic curvature
is encoded into the 𝔼ab component, which reads

𝔼̊ab = 2(∂v + κ̊(ℓ))K̊
(n)
ab − 2D̊(aπ̊b) − 2π̊aπ̊b + θ̊(n)K̊

(ℓ)
ab + θ̊(ℓ)K̊

(n)
ab

− 2K̊
(ℓ)
c(aK̊

(n)c
b) − 2K̊

(n)
c(a K̊

(ℓ)c
b) + R̊ab −

1
2 q̊ab(R̊ − 2Λ),

(2.21)

where R̊ab is the Ricci tensor associated with the boundary metric q̊ab. In particular, the
trivial equation is

𝔼̊c
c = R̊+ 2(∂v + κ̊(ℓ))θ̊(n) − 2π̊cπ̊

c − 2D̊cπ̊
c + 2θ̊(n)θ̊(ℓ) − R̊ + 2Λ. (2.22)

In the rest of the work, we set the cosmological constant to zero, since it does not play a
fundamental role as in the asymptotic analysis.

2.2 Near-horizon symmetries

In this subsection, we complete the review of the near-horizon geometry by introducing
the spacetime diffeomorphisms that preserve the gauge and boundary conditions defined
previously in (2.2) and (2.4). One finds that

ξv = τ(v, xc), ξa = Y a(xc) + Iab ∂bτ, ξρ = −ρτ̇ + Ib ∂bτ, (2.23)

where
Iab =

∫
dρ gab and Ib =

∫
dρ gvagab. (2.24)

Using the radial expansions furnished in the previous subsection, we have

Iab = ρq̊ab − ρ2K̊ab
(n) + o(ρ2), Ib = ρ2π̊b + o(ρ2). (2.25)

By truncating the v-expansion of τ at the linear level, i.e. τ = T (xc) + vW (xc), the algebra
reads as a double semi-direct sum,

𝔤 = (𝔡𝔦𝔣𝔣(S) ℝS
W ) ℝS

T , (2.26)

where the super-translations, Weyl super-boost and S-diffeomorphisms are generated by

ξT = T ∂v + ρq̊ab ∂bT ∂a + ρ2 ∂bT
(
π̊b ∂ρ − K̊ab

(n) ∂a

)
+ O(ρ3),

ξW = −ρW ∂ρ + vξT =W ,

ξY = Y a ∂a,

(2.27)

respectively. Next, we want to determine how the quantities defined in the previous subsection
transform under the diffeomorphisms in (2.27). By computing the Lie derivative of the
codimension-2 metric with respect to the diffeomorphisms (2.27), we obtain the following
behaviours

δξ q̊ab = (τ ∂v + LY )q̊ab

δξλab = (τ ∂v + LY − τ̇)λab + 2D̊(aD̊b)τ + 4π̊(bD̊a)τ

δξdab = (τ ∂v + LY − 2τ̇)dab + 2
(
D̊cK̊

(n)
ab − D̊(aK̊

(n)c
b)

)
∂cτ + 2K̊

(n)c
(b D̊a) ∂cτ

+ 2
(
D̊cK̊

(n)c
(a + 2π̊cK̊

(n)c
(a − D̊(aθ̊(n) − θ̊(n)π̊(a

)
∂b)τ + 2K̊

(n)
ab π̊c ∂cτ.

(2.28)
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One can easily see that λab and dab transform non-covariantly under diffeomorphisms. Per-
forming a time derivative of the first relation in (2.28), one obtains the behaviour of the
longitudinal extrinsic curvature under symmetry transformations, while the second relation
yields the transformation rule of the transversal extrinsic curvature. Practically, one obtains

δ(τ,Y )σ̊
(n)
ab = (τ ∂v + LY − τ̇ )̊σ(n)

ab + D̊⟨aD̊b⟩τ + 2π̊⟨bD̊a⟩τ,

δ(τ,Y )σ̊
(ℓ)
ab = (τ ∂v + LY + τ̇ )̊σ(ℓ)

ab ,

δ(τ,Y )θ̊
(n) = (τ ∂v + LY − τ̇)θ̊(n) + D̊2τ + 2π̊aD̊aτ,

δ(τ,Y )θ̊
(ℓ) = (τ ∂v + LY + τ̇)θ̊(ℓ).

(2.29)

The behaviour of the non-affinity parameter and the Hájiček field can be easily computed by
evaluating the Lie derivative of the metric component gvv and gva, and read

δ(τ,Y )κ̊(ℓ) = (τ ∂v + LY + τ̇ )̊κ(ℓ),

δ(τ,Y )π̊a = (τ ∂v + LY )̊πa + κ̊ ∂aτ + ∂aτ̇ − K̊(ℓ)b
a ∂bτ.

(2.30)

Before delving into the construction of the covariant observables, let us spend a few words
on the boost symmetry in following subsection.

2.3 Boost symmetry

At the beginning, we introduced a rescaling symmetry (2.6), under which the metric is
invariant. This symmetry has been studied in [62] and yields a non-vanishing charge on
the corner. It acts infinitesimally as follows

δλL
ℓµ = λLℓµ, δλL

nµ = −λLnµ, δλL
q̊ab = 0. (2.31)

In particular, requiring that δ(ξ,λL)ℓ = 0, one obtains that λL(xc) = −W (xc). Previously,
we showed how this symmetry acts on the extrinsic curvatures, on the Hájiček field and
on the non-affinity parameter. In general, given an arbitrary quantity O, we say that O
has boost weight w if transforms as follows

O(w) → ewλLO(w) (2.32)

under the boost transformation in (2.6). Therefore, since the behaviour of the extrinsic
curvatures under boost transformations obey the rule in (2.32), we have the following
boost weights

w(σ(n)
ab ) = −1, w(σ(ℓ)

ab ) = 1, w(θ(n)) = −1 w(θ(ℓ)) = 1. (2.33)

Conversely, πa and κ(ℓ) do not follow the transformation rule (2.32) since they exhibit extra
terms under the boost transformation and, therefore, are not boost-weighted quantities.

3 Covariant observables

In the previous section, we briefly reviewed some basic and well-known symmetry properties
of arbitrary null hyper-surfaces located at a finite distance. In particular, we observed that
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some quantities transform non-homogeneously under the action of the near-horizon symmetry
transformations, exhibiting extra terms called the anomaly terms; these are identified through
the anomaly operator [58, 63]

∆ξO = (δξ − Lξ)O, (3.1)

where O is an arbitrary functional of the metric. Specifically, one can distinguish the following
general structure in the transformation rules listed previously,

δ(τ,Y )O = [τ ∂v + LY + wτ̇ ]O + La
O ∂aτ + L̂a

O ∂aτ̇ + Qab
O Da ∂bτ + Q̂ab

O Da ∂bτ̇ , (3.2)

where w is the boost weight. The first two inhomogeneous terms are called linear anomalies,
while the last two terms are called quadratic anomalies. In the spirit of [50], in this section we
construct some quantities that transform as pseudo-tensors of weight w under the near-horizon
symmetry group. In other words, we define combinations of the quantities introduced in the
previous section such that their quadratic anomaly and linear Weyl anomaly (i.e., L̂a

O) vanish.
In particular, assuming that the same pattern found at null infinity holds at a finite

distance, these covariant functionals should be related to the near-horizon Weyl scalar,
computed in [49]. Unlike [50], we start our treatment by analysing the transformation
rule of the hypothetical boost-weighted −2 covariant functional Tab. Once the symmetry
transformation of boost-weighted −2 quantity is determined, the boost-weighted −1 covariant
functional should appear in the linear anomaly of Tab, and so on for the other boost-weighted
w functionals.

3.1 w = −2 covariant functional

Let us start the construction of the covariant functionals by searching for a quantity of boost
weight w = −2. The sub-sub-leading contribution of the boundary metric transforms with
boost weight −2 under (2.6), i.e. dab → e−2λLdab, but it exhibits anomalous terms under
the action of the near-horizon symmetry transformations, as shown in (2.28). Specifically,
the anomaly of dab reads as follows

∆ξdab = 2
(
D̊cK̊

(n)
ab − D̊(aK̊

(n)c
b)

)
∂cτ + 2K̊

(n)c
(b D̊a) ∂cτ

+ 2
(
D̊cK̊

(n)c
(a + 2π̊cK̊

(n)c
(a − D̊(aθ̊(n) − θ̊(n)π̊(a

)
∂b)τ + 2K̊

(n)
ab π̊c ∂cτ.

(3.3)

In particular, we are looking for a quantity that transforms homogeneously under the action
of the homogeneous near-horizon group. Therefore, it is convenient to distinguish in (3.3)
a quadratic contribution, that is

∆(2)
ξ d⟨ab⟩ = 2σ̊

(n)
c⟨b D̊a⟩ ∂cτ + θ̊(n)D̊⟨a ∂b⟩τ

= σ̊
(n)
ab D̊c ∂cτ + θ̊(n)D̊⟨a ∂b⟩τ,

(3.4)

where we used the following relation1

σ̊
(n)
c⟨aD̊b⟩ ∂cτ = 1

2σ
(n)
ab D̊c ∂cτ, (3.5)

1Proved in [50].
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and a linear contribution

∆(1)
ξ d⟨ab⟩ = 2

(
D̊cσ̊

(n)
ab − D̊⟨aK̊

(n)
b⟩c

)
∂cτ + 2

(
D̊cK̊

(n)c
⟨a + 2π̊cK̊

(n)c
⟨a − D̊⟨aθ̊(n)

− θ̊(n)π̊⟨a
)

∂b⟩τ + 2σ̊
(n)
ab π̊c ∂cτ.

(3.6)

Now, using the transformation rules listed in subsection 2.2, it is straightforward to see that
the quadratic anomaly of the trace-free part of dab has the same structure as the quadratic
anomaly of the following combination

∆ξ(θ̊(n)σ̊
(n)
ab ) = θ̊(n)∆ξ (̊σ

(n)
ab ) + σ̊

(n)
ab ∆ξ(θ̊(n))

= θ̊(n)D̊⟨a ∂b⟩τ + 2θ̊(n)π̊⟨b ∂a⟩τ + σ̊
(n)
ab D̊c ∂cτ + 2σ̊

(n)
ab π̊c ∂cτ.

(3.7)

Therefore, the quantity

Tab = d⟨ab⟩ − θ̊(n)σ̊
(n)
ab (3.8)

possesses no quadratic anomaly, i.e. ∆(2)
ξ Tab = 0. In particular, it is immediate to see that

the tensor Tab transforms according to the rule in (2.32) with boost weight w = −2. Putting
all the previous contributions together and using the fact that2(

D̊cσ̊
(n)
ab − D̊⟨aσ̊

(n)
b⟩c

)
∂cτ = D̊cσ̊

(n)c
⟨a ∂b⟩τ, (3.9)

we obtain the transformation rule of the boost-weighted −2 tensor Tab under the action of
the near-horizon symmetry transformations,

δ(τ,Y )Tab = (τ ∂v + LY − 2τ̇)Tab + 4
(
(D̊c + π̊c)̊σ(n)c

⟨a − 1
2(D̊⟨a + π̊⟨a)θ̊(n)

)
∂b⟩τ

= (τ ∂v + LY − 2τ̇)Tab + 4P⟨a ∂b⟩τ,
(3.10)

where we introduced the following quantity

Pa = (D̊c + π̊c)̊σ(n)c
a − 1

2(D̊a + π̊a)θ̊(n), (3.11)

which denotes the linear anomaly in (3.10). Assuming that the same pattern found at
future null infinity holds at a finite distance, the equation (3.10) suggests that Pa must
be the boost-weighted w(Pa) = −1 covariant functional. Let us analyse its properties in
the next subsection.

3.2 w = −1 covariant functional

Let us now analyse the quantity that appears as a linear anomaly term in the transformation
rule of Tab. If one assumes that the pattern found at null infinity also holds at a finite
distance, Pa should have boost weight w = −1. However, we notice that Pa contains the

2This can be shown by introducing a 4-tensor Tabcd = D̊aσ̊
(n)
bc ∂dτ , and noticing that

T c
abc − T c

cab + T c
c ab = qabT c d

c d ,

with T[abcd] = 0, T[abc]d = 0, Ta[bcd] = 0, Ta[bc]d = 0, T c
a cb = 0.
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Hájiček field, which transforms anomalously under boost transformations. Then, before
analysing the behaviour of Pa under near-horizon diffeomorphisms, let us determine its
transformation under (2.6). We have

Pa → D̊b(e−λL σ̊(n)b
a ) + e−λL π̊bσ̊

(n)b
a + e−λL σ̊(n)b

a ∂bλL − 1
2D̊a(e−λL θ̊(n))

− 1
2e−λL π̊aθ̊(n) − 1

2e−λL θ̊(n) ∂aλL

= e−λLPa,

(3.12)

and therefore Pa transforms according to the rule in (2.32) with boost weight w = −1. Now,
in order to analyse its behaviour under the near-horizon symmetry transformations, it might
be convenient to rewrite Pa as follows

Pa = (D̊b + π̊b)K̊(n)b
a − (D̊a + π̊a)θ̊(n). (3.13)

Using the results in (2.29)–(2.30) and the relations (C.3) in appendix C, we obtain that the
first term in (3.13) possesses the following anomaly structure

∆ξ(D̊bK̊
(n)b
a ) = ∂vK̊(n)b

a ∂bτ − K̊(n)b
a ∂bτ̇ + 1

2R̊ ∂aτ + D̊aD̊2τ − 2K̊bc
(n)K̊

(ℓ)
c(a ∂b)τ

+ D̊bπ̊
b ∂aτ + D̊bπ̊a ∂bτ + π̊bD̊aD̊bτ + π̊aD̊2τ

+ K̊(n)b
a θ̊(ℓ) ∂bτ + K̊(n)b

c K̊
(ℓ)
ab ∂cτ,

(3.14)

and
∆ξ (̊πbK̊

(n)b
a ) = K̊(n)b

a κ̊ ∂bτ + K̊(n)b
a ∂bτ̇ − K̊(n)b

a K̊
(ℓ)c
b ∂cτ + π̊bD̊(aD̊b)τ

+ 2π̊bπ̊(bD̊a)τ.
(3.15)

Additionally, the last two terms in (3.13) easily read as follows

∆ξ[(D̊a + π̊a)θ̊(n)] = [(∂v + κ̊(ℓ))θ̊(n)] ∂aτ + D̊aD̊2τ + 2D̊aπ̊b ∂bτ

+ 2π̊bD̊a ∂bτ + π̊aD̊2τ + 2π̊aπ̊b ∂bτ − θ̊(n)K̊(ℓ)b
a ∂bτ.

(3.16)

Putting all of the above contributions together, we have that the quadratic anomaly of
the boost w = −1 metric functional (3.13) vanishes, i.e. ∆(2)

ξ Pa = 0, and also the linear
Weyl anomalies (those ∝ ∂aτ̇) cancel each other out. Then, we are left with the following
linear anomaly

∆ξPa = (∂v + κ̊)K̊(n)b
a ∂bτ + 1

2R̊ ∂aτ − 2K̊bc
(n)K̊

(ℓ)
c(a ∂b)τ + D̊bπ̊

b ∂aτ + D̊bπ̊a ∂bτ

+ K̊(n)b
a θ̊(ℓ) ∂bτ + K̊(n)b

c K̊
(ℓ)
ab ∂cτ − K̊(n)b

a K̊
(ℓ)c
b ∂cτ + π̊bπ̊b ∂aτ

− (∂v + κ̊(ℓ))θ̊(n) ∂aτ − 2D̊aπ̊b ∂bτ − π̊aπ̊b ∂bτ + θ̊(n)K̊(ℓ)b
a ∂bτ.

(3.17)

Using the fact that R̊ab [̊q] = 1
2 q̊abR̊[̊q] and the following relation

2σ
(n)
c(aσ

(ℓ)c
b) = q̊abσ

(n)
cd σcd

(ℓ), (3.18)
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after some algebraic manipulations the linear anomaly of Pa can be put in the following form

∆ξPa = 1
2𝔼̊

b
a ∂bτ − 1

2𝔼̊
b

b ∂aτ + 3
2

(
R̊ab +

1
2 θ̊(n)θ̊(ℓ)q̊ab − 2σ̊

(n)
c(a σ̊

(ℓ)c
b)

)
∂bτ

− 3σ̊
(n)
c[a σ̊

(ℓ)c
b] ∂bτ − 3D̊[aπ̊b] ∂bτ

=̂ 3Aab ∂bτ,

(3.19)

where
Aab =

1
2

(
R̊ab +

1
2 θ̊(n)θ̊(ℓ)q̊ab − 2σ̊

(n)
c(a σ̊

(ℓ)c
b)

)
− σ̊

(n)
c[a σ̊

(ℓ)c
b] − D̊[aπ̊b]. (3.20)

Thus, the behaviour under the near-horizon symmetry transformations of the boost-weighted
functional Pa is

δ(τ,Y )Pa =̂ (τ ∂v + LY − τ̇)Pa + 3Aab ∂bτ. (3.21)

From the transformation rule introduced in section 2, it is very straightforward to notice
that the quantity Aab has boost weight equal to zero.

3.3 w = 0 covariant functional

Before delving into the analysis of the behaviour of the boost-weight-0 covariant functional
under symmetry transformations, let us introduce the duality symmetry. Given two arbitrary
quantities Ya and Xab on S, their duals are defined as follows

Ỹa = ε b
a Yb, X̃ab = ε c

a Xcb, (3.22)

where εab is the volume form on S, i.e. ϵab
√

q̊ = εab, also defined in appendix B via the
complex dyad. In particular, from the following relation ε c

a ε a
b = −δ c

b , one can infer that the
dual of a dual 1-form is equal to minus the 1-form itself, namely ˜̃

Y a = ε b
a Ỹb = −Ya. The

tensorial density εab transforms as follows under symmetry transformations

δ(τ,Y )εab = (τ ∂v + D̊cY
c)

√
q̊ ϵab, (3.23)

and the mixed tensor is defined as ε b
a := εacq

cb. Having introduced the duality transformation,
let us now analyse the behaviour of the boost-0 quantity

Aab =
1
2

(
R̊ab +

1
2 θ̊(n)θ̊(ℓ)q̊ab − 2σ̊

(n)
c(a σ̊

(ℓ)c
b)

)
− σ̊

(n)
c[a σ̊

(ℓ)c
b] − D̊[aπ̊b] (3.24)

under symmetry transformations. In order to simplify the calculations, it is useful to evaluate
the symmetric and the anti-symmetric parts of Aab separately, i.e.,

Aab = A(ab) +A[ab]. (3.25)

The symmetric part of Aab reads as follows

A(ab) =
1
4

(
θ̊(ℓ)θ̊(n) + R̊− 2σ̊

(n)
cd σ̊cd

(ℓ)

)
q̊ab =

1
2Aq̊ab, (3.26)

and using the transformations rule provided in section 2 and in appendix C, we have

∆ξ(θ(ℓ)θ̊(n) − 2σ̊
(n)
ab σ̊ab

(ℓ)) = θ̊(ℓ)D̊c ∂cτ + 2θ̊(ℓ)π̊c ∂cτ − 2σ̊ab
(ℓ)D̊⟨a ∂b⟩τ

− 4σ̊ab
(ℓ)π̊⟨b ∂a⟩τ,

(3.27)
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and
∆ξR̊ = 4D̊aσ̊ab

(ℓ) ∂bτ − 2D̊cθ̊(ℓ) ∂cτ + 2σ̊ab
(ℓ)D̊⟨a ∂b⟩τ − θ̊(ℓ)D̊c ∂cτ. (3.28)

The quadratic anomaly terms cancel each other out, and we are left with the following
transformation rule

δξA = (τ ∂v + LY )A+ 2
(
(D̊a − π̊a)̊σab

(ℓ) −
1
2(D̊

b − π̊b)θ̊(ℓ)
)

∂bτ

= (τ ∂v + LY )A+ 2J a ∂aτ,
(3.29)

where we denoted by J a the linear anomaly contribution enclosed in the round bracket. Now,
let us focus on the anti-symmetric part of Aab, which can be written as follows

A[ab] = −1
2

(
σ̊(n)d

c
˚̃σ(ℓ)c

d + ˚̃
Dcπ̊

c
)
εab =

1
2Ãεab, (3.30)

where we used the duality transformation in (3.22) and we introduced the scalar Ã as the
quantity enclosed in the round bracket. Under the action of the near-horizon symmetry
group, we have that

∆ξ(εabD̊aπ̊b) = εab(∂vπ̊b − ∂bκ̊(ℓ)) ∂aτ − εabD̊aK̊
(ℓ)c
b ∂cτ − εabσ̊

(ℓ)c
b D̊a ∂cτ

=̂ εab(∂aθ̊(ℓ) − θ̊(ℓ)π̊a − 2D̊cσ̊
(n)c
a ) ∂bτ − εabσ̊

(ℓ)c
b D̊a ∂cτ,

(3.31)

where we imposed the Damour equation (2.20) and used the following relation

D̊[aσ̊
(n)c
b] ∂cτ = D̊cσ̊

(n)c
[a ∂b]τ, (3.32)

that comes from the identity D̊[aσ̊
(n)c
b ∂c]τ = 0. The other term reads

∆ξ (̊σ
(n)a
b

˚̃σ(ℓ)b
a ) = ˚̃σab

(ℓ)D̊⟨a ∂b⟩τ + 2˚̃σab

(ℓ)π̊⟨a ∂b⟩τ. (3.33)

Putting the previous contributions together into the expression of Ã, we finally obtain

δξÃ = (τ ∂v + LY − τ̇)Ã+ 2εab
(
(D̊c − π̊c)̊σ(ℓ)c

b − 1
2(D̊b − π̊b)θ̊(ℓ)

)
∂aτ

= (τ ∂v + LY − τ̇)Ã+ 2J̃ a ∂aτ,
(3.34)

where we defined J̃ a = εabJa. Because it shares the same structure as the boost-weight
−1 functional, it is straightforward to see that J a transforms covariantly under (2.6) with
boost weight equal to 1, i.e.

Ja → eλLJa. (3.35)

In particular, since εab is invariant under (2.6), the dual quantity J̃ a transforms as Ja

under boost transformations.
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3.4 w = 1, 2 covariant functionals

The behaviour of the zero-boost-weight covariant functional under symmetry transformations
suggests the form of the boost-weight 1 functional Ja, which reads

Ja = (D̊b − π̊b)̊σ(ℓ)b
a − 1

2(D̊a − π̊a)θ̊(ℓ)

= (D̊b − π̊b)K̊(ℓ)b
a − (D̊a − π̊a)θ̊(ℓ).

(3.36)

Let us analyse how this quantity transforms under the near-horizon symmetry group. The
first term in (3.36) transforms according to the following rule

∆ξ(D̊bK̊
(ℓ)b
a ) = ∂vK̊(ℓ)b

a ∂bτ + K̊(ℓ)b
a ∂bτ̇ + θ̊(ℓ)K̊(ℓ)b

a ∂bτ − 2K̊(ℓ)b
c K̊

(ℓ)c
(a ∂b)τ

+ K̊(ℓ)b
c K̊

(ℓ)
ab ∂cτ,

(3.37)

and
∆ξ (̊πbK̊

(ℓ)b
a ) = K̊(ℓ)b

a κ̊ ∂bτ + K̊(ℓ)b
a ∂bτ̇ − K̊(ℓ)b

a K̊
(ℓ)c
b ∂cτ. (3.38)

Then, using the transformation rules listed in subsection 2.2 and putting all the contributions
together, we obtain the following linear anomaly for Ja,

∆ξJa =̂ (∂vK̊(ℓ)b
a − κ̊(ℓ)K̊

(ℓ)b
a + K̊(ℓ)c

a K̊(ℓ)b
c ) ∂bτ − 𝔼̊ℓℓ ∂aτ, (3.39)

where we used the null Raychaudhuri equation (2.19). Hence, one can infer that Ja transforms
as follows under the near-horizon symmetry group

δξJa = (τ ∂v + LY + τ̇)Ja +N b
a ∂bτ, (3.40)

where we identify the covariant functional of boost weight 2 as

Nab = ∂vK̊
(ℓ)
ab − κ̊(ℓ)K̊

(ℓ)
ab − K̊(ℓ)c

a K̊
(ℓ)
cb , (3.41)

which is indeed anomaly-free, i.e. ∆ξNab = 0, and transforms as follows

δξNab = (τ ∂v + LY + 2τ̇)Nab. (3.42)

In particular, the trace of Nab vanishes on shell, indeed N a
a = 𝔼̊ℓℓ and therefore

Nab =̂N⟨ab⟩ = (∂vσ̊
(ℓ)
ab )

TF − κ̊(ℓ)σ̊
(ℓ)
ab . (3.43)

In spite of the presence of the non-affinity parameter κ̊(ℓ) in the expression of Nab, which
does not transform homogeneously under boost transformations, the full Nab obeys the
transformation rule in (2.32), indeed

Nab → eλL ∂v(eλLK̊
(ℓ)
ab )− e2λL κ̊(ℓ)σ

(ℓ)
ab − e2λLK̊

(ℓ)
ab ∂vλL − e2λLK̊(ℓ)

ac K̊
(ℓ)c
b

= e2λLNab.
(3.44)

– 14 –



J
H
E
P
0
7
(
2
0
2
6
)
0
7
6

4 Evolution equations

In the previous discussion, we determined a set of boost-weighted covariant functionals
Qw = (Nab,Ja,Aab,Pa, Tab) just by constructing a homogeneous tensor out of the trace-free
part of dab and showing that the following pattern

δ(τ,Y )Qw = (τ ∂v + LY + wτ̇)Qw − (w − 2)Qw+1 ∂τ (4.1)

holds. In other words, the knowledge of the lowest boost-weighted functional (wh = −2 in
our case) allows the construction of the boost weighted w = wh + 1, . . . , 2 functionals.

Now, we would like to evaluate the near-horizon evolution equations of the covariant
functionals defined above and the properties of the former under symmetry transformations.
Let us consider the time derivative of the covariant current, knowing that

∂vJa = ∂v

[
(D̊b − π̊b)̊σ(ℓ)b

a − 1
2(D̊a − π̊a)θ̊(ℓ)

]
. (4.2)

Thus, let us evaluate the r.h.s. of the equation (4.2). In particular, given an arbitrary tensor
T b

a , we use the following relation

∂vD̊b(T b
a ) = ∂v(∂bT

b
a + Γ̊b

bcT
c

a − Γ̊c
abT

b
c )

= D̊b ∂vT b
a + T b

aD̊bθ̊
(ℓ) − T b

c(D̊aK̊
(ℓ)c
b + D̊bK̊

(ℓ)c
a − D̊cK̊

(ℓ)
ab ),

(4.3)

where
∂vΓ̊c

ab = (D̊aK̊
(ℓ)c
b + D̊bK̊

(ℓ)c
a − D̊cK̊

(ℓ)
ab ) (4.4)

and ∂vΓb
bc = D̊cθ̊

(ℓ). Then, we have

∂vJa = D̊b ∂vK(ℓ)b
a + K(ℓ)b

a D̊bθ̊
(ℓ) − K(ℓ)b

c (D̊aK̊
(ℓ)c
b + D̊bK̊

(ℓ)c
a − D̊cK̊

(ℓ)
ab )

− π̊b ∂vK(ℓ)b
a − K(ℓ)b

a ∂vπ̊b − D̊a ∂v θ̊(ℓ) + π̊a ∂v θ̊(ℓ) + θ̊(ℓ) ∂vπ̊a.
(4.5)

and using the null Raychaudhuri equation (2.19) and Damour equation (2.20) in the fol-
lowing form

𝔼̊ℓa = ∂vπ̊a + π̊bK̊
(ℓ)b
a − ∂aκ̊(ℓ) + Ja (4.6)

after some algebraic manipulations we obtain

∂vJa =
(̊
κ(ℓ) − 2θ̊(ℓ)

)
Ja + K̊(ℓ)b

a Jb + (D̊b − π̊b)N b
a − K̊(ℓ)b

a 𝔼̊ℓb

− (D̊a − π̊a)𝔼̊ℓℓ + θ̊(ℓ)𝔼̊ℓa.
(4.7)

Therefore, imposing the null Raychaudhuri and Damour equations to hold, we find the
evolution equation of the boost-1 covariant functional, which reads

EJ := ∂vJa −
(̊
κ(ℓ) − 2θ̊(ℓ)

)
Ja − K̊(ℓ)b

a Jb − (D̊b − π̊b)N b
a . (4.8)

As we show in appendix B, the evolution equation of Ja comes from a re-arrangement of the
evolution equation of the leading order of Weyl scalar Ψ1. In particular, under the action
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of the symmetry transformations we have

δξ(∂vJa) = (τ ∂v + LY + 2τ̇) ∂vJa + ∂v(N b
a ∂bτ),

δξ(D̊bN b
a ) = (τ ∂v + LY + 2τ̇)N b

a + ∂vN b
a ∂bτ + 2N b

a ∂bτ̇ + θ̊(ℓ)N b
a ∂bτ

− 2N b
c K̊

(ℓ)c
(b D̊a)τ +N b

c K̊
(ℓ)
ab D̊cτ,

δξ (̊πbN b
a ) = (τ ∂v + LY + 2τ̇)(̊πbN b

a ) + κ̊(ℓ)N b
a ∂bτ +N b

a ∂bτ̇ −N b
a K̊

(ℓ)c
b ∂cτ,

(4.9)

and using the following formula

2σ
(ℓ)
c(aN

c
b) = q̊abσ

(ℓ)
cd N

cd, (4.10)

we obtain that EJ transforms without anomalies under the symmetry transformations, i.e.

δ(τ,Y )EJ = (τ ∂v + LY + 2τ̇)EJ . (4.11)

In order to identify the evolution equations of the remaining covariant functionals, one can
follow the same strategy discussed in [50]. In other words, one can construct combinations of
the previously introduced quantities such that the given combination transforms covariantly
under near-horizon symmetries.

4.1 Evolution equation for w = 0

Assuming that the same pattern found at null infinity holds at a finite distance (where
the covariant derivative is now replaced by a Weyl connection [64–66]), we obtain that the
following combination

EA := ∂vA+ 3
2 θ̊(ℓ)A− (D̊a + π̊a)J a + σ̊

(n)
ab N ab (4.12)

transforms (on-shell) covariantly under the action of symmetry transformations. To demon-
strate that the combination (4.12) transforms covariantly under near-horizon symmetry
transformations, let us notice that

∆ξ(D̊aJ a) = ∂v(J a ∂aτ) + D̊b(N ab ∂aτ)− J aθ̊(ℓ) ∂aτ,

δξ (̊πaJ a) = κ̊(ℓ)J a ∂aτ + J a ∂aτ̇ − J aK̊(ℓ)b
a ∂bτ + π̊aN ab ∂bτ,

δξ (̊σ
(n)
ab N ab) = N abD̊⟨a ∂b⟩τ + 2N abπ̊⟨a ∂b⟩τ.

(4.13)

Thus, combining the previous contributions, we obtain that the behaviour of the evolution
equation of A under symmetry transformations is

δ(τ,Y )EA = (τ ∂v + LY + τ̇)EA +
[
(∂v + 2θ̊(ℓ) − κ̊(ℓ))J a + K̊

(ℓ)a
b J b − (D̊b − π̊b)N ab

]
∂aτ

= (τ ∂v + LY + τ̇)EA + Ea
J ∂aτ.

(4.14)
Therefore, the linear anomaly ∆ξEA = Ea

J ∂aτ vanishes when Ea
J is imposed. Similarly,

exploiting the duality symmetry, it is immediate to compute the evolution equation of the
antisymmetric part of Aab, which reads

EÃ := ∂vÃ+ 3
2 θ̊(ℓ)Ã− (D̊a + π̊a)J̃ a + σ̊

(n)
ab Ñ ab, (4.15)
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and transforms as follows under the action of the near-horizon symmetries

δ(τ,Y )EÃ = (τ ∂v + LY + τ̇)EÃ + Ea
J̃ ∂aτ. (4.16)

Similarly, the linear anomaly ∆ξEÃ = Ea
J̃

∂aτ vanishes when Ea
J̃

is imposed.

4.2 Evolution equation for w = −1

Using the same strategy, let us now focus our attention on the evolution equation of the
boost-−1 functional Pa. Then, we obtain the following combination

EP
a := ∂vPa + µ̊(ℓ)Pa − σ̊(ℓ)b

a Pb −
1
2(∂a + 3π̊a)A− 1

2(∂̃a + 3˚̃πa)Ã+ 2σ̊
(n)
ab J b, (4.17)

where µ̊ℓ = κ̊(ℓ) + θ̊(ℓ)/2 is the surface tension of H. Following the transformation rules
listed below

∆ξ[(∂v + µ̊(ℓ))Pa] = 3(∂v + µ̊(ℓ))(Aab ∂bτ),

∆ξ (̊σ(ℓ)b
a Pb) = 3Abcσ̊

(ℓ)b
a ∂cτ,

∆ξ(∂aA) = ∂vA ∂aτ + 2D̊a(J b ∂bτ),

∆ξ (̊πaA) = κ̊A ∂aτ +A ∂aτ̇ −AK̊(ℓ)b
a ∂bτ + 2π̊aJ b ∂bτ,

∆ξ (̊σ
(n)
ab J b) = σ̊

(n)
ab N bc ∂cτ + J bD̊⟨a ∂b⟩τ + 2J bπ̊⟨a ∂b⟩τ,

(4.18)

and putting them together into the (4.17), the quadratic anomaly of EP
a can be written

as follows

∆(2)
ξ EP

a = 2J bD̊⟨a ∂b⟩τ − J bD̊a ∂bτ − J̃ b˚̃Da ∂bτ, (4.19)

while the linear anomaly reads

∆(1)
ξ EP

a =
(
∂v(A+ Ã) + 3

2 θ̊(ℓ)(A+ Ã)
)

∂aτ − D̊aJ b ∂bτ − ˚̃
DaJ̃ b ∂bτ + 4J bπ̊⟨a ∂b⟩τ

− 3π̊aJ b ∂bτ − 3˚̃πaJ̃ b ∂bτ + 2σ̊
(n)
ab N bc ∂cτ.

(4.20)

Then, by exploiting the properties of the duality symmetry we have that J̃ b˚̃Da ∂bτ =
−J b˚̃Da∂̃bτ and using the following relation εabε

cd = 2δ
[c

a δ
d]

b , we obtain

J̃ b˚̃Da ∂bτ = −J b˚̃D⟨a∂̃b⟩τ + 1
2 J̃

bεabD̊
2τ = J bD̊⟨a ∂b⟩τ − 1

2JaD̊2τ, (4.21)

which implies that ∆(2)
ξ EP

a = 0. Moreover, from the same computation the following identities
also hold

(D̊aJb + ˚̃
DaJ̃b) ∂bτ = (D̊cJ c) ∂aτ + (D̊cJ̃ c)∂̃aτ,

(̊πaJb +˚̃πaJ̃b) ∂bτ = (̊πcJ c) ∂aτ + (̊πcJ̃ c)∂̃aτ,
(4.22)

and
J bπ̊⟨a ∂b⟩τ = 1

2J
bπ̊b ∂aτ + 1

2 π̊bJ̃ b∂̃aτ. (4.23)
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Finally, by employing this last identity

σ̊(n)
ac N c

b = σ̊
(n)
c(aN

c
b) + σ̊

(n)
c[a N

c
b]

= 1
2 q̊abσ̊

(n)
cd N cd + 1

2εabσ̊
(n)
cd Ñ cd,

(4.24)

we obtain that the behaviour of the equation (4.17) under the action of the near-horizon
symmetry is the following

δ(τ,Y )EP
a = (τ ∂v + LY )EP

a + EA ∂aτ + EÃ∂̃aτ

= (τ ∂v + LY )EP
a + 2EA

ab ∂bτ,
(4.25)

and its linear anomaly vanishes when EA and EÃ are imposed.

4.3 Evolution equation for w = −2

To conclude our analysis, let us investigate the behaviour under symmetry transformations
of the evolution equation relative to the covariant functional Tab of boost weight w = −2.
Let us demonstrate that the following combination

ET
⟨ab⟩ := (∂vTab)TF +

(
2̊κ(ℓ) −

1
2 θ̊(ℓ)

)
Tab − (D̊⟨a + 5π̊⟨a)Pb⟩ +

3
2 σ̊

(n)
ab A+ 3

2
˚̃σ(n)

ab Ã, (4.26)

transforms without anomalies (on-shell). In particular, the trace-free part of ∂vTab, i.e.
(∂vTab)TF = ∂vTab − 2Tc(aσ̊

(ℓ)c
b) , yields the following anomaly

∆ξ(∂vTab)TF = 4 ∂v(P⟨a ∂b⟩τ)− 4P̊⟨aσ̊
(ℓ)
b⟩c ∂cτ − 4P̊cσ̊

(ℓ)c
⟨a ∂b⟩τ. (4.27)

The other anomaly terms read as follows

∆ξ(D̊⟨aPb⟩) = ∂vP⟨a ∂b⟩τ − P⟨a ∂b⟩τ̇ + 3
2D̊⟨a(A ∂b⟩τ) +

3
2
˚̃
D⟨a(Ã ∂b⟩τ)

− 2PcK̊
(ℓ)c
⟨a ∂b⟩τ + Pcσ̊

(ℓ)
ab ∂cτ,

∆ξ (̊π⟨aPb⟩) =
3
2Aπ̊⟨a ∂b⟩τ + 3

2Ã
˚̃π⟨a ∂b⟩τ + κ̊(ℓ)P⟨a ∂b⟩τ + P⟨a ∂b⟩τ̇ − P⟨aK̊

(ℓ)c
b⟩ ∂cτ,

∆ξ (̊σ
(n)
ab A) = AD̊⟨a ∂b⟩τ + 2Aπ̊⟨a ∂b⟩τ + 2σ̊

(n)
ab J c ∂cτ.

(4.28)

Using the relation introduced in the footnote 2, which gives(
P̊cσ̊

(ℓ)
ab − P̊⟨aσ̊

(ℓ)
b⟩c

)
∂cτ = P̊cσ̊

(ℓ)c
⟨a ∂b⟩τ, (4.29)

and the fact that σ̊
(n)
ab J b = ˚̃σ(n)

ab J̃ b, we obtain that the linear anomaly of (4.26) is

∆ξET
⟨ab⟩ = 3

(
∂vP⟨a + µ̊(ℓ)P⟨a − Pcσ̊

(ℓ)c
⟨a − 1

2(∂⟨a + 3π̊⟨a)A− 1
2(∂̃⟨a + 3˚̃π⟨a)Ã

+ 2J cσ̊
(n)
c⟨a

)
∂b⟩τ,

(4.30)

that vanishes once the evolution equation of Pa is imposed. Hence, the evolution equa-
tion (4.26) transforms as follows

δ(τ,Y )ET
⟨ab⟩ = (τ ∂v + LY − τ̇)ET

⟨ab⟩ + 3EP
⟨a ∂b⟩τ. (4.31)

under the action of the near-horizon symmetry transformations.
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4.4 On-shell action

In the previous subsections, we derived the evolution equations of the (semi-) covariant
functionals by looking for combinations that transform homogeneously under the action of
the full near-horizon symmetry group. In summary, we obtain the following set of evolution
equations

∂vJa −
(̊
κ(ℓ) −

3
2 θ̊(ℓ)

)
Ja − σ̊(ℓ)b

a Jb − (D̊b − π̊b)N b
a = 0,

∂vA+ 3
2 θ̊(ℓ)A− (D̊a + π̊a)J a + σ̊

(n)
ab N ab = 0,

∂vÃ+ 3
2 θ̊(ℓ)Ã− (D̊a + π̊a)J̃ a + σ̊

(n)
ab Ñ ab = 0,

∂vPa + µ̊(ℓ)Pa − σ̊(ℓ)b
a Pb −

1
2(∂a + 3π̊a)A− 1

2(∂̃a + 3˚̃πa)Ã+ 2σ̊
(n)
ab J b = 0,

(∂vTab)TF +
(
2̊κ(ℓ) −

1
2 θ̊(ℓ)

)
Tab − (D̊⟨a + 5π̊⟨a)Pb⟩ +

3
2 σ̊

(n)
ab A+ 3

2
˚̃σ(n)

ab Ã = 0.

(4.32)

As emphasized in the introduction, the main difference from the asymptotic case resides in the
presence of genuine degrees of freedom on H, which implies θ̊(ℓ) ̸= 0, σ̊

(ℓ)
ab ̸= 0, κ̊(ℓ) ̸= 0, π̊a ̸= 0.

In appendix B, we demonstrate that these equations can be obtained from the Newman-
Penrose Bianchi identities, by exploiting the metric equations and the properties of duality
symmetry. From the behaviour of these evolution equations under the action of the near-
horizon symmetry group, we can extract the following recursive pattern

δ(τ,Y )Ew = (τ ∂v + LY + (w + 1)τ̇)Ew + (2− w)Ew+1 ∂τ, (4.33)

which is analogous to that found in [24, 50] for asymptotic null boundaries. In particular,
imposing the constraints (4.32), we obtain the on-shell action of the near-horizon symmetry
group on the phase space variables. Thus, substituting the evolution equations (4.32) in
the pattern (4.33), we have

δ(τ,Y )Ja =̂
(
LY + τ̇ + τ (̊κ(ℓ) − 2θ̊(ℓ))

)
Ja + τK̊(ℓ)b

a Jb + τ(D̊b − π̊b)N b
a +N b

a ∂bτ,

δ(τ,Y )A =̂
(
LY − 3τ

2 θ̊(ℓ)
)
A+ τ(D̊a + π̊a)J a − τ σ̊

(n)
ab N ab + 2J a ∂aτ,

δ(τ,Y )Ã =̂
(
LY − 3τ

2 θ̊(ℓ)
)
Ã+ τ(D̊a + π̊a)J̃ a − τ σ̊

(n)
ab Ñ ab + 2J̃ a ∂aτ,

δ(τ,Y )Pa =̂ (LY − τ̇ − τ µ̊(ℓ))Pa + τ σ̊(ℓ)b
a Pb +

τ

2 (∂a + 3π̊a)A+ τ

2 (∂̃a + 3˚̃πa)Ã

− 2τ σ̊
(n)
ab J b + 3

2A ∂aτ + 3
2Ã ∂aτ,

δ(τ,Y )Tab =̂
[
LY − 2τ̇ − τ

(
2̊κ(ℓ) −

1
2 θ̊(ℓ)

)]
Tab + 2τTc(aσ̊

(ℓ)c
b) + τ(D̊⟨a + 5π̊⟨a)Pb⟩

− 3τ

2 σ̊
(n)
ab A− 3τ

2
˚̃σ(n)

ab Ã+ 4P⟨a ∂b⟩τ,

(4.34)

and the evolution equations come from the action of super-translations on the covariant
functionals and taking τ = 1, i.e. Q̇w = δ(1,0)Qw.
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5 Einstein-Cartan-Holst Lagrangian

As noted in [49], these covariant functionals of the metric appear in the sub-leading near-
horizon Barnich-Brandt charges. Using the methodology of the covariant phase space [58, 63,
67–72], the authors relate the sub-leading super-translation and S-diffeomorphism charges to
the Weyl scalar Re{Ψ̊2} and Ψ̊3, respectively.3 It would be interesting to see if it is possible
to recover the imaginary part of Ψ̊2 by adding topological terms to the Einstein-Hilbert
Lagrangian. Following the analysis carried out at null infinity in [51–53], it was shown that
the dual charges can be derived by adding the Holst term to the Einstein-Cartan Lagrangian.

The main goal of this section is to derive the covariant functional Ã (namely the imaginary
part of Ψ̊2 as shown in appendix B) from the Holst pre-symplectic potential. For completeness,
we also show how A and Pa appear in the Noether subleading charges, comparing our findings
with those obtained in [49]. In particular, in the computation of the sub-leading charges,
we face a puzzle: our super-translation sub-leading charge does not coincide with the one
obtained in [48]. This mismatch is resolved in section 6 by adding a non-covariant boundary
Lagrangian and using the formulae derived in [58]. From the pre-symplectic potential
ambiguity θ → θ′ = θ + δℓb − dϑ, the Noether charges and fluxes in the two formulations
are related through the following relations

Q′
ξ = Qξ +

∫
S
(ιξℓb − Iξϑ), F ′

ξ = Fξ +
∫
S
(διξℓb − δξϑ), (5.1)

where ℓb is the boundary Lagrangian and ϑ is the corner pre-symplectic potential.

5.1 Null tetrad

Before delving into the construction of the sub-leading near-horizon charges, let us introduce
the following frame fields

ê0 = ℓ = ∂ν + V ∂ρ − Ua ∂a, ê1 = n = ∂ρ, êi = Ea
i ∂a, (5.2)

where
Ea ∂a =

√
qθθ

2q

(√
q − iqθϕ

qθθ
∂θ + i ∂ϕ

)
. (5.3)

The dual frame eI can be computed straightforwardly, and its components read as follows

e0 = n = −dv, e1 = ℓ = V dv − dρ, ei = Ei
a(dxa + Uadv), (5.4)

where
Eadxa = 1√

2
√

qθθ dθ + 1√
2qθθ

(qθϕ − i
√

q) dϕ. (5.5)

In particular, using the results introduced in section 2, the radial expansion of the com-
plex dyad is

ea
i = ea

(0)i + ρea
(1)i + o(ρ), (5.6)

and specifically reads

ea
(0)i = E̊a

i, ea
(1)i = −K̊(n)a

c E̊c
i, · · · (5.7)

3To be precise, in our convention Ψ3 and Ψ4 have to be compared with the Ψ1 and Ψ0 of [49], respectively.
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and
e(0)i

a = E̊a, e(1)i
a = K̊(n)c

a E̊c, · · · . (5.8)

Then, the near-horizon metric is defined as follows

gµν = −nµℓν − ℓµnν + ηijeµ
i eν

j . (5.9)

In addition to the frame fields, in the tetrad formulation one needs to introduce the spin
connection ωIJ . Assuming a torsion-free spacetime, the components of the spin connection
ωIJ are defined via the following relation

ωIJ
µ dxµ = eI

ν∇µeνJ dxµ. (5.10)

Explicitly, we obtain

ω01
µ dxµ = κ(ℓ)dv + πa(Uadv + dxa),

ω1i
µ dxµ = Eai

(
πadρ − K

(ℓ)
ab (dxb + U bdv) + (∂aV − V πa)dv

)
,

ω0i
µ dxµ = −Eai

(
K

(n)
ab dxb + (πa + U bK

(n)
ab )dv

)
,

ωij
µ dxµ = E[i

a ∂ρEj]adρ +
(
E[i

a ∂vEj]a + Ea[iE
j]
bDaU b

)
dv + ωij

a dxa.

(5.11)

The curvature tensor is defined as follows

RIJ = dωIJ + 1
2[ω, ω]IJ , (5.12)

and the Einstein-Cartan Lagrangian plus the Holst term is

LECH = 1
2ΣIJ ∧ RIJ , (5.13)

where
ΣIJ = PIJKL eK ∧ eL, with PIJKL = 1

2ϵIJKL + 1
γ

ηI[KηL]J . (5.14)

Sometimes γ is taken to be the Immirzi parameter, but here we consider it as a general param-
eter. The pre-symplectic potential is defined through the variation of the Lagrangian (5.13)
and reads [73]

θECH[e, δω] = 1
2ΣIJ ∧ δωIJ = 1

2PIJKLeK ∧ eL ∧ δωIJ , (5.15)

and does not depend on δe. For convenience, we distinguish in the ECH pre-symplectic
potential two contributions: the Einstein-Cartan pre-symplectic potential, denoted as follows

θEC = 1
4ϵIJKLeK ∧ eL ∧ δωIJ , (5.16)

and the dual pre-symplectic potential, which is

θH = 1
2γ

ηI[KηL]JeK ∧ eL ∧ δωIJ (5.17)

and comes from the Holst term.
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5.2 Symmetries and charges

The symmetry transformations of the tetrads read as follows

δ(ξ,λ)e
I
µ = LξeI

µ − λI
JeJ

µ. (5.18)

The internal gauge transformations have to preserve the structure of the adapted met-
ric, namely

e0
ρ = 0, e0

a = 0, e1
a = 0, (5.19)

from which we obtain

λ0j = −Eja ∂aξv,

λ1j = Eja(V ∂aξv − ∂aξρ),
λ10 = ∂ρξρ,

(5.20)

while λij remains unfixed. Using the results obtained in [72, 73], the Einstein-Cartan charges
are defined as follows

QEC
(ξ,λ) =

∫
S

d2x
√

q(ιξω10 + λ10). (5.21)

Thus, by substituting the leading orders of the spin coefficient ω10, we obtain

Q̊EC
T = −

∫
S

d2x
√

q̊ T κ̊(ℓ), Q̊EC
Y = −

∫
S

d2x
√

q̊ Y aπ̊a, Q̊EC
W = vQ̊T =W . (5.22)

The charge associated with internal gauge transformations yields the so-called internal
Lorentz boost charge and reads

Q̊EC
λ = −

∫
S

d2x
√

q̊ W. (5.23)

As shown in [55], the well-known Carrollian charges are obtained by adding a covariant
Lagrangian

ℓb = (̊κ(ℓ) + θ̊(ℓ))
√

q̊ dv d2x, (5.24)

and using the formula in (5.1), noticing that the corner potential is zero.
These charges are well-known in literature, while the subleading structure of the near-

horizon Einstein-Hilbert phase space has been analysed only in [49]. In this section, we compare
our sub-leading charges with the ones obtained in [49] and analyse the sub-leading phase
space coming from the presence of the Holst term. Knowing that √

q = (1 + ρθ̊(n))
√

q̊ + o(ρ),
the sub-leading charge associated with the near-horizon super-translations is

Q(1)
EC[ξT ] = −

∫
S

T
(̊
κ(ℓ)θ̊

(n) + κ
(1)
(ℓ) + 2π̊aπ̊a − D̊aπ̊a

) √
q̊ d2x

=
∫
S

T
(
K̊ab

(n)K̊
(ℓ)
ab + ∂v θ̊(n)

) √
q̊ d2x

= −
∫
S

T
(
A+ κ̊(ℓ)θ̊

(n) − (D̊a + π̊a)̊πa
) √

q̊ d2x.

(5.25)
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The sub-leading super-translation charge does not coincide with that one obtained in [49], due
to the presence of extra-terms. As we show in section 6, this inconsistency can be resolved by
adding a non-covariant boundary Lagrangian. Now, let us compute the sub-leading charge
associated with S-diffeomorphisms. Using the expansions furnished in section 2, we obtain

Q(1)
EC[ξY ] = −

∫
S

Y a
(
D̊bσ̊

(n)b
a − 1

2D̊aθ̊(n)
) √

q̊ d2x

= −
∫
S

Y a
(
Pa − π̊bσ̊

(n)b
a + 1

2 π̊aθ̊(n)
) √

q̊ d2x,
(5.26)

consistent with the sub-leading charge obtained in [49]. In conclusion, the sub-leading Weyl
charge is Q(1)

EC[ξW ] = vQ(1)
EC[ξT =W ] and the sub-leading Lorentz charge is

Q(1)
EC[λ] =

∫
S
(−Wθ̊(n) + 2π̊a ∂a(T + vW ))

√
q̊ d2x. (5.27)

5.3 Dual charges

Now, we are interested in computing the Noether charges coming from the Holst contribution
in the Einstein-Cartan-Holst pre-symplectic potential (5.15). From the expression of the
Holst pre-symplectic potential in (5.17), the Holst Noether charge associated with a generic
vector field ξ reads as follows

QH[ξ] =̂
1
2γ

∫
S

ηI[KηL]JeK ∧ eL ∧ ιξωIJ

= 1
2γ

∫
S

EiaEjb

[
ξv

(
E[i

c ∂vEj]c + Ec[iE
j]
dDcU

d
)
+ ξρE[i

c ∂ρEj]c

+ ξcωij
c

]
dxa ∧ dxb.

(5.28)

Then, evaluating the equation (5.28) for ξ = ξT , the leading Holst charge associated with
the super-translation symmetry is

Q̊H[ξT ] =
1
2γ

∫
S

TE̊iaE̊jb

(
E̊[i

c ∂vE̊j]c
)

dxa ∧ dxb

= − 1
2γ

∫
S

TK̊
(ℓ)
ab (

˚̄Ea ˚̄Eb − E̊aE̊b)
√

q̊ d2x,
(5.29)

which contains the imaginary part of the spin-coefficient ϵ̊N (see appendix B). The sub-
leading contribution is

Q(1)
H [ξT ] =

1
2γ

∫
S

ϵij

[
T

(
K̊(n)b

c E̊i
b ∂vE̊jc − E̊i

c ∂v(K̊(n)c
b E̊jb) + 2E̊ciE̊j

dD̊cπ̊
d
)

+ ω̊ij
c ∂cT

]√
q̊ d2x + 1

2γ

∫
S

θ̊(n)q̊H[ξT ]
√

q̊ d2x

= 1
2γ

∫
S

[
−2T

(
Ã+˚̃σ(ℓ)d

c σ̊
(n)c
d

)
+ ϵijω̊ij

c ∂cT + θ̊(n)q̊H[ξT ]
]√

q̊ d2x.

(5.30)

Similarly, one can extract the leading and subleading charge contributions coming from the
S-diffeomorphisms and Weyl super-boosts, which yield

QH[ξY ] =
1
2γ

∫
S

ϵijY a
(
ω̊ij

a + ρ(θ̊(n)ω̊ij
a + ω(1)ij

a )
) √

q̊ d2x, (5.31)
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and
QH[ξW ] = v(Q̊H[ξT =W ] + ρQ(1)

H [ξT =W ]), (5.32)
respectively. Hence, the inclusion of the Holst term in the Einstein-Cartan formulation reveals
the existence of new, non-trivial near-horizon Noether charges.

6 Non-covariant boundary Lagrangian

In the previous section, we faced an inconsistency: the sub-leading near-horizon super-
translation charge we obtained does not coincide with the sub-leading super-translation
Barnich-Brandt charge computed in [49]. A similar problem was already encountered in
the literature on null infinity, where the Noetherian charges constructed in [12] were not
the same as the one considered in [8]. In that case, the puzzle was resolved by a choice of
a non-covariant boundary Lagrangian, providing a Noetherian construction of the charges
obtained in [8]. Therefore, we use the same reasoning. In our notation, the sub-leading
super-translation charge (2.28) obtained in [49] is the following

QRZ
ξT

=
∫
S

(
(∂v + κ̊(ℓ) +

1
2 θ̊(ℓ))θ̊(n) − D̊aπ̊a − π̊aπ̊a

)√
q̊ d2x

= −
∫
S

(
A+ σ̊

(n)
ab σ̊ab

(ℓ)

)√
q̊ d2x,

(6.1)

where we used the trivial equation in (2.22) in the following form

(∂v + κ̊(ℓ))θ̊(n) − (D̊a + π̊a)̊πa + 1
2 θ̊(n)θ̊(ℓ) + σ̊

(n)
ab σ̊ab

(ℓ) +A = 0. (6.2)

Considering also the sub-leading contribution of the boundary Lagrangian required to transi-
tion from the Einstein-Cartan to the canonical formulation, a Noetherian construction of the
sub-leading charge (6.1) is obtained by adding the following boundary Lagrangian

ℓ
(1)
b =

[
µ̊ℓθ̊

(n) + κ
(1)
(ℓ) + θ

(1)
(ℓ) + π̊aπ̊a

]√
q̊ dv d2x

=
[
µ̊ℓθ̊

(n) − K̊
(n)
ab K̊ab

(ℓ) − (D̊a + π̊a)̊πa
]√

q̊ dv d2x.
(6.3)

Indeed, using the radial expansions furnished in section 2, the corner potential is still zero
and from the relations in (5.1) we obtain

Q′
(1)[ξT ] = Q(1)

EC[ξT ] +
∫
S

ιξℓ
(1)
b

=
∫
S

(
(∂v + µ̊(ℓ))θ̊(n) − D̊aπ̊a − π̊aπ̊a

)√
q̊ d2x

= QRZ
ξT

.

(6.4)

The contribution of this boundary Lagrangian has to be taken into account to obtain the
correct charge algebra. Indeed, as shown in [58] an extra term in the Barnich-Troessaert
bracket [8] occurs in order to include the contributions from the Lagrangian and its anomaly.
The contribution given from a non-covariant boundary Lagrangian enters in the bracket
through the following term ιξ∆ζℓb − ξ ↔ ζ, where

∆ξℓ
(1)
b =

[
(D̊a + 3π̊a)K̊ab

(ℓ) ∂bτ − (2 ∂a + π̊a)̊κ(ℓ) ∂aτ + 1
2 θ̊(ℓ)D̊2τ

− (D̊a + 2π̊a) ∂aτ̇
] √

q̊ dv d2x.
(6.5)
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7 Conclusion

In this work, we have analysed the symmetry properties of the near-horizon covariant metric
functionals that appear in the leading order of the Newman-Penrose Weyl scalars [49]. Fol-
lowing the same strategy developed in [50], we utilized the first (finite-distance) higher Bondi
aspect d⟨ab⟩ to construct a functional of the metric that transforms semi-covariantly under
the action of the near-horizon symmetry group and covariantly under boost transformations,
with boost weight w = −2. The recursive pattern identified in the boost weight w further
allowed for the construction of remaining functionals with boost weights w ∈ {−1, 0, 1, 2}.
In particular, we emphasized the pivotal role of the duality symmetry in characterizing the
phase space of a finite-distance null hypersurface and in evaluating the evolution equations of
the covariant functionals. Specifically, we demonstrated that the dynamics of these boost-
weighted functionals can be derived from symmetry arguments by identifying combinations
of free data that transforms without anomalies under symmetry transformations.

As discussed throughout the work, the structure of the evolution equations in (4.32)
is richer than the one found at null infinity, as the latter behaves as a non-expanding
horizon [34, 35, 37, 38, 46]. This richness naturally leads to some complications, such as
the integration of the evolution equations under the no-radiation condition Nab = 0. In
particular, the trace part of the non-radiation condition requires the null Raychaudhuri
equation to hold, which can be solved non-perturbatively by trading the time variable for a
dynamical field, called the dressing time which is canonically conjugate to the Raychaudhuri
constraint [62, 74]. While this requires deeper investigation, it is already evident that the
integration of (4.32) becomes straightforward when the horizon is non-expanding — a case
we will explore in a forthcoming work.

As demonstrated in [49], the boost weighted w = 0 and w = −1 functionals appear in the
sub-leading contributions to the Barnich-Brandt charges, revealing a structural similarity
between the sub-leading phase space at a finite distance and the leading radiative phase
space at null infinity. However, the sub-leading super-translation charge in [49] contains only
the real part of the Weyl scalar Ψ2 and it might be interesting to see if its imaginary part
appears when adding topological terms to the Einstein-Cartan Lagrangian, in the same spirit
of [53, 54]. Our results show that this dual contribution emerges when computing the sub-
leading Noether charge in the Einstein-Cartan-Holst formulation. Similarly to the asymptotic
case, where the subleading BMS and dual charges are related to the Newman-Penrose charges,
the derivation of the Holst/dual Noether charges presented in this work could be useful to
capture the near-horizon Newman-Penrose (or Aretakis) charges [75–77].

Finally, we also showed that the sub-leading super-translation charge identified in [49]
can be recovered by considering the charge contribution coming from adding a non-covariant
boundary Lagrangian. The anomaly of this boundary Lagrangian enters in the charge algebra
via the generalized Barnich-Troessaert bracket introduced in [58], and therefore has to be
taken into account in order to avoid field-dependent 2-cocycles.

To conclude, in addition to the future directions discussed throughout the manuscript, it
might also be interesting to pursue the investigation of the near-horizon memory effects [78, 79]
and to further clarify the relationship with these covariant functionals.
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A Noetherian and dual fluxes

In this appendix, we provide a derivation of the near-horizon Einstein-Cartan and Holst
symplectic fluxes. Advocating the Noetherian split discussed in [58], the Noetherian flux
is defined as follows

F(ξ,λL) =
∫
S
(ιξθ + Aξ + qδξ + qδλL

), (A.1)

where the symplectic flux is

Fθ
ξ =

∫
S

ιξθ =
∫
S
(ξrθv − ξvθr)

√
q̊ d2x, (A.2)

and Aξ is the symplectic anomaly, whose exterior derivative is dAξ := ∆ξθ − δaξ + aδξ

and aξ = ∆ξL is the Lagrangian anomaly. However, the Einstein-Cartan formulation is
anomaly-free when Λ = 0, and therefore the contributions from the Lagrangian and symplectic
anomaly vanish. Using the expression of the Einstein-Cartan-Holst pre-symplectic potential
in (5.15), the symplectic flux then reads as follows

Fθ
ECH[ξ] =

∫
S

ιξθECH[e, δω]

= 1
2

∫
S

ιξ

(
PIJKL eK ∧ eL ∧ δωIJ

)
= 1

4

∫
S

ιξ

(
ϵIJKL eK ∧ eL ∧ δωIJ

)
+ 1

2γ

∫
S

ιξ

(
ηI[KηL]J eK ∧ eL ∧ δωIJ

)
,

(A.3)

where the first term in the last line is the Einstein-Cartan symplectic flux, while the second
term is the Holst (or dual) symplectic flux. Let us compute these two contributions separately.
The Einstein-Cartan flux relative to the generic vector field ξ = ξv ∂v + ξa ∂a + ξρ ∂ρ is

Fθ
ξ = 1

4

∫
S

ϵIJKL

(
2ιξeKeL ∧ δωIJ + eK ∧ eLιξδωIJ

)
= 1

4ϵIJKL

∫
S

ξµ
(
eK

µ eL
aδωIJ

b + 1
2eK

aeL
b δωIJ

µ

)
dxa ∧ dxb

= −1
4ϵIJKL

∫
S

ξv
(
eK

v eL
aδωIJ

b + 1
2eK

aeL
b δωIJ

v

)
dxa ∧ dxb

+ 1
4

∫
S

ξρ
(
−2e1

ρej
aδω0i

b

)
ϵij dxa ∧ dxb.

(A.4)

In particular, for ξ = ξv ∂v we have

Fθ
ξv ∂v

= −1
4ϵIJKL

∫
S

ξv
(
eK

v eL
aδωIJ

b + 1
2eK

aeL
b δωIJ

v

)
dxa ∧ dxb

= −1
4

∫
S

ξv
(
2e0

v ej
aδω1i

b − 2e1
v ej

aδω0i
b + 2ei

v ej
aδω01

b + ei
aej

b δω01
v

)
ϵij dxa ∧ dxb

= 1
4

∫
S

ξv
(
2Ej

aδω1i
b + 2V Ej

aδω0i
b − 2U cEi

c Ej
aδω01

b − Ei
aEj

b δω01
v

)
ϵij dxa ∧ dxb

= 1
2

∫
S

ξv
(
2δω1i

b + 2V δω0i
b − 2U cEi

cδω01
b

)
E b

i

√
q d2x −

∫
S

ξvδω01
v

√
q d2x
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= −1
2

∫
S

ξv
(
2 δ

(
EicK

(ℓ)
cb

)
+ 2V δ

(
EicK

(n)
cb

)
+ 2U cEi

cδπb

)
E b

i

√
q d2x

−
∫
S

ξv δ
(
κ(ℓ) + πcU

c
) √

q d2x

= −1
2

∫
S

ξv
(
2δθ(ℓ) + 2V δθ(n) − (K(ℓ)

cb + V K
(n)
cb )δqbc − 2U bδπb

) √
q d2x

−
∫
S

ξv δ
(
κ(ℓ) + πcU

c
) √

q d2x, (A.5)

and for ξ = ξρ ∂ρ, we obtain

Fθ
ξρ ∂ρ

= −1
2

∫
S

ξρEj
a δ

(
EciK

(n)
cb

)
ϵij dxa ∧ dxb

= −
∫
S

ξρ δ
(
EciK

(n)
cb

)
Eb

i

√
q d2x

= −
∫
S

ξρ
(
δθ(n) − 1

2K
(n)
cb δqcb

) √
q d2x.

(A.6)

Let us now focus on the Holst contribution to the symplectic flux. From the expression of
the Holst pre-symplectic potential in (5.17), we have

Fθ
H[ξ] =

1
2γ

∫
S

ηI[KηL]J
(
2ιξeKeL ∧ δωIJ + eK ∧ eLιξδωIJ

)
= 1

4γ

∫
S

ηI[KηL]Jξµ
(
2eK

µeL
aδωIJ

b + eK
aeL

bδωIJ
µ

)
dxa ∧ dxb

= 1
4γ

∫
S

ξµ
(
2e0µejaδω0j

b + 2e1µejaδω1j
b + 2eiµejaδωij

b + eiaejbδωij
µ

)
dxa ∧ dxb.

(A.7)

Then, we have the following two contributions:

Fθ
H[ξv ∂v] = − 1

4γ

∫
S

ξv
[
−2V Ejaδω0j

b + 2Ejaδω1j
b + 2U cEicejaδωij

b

+ eiaejb δ
(
E[i

c ∂vEj]c + Ec[iE
j]
dDcU

d
)]

dxa ∧ dxb

= − 1
4γ

∫
S

ξv
(
2V Eja δ

(
EcjK

(n)
cb

)
− 2Eja δ

(
EcjK

(ℓ)
cb

)
+ 2U cEicEjaδωij

b

+ EiaEjb δ
(
E[i

c ∂vEj]c + Ec[iE
j]
dDcU

d
))

dxa ∧ dxb

= − 1
4γ

∫
S

ξv
(
2qc

a(V δK
(n)
cb − δK

(ℓ)
cb ) + (V K

(n)
cb − K

(ℓ)
cb )δqc

a + 2U cEicEjaδωij
b

+ EiaEjb δ
(
E[i

c ∂vEj]c + Ec[iE
j]
dDcU

d
))

dxa ∧ dxb,

(A.8)
and

Fθ
H[ξρ ∂ρ] =

1
4γ

∫
S

ξρ
(
2ejaδω0j

b + eiaejb δ
(
E[i

c ∂ρEj]c
))

dxa ∧ dxb

= 1
4γ

∫
S

ξρ
(
−2Eja δ

(
EcjK

(n)
cb

)
+ EiaEjb δ

(
E[i

c ∂ρEj]c
))

dxa ∧ dxb

= − 1
4γ

∫
S

ξρ
(
2qc

aδK
(n)
cb + K

(n)
cb δqc

a − EiaEjb δ
(
E[i

c ∂ρEj]c
))

dxa ∧ dxb.

(A.9)
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B Newman-Penrose analysis

Now, to be consistent with our treatment, in this appendix we present a Newman-Penrose anal-
ysis of the near-horizon geometry, comparing our results with the ones obtained in [49].4 The
near-horizon geometry (2.1) can be described by choosing the null frame eµ

I = (ℓµ, nµ, mµ, m̄µ)
introduced in (5.2). The spin coefficients are computed using the following formula

γIJK = e µ
I e ν

K∇νeJ µ (B.1)

with γIJK = −γJIK . Explicitly, we use the following convention for the spin coefficients

κ = γ131, ϱ = γ134, ϵ = 1
2(γ121 − γ341),

σ = γ133, µ = γ423, γ = 1
2(γ122 − γ342),

λ = γ424, τ = γ132, α = 1
2(γ124 − γ344),

ν = γ422, π = γ421, β = 1
2(γ123 − γ343).

(B.2)

The complex conjugate of any spin coefficient is obtained by replacing the index 3 by the
index 4 whenever it occurs, and vice versa.

The leading order of the boundary metric and the volume form on S introduced in
subsection 3.3 can be written in terms of the complex dyad as follows

q̊ab = E̊a ˚̄Eb + ˚̄EaE̊b, iεab = E̊a ˚̄Eb − ˚̄EaE̊b, (B.3)

and by defining the mixed tensor iε b
a := iεacq

cb = E̊a
˚̄Eb − ˚̄EaE̊b, we have

ε b
a ε a

b = −2, ε b
a E̊a = iE̊b, ε b

a
˚̄Ea = −i˚̄Eb. (B.4)

The directional derivative along the vector fields eµ
I can be compactly written as follows

∆ := nµ ∂µ, D := ℓµ ∂µ, δ := mµ ∂µ, δ̄ := m̄µ ∂µ. (B.5)

Before delving in the computation of the spin coefficients and Weyl scalars, it is fundamental
to introduce the notion of weighted operators.

Weighted operators. The null tetrad defined previously can be written in terms of a pair
of spinor field oA and ιA as follows

ℓµ = oAōA′
, nµ = ιAῑA′

, mµ = oAῑA′
, m̄µ = ιAōA′ (B.6)

with A = 0, 1 and we set oAιA = 1. The boost and spin transformations, respectively

ℓµ → eλLℓµ, nµ → e−λLnµ, (B.7)

and
mµ → eiχmµ, m̄µ → e−iχm̄µ, (B.8)

4Notice that in this work we have used a different notation. In particular, the roles of ℓ and n must be
switched in order to compare our results with the ones in [49], i.e., our Ψ4 is equal to ΨRZ

0 in [49].
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reads as follows in the spin frame (oA, ιA),

oA → toA, ιA → t−1ιA, (B.9)

where t is a nowhere vanishing complex scalar field. Therefore, a quantity η is of type
{p, q} if transforms as follows

η → tpt̄qη (B.10)

under (B.9). Equivalently, we say that η has spin weight s = (p − q)/2 and boost weight
w = (p + q)/2. At this point, one introduce the following weighted operators

Þη = (D − pϵ − qϵ̄)η, Þ′η = (∆− pγ − qγ̄)η,

ðη = (δ − pβ − qᾱ)η, ð′η = (δ̄ − pα − qβ̄)η,
(B.11)

with {p, q}-weights

Þ = {1, 1}, Þ′ = {−1,−1}, ð = {1,−1}, ð′ = {−1, 1}. (B.12)

In addition to the transformations in (B.9), one has to consider the conformal rescaling

oA → Ωω0oA, ιA → Ωω1ιA, (B.13)

where Ω is a definite-positive scalar field and ω0,1 are the Weyl weights of the spinorial fields.
Then, we say that a quantity η has Weyl weight ω if transforms as follows

η → Ωωη (B.14)

under (B.13). As previously, one introduces the following Weyl-weighted operators

Þ𝒞 = Þ + [ω + (p + q)ω1]ρ, Þ′
𝒞 = Þ′ − [ω − (p + q)ω0]µ,

ð𝒞 = ð+ [ω + pω1 − qω0]τ, ð′𝒞 = ð′ − [ω − pω0 + qω1]π,
(B.15)

whose {p, q, ω}-weights are

Þ𝒞 = {1, 1, 2ω0}, Þ′
𝒞 = {−1,−1, 2ω1},

ð𝒞 = {1,−1, ω0 + ω1}, ð′𝒞 = {−1, 1, ω0 + ω1}.
(B.16)

The Bianchi identities are covariant under the transformations in (B.9) and (B.13), and
following the same conventions of [80], the Weyl scalars have the following {p, q, ω}-weights

Ψ0 = {4, 0, 4ω0 − 1}, Ψ1 = {2, 0, 3ω0 + ω1 − 1}, Ψ2 = {0, 0, 2ω0 + 2ω1 − 1},

Ψ3 = {−2, 0, ω0 + 3ω1 − 1}, Ψ4 = {−4, 0, 4ω1 − 1}.

(B.17)

– 29 –



J
H
E
P
0
7
(
2
0
2
6
)
0
7
6

Spin coefficients. As emphasized in [24], many subtleties occur when writing solutions
obtained in the metric formulation into the Newman-Penrose formalism. Therefore, in order
to avoid these mismatches, the metric-NP dictionary worked out in [24] must be carefully
followed. Firstly, we have to require ℓ and m to be parallel propagated along nµ, i.e.,

∆n = 0, ∆ℓ = 0, ∆m = 0, (B.18)

that means γ = τ = ν = 0. However, using the null tetrad introduced in (5.2), we have

κ = ∂aV ma, γ = 1
8 ∂ρqab(m̄am̄b − mamb)

τ = 1
2qab ∂ρUamb, λ = K

(n)
ab m̄am̄b

π = 1
2qab ∂ρUam̄b, ϵ = 1

2κ(ℓ) −
1
2ma∇ℓm̄a

ν = 0, ϱ = −1
2θ(ℓ)

µ = 1
2θ(n), α = 1

4qab ∂ρUam̄b − 1
2(Dbm̄a)m̄bma

σ = −K
(ℓ)
ab mamb, β = 1

4qab ∂ρUamb + 1
2(Dbma)mbm̄a

and see that Re{γ} = 0 and Im{µ} = 0, so the twist is zero. Therefore, we have to perform
Lorentz transformations in order to set to zero the spin coefficients τ and γ. Recall that
we have three classes of rotations. Given a and b complex functions and A and χ real
functions, we have

(a) rotations of class I which leave ℓ unchanged:

ℓ → ℓ, m → m + aℓ, m̄ → m̄ + āℓ

n → n + ām + am̄ + aāℓ;
(B.19)

(b) rotations of class II which leave n unchanged:

n → n, m → m + bn, m̄ → m̄ + b̄n

ℓ → ℓ + b̄m + bm̄ + bb̄n;
(B.20)

(c) rotations of class III which leave the direction of ℓ and n unchanged:

ℓ → A−1ℓ, n → An, m → eiχm, m̄ → e−iχm̄. (B.21)

We want to preserve the direction of n, therefore we apply a combination of class II and
III transformations, yielding

n → An, ℓ → A−1ℓ + b̄eiχm + be−iχm̄ + Abb̄n

m → eiχm + Abn, m̄ → e−iχm̄ + Ab̄n.
(B.22)

Then, the spin coefficients in exam transform as follows

τ → eiχτ, γ → Aγ − 1
2nν(∂νA − iA ∂νχ), ν → e−iχA2ν, µ → Aµ (B.23)
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under the III class, and

τ → τ + 2bγ − nν ∂νb + b2ν, ν → ν, γ → γ + bν, µ → µ + bν (B.24)

under the II class. Then, by identifying the new spin-coefficients with the subscript N , we have

τN = eiχτ + 2b
(
Aγ − 1

2nν(∂νA − iA ∂νχ)
)
− Anν ∂νb = 0,

γN = Aγ − 1
2nν(∂νA − iA ∂νχ) = 0,

µN = Aµ.

(B.25)

From the last equation, we set A = 1 and

eiχτ − ∂ρb = 0 ⇒ b =
∫

dρ eiχτ. (B.26)

Finally, one obtains

A = 1, χ = 2i

∫
dρ Im{γ}, b =

∫
dρ eiχτ. (B.27)

Now, substituting the expressions of τ and γ in the integrals above, we get

χ = i

4

∫
dρ ∂ρqab(m̄am̄b − mamb),

b = 1
2

∫
dρ eiχqab ∂ρUamb.

(B.28)

From now on, we use the transformed tetrad (ℓµ
N , nµ

N , mµ
N , m̄µ

N ) to compute the Newman-
Penrose scalars. The new tetrad then reads

ℓN = ∂v + ρ̊κ(ℓ) ∂ρ − ρ(̊π̄ ˚̄Ea + π̊E̊a) ∂a + o(ρ),

mN = ρ˚̄π ∂ρ +
(
E̊a − ρ(̊λ̄˚̄Ea + µ̊E̊a)

)
∂a + o(ρ).

(B.29)

In particular, except for the κN (and obviously for γN and τN which now vanish), the leading
order of the spin coefficients and Weyl scalars does not change under Lorentz transformations
of class II and III, i.e., λ̊N = λ̊ and Ψ̊N4 = Ψ̊4. Then, the new spin coefficients read as follows

κN = ρ(D̊aκ̊(ℓ) − ∂vπ̊a)E̊a + o(ρ),

πN = π̊a
˚̄Ea − ρ

(
π̊µ̊ +˚̄πλ̊ + Ψ̊3

)
+ o(ρ),

µN = 1
2 θ̊(n) − ρ(µ̊2 + λ̊˚̄λ) + o(ρ),

λN = K̊
(n)
ab

˚̄Ea ˚̄Eb − ρ
(
2̊λµ̊ + Ψ̊4

)
+ o(ρ),

ϵN = 1
2

(̊
κ(ℓ) +

1
2K̊

(ℓ)
ab (Ē

aĒb − EaEb)
)
− ρ(̊π̄α̊ + π̊β̊ + Ψ̊2) + o(ρ),

ϱN = −1
2 θ̊(ℓ) − ρ(µ̊ϱ̊ + σ̊λ̊ + Ψ̊2) + o(ρ),

αN = 1
2(̊πa − D̊a)˚̄Ea − ρ(β̊λ̊ + µ̊α̊ + Ψ̊3) + o(ρ),

βN = 1
2(̊πa + D̊a)E̊a − ρ(µ̊β̊ + α̊˚̄λ) + o(ρ),

σN = −K̊
(ℓ)
ab E̊aE̊b − ρ(µ̊σ̊ + ϱ̊̊λ̄) + o(ρ).

(B.30)
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Under the boost and spin transformations discussed in the previous subsection (see the
book [80] for details), the spin coefficients which admit well-definite {s, w}-weights are
κ, ν, ρ, µ, σ, λ, τ, π, while the remaining spin coefficients admit extra terms under these trans-
formations and are used to define the weighted operators Þ, Þ′, ð, ð′ in (B.11). For convenience,
we always work with the leading order of these weighted operator, i.e. ð = ð̊. In particular,
for an arbitrary quantity X(s,w) of spin weight s and boost weight w, we have

D̊X(s,w) = (ð+ w˚̄π)X(s,w), and ˚̄DX(s,w) = (ð̄+ wπ̊)X(s,w), (B.31)

where D̊ = E̊aD̊a and ˚̄D = ˚̄EaD̊a.

Weyl scalars. The five complex Weyl scalars are defined as follows

Ψ0 = −Cabcdℓambℓcmd, Ψ1 = −Cabcdℓambℓcnd, Ψ2 = −Cabcdℓambm̄cnd,

Ψ3 = −Cabcdℓanbm̄cnd, Ψ4 = −Cabcdm̄anbm̄cnd.
(B.32)

Having computed the NP spin coefficients, the Weyl scalars can be evaluated by using the NP
angular equations, the radial equation of λN and the evolution equation of σN . In particular,
their subleading terms can be evaluated through the radial Bianchi identities

∆ΨN0 − δΨN1 = −µNΨN0 − 2βNΨN1 + 3σNΨN2,

∆ΨN1 − δΨN2 = −2µNΨN1 + 2σΨ3,

∆ΨN2 − δΨN3 = −3µNΨN2 + 2βNΨN3 + σNΨN4,

∆ΨN3 − δΨN4 = −4µNΨN3 + 4βNΨN4

(B.33)

once ΨN4 is specified on H. Indeed, ΨN4 is a free data on H and its value is fundamental
to access to the sub-leading orders of the other Weyl scalars. Let us see how to compute
its leading and sub-leading expression.

Computation of Ψ4. Using the metric equation (relative to the null tetrad in (5.2))

∂ρma = −λ̄m̄a − (µ − γ + γ̄)ma (B.34)

the Weyl scalar Ψ4 relative to the tetrad in (5.2) is

Ψ4 = − ∂ρλ − (2µ + 3γ − γ̄)λ

= −(∂ρK
(n)
ab )m̄am̄b − K

(n)
ab ∂ρ(m̄am̄b)− (2µ + 4γ)K(n)

ab m̄am̄b

= −(∂ρK
(n)
ab − θ(n)K

(n)
ab )m̄am̄b.

(B.35)

Since ΨN4 = e−2iχΨ4 and e−2iχ = O(ρ), we have that Ψ̊N4 = Ψ̊4. However, this is not true
for the sub-leading orders. Then, to compute the sub-leading order of ΨN4, we proceed
as follows. We know that

ΨN4 = − ∂ρλN − 2µN λN , (B.36)
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and since the Lorentz transformations of class II and III do not change the vector n, we
have that λN = K

(n)
ab m̄a

N m̄b
N . Then

Ψ(1)
N4 = −2λ

(2)
N − 2µN λ

(1)
N − 2µ

(1)
N λN

= 2µ̊(2̊λµ̊ + Ψ̊4) + 2̊λ(µ̊2 + λ̊˚̄λ)− 2λ
(2)
N

(B.37)

where
λ

(2)
N = (2)K̊

(n)
ab

˚̄Ea ˚̄Eb − dab(λq̊ab + θ̊(n) ˚̄Ea ˚̄Eb) + 2λ2λ̄ + 6µ2λ

+ (2̊λµ̊ + Ψ̊4)µ̊ + (µ̊2 + λ̊˚̄λ)̊λ.
(B.38)

Putting these contributions together, we obtain

Ψ(1)
N4 = −

(
3d

(1)
ab − 2dabθ̊

(n) + 2(θ̊(n))2K̊
(n)
ab

)˚̄Ea ˚̄Eb. (B.39)

Radial expansion of Ψk. Then, using the Newman-Penrose radial equations and the
results obtained above, we have

ΨN4 = −Tab
˚̄EaĒb + ρΨ(1)

N4 + o(ρ),

ΨN3 = −Pa
˚̄E + ρ

(
ðΨ̊4 − µ̊Ψ̊3

)
+ o(ρ),

ΨN2 = −AabE̊
a ˚̄Eb + ρ

(
ðΨ̊3 − 3µ̊Ψ̊2 + σ̊Ψ̊4

)
+ o(ρ),

ΨN1 = −Ja E̊a + ρ
(
ðΨ̊2 − 2µ̊Ψ̊1 + 2σ̊Ψ̊3

)
+ o(ρ),

ΨN0 = −Nab E̊aE̊b + ρ
(
ðΨ̊1 − µ̊Ψ̊0 + 3σ̊Ψ̊2

)
+ o(ρ).

(B.40)

The knowledge of the sub-leading terms of the spin coefficients and Weyl scalars allows to
compute the spin-−3 charge and its evolution equation. The evaluation and the transformation
properties of the charges with spin s ≥ 3 will be investigated in a future work. In section 3,
we computed the boost weights of the covariant functional, obtaining w(Tab) = −2, w(Pa) =
−1, w(Aab) = 0, w(Ja) = 1, w(Nab) = 2. Since the complex dyad (E̊a, ˚̄Ea) has vanishing
boost weights and (1,−1) spin weights and in the transformation in (B.13) we take ω1 = −1
and ω0 = 0, we have the following (s, w, ω)-weights

Ψ4 = (−2,−2,−5), Ψ3 = (−1,−1,−4), Ψ2 = (0, 0,−3),
Ψ1 = (1, 1,−2), Ψ0 = (2, 2,−1),

(B.41)

or compactly Ψk = (2 − k, 2 − k,−k − 1).

Bianchi identities. In the previous subsection we derived the leading expressions of the
Weyl scalars, and now we are interested in the evolution equation of the latter. Using the
Bianchi identities, these yield

(∂v − 4ϱ̊ − 2̊ϵ)Ψ̊1 = (ð̄+ π̊)Ψ̊0,

(∂v − 3ϱ̊)Ψ̊2 = (ð̄+ 2π̊)Ψ̊1 − λ̊Ψ̊0,

(∂v − 2ϱ̊ + 2̊ϵ)Ψ̊3 = (ð̄+ 3π̊)Ψ̊2 − 2̊λΨ̊1,

(∂v − ϱ̊ + 4̊ϵ)Ψ̊4 = (ð̄+ 4π̊)Ψ̊3 − 3̊λΨ̊2.

(B.42)
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These equations can be written in a recursive formula in terms of the weighted operators
defined in [80],

Þ𝒞Ψ̊n = ð′𝒞Ψ̊n−1 − (n − 1)̊λΨ̊n−2, with n = 1, 2, 3, 4, (B.43)

where in our case

Þ𝒞 = Þ + (ω − 2w)ρ̊, and ð′𝒞 = ð̄− (ω − w + s)̊π. (B.44)

Notice that the operator Þ𝒞 (Þ′
𝒞) is a boost-raising (-lowering) operator, since it raises

(lowers) the boost weight of +1 (−1), while ð𝒞 (resp. ð′𝒞) is a spin-raising (-lowering)
operator, since it raises (lowers) the spin weight of +1 (−1). Moreover, in our convention Þ′

𝒞
lowers the Weyl weight of −2 while ð𝒞 and ð′𝒞 lower the Weyl weight of −1. Now, we want
to rearrange the evolution Bianchi identities in (B.42) to recover the evolution equations
of the boost-weighted covariant functionals listed in subsection 4.4. For this purpose, let
us explicitly work out the terms of the form

(∂v − 2s̊ϵc)Ψ̊s, where ϵ̊r,c =
ϵ̊ ±˚̄ϵ
2 . (B.45)

In the first Bianchi identity, we have

∂vΨ̊1 − 2̊ϵcΨ̊1 = − ∂v(JaE̊a) + 2̊ϵcJaE̊a

= − ∂v(Ja)E̊a + 2̊ϵcJaE̊a − σJa
˚̄Ea − Ja(ϱ̊ + 2̊ϵc)E̊a

= − ∂v(Ja)E̊a − σ̊Ja
˚̄Ea − Jaϱ̊E̊a.

(B.46)

The term (B.45) in the evolution equation for Pa yields

∂vΨ̊3 + 2̊ϵcΨ̊3 = − ∂v(Pa
˚̄Ea)− 2̊ϵcPa

˚̄Ea

= −˚̄Ea ∂vPa − Pa(̊σ̄E̊a + (ϱ̊ − 2̊ϵc)˚̄Ea)− 2̊ϵcPa
˚̄Ea

= −˚̄Ea ∂vPa − Pa˚̄σE̊a − Paϱ̊˚̄Ea,

(B.47)

and finally, in the last Bianchi identity we have

∂vΨ̊4 + 4̊ϵcΨ̊4 = − ∂v(Tab
˚̄EaĒb)− 4̊ϵcTab

˚̄EaĒb

= −(∂vTab)˚̄EaĒb − Tab ∂v(˚̄EaĒb)− 4̊ϵcTab
˚̄EaĒb

= −(∂vTab)˚̄EaĒb − 2ϱ̊Tab
˚̄Eb ˚̄Ea,

(B.48)

where we used the metric equation

∂vE̊a = σ̊ ˚̄Ea + (ϱ̊ + ϵ̊ −˚̄ϵ)E̊a. (B.49)

Thus, substituting the above relations into (B.42), using the expressions of the spin coefficients
listed in (B.30), the properties of the dual symmetry introduced in subsection 3.3 and the
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relations in (B.31), we finally obtain
[
∂vJa −

(̊
κ(ℓ) −

3
2 θ̊(ℓ)

)
Ja − 1

2(K̊
(ℓ)b
a Jb + ˚̃K(ℓ)b

a J̃b)− (D̊b − π̊b)N b
a

]
E̊a = 0,[

∂vAab +
1
2 θ̊(ℓ)Aab −Ac(a(K̊

(ℓ)c
b) − ˚̃

K
(ℓ)c
b) )− (D̊a + π̊a)Jb + σ̊(n)

ac N c
b

]
E̊a ˚̄Eb = 0,[

∂vPa + µ̊(ℓ)Pa − 1
2(K̊

(ℓ)b
a Pb + ˚̃K(ℓ)b

a P̃b)− (D̊b + 3π̊b)A b
a + 2σ̊

(n)
ab J b

]˚̄Ea = 0,[
∂vTab +

(
2̊κ(ℓ) −

1
2 θ̊(ℓ)

)
Tab − (D̊(a + 5π̊(a)Pb) + 3σ̊(n)

ca A c
b

]˚̄Ea ˚̄Eb = 0.

(B.50)

In particular, we have ˚̃
θ

(ℓ)
J̃a = −θ̊(ℓ)Ja, ˚̃θ

(ℓ)
P̃a = −θ̊(ℓ)Pa and also

σ̊
(ℓ)
ab J

b = ˚̃σ(ℓ)
ab J̃ b, and σ̊

(ℓ)
ab P

b = ˚̃σ(ℓ)
ab P̃b. (B.51)

Therefore, the first and the third equations in (B.50) become

∂vJa −
(̊
κ(ℓ) −

3
2 θ̊(ℓ)

)
Ja − σ̊(ℓ)b

a Jb − (D̊b − π̊b)N b
a = 0 (B.52)

and

∂vPa + µ̊(ℓ)Pa − σ̊(ℓ)b
a Pb −

1
2(∂a + 3π̊a)A− 1

2(∂̃a + 3˚̃πa)Ã+ 2σ̊
(n)
ab J b = 0, (B.53)

respectively. In particular, by noticing that Aab = 1
2(Aq̊ab+Ãεab), the second Bianchi identity

can be split in two equations: its symmetric part

∂vA+ 3
2 θ̊(ℓ)A− (D̊a + π̊a)J a + σ̊

(n)
ab N ab = 0, (B.54)

and its anti-symmetric part

∂vÃ+ 3
2 θ̊(ℓ)Ã− (D̊a + π̊a)J̃ a + σ̊

(n)
ab Ñ ab = 0. (B.55)

C Useful formulae

In this appendix, we provide the derivation of some formulae used in the paper. Let us start
by computing the behaviour of the boundary connection under symmetry transformations.
One obtains that

δ(τ,Y )Γ̊c
ab =

1
2 q̊cd(D̊aδξ q̊bd + D̊bδξ q̊ad − D̊dδξ q̊ab)

= q̊cd
(
D̊aD̊(bYd) + D̊bD̊(aYd) − D̊dD̊(aYb) + τD̊aK̊

(ℓ)
bd + τD̊bK̊

(ℓ)
ad

− τD̊dK̊
(ℓ)
ab + K̊

(ℓ)
bd D̊aτ + K̊

(ℓ)
ad D̊bτ − K̊

(ℓ)
ab D̊dτ

)
= D̊(aD̊b)Y

c + 1
2(R

c
bda + R c

adb )Y d + 2τD̊(aK̊
(ℓ)c
b) − τD̊cK̊

(ℓ)
ab

+ 2K̊
(ℓ)c
(b D̊a)τ − K̊

(ℓ)
ab D̊cτ,

(C.1)
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where we used the following commutators

[D̊a, D̊b]Yc = R̊ d
abc Yd, [D̊a, D̊b]Y c = R̊c

dabY
d. (C.2)

In particular, one infers that the Christoffel symbols possess the following linear anomalies

∆ξΓ̊c
ab = 2K̊

(ℓ)c
(b D̊a)τ − K̊

(ℓ)
ab D̊cτ, ∆ξΓ̊b

ab = θ̊(ℓ)D̊aτ. (C.3)

Now, having established the behaviour of the Christoffel symbols under symmetry transforma-
tions, the Ricci tensor associated with the boundary metric possesses the following anomaly

∆ξR̊ab = ∆ξ

(
∂cΓ̊c

ab − ∂bΓ̊c
ac + Γ̊d

cdΓ̊c
ab − Γ̊c

bdΓ̊d
ac

)
= 2D̊(aK̊

(ℓ)c
b) ∂cτ − D̊cK̊

(ℓ)
ab ∂cτ + 2 ∂c(K̊(ℓ)c

(b D̊a)τ)− ∂c(K̊(ℓ)
ab D̊cτ)

− ∂bτD̊aθ̊(ℓ) − ∂b(θ̊(ℓ)D̊aτ) + 2Γ̊d
cdK̊

(ℓ)c
(b D̊a)τ − Γ̊d

cdK̊
(ℓ)
ab D̊cτ

+ θ̊(ℓ)Γ̊c
ab ∂cτ + Γ̊c

bdK̊(ℓ)
ac D̊dτ − 2Γ̊d

acK̊
(ℓ)c
(b D̊d)τ + Γ̊d

acK̊
(ℓ)
db D̊cτ

− 2Γ̊c
bdK̊

(ℓ)d
(c ∂a)τ

= 2D̊(aK̊
(ℓ)c
b) ∂cτ − 2D̊cK̊

(ℓ)
ab ∂cτ + 2D̊c(K̊(ℓ)c

(b D̊a)τ)− K̊
(ℓ)
ab D̊c ∂cτ

− 2D̊(aθ̊(ℓ) ∂b)τ − θ̊(ℓ)D̊b ∂aτ.

(C.4)

Tracing the equation above, the anomaly of the boundary Ricci scalar reads as

∆ξR̊ = 4D̊aK̊ab
(ℓ) ∂bτ − 4D̊cθ̊(ℓ) ∂cτ + 2K̊ab

(ℓ)D̊a ∂bτ − 2θ̊(ℓ)D̊c ∂cτ. (C.5)
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