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ARTICLE INFO ABSTRACT
Keywords: We investigate a fragment of Linear Temporal Logic (LTL) comprising the tomorrow (X) and even-
Linear temporal logics (LTLs) tually (F) modalities, and present a singly exponential time algorithm for the pastification problem

Pure past LTL

within this fragment. The pastification problem consists of constructing, for a given LTL formula,
Safety and cosafety languages

an equivalent formula that exclusively employs past temporal operators. While the best known
algorithms for this task in full LTL-and in the fragment under consideration—exhibit triply expo-
nential time complexity, our approach achieves optimal complexity for this fragment.

The proposed algorithm proceeds in two main stages: (i) the input formula is first translated
into a tailored normal form, and then (ii) a pure past formula is synthesized from a tree-like
structure derived from the normalized formula. With minor adaptations, the algorithm extends
to handle the fragment of LTL featuring the tomorrow and globally modalities.

We provide an implementation of the algorithm in the temporal reasoning tool BLACK, and
report on an experimental evaluation of its performance.’

1. Introduction

Linear Temporal Logic (LTL) [2] extends propositional logic with future temporal modalities to reason on infinite traces, that is,
infinite discrete linear structures with a minimal element. Together with its extension with past modalities LTL+P [3] and its finite
variant LTL; [4] (where formulae are interpreted over finite traces), Linear Temporal Logic proved itself to be an essential tool in
many areas including formal verification, automated reasoning, and knowledge representation. In this paper, we focus on the pure
past fragment of LTL+P, which we denote by pLTL [3,5]. This fragment is defined as the subset of formulae of LTL+P devoid of future
modalities. By featuring only past modalities, formulae of pLTL are naturally interpreted on finite traces.

The logic pLTL has received a renewed attention in the last years, due to its good theoretical and algorithmic properties.

In terms of expressive power, pLTL is equivalent to LTL; [3], although one can be exponentially more succinct than the other,
and vice versa [6,7]. In addition, pLTL is closely related to safety and cosafety fragments of LTL [8]. The former, denoted by SafetyLTL,
is the fragment of LTL that characterizes properties stating that “something bad never happens”. Structurally, SafetyLTL contains all
formulae of LTL that are in Negation Normal Form and whose temporal modalities are universal (tomorrow (X), globally (G), and
release (R)). The cosafety fragment of LTL, denoted by coSafetyL TL, characterizes instead all properties stating that “something good
will eventually happen” and it contains all formulae of LTL that are in Negation Normal Form and whose temporal modalities are all
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\begin {align*}\sigma ,k \models \ltl {Y(\phi _1\otimes \phi _2)} &\textit { \ iff \ } \sigma ,k-1\models \phi _1 \otimes \phi _2 \text { and } k > 0 \\ &\textit { \ iff \ } (\sigma ,k-1\models \phi _1) \otimes (\sigma ,k-1\models \phi _2), \text { and } k > 0\\ &\textit { \ iff \ } \sigma ,k\models \ltl {Y \phi _1} \otimes \ltl {Y \phi _2}. &&\qedhere \end {align*}


$\Rule _4$


$\sigma ,k+1 \models \ltl {Y F \phi }$


$\sigma ,k+1 \models \ltl {F Y \phi }$


$\sigma \in (2^{\AP })^\omega $


$k\ge 0$


$\begin {aligned}[t] \sigma ,k+1 \models \ltl {Y F \phi } &\textit { \ iff \ } \sigma ,k \models \ltl {F \phi }\\ &\textit { \ iff \ } \sigma ,h \models \phi \text { for some } h \geq k\\ &\textit { \ iff \ } \sigma ,h+1 \models \ltl {Y} \phi \text { for some } h \geq k\\ &\textit { \ iff \ } \sigma ,h' \models \ltl {Y} \phi \text { for some } h' \geq k+1\\ &\textit { \ iff \ } \sigma ,k+1 \models \ltl {F Y \phi }. &\hspace {2.1cm}\qedhere \end {aligned}$


$\Rule _1$


$\Rule _6$


$\relax \mathsf {LTL}[{\mathsf {X},\mathsf {F}}]$


$\mathtt {pushY}(\ltl {Y}^j \psi )$


$\psi $


$\relax \mathsf {conj(F, pLTL[Y])}$


$j\geq 1$


$\mathtt {pushY}(\ltl {Y}^j \psi )$


$\relax \mathsf {conj(F, pLTL[Y])}$


$\ltl {Y}^j \psi $


$\Rule _3$


$\Rule _4$


$j=0$


$\psi $


$j \geq 1$


$\mathtt {pushY}(\ltl {Y}^j \psi )$


$j+1$


$\ltl {X}$


$\Rule _4$


$\LTLxf $


$\phi $


$\gamma $


$\nfLTLxf $


$\gamma \equiv \phi $


$\cdot $


$\gamma $


$\nfLTLxf $


$\phi \equiv \gamma $


$\phi $


$\phi \in \LTLfand $


$\gamma = \phi $


$\gamma \equiv \phi $


$\gamma $


$\LTLfand $


$\nfLTLxf $


$\phi = \ltl {X}(\psi )$


$\gamma = \ltl {X}(\texttt {NF}(\psi ))$


$\texttt {NF}(\psi ) \equiv \psi $


$\gamma \equiv \phi $


$\texttt {NF}(\psi )$


$\nfLTLxf $


$\gamma $


$\phi = \ltl {F}(\psi )$


$\mathtt {NF}(\psi ) = \ltl {X}^k \bigvee _{i=1}^{d} \psi _i$


$\psi _i$


$\relax \mathsf {conj(F, pLTL[Y])}$


$\gamma = \ltl {X}^k \bigvee _{i=1}^{d} \ltl {F}\psi _i$


$\nfLTLxf $


$\mathtt {NF}(\psi ) \equiv \psi $


$\phi \equiv \ltl {F}(\mathtt {NF}(\psi ))$


$\gamma $


$\Rule _2$


$\Rule _5$


$\ltl {F}(\mathtt {NF}(\psi ))$


$\ltl {F}(\mathtt {NF}(\psi )) \equiv \gamma $


$\phi \equiv \gamma $


$\phi = \phi _1 \otimes \phi _2$


$\otimes \in \{{\lor },{\land }\}$


$\mathtt {NF}(\phi _i) = \ltl {X}^{k_i} \!\bigvee _{j=1}^{d_i} \!\psi _{i,j}$


$\psi _{i,j}$


$\relax \mathsf {conj(F, pLTL[Y])}$


$i \in \{1,2\}$


$k_1 \leq k_2$


$k_2 < k_1$


\begin {align*}\phi &\equiv \big ( \ltl {X}^{k_1} \!\bigvee \nolimits _{j=1}^{d_1} \!\psi _{1,j} \big ) \otimes \big ( \ltl {X}^{k_2} \!\bigvee \nolimits _{j=1}^{d_2} \!\psi _{2,j} \big ) &\hspace {-3cm}\text {(by induction hypothesis)}\\ &\equiv \ltl {X}^{k_2} \Big (\big (\ltl {Y}^{k_2-k_1}\bigvee \nolimits _{j=1}^{d_1} \!\psi _{1,j} \big ) \otimes \big (\bigvee \nolimits _{j=1}^{d_2} \!\psi _{2,j} \big )\Big ) &\hspace {-4cm}\text {(by rule~$\Rule _1$)}\\ &\equiv \ltl {X}^{k_2} \Big (\big (\bigvee \nolimits _{j=1}^{d_1} \ltl {Y}^{k_2-k_1}\psi _{1,j} \big ) \otimes \big (\bigvee \nolimits _{j=1}^{d_2} \!\psi _{2,j} \big )\Big ) &\hspace {-4cm}\text {(by rule~$\Rule _5$)}\\ &\equiv \ltl {X}^{k_2} \Big (\big (\bigvee \nolimits _{j=1}^{d_1} \mathtt {pushY}(\ltl {Y}^{k_2-k_1}\psi _{1,j}) \big ) \otimes \big (\bigvee \nolimits _{j=1}^{d_2} \psi _{2,j} \big )\Big ).\end {align*}


$k_1 = k_2$


$\Rule _3,\Rule _4$


$\otimes $


$\lor $


$\gamma $


$\otimes $


$\land $


$\gamma $


$\Rule _6$


$\mathtt {pushY}(\ltl {Y}^{k_2-k_1}\psi _{1,j})$


$\relax \mathsf {conj(F, pLTL[Y])}$


$\mathtt {NF}(\phi )$


$\nfLTLxf $


$2^{\mathcal {O}(\size (\phi ))}$


$\phi $


$\relax \mathsf {LTL}[{\mathsf {X},\mathsf {F}}]$


$\size _{\ltl {Y}}(\psi )$


$\psi $


$\relax \mathsf {conj(F, pLTL[Y])}$


$\psi $


$\ltl {F}$


$\size _{\ltl {F}}(\psi )$


$\psi $


$\relax \mathsf {conj(F, pLTL[Y])}$


$\psi $


$\top $


$\ltl {F}$


$\mathcal {R}(\phi )$


$\phi $


$\relax \mathsf {LTL}[{\mathsf {X},\mathsf {F}}]$


\begin {align*}\Reducts (\chi ) &\coloneqq 1 &\text {for $\chi \in \{\top ,\bot ,p,\lnot p \suchthat p \in \AP \}$}\\ \Reducts (\phi _1 \land \phi _2) &\coloneqq \Reducts (\phi _1) \cdot \Reducts (\phi _2)\\ \Reducts (\phi _1 \lor \phi _2) &\coloneqq \Reducts (\phi _1) + \Reducts (\phi _2)\\ \Reducts (\oplus \phi ') &\coloneqq \Reducts (\phi ') &\text {for $\oplus \in \{\ltl {X},\ltl {F}\}$.}\end {align*}


$\size (\psi ) \leq \size _{\ltl {F}}(\psi ) \cdot \size _{\ltl {Y}}(\psi )$


$\psi $


$\relax \mathsf {conj(F, pLTL[Y])}$


$\Reducts (\phi ) \leq 2^{\size (\phi )}$


$\phi $


$\relax \mathsf {LTL}[{\mathsf {X},\mathsf {F}}]$


$\phi $


$\LTLxf $


$\NF (\phi ) = \ltl {X^j} \bigvee _{i=1}^{c} \psi _i$


$j \leq \size (\phi )$


$c \le \Reducts (\phi ) \leq 2^{\size (\phi )}$


$\size _{\ltl {F}}(\psi _i) \leq \size (\phi )$


$\size _{\ltl {Y}}(\psi _i) \leq \size (\phi )+j$


$\phi $


$\gamma \coloneqq \mathtt {NF}(\phi )$


$\phi $


$\gamma = \phi $


$\phi = \ltl {X}(\psi )$


$\NF (\psi ) = \ltl {X}^k \bigvee _{i=1}^{d} \psi _i$


$k \leq \size (\psi )$


$d \leq \Reducts (\psi )$


$\size _{\ltl {F}}(\psi _i) \leq \size (\psi )$


$\size _{\ltl {Y}}(\psi _i) \leq \size (\psi )+k$


$\gamma = \ltl {X}^{k+1} \bigvee _{i=1}^{d} \psi _i$


$\size (\phi ) = \size (\psi )+1$


$\phi = \ltl {F}(\psi )$


$\NF (\psi ) = \ltl {X}^k \bigvee _{i=1}^{d} \psi _i$


$k \leq \size (\psi )$


$d \leq \Reducts (\psi )$


$\size _{\ltl {F}}(\psi _i) \leq \size (\psi )$


$\size _{\ltl {Y}}(\psi _i) \leq \size (\psi )+k$


$\gamma = \ltl {X}^{k} \bigvee _{i=1}^{d} \ltl {F}\psi _i$


$\size _{\ltl {Y}}(\ltl {F}\psi _i) = \size _{\ltl {Y}}(\psi _i) \leq \size (\psi )+k \leq \size (\phi )+k$


$\size _{\ltl {F}}(\ltl {F}\psi _i) = \size _{\ltl {F}}(\psi _i)+1 \leq \size (\psi )+1 = \size (\phi )$


$\phi = \phi _1 \otimes \phi _2$


$\otimes \in \{\land ,\lor \}$


$\NF (\phi _i) = \ltl {X}^{k_i} \bigvee _{j=1}^{d_i} \psi _{i,j}$


$i \in \{1,2\}$


$k_i \leq \size (\phi _i)$


$d_i \leq \Reducts (\phi _i)$


$\size _{\ltl {F}}(\psi _{i,j}) \leq \size (\phi _i)$


$\size _{\ltl {Y}}(\psi _{i,j}) \leq \size (\phi _i)+k_i$


$k_1 \leq k_2$


$j \in [1,d_2]$


$\gamma _{2,j}$


$\psi _{i,j}$


$j \in [1,d_1]$


$\gamma _{1,j} \coloneqq \mathtt {pushY}(\ltl {Y}^{k_2-k_1} \psi _{1,j})$


$\mathtt {pushY}$


$\size _{\ltl {F}}(\gamma _{1,j}) = \size _{\ltl {F}}(\psi _{1,j})$


$\size _{\ltl {Y}}(\gamma _{1,j}) = \size _{\ltl {Y}}(\psi _{1,j}) + k_2-k_1 \leq \size (\phi _1)+k_2$


$i \in \{1,2\}$


$j \in [1,d_i]$


$\size _{\ltl {F}}(\gamma _{i,j}) \leq \size (\phi _i)$


$\size _{\ltl {Y}}(\gamma _{i,j}) \leq \size (\phi _i)+k_2$


$\otimes $


$\otimes $


$\lor $


$\gamma $


$\ltl {X}^{k_2} \big (\big (\bigvee _{j = 1}^{d_1}\gamma _{1,j}\big ) \lor \big (\bigvee _{k = 1}^{d_2}\gamma _{2,k}\big )\big )$


$k_2 \leq \size (\phi _2) \leq \size (\phi )$


$\size _{\ltl {F}}(\gamma _{i,j}) \leq \size (\phi )$


$\size _{\ltl {Y}}(\gamma _{i,j}) \leq \size (\phi )+k_2$


$d_1+d_2 \leq \Reducts (\phi _1) + \Reducts (\phi _2) = \Reducts (\phi )$


$\otimes $


$\land $


$\ltl {X}^{k_2} \bigvee _{j = 1}^{d_1}\bigvee _{k = 1}^{d_2} \big (\gamma _{1,j} \land \gamma _{2,k}\big )$


$k_2 \leq \size (\phi _2) \leq \size (\phi )$


$\size _{\ltl {Y}}(\gamma _{1,j} \land \gamma _{2,k}) \leq \size (\phi )+k_2$


$j \in [1,d_1]$


$k \in [1,d_2]$


$\size _{\ltl {F}}(\gamma _{1,j} \land \gamma _{2,k}) \leq \size _{\ltl {F}}(\gamma _{1,j}) + \size _{\ltl {F}}(\gamma _{2,k}) + 1 \leq \size (\phi _1)+ \size (\phi _2) + 1 = \size (\phi )$


$d_1 \cdot d_2 \leq \Reducts (\phi _1) \cdot \Reducts (\phi _2) = \Reducts (\phi )$


$2^{\mathcal {O}(\size (\phi ))}$


$\NF (\phi )$


$\phi $


$\LTLxf $


$\NF (\phi )$


$2^{\mathcal {O}(\size (\phi ))}$


$\NF (\phi ) = \ltl {X^j} \bigvee _{i=1}^{c} \psi _i$


$j \leq \size (\phi )$


${c \le \Reducts (\phi )} \leq 2^{\size (\phi )}$


$\size _{\ltl {F}}(\psi _i) \leq \size (\phi )$


$\size _{\ltl {Y}}(\psi _i) \leq \size (\phi )+j$


$i \in [1,c]$


\begin {align*}\size (\NF (\phi )) &= j + \sum \nolimits _{i=1}^{c} \size (\psi _i)\\ &\leq j + c \cdot \max \{\size (\psi _i) : 1 \leq i \leq c\}\\ &\leq j + c \cdot \max \{\size _{\ltl {F}}(\psi _i) \cdot \size _{\ltl {Y}}(\psi _i) : 1 \leq i \leq c\}\\ &\leq j + c \cdot \size (\phi ) \cdot (\size (\phi ) + j)\\ &\leq \size (\phi ) + 2^{\size (\phi )+1} \cdot \size (\phi )^2\\ &\in 2^{\mathcal {O}(\size (\phi ))}. &&\qedhere \end {align*}


$2^{\mathcal {O}(\size (\phi ))}$


$\NF $


$\phi $


$\size (\phi )$


$2^{\mathcal {O}(\size (\phi ))}$


$\poly (2^{\mathcal {O}(n)}) = 2^{\mathcal {O}(n)}$


$2^{\mathcal {O}(\size (\phi ))}$


$\relax \mathsf {F}(\LTLFP [\mathsf {Y},\mathsf {\widetilde {Y}},\mathsf {O}])$


$\relax \mathsf {{nf(LTL[\mathsf {X},\mathsf {F}])}}$


$\relax \mathsf {F}(\LTLFP [\mathsf {Y},\mathsf {\widetilde {Y}},\mathsf {O}])$


$\LTLfand $


$\ltl {F}$


$\LTLfand $


$\relax \mathsf {{nf(LTL[\mathsf {X},\mathsf {F}])}}$


$\phi \in \LTLfand $


$\ltl {\psi \wedge F(\phi _1) \wedge \dots \wedge F(\phi _n)}$


$\psi $


$\pLTLy $


$\phi _i$


$\LTLfand $


$n \in \N $


$\phi $


$\psi $


$n$


$i$


$\phi _i$


$T(\phi )$


$\phi \in \LTLfand $


$(V,E,r,\mu ,\nu )$


$(V,E,r)$


$V$


$E$


$r \in V$


$\mu \colon V \to \LTLfand $


$\nu \colon V \to \pLTLy $


$\mu (r) = \phi $


$v \in V$


$\mu (v) = \ltl {\psi \wedge F(\phi _1) \wedge \dots \wedge F(\phi _n)}$


$\psi \in \pLTLy $


$n\in \N $


$\phi _i$


$\LTLfand $


$\nu (v) = \psi $


$v$


$E(v) = \{v_1,\dots ,v_n\}$


$\mu (v_i) = \phi _i$


$i \in [1,n]$


$T(\phi )$


$\phi := p \land \mathsf {F}\big (p \land \mathsf {F}(\mathsf {Y Y} r \land \mathsf {F}(s \lor \mathsf {Y} q)) \land \mathsf {F}(\mathsf {Y} q \land p)\big )$


$\nu $


$T(\phi )$


$T$


$\phi $


$\size (\phi )$


$\Pi (T)$


$T$


$\pi = \langle \pi _{1}, \ldots , \pi _{n} \rangle $


$V$


$\pi _1 = r$


$\pi _{i+1} \in E(\pi _i)$


$i \in [1,n-1]$


$E(\pi _n) = \emptyset $


$\relax \mathsf {F}(\LTLFP [\mathsf {Y},\mathsf {\widetilde {Y}},\mathsf {O}])$


$\ltl {X^k} \bigvee _{i=1}^{c} \phi _i$


$\relax \mathsf {{nf(LTL[\mathsf {X},\mathsf {F}])}}$


$k,c\in \N $


$\phi _i$


$\relax \mathsf {conj(F, pLTL[Y])}$


$i \in [1,c]$


$T(\phi _i)$


$\psi _i^k$


$\phi _i$


$k$


$k$


$\ltl {X}$


$\bigvee _{i=1}^{c} \phi _i$


$\Pi (T(\phi _i))$


$\ltl {O}$


$\ltl {Y}$


$\weakyesterday $


$T(\phi _i)$


$\at _k \coloneqq \ltl {Z^{k+1}\bot \land Y^k \top }$


$k$


$\phi $


$\relax \mathsf {conj(F, pLTL[Y])}$


$k \in \N $


$\pi =\seq {\pi _1,\dots ,\pi _n} \in \Pi (T)$


$\langle \langle {\pi }\rangle \rangle ^{i}_k$


$i \in [1,n]$


\begin {align*}\unr {\pi }^i_{k} = \begin {cases} \ltl {O}(\nu (\pi _1) \land \at _k) & \text {if } i=1, \\ \ltl {O}(\nu (\pi _i) \land \unr {\pi }^{i-1}_{k}) & \text {otherwise.} \end {cases}\end {align*}


$\pi $


$\unr {\pi }_k \coloneqq \unr {\pi }_k^n$


$\phi $


$\relax \mathsf {conj(F, pLTL[Y])}$


$k \in \N $


$\past (\phi ,k) \coloneqq \ltl {F}(\bigwedge _{\pi \in \Pi (T)} \unr {\pi }_{k})$


$\relax \mathsf {F}(\LTLFP [\mathsf {Y},\mathsf {\widetilde {Y}},\mathsf {O}])$


$\phi $


$k$


$\phi $


$k \in \N $


$\past (\phi ,k) = \ltl {F}( \unr {\pi _1}_k \land \unr {\pi _2}_k)$


\begin {align*}\unr {\pi _1}_k & \coloneqq \ltl {O\big ((s \vee Y q) \wedge O(Y Y r \wedge O(p \wedge O(p \wedge \at _k)))\big )},\\ \unr {\pi _2}_k & \coloneqq \ltl {O\big ((p \wedge Y q) \wedge O(p \wedge O(p \wedge \at _k))\big )}.\end {align*}


$\past (\phi ,k)$


$\pi _1$


$\pi _2$


$\past (\phi ,k)$


$\ltl {X^k}\phi $


$\ltl {X^k}\bigvee _{i=1}^{c}\phi _i$


$\relax \mathsf {{nf(LTL[\mathsf {X},\mathsf {F}])}}$


$\relax \mathsf {F}(\LTLFP [\mathsf {Y},\mathsf {\widetilde {Y}},\mathsf {O}])$


\begin {equation*}\ltl {F} \bigvee \nolimits _{i=1}^c \psi _i\,,\end {equation*}


$\psi _i$


$\past (\phi _i,k) = \ltl {F}\psi _i$


\begin {align*}\ltl {X^k} \bigvee \nolimits _{i=1}^{c} \phi _i &\ \equiv \
\bigvee \nolimits _{i=1}^{c} \ltl {X^k} \phi _i & \text {(see~\linkref [Lemma]{\ref {lemma:strong:equiv}} and $\Rule _1$)}\\ &\ \equiv \
\bigvee \nolimits _{i=1}^{c} \past (\phi _i,k) & \text {(\linkref [Lemma]{\ref {lemma:deptree}}, below)}\\ &\ \equiv \
\ltl {F}\bigvee \nolimits _{i=1}^{c} \psi _i & \text {(see~\linkref [Lemma]{\ref {lemma:strong:equiv}} and $\Rule _5$).}\end {align*}


$\phi \in \LTLfand $


$k \in \N $


$\ltl {X^k}\phi \equiv \past (\phi ,k)$


\begin {align*}\Rule _7: \quad \ltl {F \big (\psi _1 \wedge F(\psi _2) \wedge F(\psi _3)\big )} \ \mapsto \
\ltl {F \big (\psi _1 \wedge F(\psi _2)\big ) \wedge F\big (\psi _1 \wedge F(\psi _3)\big )}.\end {align*}


$\sigma \in (2^{\AP })^\omega $


$i\ge 0$


\begin {equation*}\sigma ,i \models \ltl {F\big (\psi _1 \wedge F(\psi _2)\big ) \wedge F\big (\psi _1 \wedge F(\psi _3)\big )}.\end {equation*}


$j_1,j_2,k_1,k_2$


$i \leq j_1 \leq j_2$


$i \leq k_1 \leq k_2$


$\sigma , j_1 \models \psi _1$


$\sigma , k_1 \models \psi _1$


$\sigma , j_2 \models \psi _2$


$\sigma , k_2 \models \psi _3$


$j_1 \leq k_1$


$k_1 < j_1$


$\sigma , j_2 \models \psi _2$


$\sigma , k_2 \models \psi _3$


$\sigma , j_1 \models \ltl {F}(\psi _2)$


$\sigma , j_1 \models \ltl {F}(\psi _2)$


$\sigma , i \models \ltl {F\big (\psi _1 \wedge F(\psi _2) \wedge F(\psi _3)\big )}$


$\Rule _7$


$\Rule _7$


$\ltl {F\big (\psi _1 \wedge F(\psi _2) \wedge \ldots \wedge F(\psi _n)\big )}$


$\ltl {F\big (\psi _1 \wedge F(\psi _2)\big ) \wedge \ldots \wedge F\big (\psi _1 \wedge F(\psi _n)\big )}$


$\ltl {X^k}\phi \equiv \past (\phi ,k)$


$\Rule _7$


$\phi $


$\Rule _7$


$\phi := p \land \mathsf {F}\big (p \land \mathsf {F}(\mathsf {Y Y} r \land \mathsf {F}(s \lor \mathsf {Y} q)) \land \mathsf {F}(\mathsf {Y} q \land p)\big )$


$p \land \mathsf {F}\big (p \land \mathsf {F}(\mathsf {Y Y} r \land \mathsf {F}(s \lor \mathsf {Y} q))\big ) \land \mathsf {F}\big (p \land \mathsf {F}(\mathsf {Y} q \land p)\big )$


$T$


$\phi $


\begin {equation*}\gamma \coloneqq \bigwedge _{ \substack {\pi \in \Pi (T) \text { s.t.} \\ \pi =\seq {\pi _1,\dots ,\pi _n}} } \big (\nu (\pi _1) \land \ltl {F} \big (\nu (\pi _2) \land \ltl {F}( \dots \ltl {F}(\nu (\pi _n))\dots )\big )\big ),\end {equation*}


$\ltl {X}^k \phi \equiv \ltl {X}^k \gamma $


$\past (\phi ,k) = \ltl {F}(\bigwedge _{\pi \in \Pi (T)} \unr {\pi }_{k})$


$\unr {\pi }_k$


$\ltl {O}(\psi )$


$\past (\phi ,k)$


$\bigwedge _{\pi \in \Pi (T)} \ltl {F}(\unr {\pi }_{k})$


$\ltl {F}\big (\ltl {O}(\psi _1) \land \ltl {O}(\psi _2)\big ) \equiv \ltl {F}\big (\ltl {O}(\psi _1)\big ) \land \ltl {F}\big (\ltl {O}(\psi _2)\big )$


$\Rule _7$


$\pi = \seq {\pi _1,\dots ,\pi _n}$


$\Pi (T)$


\begin {equation*}\ltl {F}(\unr {\pi }_{k}) \ \equiv \ \ltl {X}^k\big (\nu (\pi _1) \land \ltl {F}\big (\nu (\pi _2) \land \ltl {F}( \dots \ltl {F}(\nu (\pi _n))\dots )\big )\big ).\end {equation*}


$\sigma \in (2^{\AP })^{\omega }$


$\sigma ,0 \models \ltl {X}^k\big (\nu (\pi _1) \land \ltl {F}\big (\nu (\pi _2) \land \ltl {F}( \dots \ltl {F}(\nu (\pi _n))\dots )\big )\big )$


$j_1,j_2,\dots ,j_n \in \N $


$k = j_1 \leq j_2 \leq \dots \leq j_n$


$\sigma , j_i \models \nu (\pi _i)$


$i \in [1,n]$


$i \in [1,n]$


$\sigma ,j_{i} \models \unr {\pi }_k^{i}$


$\sigma ,j_n \models \unr {\pi }_k$


$\sigma ,0 \models \ltl {F}(\unr {\pi }_k)$


$\LTLxf $


$\Falphanos $


$1$


$\phi $


$\LTLxf $


$\ltl {X}^k \bigvee _{i=1}^c \phi _i$


$\nfLTLxf $


$\phi $


$2^{\mathcal {O}(\size (\phi ))}$


$\ltl {F} \bigvee _{i=1}^c \psi _i$


$\past (\phi _i,k) = \ltl {F} \psi _i$


$i \in [1,c]$


$\gamma $


$\LTLfand $


$k \in \N $


$\past (\gamma ,k)$


$\size (\gamma )$


$k$


$\mathcal {O}( n \cdot (k + n))$


$n \coloneqq \size (\gamma )$


$T \coloneqq T(\gamma )$


$\past (\gamma ,k)$


\begin {align*}\size (\past (\gamma ,k)) = \sum \nolimits _{\substack {\pi \in \Pi (T)}} \size (\unr {\pi }_k),\end {align*}


$\pi $


$j\leq n$


\begin {equation*}\size (\unr {(\pi _1,\dots ,\pi _j)}_k) = \size (\unr {(\pi _1,\dots ,\pi _j)}_k^j)\end {equation*}


\begin {align*}\size (\unr {(\pi _1,\dots ,\pi _j)}_k^1) &= \size (\at _k) + \size (\nu (\pi _1)) + 2,\\ \size (\unr {(\pi _1,\dots ,\pi _j)}_k^i) &= \size (\unr {(\pi _1,\dots ,\pi _j)}_k^{i-1}) + \size (\nu (\pi _i)) + 2,\end {align*}


$i \in [2,j]$


$\size (\unr {(\pi _1,\dots ,\pi _j)}_k) = \size (\at _k) + 2 \cdot j + \sum _{i=1}^j \size (\nu (\pi _i))$


$j$


$\sum _{i=1}^j \size (\nu (\pi _i))$


$n$


$\size (\at _k)$


$\mathcal {O}(k)$


$\size (\past (\gamma ,k))$


$\mathcal {O}(|\Pi (T)| \cdot (k + n))$


$|\Pi (T)| \leq n$


$\Pi (T)$


$T$


$\nu $


$\gamma $


$2^{\mathcal {O}(n)}$


$n$


$\relax \mathsf {LTL}[{\mathsf {X},\mathsf {F}}]$


$\relax \mathsf {LTL}[{\mathsf {X},\mathsf {G}}]$


$\lnot \ltl {G} \phi \equiv \ltl {F} \lnot \phi $


$\relax \mathsf {LTL}[{\mathsf {X},\mathsf {G}}]$


$\LTLxg $


$\ltl {G}(\pLTL [\ltl {Y},\weakyesterday ,\ltl {H}])$


$1$


$\phi $


$\LTLxg $


$\lnot \phi $


$\gamma $


$\lnot \ltl {X} \psi \equiv \ltl {X} \lnot \psi $


$\lnot \ltl {G} \psi \equiv \ltl {F} \lnot \psi $


$\LTLxf $


$\gamma $


$\ltl {F} \chi $
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$\ltl {G} \chi '$


$\lnot \ltl {F} \chi \equiv \ltl {G} \lnot \chi $
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$\relax \mathsf {LTL}[{\mathsf {X},\mathsf {F}}]$


$\relax \mathsf {F}(\LTLFP [\mathsf {Y},\mathsf {\widetilde {Y}},\mathsf {O}])$


$\mathbb {L}$


$\mathbb {L}'$


$\mathbb {L}$


$\mathbb {L}'$


$(\lang _n)_{n \in \N }$
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$\mathbb {L}$


$\mathcal {O}(n)$
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$\relax \mathsf {Pastello}$


$\relax \mathsf {BLACK}$


$\relax \mathsf {Pastello}$


$i\in \set {5,\dots ,50}$
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$\relax \mathsf {LTL}[{\mathsf {X},\mathsf {F}}]$


$i\pm 10$


$\relax \mathsf {BLACK}$


$\relax \mathsf {Pastello}$


$x$


$y$


$x$


$y$


$y$


$x$


$\relax \mathsf {LTL}[{\mathsf {X},\mathsf {F}}]$


$\relax \mathsf {F}(\LTLFP [\mathsf {Y},\mathsf {\widetilde {Y}},\mathsf {O}])$


$\phi $


$T$


$\phi $


$T$


$T$


$\LTLxf $


$\Falpha $


$\relax \mathsf {coSafety}\LTL $


$\relax \mathsf {LTL}[{\mathsf {X},\mathsf {F}}]$


$\ltl {U}$


$\relax \mathsf {coSafety}\LTL $


$\phi $


$\relax \mathsf {coSafety}\LTL $


$\ltl {F}\phi $


$\relax \mathsf {coSafety}\LTL $


\begin {equation*}\ltl {F\big ((\psi _{1} U \gamma _{1}) \wedge (\psi _{2} U \gamma _{2})\big )}.\end {equation*}


$\psi _1 = \psi _2 = \top $


$\ltl {F(F\gamma _{1} \wedge F\gamma _{2})}$


$\Rule _7$


$\ltl {(F\gamma _{1})} \land \ltl {(F\gamma _{2})}$


$\gamma _1$


$\gamma _2$


$\ltl {F \gamma _i}$


$\ltl {\psi _{i} U \gamma _{i}}$


$\ltl {F(\psi _{1} U \gamma _{1})} \land \ltl {F(\psi _{2} U \gamma _{2})}$


$\ltl {U}$


$\relax \mathsf {coSafety}\LTL $


${\ltl { F(\bigwedge _{i=1}^{n} (p_i U q_i)) }}$


$q_1,\dots ,q_n$


$\relax \mathsf {coSafety}\LTL $


$\mathcal {O}(n!)$


$n$


$\relax \mathsf {coSafety}\LTL $
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existential (tomorrow (X), eventually (F), and until (U)). The crucial feature of SafetyL TL (resp., coSafetyLTL) is that a finite prefix of an
infinite trace suffices to establish whether the whole trace is not (resp., is) a model of a formula. This makes it possible the translation
of the two fragments into the framework of pLTL, as detailed in the following.

Let F(pLTL) be the logic defined as the set of formulae of the form F(«), where F is the eventually modality (“there exists a time point
in the future”) and « is a pLTL formula. Formulas in F(pLTL) specify that there exists some point in the future such that the prefix of
the trace up to that point satisfies a. It has been shown that F(pLTL) is expressively equivalent to coSafetyL TL [8]. Similarly, the logic
G(pLTL), featuring formulae of the form G(a), with « in pLTL, is expressively equivalent to SafetyLTL. In these formulae, the globally
modality G forces every prefix of an infinite trace to satisfy a.

In terms of algorithmic properties, formulae of pLTL can be compiled into Deterministic Finite Automata (DFAs) of singly exponential
size [5,9]. This result is in contrast with the case of full LTL;, where DFAs may have doubly exponential size. This “singly exponential
gap” persists through monitoring, planning, and reactive synthesis problems [10-12]. For instance, it has been recently shown that
the reactive synthesis problem for pLTL specifications is EXPTIME-complete [13], whereas in the case of LTL and LTL; the problem
is EXPTIME [2]-complete [14,15].

Given the expressiveness and the algorithmic features of pLTL, the study of procedures to transform fragments of coSafetyLTL,
SafetyLTL, and LTL; into equivalent ones of, respectively, F(pLTL), G(pLTL), and pLTL, is receiving an increasing attention. Transfor-
mations of this form are instances of a process known as pastification. Planning patterns which can be expressed by LTL; formulae
with at most two nested temporal modalities can be easily “pastified” into formulae whose size is polynomial in that of the original
ones. These patterns include all those expressible in DECLARE [16,17], as well as the trajectory constraints of PDDL [11]. A similar
polynomial-time translation applies for the fragment of LTL with tomorrow as its only temporal modality [18,19], denoted by LTL[X]
below.

With the exception of the two examples given above, devising optimal pastification procedures is, in general, a very challenging
task. The best known algorithms for the pastification of coSafetyLTL, SafetyLTL, and LTL; formulae produce a pure past formula of
triply exponential size with respect to the input one [5]. This result is at odds with the aforementioned “singly exponential gap” found
in the complexity of the various computational problems; from this gap, it is reasonable to conjecture the existence of a pastification
procedure producing formulae of exponential size. This also matches the best-known lower bound for the pastification of coSafetyL TL
and SafetyLTL, which is singly exponential [7].

At present, no alternative pastification algorithms are known for natural fragments of these logics. Consequently, as soon as the
input formula falls outside the limited fragments for which polynomial-size pastifications are known, one must resort to the general
triply exponential procedure.

Our contribution. In this paper, we focus primarily on the logics LTL[X, F], the fragment of LTL featuring only the temporal modalities
tomorrow X and eventually F, and F(pLTL[Y, \7, O]), which is the fragment of F(pLTL) obtained by allowing only the past modalities
yesterday (Y), weak yesterday (Y), and once (O). The fragments LTL[X, F] and F(pLTL[Y, ¥, O]) are among the so-called cosafety fragments
of LTL or LTL+P, because they can express only cosafety languages. In addition, we investigate the ‘universal’ counterparts of these
fragments, that is, LTL[X, G], which is the fragment of LTL with the tomorrow (X) and always (G) modalities only, and G(pLTL[Y, v, H)),
which consists of those formulas of G(pLTL) allowing only the past modalities yesterday (Y), weak yesterday (Y), and historically (H). By
‘counterpart’ we mean that a language is expressible in LTL[X, F] (resp., F(pLTL[Y ¥.0)) if and only if its complement is expressible
in LTL[X, G] (resp., G(pLTL[Y, ¥.H]). The logics LTL[X, G] and G(pLTL[Y, ¥.H]) are included in the safety fragments, as they only allow
one to express safety properties.

We devise a singly exponential pastification algorithm for LTL[X, F] into F(pLTL[Y, ¥.0)), that transforms formulas of the former
fragment into equivalent formulas of the latter.

At a high level, the proposed procedure consists of two main phases:

1. A transformation of the input LTL[X, F] formula ¢ into a suitably defined normal form whose size is, in the worst case, exponential
in the size of ¢. This step involves the bottom-up application of a set of rewriting rules based on tautologies of the logic.

2. The construction, for any formula in normal form, of a dependency tree representing the temporal relations between subformulae
in the scope of an F modality. From such a tree, we extract an F(pLTL) formula which is equivalent to the original one and whose
size is at most quadratic in the size of the formula obtained from the previous step.

The F(pLTL[Y, ¥.0]) formula returned as output is in Negation Normal Form and it does not contain the since modality S (the past
counterpart of the until U). The absence of S is in line with the results in [7], showing that F(pLTL[Y, Y, O]) is expressively equiv-
alent to LTL[X, F]. Thanks to the duality of modalities F and G, a singly exponential pastification procedure for the LTL[X,G] into
G(pLTLIY, Y, H]) can be easily obtained from the proposed algorithm.

The algorithm runs in time 29", where n is the size of the input formula. In [20], it is shown that LTL[X, F] can be exponentially
more succinct than F(pLTL[Y, ¥, 0]). More precisely, there is an infinite family ¢;, ¢, ... of formulae in LTL[X, F] such that, for every
k > 1, the formula ¢, has size k and can only be expressed in F(pLTLLY, Y, O]) using formulae of size 2%%). This results implies a 2"
lower bound for the pastification problem, and thus the optimality of the proposed algorithm.

We implemented the developed algorithm in the temporal reasoning tool BLACK [21,22]. The implementation consists of about
500 lines of code only, thanks largely to the tautology-driven nature of the algorithm. We provide an experimental evaluation
comparing input formulae and the corresponding F(pLTL) formulae produced by BLACK, with respect to different parameters such
as the size of the formula and the number of temporal modalities.
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This paper is a considerably revised and extended version of [1], that appeared in the proceedings of KR 2023. Besides providing
full proofs of all results (not present in the conference contribution), this paper presents some simplifications to the original algorithm,
together with a refined analysis of its complexity, showing the aforementioned 2°™ runtime upper bound (the conference paper only
established an 29¢") upper bound). In view of the recent 22" lower bound given in [20], which appeared only after the conference
paper was published, the refinement of the complexity analysis is important to prove the optimality of the algorithm.

Outline of the paper. Section 2 reviews relevant previous work on the considered fragment and on the pastification problem. Section 3
introduces the necessary background on LTL. The core of the paper begins with Section 4, which presents the transformation of LTL
formulae into a normal form, along with an analysis of its computational complexity. Section 5 introduces the concept of dependency
tree and details the translation into purely past temporal formulae. Section 6 completes the complexity analysis of the overall proce-
dure, establishing its optimality. Section 7 reports on the experimental evaluation of the implementation. Finally, Section 8 concludes
the paper with a discussion of possible directions for future research.

2. Related work
2.1. LTL[X,F] and related fragments

In [23, Theorem 3.7], Sistla and Clarke show that the satisfiability problem, that is, the problem of checking whether the language
of a formula is not empty, for LTL[X, F] is NP-complete, whereas Markey proves in [24, Theorem 28] that the same problem for
LTL[X, G] is PSPACE-complete.

As for expressiveness, the exact power of LTL[X,F] and F(pLTL[Y, v, 0]), as well as of the counterpart logics LTL[X,G] and
G(pLTLLY, ¥.H)), is investigated in [7]. In particular, LTL[X, F] and F(pLTL[Y, ¥,0])) are shown to be expressively equivalent, meaning
that a language is definable by a formula of the former fragment if and only if it is definable by a formula of the latter, and the same
holds for the fragments LTL[X,G] and G(pLTL[Y, Y. H]). Moreover, it has been shown that the languages expressible in LTL[X, F] are
precisely those that are closed under pseudo-stuttering, that is, languages where every word contains a bounded number of positions
such that, if one inserts an arbitrary symbol anywhere outside those positions, the resulting word remains in the language. Finally, the
set of languages definable in LTL[X, F] (resp., LTL[X, G]) is strictly included in the set of cosafety (resp., safety) languages definable
in LTL: there are LTL-definable cosafety (resp., safety) properties that are not definable in LTL[X, F] (resp., LTL[X,G]) [7].

As for the succinctness of these fragments, as already mentioned in the introduction, in [7] it has been proved that LTL[X, F] can
be exponentially more succinct than F(pLTL[Y,Y,0]), and in [20] it has been shown that the converse holds as well, implying that
LTL[X,F] and F(pLTL[Y, Y, O]) are expressively incomparable with respect to succinctness (a formal definition of succinctness will be
given in Section 6). Moreover, the same incomparability result applies to the fragments LTL[X, G] and G(pLTL[Y, ¥, H]). As we pointed
out in the introduction, the above-discussed results, together with the singly exponential pastification of LTL[X, F] into F(pLTL[Y, v, Q))
established in this paper, show that the exponential bound on the succinctness of LTL[X, F] with respect to F(pLTL[Y, ¥,0]) is tight,
that is, there is at least one language such that

(i) it is definable with a formula of LTL[X, F];
(i) any formula of F(pLTL[Y, ¥.,0)) that defines it is at most of exponential size.

The same applies to the logics LTL[X, G] and G(pLTL[Y, Y. H)).

2.2. Pastification, separability, and back to the future

The expressive equivalence of LTL+P and LTL proved in [25, Theorem 2.1], thanks to which past temporal modalities are shown
to be eliminable in favour of a future-only logic, can be viewed as a result that goes in the opposite direction of the pastification
process considered here. Moreover, the succinctness result provided by [26, Theorem 3.1] gives a (single) exponential lower bound
for such a procedure. However, for such a “futurization” direction, the best procedure in the literature is only triply exponential in
the size of the formula [5], leaving open the problem of a tight complexity result. This is in contrast with the pastification process
for the fragments considered in this paper, for which a tight singly exponential bound is provided.

The expressive equivalence of LTL+P and LTL is also related to the notion of separability as formulated in Gabbay’s celebrated
Separation Theorem [27], stating that an LTL+P formula can be expressed as a Boolean combination of pure past, pure present, and
pure future formulas. However, despite being related in spirit, the outcome of pastification is quite different from the one guaranteed
by separability. Indeed, rather than imposing a clear-cut separation between pure past and pure future components, pastification only
requires a pure past component to be enclosed in a pure future envelope.

Moreover, Gabbay’s Separation Theorem [27,28] links the separability of a formula (in a given temporal logic) to expressive
completeness, namely the ability to capture exactly the properties definable in the first-order theory of the successor function. Indeed,
the theorem states that a temporal logic is expressively complete if and only if every formula in it is separable. In contrast, pastification
does not yield any correspondence with expressive equivalence. Finally, it is known that algorithms for effectively computing a
separated temporal formula from an LTL+P formula are non-elementary, whereas pastification procedures for LTL+P (over infinite
or finite traces) are at most triply exponential.
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2.3. Pastification compared to DFA construction

One might wonder whether transforming a temporal logic formula, e.g., an LTL[X, F] formula, into a DFA, rather than performing
pastification, may lead to a better approach in practice. Indeed, it can be argued, any problem that involves the pastification of an
LTL[X, F] formula and then the construction of the corresponding DFA—which will be doubly exponential in the size of the original
formula—could likewise be addressed by first generating an NFA from the LTL[X, F] formula and subsequently determinizing it into
a DFA.

First, we point out that, while the study of the compilation complexity of LTL[X,F] formulas into equivalent deterministic
automata—both over finite words (DFA) and over infinite ones (deterministic Biichi automata, DBA)—remains an open problem,
it is unlikely that LTL[X, F] formulas can be compiled into DFA (or DBA) in singly-exponential time and space. Consider, for instance,
the language defined by the formula A, (p; > XFp;). Any equivalent DFA must keep track of all possibilities concerning both the
proposition letters that hold at the initial time point and the orders in which they may reappear in subsequent time points. As an
example, if p;, p,, and p; are true at the initial time point, the automaton must account for the possibility of seeing first p,, then p,,
and finally p; in the future, or first p,, then p;, and finally p;; and so on. This is equivalent to requiring that, for every possible subset
S C{py,...,p,} of proposition letters true at the initial state (2" choices), the DFA maintains a number of possibilities proportional
to the subsets of S (2!51), leading to a doubly-exponential complexity.

Second, we wouild like to emphasize that even if DFA corresponding to LTL[X, F] formulas were doubly exponential—matching
the complexity of pastifying LTL[X, F] and then generating a DFA from the resulting pure-past formula—pastification as a tool would
remain valuable in its own right. Indeed, compiling into a DFA is not always a desirable strategy: although DFA provide an executable
(albeit non-declarative) formalism that can be implemented directly, in many applications one never intends to construct the DFA
explicitly, e.g.,

(i) in the context of declarative programming, and
(ii) when generating executable code for a runtime monitor for a temporal formula (or in symbolic model checking).

Below, we provide further support to our claim in these two contexts.

In Gabbay’s contributions [27,29], a programming language (MetaTeM) is introduced where only the future-time component
is imperative (with all the usual drawbacks), whereas the past-time component is declarative. The crucial remark is that a past-
time temporal formalism is both declarative and executable [27], because the past has already occurred. Thus, the programming code
basically corresponds one-to-one to a pure-past temporal formula. An algorithm for pastification is therefore essential when one
wishes to preserve the declarative nature of the language while still compiling into an “executable” or “implementable” fragment
(declarative past). If such a pastification algorithm runs in singly exponential time—as ours does—then the resulting declarative and
implementable code is only singly exponential, rather than a non-declarative, doubly-exponential DFA. Even if LTL[X, F] formulas
admitted singly exponential automata, going from an imperative formalism like DFA into a declarative and executable one is likely
to incur into another exponential blowup, like in the case of translating automata into temporal logic (see Section 2.4).

In the context of monitoring (and symbolic model checking), symbolic automata are represented via Boolean formulas over a
set X of state variables, where I(X) specifies the set of initial states, T(X, X”) the transitions, and F(X) the set of accepting states
(we refer the reader to [30,31] for details). They offer three important advantages: (i) they can be exponentially more succinct than
DFA; (ii) they correspond essentially to executable code implementing the DFA (a form of monitor that reads the input trace and
updates its internal variables accordingly), and are therefore directly implementable; (iii) given a pure-past LTL formula, there exists
an equivalent symbolic automaton of linear size.

To summarize, by applying the proposed pastification algorithm, we can translate a future-time fragment such as LTL[X, F] into
a past-time one, obtaining symbolic automata of singly-exponential size, that can be used directly as executable code for monitoring
or model checking. Using DFA in this setting would instead either incur into doubly-exponential complexity (if the conjecture of the
doubly exponential lower bound on DFA corresponding to LTL[X, F] formulas is correct) or require a procedure to go from explicit-
state automata (DFA) to symbolic ones, while typically one looks for the opposite translation.

2.4. A closer look to existing pastification algorithms

Pastification techniques were firstly introduced in relation to a fragment of Metric Temporal Logic, known as bounded response
Metric Temporal Logic (MTL-B, for short) [19]. Such a logic is interpreted over dense linear orders, and temporal modalities have
bounds that constrain their interval of application. As an example, the formula @Up, )y, where a,b € N are given in binary, when
interpreted at time ¢, states that y must happen at a time ¢’ in between 7 + a and ¢ + b and ¢ must be true at all times in the interval
between ¢ and #'. In [18,19], Maler et al. developed a pastification algorithm for MTL-B producing polynomial-size formulae. The
procedure exploits the fact that, in every model of an MTL-B formula ¢, there is a furthermost time point ¢ after which ¢ does not
impose any constraint on the model. The algorithm returns a formula that

(i) uses only past modalities,
(ii) is polynomial in |¢|, and
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(iii) is equivalent to ¢ when interpreted at time point 7 instead of at the origin.

When interpreting the logic over discrete linear orders, and representing all time bounds, e.g., a and b above, in unary instead of
binary, MTL-B is equivalent to LTL[X]. The algorithm in [18,19] is therefore a pastification procedure for LTL[X] as well.

As for the more expressive logics coSafetyL TL and SafetyLTL, the best-known upper bound on their pastification into G(pLTL) and
F(pLTL), respectively, is triply exponential [32,33], as already pointed out in the introduction. Such a triply exponential procedure
behaves as follows:

1. Starting from the input coSafetyL TL formula ¢, build the minimal DFA A recognizing the set of good prefixes of ¢ [34]. These are
those finite traces that, no matter how extended, generate a model of ¢. In the worst case, the size of A is doubly exponential in
the size of ¢.

2. Decompose A into a cascade product C of reset automata.? This decomposition is based on the celebrated Krohn-Rhodes cascaded
decomposition theorem [35], which decomposes any DFA into a cascade of automata of only two types: permutations and resets.
In the case of counter-free automata [36]—like A—reset automata suffice [32]. In the worst case, the size of C is exponential in
the size of A.

3. Construct a pure past LTL formula y that defines the language of C. This step uses the algorithm from [33].° The size of y is
polynomial in the size of C, and by construction the input ¢ is equivalent to F(y).

The case of SafetyL TL is analogous, with the roles of good and bad prefixes reversed. In this context, a bad prefix is a finite trace such
that any of its extensions necessarily leads to a violation of the formula ¢.

It is worth observing that, despite being decades old, to the best of our knowledge there is only one implementation of the Krohn-
Rhodes cascaded decomposition procedure required in the second step of the algorithm®, and no implementation of the pastification
algorithm for coSafetyLTL and SafetyLTL. This is maybe partially due to the highly technical nature of this algorithm. Our choice of
designing a purely tautology-based procedure was motivated by the goal of obtaining a solution that is simple to implement and to
maintain.

3. Preliminaries

In this section, we formally describe syntax and semantics of the logics we consider, and formalize the notion of pastification.
Let AP be a (countable) set of proposition letters. Formulae ¢, y, ... of Linear Temporal Logic with Past (LTL+P) are built from the
grammar:

¢ :=T|L|pl|l-p true, false, and literals
lopVoldnd Boolean connectives
| X¢ | Fo | pUP | Gop | R future modalities
| Y$ | Y| 0| ¢S | Hp | ¢Toh past modalities

where p € AP. The future modalities X, F, U, G, and R are called tomorrow, eventually, until, globally, and release, respectively. The
past modalities are, instead, yesterday (Y), weak yesterday (), once (0), since (S), historically (H), and trigger (T). Notice that formulae
from the above grammar are in Negation Normal Form (NNF), that is, negation is applied to proposition letters only. This is without
loss of generality, as the grammar is closed under taking duals of temporal operators. Indeed, based on the forthcoming semantics,
the following equivalences hold: =-F¢ = G-d; =(¢pUy) = (-¢p)R—y; “Od = H-d; ~(¢pSy) = (~) Ty

An infinite trace ¢ is infinite sequence o0, ... of states o; from 27, that is, ¢ is an element of (24”)®. The satisfaction of a formula
¢ of LTL+P with respect to a trace ¢ and time i € N, denoted by o,i F ¢, is defined as follows:

2 The term “cascade product” is used to refer to a particular product of two deterministic automata where the first one reads symbols belonging
to an alphabet, say, I" and the second one reads symbols that belong to I x O, where Q is the set of state of the first automaton. A reset automaton
with alphabet I and set of states Q is a DFA such that, for each letter = € T, the function from Q to Q induced by 7 either is the identity or has a
range of cardinality 1. We refer the reader to [33] for details.

3 The rationale behind such an algorithm is that each reset automaton can be mapped directly into a pure past LTL formula, and the cascade
product corresponds to the nesting of pure past LTL formulae.

4 https://github.com/gap-packages/sgpdec.


https://github.com/gap-packages/sgpdec

A. Artale, L. Geatti, N. Gigante et al. Artificial Intelligence 357 (2026) 104553

c,iET is  always true;
o,iE Ll is  always false;
c,iFp iff peo;
c,i F-p iff péo;

c,ikdvy iff oiE¢ore,iky;

c,ikdAy iff oc,ik¢pando,iky;

6,i kX iff o.it+1Eg;

o,i FFd iff thereis j > i such thato,jE ¢;

o,i E dUy iff  thereis j > i such that o, F v, and o, k F ¢ for every k satisfying i < k < j;

c,i F G iff  for all j > i it holds that o, j F ¢;

c,i F dRy iff  either o, F y for every j > i, or there is k > i such that 6,k F ¢ and ¢, j F y for every i < j < k;
o, i EY iff i>0ando,i—1F¢;

a,il=7¢ iff eitheri=0oroc,i—1F ¢;

c,i F O iff thereis 0 <j <isuch thato,j F ¢;

o,i F ¢Sy iff thereis0 < j <isuchthato,jF y,and o,k F ¢ for every k satisfying j < k < i;

c,i EHp iff forall 0 <j <iitholdsthato,;E ¢;

o,i E Ty iff either o, F y for every 0 < j <i, or thereis 0 < k < i such that o,k F ¢ and o, j F y for every k < j < i.

We say that ¢ is a model of ¢, denoted by o E ¢, whenever o, 0 F ¢. We write £(¢) for the language of ¢, that is, the set of all models
of ¢. We say that two formulae ¢ and y of LTL+P are equivalent, written ¢ = w, whenever £(¢) = L(y). In Section 4.2, we will make
use of the notion of strong equivalence, which requires that, for every trace o and every time point i belonging to it, the two formulae
are either both satisfied or both violated. It is formally defined as follows.

Definition 1. Two formulas ¢ and y are strongly equivalent, denoted by ¢ = v, if (and only if) for every ¢ € (24”)® and every k > 0,
o,k E ¢ if and only if o,k E w.

Notice that, in the case of pure future fragments of LTL+P, the notions of equivalence and strong equivalence coincide. On the
contrary, the LTL+P formulas p v Yq and p are examples of formulae which are equivalent (since ¢, 0 F Yqiff 5,0 F L), but not strongly
equivalent.

Throughout the paper, given n € N, we write X"¢ for the formula inductively defined as X%¢ := ¢ and X"*'¢ := XX"¢, and
write Y"¢ and Y¢ for similarly defined formulae featuring Y and Y instead of X, respectively. The size of a formula ¢ € LTL+P,
denoted by size(¢), is inductively defined as follows: size(T) = size(L) = size(p) = size(-p) := 1, size(®¢) :=size(¢)+ 1 for @ €
{X,F,G,Y,Y,0,H}, and size(¢p; @ ¢,) = size(¢p,) + size(¢h,) + 1 for & € {V,A,U,R,S, T}.

A pure future (resp., pure past) formula is an LTL+P formula devoid of occurrences of past (resp., future) modalities. We denote by
LTL (resp., pLTL) the set of pure future (resp., pure past) formulae. Given a list OP of temporal modalities, we denote by LTL[OP]
(resp., pLTL[OP]) the set of LTL (resp., pLTL) formulae only using temporal modalities from OP. As an example, LTL[X, F] stands
for the fragment of LTL only featuring modalities X and F. Furthermore, we write F(pLTL[OP]) (resp., G(pLTL[OP])) for the set of
formulae of the form F(a) (resp., G(a)), where a belongs to pLTL[OP].

Finally, for all k € N, we define the notion of k-exponential pastification. It refers to an arbitrary procedure that transforms formulae
of a given fragment of LTL+P into equivalent ones belonging to either F(pLTL) or G(pLTL). We say it to be k-exponential if it always
outputs a formula whose size is bounded by a tower of k exponentials in the size of the input formula.

Definition 2 (k-exponential pastification). Given a set L of formulae in LTL+P and a set of formulae L’ either in F(pLTL) or in
G(pLTL), a pastification procedure from L into L' of k-exponential size is an algorithm that, for any ¢ € L, returns a formula y € L,
equivalent to ¢, such that size(y) € exp(k, O(size(¢))), where exp(0,n) := n and exp(i + 1,n) := 28XP0n),

Definition 2 allows us to summarize the picture outlined in Section 2 as follows: there exist a 0-exponential pastification procedure
from LTL[X] into F(pLTL) and a 3-exponential one from coSafetyL TL (resp., SafetyLTL) into F(pLTL) (resp., G(pLTL)). Our main result
is a 1-exponential pastification procedure from LTL[X, F] into F(pLTL[Y,Y,O]).

4. Normalization

Let us now describe the proposed pastification procedure for LTL[X, F]. In this section, we illustrate the first step of the procedure,
which brings the input LTL[X, F] formula into a suitably defined normal form. The transformation is guided by rewriting rules that
are based on tautologies of LTL[X, F].

4.1. A normal form for LTL[X, F]

Before providing the formal definitions, let us explain the rational behind the normal form we are going to use. As an example,
take the formula (for readability, we use — instead of V)

¢ :=F((p; = Fg)) A(py = Fap)).

where, for i = 1,2, both p; and ¢; belong to AP. Imagine constructing a model for ¢. A first choice to be made is selecting which (if
any) of the atomic letters p, and p, are true in the state of the trace satisfying the formula (p, - Fq;) A (p, = Fg,). Let us assume

6
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both p; and p, are set to true. Afterwards, a second choice to be made is when (and so, in what order) the letters ¢, and g, are to be
satisfied. The formula does not impose any temporal dependency on this, so having ¢, followed by g,, or the vice versa, or having g,
and ¢, true at the same state of the trace are all equally acceptable solutions. Four examples of possible models are:

A @) (g wAppt - Aana} -
AP A} o Apna -

Our normal form is designed to “move” the choice of which subformulae to satisfy at the top-level of the formula, while preserving
the temporal dependencies regarding when subformulae are to be satisfied. In our example, this is simple to do: seeing Fg; as atomic
propositions, we first bring the formula (p; — Fq;) A (p, = Fg,) in disjunctive normal form (DNF), to then distribute the top-most F
under the scope of disjunction. The result is

F(=p; A=py) V F(=py AFq)) VF(=p; AFgy) VF(Fg; A Fqy).

We see that each disjunct of this formula clarifies which of the subformulae p,, p,, Fq, and Fg, must be satisfied, while preserving the
(lack of) temporal dependencies between ¢, and g,.

Moving to the formal definition, our is a “bilevel” normal form. The inner level asserts the temporal dependencies given by the
modality F:

Definition 3 (Inner level of the normal form). We write conj(F, pLTL[Y]) for the set of formulae ¢ generated by the grammar
¢ := yw|pAp|Fp, where y is a formula from the logic pLTL[Y].

The outer level guesses which subformulae are to be satisfied:
Definition 4 (The normal form of LTL[X,F]). We write nf(LTL[X, F]) for the set of all formulae of the form X* \/I‘= | 9> where k,c €N,
and every ¢; belongs to conj(F, pLTL[Y]).

4.2. Translating LTL[X, F] into nf(LTL[X, F])

The transformation of LTL[X, F] into nf(LTL[X, F]) consists of the application of six rewriting rules ¢ — y (R;-R¢). It is worth
pointing out that every rule ¢ — y will be applied to arbitrary subformulae of the input formula. Because of this, it is not sufficient
for ¢ and y to be equivalent, they should rather be strongly equivalent (Definition 1), that is, they should be equivalent when interpreted
at any point along a trace. An exception to this is R, dealing with the yesterday modality Y introduced by rule R,: the formulae in
this rule are equivalent only under the assumption that k& > 1 (the normalization procedure—Algorithm 1—will only use this rule by
respecting this constraint). Moreover, recall that, in the case of pure future fragments of LTL+P the notions of equivalence and strong
equivalence coincide. However, formulae in nf(LTL[X, F]) contain the yesterday modality Y, making the distinction necessary.

Here is the list of rules R;-Rg, together with an informal description of their role in the normalization procedure:

Rp: X @ Xigpy = XI(Y i @ ), wherei<j,j>1,®€(AV]
R,: FX¢ — XF¢

[The role of R, and R, is to pull modality X at the top-most level of the formula, following the “outer level” of the normal form
(see Definition 4)],

R3: Y($; ®Py) = Yo, ®Yd,, where ® € {A,V};
R, YF = FYd;
[The role of R; and R, is to push modality Y so that no occurrence of F is in the scope of this modality (as in Definition 3)];
Rs: F(¢y V) = (Fop) Vv (Fehy);
R: (@1 V) Ads = (P Ad3)V(dy Ad3)

[The role of Rs and Rg is to push F and A in the scope of v, creating the disjunction in the “outer level” of the normal form (see Defi-
nition 4)],

where ¢, ¢, ¢, p3 € LTLIX,F, Y].

We tacitly assume to have a rule to commute both conjuncts and disjuncts. This rule is only used to apply rule R, also on formulae
of the form Xi¢; ® Xi¢,, with i > j, and rule R, on formulae of the form ¢; A (¢; V ¢,).

The lemmas below state the correctness of the six rules.

Lemma 1. For every rule ¢ — y among R,-Rg, except R,, we have ¢ = y.

7
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Algorithm 1 NF(¢) : algorithm to bring LTL[X, F] formulae in normal form.

> below, all formulae y; and y; ; are in conj(F, pLTL[Y])
1: if ¢ € conj(F, pLTL[Y]) then return ¢
2: if ¢ = X(y) then return X(NF(y))
3: if ¢ = F(y) then

4 (XKL ) 1= NFw)

5. return X*\/7 Fy, > Ry, Ry
6: if ¢ = (¢, ® ), where ® € {v,A} then

7. forie (1,2 let (X \/:_’;I w;;) := NF(¢,)

8: and for j € [1,4,] let y;; := pushY(Y™k1-k2)~kiy, >R3, Ry
9:  if ® is v then return Xmakik2) (( vjl=1 1)V (\/zil Y24)) > R,
10: if ® is A then return Xm2x(ki.k2) Vj‘zl VZZ=1 (y]‘j AYak) >R, Rg

Proof. The proofs for Rules Ry and Ry are straightforward (in fact, the latter is a standard tautology of propositional logic). We
only prove the strong equivalence of the remaining rules. Let ¢ € (2*7)® be an arbitrary trace and k > 0. Below, with some abuse of
notation, we will interchangeably use the symbols A and Vv both as constructs of LTL+P and as symbols in the meta-language that we
use to formalize the proof.
Proof of R;: For i < j and ® € {A,V}, we have:
o,k EXp @ X, iff (6. k+ikd)® (o, k+jE )
ff (6.k+j-(G-DFP)®(c.k+jF¢y)
if o, k+jEY ¢ @y
iff o.kEX (Y @ ).
Proof of Ry:
o,k EFX¢ iff o,hE X¢ for some h > k
iff o,h+1E ¢ for some h > k
iff o,hE ¢ forsome h >k +1
iff o,k+1FFd
iff o,k F XFo.

Proof of R;: For ® € {A, v}, we have:

o kEY(d; ®d,) iff 6,k—1F ¢, @ P, and k>0
iff 6. k—1FE¢)®(c.k—1F¢,), and k>0
iff o,kEYd @Y, O
Lemma 2. The formulae in R, are equivalent at all positions of a trace except the first one, thatis, o,k + 1 F YFp ifandonlyif o,k + 1 E FYd,
for every trace 6 € 27)® and k > 0.
Proof. o,k + 1k YF$ iff o,k FFo
iff o,hE ¢ for some h > k
iff o,h+ 1k Y¢ for some h > k
iff o.h EY¢ for some i’ >k + 1
iff 6.k+1EFYo. O
Algorithm 1 specifies the enforcement strategy of rules R;-Rg in order to put the input LTL[X, F] formula in normal form. Com-
ments in the pseudocode highlight where each rule is used. The algorithm calls the procedure pushY(Y/y), with w a formula in
conj(F, pLTL[Y]). When j > 1, the procedure pushY(Y/y) returns the formula in conj(F, pLTL[Y]) obtained from Y/y by iterating rules R

and Ry; when j = 0, it returns the input formula . Observe that when j > 1, the formulae pushY(Y/y) built by the algorithm are later
put in the scope of at least j + 1 nested modalities X (lines 9 and 10). By Lemma 2, this justifies the use of rule R,.

Proposition 1. Correctness of Algorithm 1 For every input LTL[X, F] formula ¢, Algorithm 1 returns a formula y in nf(LTL[X, F]), such that
y=¢.

Proof. The termination of the algorithm is straightforward: the input of every recursive call of NF(-) is a proper subformula of the
input. The proof that the output formula y belongs to nf(LTL[X, F]), and that ¢ = y, is by induction on the structure of ¢:

8
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base case: ¢ € conj(F,pLTL[Y]). We have y = ¢ (line 1). Trivially, y = ¢, and y belongs to conj(F, pLTL[Y]), which is a subset of
nf(LTL[X, F]).

induction step: ¢ = X(y). We have y = X(NF(y)) (line 2). By induction hypothesis, NF(y) = y, and so y = ¢. Moreover, NF(y) belongs
to nf(LTL[X, F]). Hence, following Definition 4, the same holds for y.

induction step: ¢ = F(y). By induction hypothesis, NF(y) = X* \/id=l y;, where each y; belongs to conj(F, pLTL[Y]). The output of the
algorithm is a formula y = X* \/:.1:1 Fy; (line 5) which, by Definition 4, is in nf(LTL[X, F]). By induction, NF(y) = y and thus
¢ = F(NF(y)). Since y is obtained by applying rules R, and Rs on F(NF(y)), then, by Lemma 1, F(NF(y)) = y. So, ¢ = 7.

induction step: ¢ = ¢; ® ¢,, with ® € {V,A}. By induction hypothesis, NF(¢;) = Xki \/;1':11//;, j» where each y,;; belongs
to conj(F, pLTL[Y]) and i € {1,2}. Assume k; < k, (the case k, < k, is analogous). We have:

¢ = (xh le:ﬂ/u) ® (sz\/ = 1ll’z ;) (by induction hypothesis)
= sz((Yk?_—k] \/1 Vi) ® , 11//2] ) (by rule R,)
— sz( \/dl Yka—ki Yi,j ) J llllzj ) (by rule Ry)

(Ve 3 Vi)

where the last equivalence is trivial if k| = k,, and otherwise follows from Lemma 2 by iteratively applying rules R;,R,.
Now, if ® stands for the symbol v, the last formula we obtained is equal to the output formula y (see line 9). When instead
® stands for A, this formula is still equivalent to y (line 10), by iterated applications of rule Rg. Finally, by observing that
pushY(Y¥2~k1y, ;) generates a formula in conj(F, pLTL[Y]), we conclude that NF(¢) is in nf(LTL[X,F]). O

(
(

4.3. Analysis of the complexity of Algorithm 1

We show that Algorithm 1 returns a formula of size 20¢ize®) where ¢ is the input LTL[X, F] formula. For the analysis, we rely on
three parameters:

1. sizey(w), where y is from conj(F, pLTL[Y]). This is the maximum size of any subformula of y in which the modality F does not
occur.

2. sizeg(y), where y is from conj(F, pLTL[Y]). This is the size of the formula obtained from y by replacing with T all maximal
subformulae in which the modality F does not occur.

3. R(¢), where ¢ is from LTL[X,F]. This quantity, measuring the number of clauses of a DNF-converted expression, is defined as
follows:

R(y) =1 for y € (T, L, p,~plp € AP}
R(¢1 Ady) :=R(¢1) - R(¢y)
R(@1 V @y) 1= R(¢1) + R(y)
R(@®¢) := R(@) for @ € {X,F}.
By definition, we have size(y) < sizeg(y) - sizey (y), for every formula y in conj(F, pLTL[Y]), and R(¢) < 25%¢@) for every formula ¢
in LTL[X, F].
Lemma 3. Consider a formula ¢ from LTL[X, F], and let NF(¢p) = X \/¢_, w;. Then, j < size($), ¢ < R(¢) < 252, sizep(y,) < size(¢) and
sizey(y;) < size(¢) + j.

Proof. We proceed by induction on the structure of ¢. Let y := NF(¢).
base case: ¢ has no temporal modalities. Following line 1, y = ¢ and the statement trivially follows.

induction step: ¢ = X(y). Let NF(y) = Xk Vl‘.i=1 y;. By induction hypothesis, k < size(y), d < R(y), sizeg(y;) < size(y) and sizey(y;) <
size(y) + k. We have y = Xk+1 \/;1=1 w; (line 2), and the statement follows from size(¢) = size(y) + 1.

induction step: ¢ = F(y). Let NF(y) = XX \/id=1 ;. By induction hypothesis, k < size(y), d < R(y), sizeg(y;) < size(y) and sizey(y;) <
size(y) + k. We have y = Xk \/j.j:1 Fy; (line 5), and the statement follows from sizey (Fy;) = sizey (y;) < size(y) + k < size(¢p) + k
and sizeg(Fy;) = sizeg(y;) + 1 < size(y) + 1 = size(¢).

induction step: ¢ = ¢; ® ¢,, for ® € {A,V}. Let NF(¢,) = Xki \/;j":1 v ;» for i € {1,2}. By induction hypothesis, k; < size(¢;), d; <
R(¢)), sizep(y; ;) < size(¢;) and sizey(y; ;) < size(¢;) + k;. Without loss of generality, suppose k; < k,. Then, given j € [1,d,],
note that y, ; defined in line 8 is equal to y; ;. For j € [1,d,] we have instead , ; := pushY(Yk2~ki w1 ;)- By definition of pushY,
sizeg(y, ;) = sizeg(y; ;) and sizey(y, ;) = sizey(y; ;) + k, — k; < size(¢) + k,. Hence, for i € {1,2} and j € [1,d,], sizee(y;;) <
size(¢;) and sizey(y; ;) < size(¢;) + k,. We split the proof depending on ®.
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YYr YqAp

sV Yq

Fig. 1. Dependency tree T(¢) of ¢ :=pA F( PAFYYrAF(sVYqQ)AF(YgA p)). For sake of clarity, only the labeling function v is depicted.

If ® is v, then the output y is X*2 (( \/;.i‘:1 1)V (VZZZI 724)) (line 9). Note that k, < size(¢h,) < size(e), sizer(y; ;) < size(¢p) and
sizey (1, )) < size(d) + k. Lastly, d, +d, < R(d)) + R(¢h) = R().

If ® is A, then the output is Xk \/jd.‘:1 Zzzl (r1j Aray) (line 10). Again, k, < size(¢,) < size(¢) and sizey(y; ; A7yy) <

size(¢) + k,, for every j € [1,d,] and k € [1, d,]. Moreover, sizep(yy; A vax) < sizep(yy ) + sizep(ry ) + 1 < size()) + size(d,) +
1 = size(). Lastly, d, - dy < R(¢,) - R(p,) = R(¢p). O

The 206ize(®) ypper bound on the size of NF(¢) follows:
Proposition 2 (Size of the output of Algorithm 1). For every formula ¢ from LTL[X, F], the formula NF(¢) is of size 20612e(@),

Proof. Let NF(¢) = X \/¢_, ;.
By Lemma 3, j < size(¢), ¢ < R(¢) < 257¢¥)_ and size(y;) < size(¢) and sizey (y;) < size(¢) + j, for every i € [1,c]. Then,

size(NF(¢)) = j + Z“z | size(y,)
< j+c-max{size(y;) : 1 <i<c}
< j+c-max{sizeg(y;) - sizey(y;) : 1 <i<c}
< j+c-size(p) - (size(p) + j)
< size(¢) + 252D+ size(p)?
e 20Gize() O

Remark 1 (Complexity of Algorithm 1). Proposition 2 implies that Algorithm 1 runs in time 206i2¢@) In fact, the procedure NF
is recursively applied on all subformulae of the input formula ¢; resulting in size(¢) calls overall. By Proposition 2, all outputs of
recursive calls have size 20¢i2¢@) and the procedure only applies polynomial-time operations to this output. Since poly(2°0®) = 20,
this implies a 29612¢@) runtime overall.

5. Translation into F(pLTL[Y, Y, O])

The second step of the pastification algorithm translates (in polynomial time) nf(LTL[X,F]) formulae into formulae from
F(pLTL[Y, ¥Y,01). To better explain the ideas behind the translation, we first define the notion of dependency trees, which are sim-
ple representations of conj(F,pLTL[Y]) formulae whose role is to highlight the interplay between the various occurrences of the
modality F. Next, we show how to perform the pastification of conj(F, pLTL[Y]) formulae starting from these trees, and then extend it
to arbitrary nf(LTL[X, F]) formulae.

5.1. Dependency trees

Consider a formula ¢ € conj(F, pLTL[Y]). Recall that such a formula is of the form y A F($;) A --- A F(,), where y belongs to
pLTL[Y], and each ¢; is from conj(F, pLTL[Y]) (and » € N). Then, the formula ¢ can be represented in a straightforward way as a
labeled tree: in such a tree, the root is labeled with the formula y, and has n children, where the subtree rooted at the ith child
(inductively) represents the formula ¢,. Here is the formal definition:

Definition 5 (Dependency tree). The dependency tree T(¢) of a formula ¢ € conj(F, pLTL[Y]) is a tuple (V, E, r, u,v), where (V, E, r)
is a rooted tree having nodes V, edges E, and root r € V, and u: V — conj(F,pLTL[Y]) and v: V — pLTL[Y] are labeling functions
satisfying the following two properties: (i) u(r) = ¢ and (ii) for every v € V, u(v) = y AF($;) A --- AF(d,) (Where y € pLTL[Y], n €N,
and every ¢, belongs to conj(F, pLTL[Y])) if and only if v(v) = w and the set of children of v is E(v) = {vy, ..., v,}, where u(v;) = ¢; for
every i € [1,n].

Fig. 1 shows an example of a dependency tree. Note that T(¢) (abbreviated as T when ¢ is clear from the context) has size linear
in size(¢). We denote with II(T) the set of paths from the root to a leaf of T, that is, sequences = = (z, ..., x,,) of nodes in V such that
@) =y =r, (i) m;,, € E(x;) for every i € [1,n — 1], and (iii) E(x,) = 0.
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5.2. From dependency trees to F(pLTL[Y, ¥.on

Consider a formula Xk \/f=1 ¢; from nf(LTL[X, F]), where k, ¢ € N, and each ¢; belongs to conj(F, pLTL[Y]). Given i € [1, c], our goal
is now to use the dependency tree T'(¢);) to construct a pure past formula y/,.k that is equivalent to ¢; with respect to the kth time
point of any trace (this is the case relevant to us, due to the k modalities X preceding \/{_; ¢,). In a nutshell, the idea is to consider
separately each path in II(T(¢;)), and “rewrite it upside-down” (i.e., going from the leaf to the root), by means of a formula that
uses only the past modalities once (0), yesterday (Y), and weak yesterday (Y). In particular, the weak yesterday modality is used to
characterize properties of the root of T(¢,), as the formula at, := Z**' L A Y¥T is only true at the kth time point of a trace. Here is the
formal translation:

Definition 6 (Path formulae). Let ¢ be a formula of conj(F, pLTL[Y]), and k € N. Furthermore, let = = (z, ..., x,) € II(T). Let <(7r>)jC
be the formula inductively defined, for every i € [1, ], as:

. O(W(r)) Aaty) ifi=1,
(x), = i1 .
O(v(z;) A{x), ") otherwise.
We define the path formula of z as {(x)); := (x));.

Given ¢ in conj(F, pLTL[Y]) and k € N, by relying on the above path formulae, we define past(¢, k) := F(A .y {7 )). Observe

that this is a formula from F(pLTL[Y, ¥, 01]), which we will show to be equivalent to ¢ when interpreted at the kth time point of a
trace.

Example 1. Consider the formula ¢ from Fig. 1, and let k € N. Then, past(¢, k) = F({z; ), A {7, )),), where:
{1 )y :=0O((s v YQ) AO(YYr AO(p A O(p A aty)))),
§maMi 1= O((p A YQ) AO(p AO(p A aty))).
What may seem surprising in the example above is that, comparatively to the dependency tree of Fig. 1, the formula past(¢, k)
seems to have lost all information about the nodes that z; and r, share (that is, the first two nodes in these paths). The forthcom-

ing Lemma 4 shows that this is unproblematic: the formula past(¢, k) is equivalent to X¢. Observe that from this equivalence, we
can at last complete the translation from X* Vf=l ¢; of nf(LTL[X, F]) to F(pLTL[Y, Y, O]). It suffices for the algorithm to output:

F\/;l Vi

where each y; is such that past(¢;, k) = Fy;. Indeed:

Xt \/;1 ¢ = \/;1 X (see Lemma 1 and R;)
= \/_, past(@;. k) (Lemma 4, below)
=F\Vw (see Lemma 1 and Rs).

Lemma 4. Let ¢ € conj(F,pLTL[Y]), and k € N. Then, X*¢ = past(¢, k).
Proof. As a preliminary step, let us consider the following rewriting rule:

Ry i F(yi AF(w) AF(y3)) = Fyy AF(w2)) AF (w1 AFGys)).

Let us show that the two sides of this rule are strongly equivalent. The left-to-right direction is straightforward to prove, so let us
focus on the right-to-left direction. Consider ¢ € (2”)® and i > 0, and assume that

o, FF(w; AF(w)) AF(yq AF(y3)).

Then, there are positions j, j,,k;, k, such that i < j, < j,, i <k, <k,, and o,/ Fy,, 0,k Ey,, 0,j, Fy, and o,k, F ;. Let us
assume j; <k, (the case k, < j, is analogous). From o, j, F y, and o, k, F w3 we conclude that o, j, F F(y,) and o, j; F F(y,). This
implies ,i F F(y; A F(y,) A F(y3)); that is, the two sides of R, are strongly equivalent. Note that, more generally, applying R; to a
formula F(y; A F(yy) A ... AF(y,)) produces the formula F(y; A F(yy)) A ... AF(w; AF(y,)).

In order to prove that X*¢ = past(¢, k), let us first apply the rule R, to ¢, in a bottom-up fashion. Fig. 2 shows the effect of
applying this rule (once) to the dependency tree of a formula. In general, by definition of the dependency tree T of ¢, the result of
this rewriting step is the formula

y = /\ (Vi) AF(v(my) AF(..F(U(x,)) ...)))
n€ll(T) s.t.
A=), y)
and we have X*¢ = X¥y. Recall moreover that past(¢, k) = F( /\EGH(T) {zNy), where ((x)), is a formula of the form O(y). The fact
that past(¢, k) is equivalent to Ay F({7)),) follows from the equivalence F(O(w1) AO(y,)) = F(O(y))) A F(O(yy)), whose proof
is similar to the one given for rule R;. Then, the lemma follows as soon as we show that, for every path = = (x|, ..., x,) of I(T), we
have

F({mhi) = XF(v(ry) AF(v(m) AFC..F(W(x,)) ...))).

11
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Fig. 2. Example of application of rule R, to the dependency tree of the formula ¢ :=p A F(p AF(YYr AF(s v Yq)) AF(Yq A p)). The rightmost depen-
dency tree corresponds to the formula p A F(p AF(YYr AF(s V Y))) AF(p AF(Yq A p)).

Let us show the right-to-left direction of this equivalence. The proof of the other direction is analogous. Consider a trace o € (24”),
and assume o, 0 F X*(v(r) A F(v(my) AF(... F(W(x,)) ...))). By definition, there are j,, j,, ..., j, € N such that k = j, < j, < - < j, and
o,j; F v(zm;), for every i € [1,n]. Directly from Definition 6, for every i € [1,n], we have o, j; F {z))}; and in particular o, j, F (7).
Hence, 0,0 F F({z)),). O

5.3. Analysis on the size of the output of the algorithm

We now prove that our procedure outputs an exponential-size formula, thus showing the main result of the paper:
Theorem 1. There exists a pastification procedure from LTL[X, F] into the logic F(pLTL[Y, Y, O]) of 1-exponential size.

Proof. Let ¢ be a formula from LTL[X, F]. From Propositions 1 and 2, there is a formula X* \/f=1 ¢; in nf(LTL[X, F]) that is equivalent
to ¢ and has size 20612e@) This formula is computed by Algorithm 1. The output of our pastification procedure is then the equivalent
(by Lemma 4) formula F\/f= | Wi, where past(¢;, k) = Fy,, for every i € [1, c]. Therefore, in order to prove the theorem it suffices to
show that, for a given formula y in conj(F, pLTL[Y]), and k € N, the formula past(y, k) has size polynomial in size(y) and k. In fact, we
show that this formula has size O(n - (k + n)), where n := size(y). Let T := T(y). By definition of past(y, k), we have

size(past(y, k) = ) size({x)e),

7€I(T)

where, for a generic path 7 of length j < n, we set

size(((my, .., 7)) = size(((xy, .., 1)NT)

and
size(((r. ..., 7)) = size(at,) + size(v(x))) +2,
size(((xy, ..., mIN) = size(((xy, ..., m)Y) + size(v(x)) + 2,
where i € [2,]. A simple induction then shows that size({(xy, ... 7N, = size(at) +2-j + le:l size(v(r;)). Note that both j and

Z‘Ll size(v(x;)) are bounded by n, and that size(at,) is in O(k), and therefore size(past(y, k)) is in O(|II(T)| - (k + n)). Lastly, |II(T)| < n,
as each path in II(T) is identified by a distinct leaf of the dependency tree T, and every such leaf is labeled, through the map v, by
distinct occurrences of subformulae of y. [

Remark 2 (Complexity of the procedure). Following Remark 1, let us also point out that our algorithm does not only produce an
exponential-size formula, but also runs in 2™, where n is the size of the input LTL[X, F] formula.

5.4. A pastification procedure for LTL[X, G]

From the duality between the eventually and always modalities, that is, ~G¢ = F¢, it is simple to obtain a 1-exponential pastifi-
cation algorithm for safety fragment LTL[X, G]:

Corollary 1. There exists a pastification procedure from LTL[X, G] into the logic G(pLTL[Y, Y, H]) of 1-exponential size.

Proof. Let ¢ belong to LTL[X,G]. Here is the pastification procedure:

1. Bring —¢ in negation normal form, and let y be the resulting formula. Since =Xy = X-w and -Gy = F-y this formula is in
LTL[X, F].

2. Apply the pastification procedure from Theorem 1 on y. The resulting formula is of the form Fy, with y in pLTL[Y, Y, 0], and
¢=-Fy. ~ ~

3. Bring -y in negation normal form, and let y’ be the resulting formula. Since “Oy = H-y, =Yy = Y-y (and ~Yy = Y-w), this
formula belongs to pLTL[Y, Y H 1.

4. Output Gy'. From -Fy = G-y and -y = y',wehave p =Gy'. O

12
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6. Discussion on the optimality of the algorithm

Let us now discuss the optimality of the proposed algorithm for the pastification of LTL[X,F] formulae into F(pLTL[Y,Y,O])
formulae. We begin by providing the definition of succinctness.

Definition 7. Given two temporal logics L and L', we say that L can be exponentially more succinct than L’ whenever there is an
(infinite) family of languages (£,),cy such that, for every n € N,

o there is a formula in L of size in O(n) and with language £, C 247)®;
e all formulae in I’ with language £, have size in 29",

Clearly, our algorithm is optimal as soon as one shows that LTL[X, F] can be exponentially more succinct than F(pLTL[Y, 7, Q.
The recent paper [20] shows a stronger result: the logic obtained from LTL[X, F] by removing modality X is already exponentially
more succinct than the logic extending F(pLTL[Y, Y, O]) by adding the modality H.

Proposition 3 ([20]). The logic LTL[F] is exponentially more succinct than the logic F(LTL[Y, 7, O, H]). The vice versa holds as well.

Remark 3. The definition of “being exponentially more succinct” in [20] is slightly weaker than the one given above. In particular,
L is only required to have a formula of size polynomial in n (instead of linear) characterizing £,. However, the formula characterizing
L, used in [20] to show Proposition 3 does have linear size. In our case, we need this stronger result (and definition) in order to
conclude that our algorithm is optimal.

The difficult part in establishing Proposition 3 is showing that, for the family of languages considered in [20], no formula
of F(LTL[Y, ¥,0, H]) of size less than 2" can express £,. In [20] this is done by defining a combinatorial proof system: a set of rules
that, given two sets of traces A and B, can be used to establish whether there is a formula ¢ of F(LTL[Y, ¥,0,H]) separating A from
B, that is, ¢ is satisfied by all traces in A and violated by all traces in B. Crucially, a proof obtained by applying k rules of the proof
system corresponds to the existence of one such separating formula ¢ of size k. It suffices then to define, parametrically in n, two sets
of traces A, and B, that are separated by the formula characterizing £,, to then show that no “proof of separation” of A, and B, in
the proof system can have size less than 2".

7. Implementation

We implemented our pastification procedure in a tool called Pastello,”> which uses the APIs of the temporal reasoning
tool BLACK [21,22] for manipulating the formulae (and testing the equivalence between input and output formulae as a way of
debugging our code). The implementation has only about 500 lines of C+ + code.

We evaluated Pastello on the following set of benchmarks. For each i € {5, ...,50}, we randomly generated 20 formulae of LTL[X, F]
of size i + 10. The formulae are generated with BLACK’s random formulae generator also used in the experimental evaluations de-
scribed in [21]. The abstract syntax tree of the formulae is generated, starting from a single node being the root, by choosing from a
uniform distribution whether the current node has to be a proposition letter or a temporal modality. In the former case, the proposi-
tion letter gets chosen from a uniform distribution among the alphabet’s proposition letters, while, in the second case, the temporal
modality is chosen again from a uniform distribution.

For each input formula, we measured four different metrics with respects to its corresponding output formula:

(i) size, see Fig. 3(a);
(i) number of occurrences of temporal modalities, see Fig. 3(b);
(iii) number of occurrences of Boolean operators, see Fig. 3(c);
(iv) depth, defined as the maximum number of nested temporal modalities, see Fig. 3(d).

Before discussing the results of the experimental evaluation, we describe how the plots in Fig. 3 are organized. The x-axis refers
to the input formula, whereas the y-axis refers to the output formula. In all the plots, the x-axis is in linear scale, while the y-axis is
in logarithmic scale, except for Fig. 3(d) in which both axes are in linear scale. The orange lines represent the diagonals of the plots.
The blue lines, instead, are piecewise functions that interpolate the mean value for the output formulae corresponding to an input
formula of a given size. The more the blue line converges (resp., diverges) from the orange line, the closer to a polynomial (resp.
exponential) runtime the algorithm has.

Consider Fig. 3(a), which plots the size of the output formula (on the y-axis, in logarithmic scale) with respect to the size of the
input formula (on the x-axis, in linear scale). The exponential growth is quite evident from the trend of the blue line, which diverges
from the orange line (the diagonal). Hence, at least on random inputs, the exponential blowup of our pastification algorithm from
LTL[X, F] into F(pLTL[Y, ¥,0)) is not only a matter of worst-case scenario; it occurs in the majority of the cases.

We refined the previous analysis of the size of the output formula by plotting the number of temporal modalities (Fig. 2(b)) and
Boolean operators (Fig. 3(c)) in the output formulae with respect to the input ones. Both plots show the same exponential growth and
they indicate that the exponential trend in Fig. 3(a) is due to the growth of the number of temporal modalities as much as to the
growth of the number of Boolean operators.

5 http://users.dimi.uniud.it/~luca.geatti/tools/pastello.html.
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size of the output formula

number of temporal operators in the output formula

10 20 30 40 50 60 o 5 10 15 20 25 30
size of the input formula number of temporal operators in the input formula
(a) Size of the formulae. (b) Occurrences of temporal operators.

depth of the output formula

number of Boolean operators in the output formula

0 5 10 15 20 25 30 0 5 10 15 20
number of Boolean operators in the input formula depth of the input formula
(c) Occurrences of Boolean operators. (d) Depth of the formulae.

Fig. 3. Results of the evaluation of Pastello on randomly generated formulae.

Finally, the only one of the four metric that does not grow exponentially is the depth. In fact, the depth of the output formulae,
plotted in Fig. 3(d), follows a linear trend with respect to the input ones. This comes with no surprise, since:

(i) during the transformation into normal form, all rewriting rules increase the depth of the formula only by a constant factor,
(ii) for any formula ¢ in normal form, the height of its dependency tree T is exactly the depth of ¢, and
(iii) the depth of the formula built starting from a dependency tree T is exactly the height of T.

8. Conclusions and open problems

We designed (and implemented) a pastification algorithm for LTL[X, F] formulae that produces F(pLTL) formulae of size singly
exponential with respect to the size of the input formula. Following a matching lower bound from [20], the algorithm turns out to
be optimal.

The main open problem related to our work is the complexity of pastification procedures for the logic coSafetyLTL, that is, the
extension of LTL[X,F] featuring the modality U. The best available pastification procedure for this logic is the one based on the
Krohn-Rhodes cascaded decomposition [5], which has been sketched in Section 2. whose output may be of triply exponential size.
This procedure passes through several intermediate steps that only ultimately build the cascaded decomposition. In principle, it could
be the case that this procedure can be improved studying efficient algorithms for implementing closure properties of cascaded decom-
positions of reset automata [33] under temporal operations. These algorithms take as input(s) cascaded decompositions, and directly
construct cascaded decompositions for all modalities and Boolean connectives in the grammar of coSafetyL TL. For instance, one such
algorithm takes as input the cascaded decomposition representing a formula ¢ of coSafetyLTL, and returns a cascaded decomposi-
tion for F¢. From a complete suite of these algorithms, one can construct the cascaded decomposition of the whole input formula
without passing through intermediate automata representations; hopefully obtaining a substantial improvement in the runtime of the
pastification procedure. Preliminary results in this direction recently appeared in [37].

14
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The approach of directly investigating the closure properties of cascaded decompositions appears more promising than attempting
to extend the technique proposed in this paper to the entirety of coSafetyLTL. To explain a current limitation of our technique, consider
the formula

F((y1Uy1) A (waUyy)).

When y; =y, = T, this formula is equivalent to F(Fy; A Fy,) which, by rule R,, is in turn equivalent to (Fy;) A (Fy,), essentially stating
that the two occurrences of y; and y, are independent. This equivalence has a fundamental role in the proof of Lemma 4. Replacing
Fy; with y;Uy; results in the formula F(y,;Uy;) A F(y,Uy,), which is however not equivalent to the initial formula. Intuitively, this is
because the original formula was constraining a single point in the trace to satisfy both occurrences of the until modality U, whereas
the latter formula allows for distinct points in the trace to satisfy each one occurrence of this modality. Because of this, it is unclear
how to define a suitable notion of dependency tree.

The above formula seem to be an interesting starting point also for obtaining stronger lower bounds for the pastification of
coSafetyLTL. In particular, we see no way to produce a pastification for a formula of the form F(A[_, (p;Uq;)) that does not enumerate
essentially all possible orders over ¢, ..., q,. Because of this, it is natural to conjecture that there is no pastification algorithm for
coSafetyL TL producing formulae of size less than O(n!), where n is the size of the input formula; in other words, we conjecture a singly
exponential pastification procedure for coSafetyL TL, as the one proposed in this paper, to be unlikely to exist.
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