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“He grants wisdom to whoever He wills. And whoever is granted

wisdom is certainly blessed with a great privilege. But none will be
mindful “of this” except people of reason. ”

“Al Quran”, (Sturat al-Bagarah, No 2, Ayat 269).



Abstract

Dynamical systems exhibiting memory effects, where current evolution depends on past
states, present fundamental challenges for data-driven equation discovery. This thesis
develops complementary methodologies for discovering governing equations of such
systems from time-series data by extending the Sparse Identification of Nonlinear Dy-
namics framework to three principal classes of delayed dynamical systems: deterministic
delay differential equations with discrete delays, stochastic delay differential equations,
and distributed delay systems.

For delay differential equations with discrete delays, we introduce two approaches
with distinct trade-offs. Expert-SINDy combines sparse regression with external parti-
cle swarm optimisation to simultaneously discover functional forms and discrete delay
parameters when the system structure is partially known, maintaining interpretability of
the resulting equations. Pragmatic-SINDy reformulates the infinite-dimensional identi-
fication problem using pseudospectral collocation, reducing it to finite-dimensional op-
timisation over only the maximum delay, thereby achieving improved computational
efficiency at the cost of reduced equation interpretability. Comprehensive validation on
logistic delay equations, Mackey-Glass dynamics, and neural network models demon-
strates robust delay parameter identification and accurate trajectory reconstruction across
diverse nonlinear behaviours.

We then extend the framework to stochastic delay differential equations, developing
Ito-Taylor expansion-based moment estimators that reconstruct drift and diffusion com-
ponents from noisy observations. Three practical estimation strategies accommodate dif-
ferent data availability scenarios, with extensive computational analysis establishing that
pre-regression averaging substantially outperforms alternatives.

For systems with distributed memory, we develop quadrature-based kernel identifi-
cation methods that recover nonautonomous delay kernels without requiring prior func-
tional form specification. Joint optimisation of integration bounds and kernel parameters
achieves systematic discovery from data alone. Applications to logistic renewal equa-
tions and structured population dynamics validate the capability of the framework to
extract interpretable sparse representations of distributed delay systems.

Practical utility is demonstrated through application to Severe Fever with Thrombo-
cytopenia Syndrome transmission dynamics, where distributed delay models are dis-
covered directly from real surveillance data. Finally, comparative analysis contextualises
sparse identification methods within the broader landscape of data-driven system iden-
tification, examining trade-offs between interpretability, computational efficiency, and
data requirements compared with neural network approaches.

MATLAB implementations of the methods presented in this thesis are provided at


http://cdlab.uniud.it/software




Sommario

I sistemi dinamici che presentano effetti di memoria, in cui 1’evoluzione attuale dipende
dagli stati passati, pongono sfide fondamentali per la scoperta di equazioni basate sui
dati. Questa tesi sviluppa metodologie complementari per scoprire le equazioni che gov-
ernano tali sistemi a partire da serie di dati temporali, estendendo il quadro dell iden-
tificazione sparsa delle dinamiche non lineari a tre classi principali di sistemi dinamici
ritardati: equazioni differenziali deterministiche con ritardo discreto, equazioni differen-
ziali stocastiche con ritardo e sistemi con ritardo distribuito.

Per le equazioni differenziali con ritardo discreto, introduciamo due approcci con
caratteristiche diverse. Expert-SINDy combina la regressione sparsa con 1'ottimizzazione
esterna particle swarm per scoprire simultaneamente la forma funzionale e i parametri di
ritardo discreti quando la struttura del sistema e parzialmente nota, mantenendo l'interp-
retabilita delle equazioni risultanti. Pragmatic-SINDy riformula il problema dell’identif-
icazione infinito-dimensionale utilizzando la collocazione pseudospettrale, riducendolo
ad un’ottimizzazione finito-dimensionale solo sul ritardo massimo, ottenendo cosi una
maggiore efficienza computazionale a scapito di una ridotta interpretabilita dell’equazione.
Una validazione completa su equazioni di ritardo logistico, dinamiche Mackey-Glass e
modelli di reti neurali dimostra una robusta identificazione dei parametri di ritardo e
un’accurata ricostruzione della traiettoria in diversi comportamenti non lineari.

Estendiamo quindi il quadro alle equazioni differenziali stocastiche con ritardo, svilup-
pando stimatori di momento basati sull’espansione di Itd6-Taylor che ricostruiscono le
componenti di drift e diffusione da osservazioni soggette a rumore. Tre strategie di
stima pratiche si adattano a diversi scenari di disponibilita dei dati, con un’analisi com-
putazionale approfondita che stabilisce che la media pre-regressione supera sostanzial-
mente le alternative.

Per i sistemi con memoria distribuita, sviluppiamo metodi di identificazione del ker-
nel basati sulla quadratura che recuperano i kernel di ritardo non autonomi senza richie-
dere una specifica preliminare della forma funzionale. L'ottimizzazione congiunta degli
estremi di integrazione e dei parametri del kernel consente una scoperta sistematica
basata esclusivamente sui dati. Le applicazioni alle equazioni di rinnovo logistico e alle
dinamiche di popolazione strutturate convalidano la capacita del framework di estrarre
rappresentazioni sparse interpretabili dei sistemi di ritardo distribuiti.

L'utilita pratica € dimostrata attraverso 1’applicazione alle dinamiche di trasmissione
della sindrome da febbre grave con trombocitopenia, dove i modelli di ritardo distribuito
vengono scoperti direttamente dai dati reali di sorveglianza. Infine, I’analisi comparativa
contestualizza i metodi di identificazione sparsa nel panorama piti ampio dell’identifica-
zione dei sistemi basata sui dati, esaminando i compromessi tra interpretabilita, efficienza
computazionale e requisiti dei dati rispetto agli approcci basati sulle reti neurali.



Le implementazioni MATLAB dei metodi presentati in questa tesi sono disponibili
all'indirizzo


http://cdlab.uniud.it/software
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Introduction

Traditionally, mathematical modelling has depended on first-principles methods utilis-
ing profound theoretical understanding to derive governing equations. While effective in
physical and engineering sciences, this approach encounters significant challenges when
applied, e.g., to systems characterised by intricate interactions, high dimensional nonlin-
earities, and inherent memory effects. Creating accurate mechanistic models becomes ex-
ceedingly difficult, especially when fundamental physical laws are not fully understood
or when systems display temporal dependencies that cannot be captured by instanta-
neous relationships alone.

The emergence of large-scale data collection and advanced computational resources
has sparked a shift toward data-driven modelling approaches. These methods derive
governing equations directly from observational data, bypassing the need for compre-
hensive theoretical derivation. Sparse Identification of Nonlinear Dynamics (SINDy) [31]
has emerged as a particularly effective framework that balances model simplicity, inter-
pretability, and predictive accuracy. By employing sparsity-promoting regression tech-
niques, SINDy identifies minimal sets of active terms from function libraries, producing
interpretable governing equations that reveal fundamental system mechanisms.

Although SINDy has achieved significant success with ordinary differential equa-
tions (ODEs), numerous real-world systems display memory effects where the current
state evolution depends not only on present conditions but also on the system’s past.
These temporal dependencies manifest in physiological processes with signal propaga-
tion delays [5, 69], neural activity with synaptic transmission delays [120, 129], epidemi-
ological dynamics with incubation periods, and population dynamics with maturation
stages [130]. Such memory-dependent dynamics are best described by delay differential
equations (DDEs) [47, 62], which extend ODEs by allowing the rate of change to depend
on past states at specific time delays. When memory effects are distributed continuously
over intervals representing age structure or maturation periods, the suitable mathemat-
ical framework involves delay integro-differential equations (DIDEs) and renewal equa-
tions (REs) with distributed delay kernels [15].

Extending data-driven identification to systems with delays introduces fundamen-
tal challenges that distinguish this problem from the well-explored ODE case. First,
unknown delay parameters transform identification from convex sparse regression into
nonconvex global optimisation over both functional form and delay values. Second, the
infinite-dimensional state space inherent in delay systems adds computational complex-
ity that scales poorly with standard methods. Third, distributed delays involve nonau-
tonomous kernel functions depending on both the integration variable and state history,
requiring specialised identification techniques. Fourth, simultaneous stochastic fluctua-
tions and delay effects create non-Markovian dynamics that challenge standard moment
estimation techniques. These difficulties have limited data-driven delay system identi-
fication to situations with substantial prior knowledge or computationally prohibitive
exhaustive searches [104, 116].

This thesis systematically extends the SINDy framework to delayed dynamical sys-
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tems across multiple complexity levels: deterministic DDEs with discrete delays, stochas-
tic delay differential equations (SDDEs) combining randomness with memory effects,
and systems with distributed delays represented by integral kernels. The developed
methodologies enable automatic discovery of governing equations and delay parame-
ters directly from time-series data, significantly reducing reliance on prior mechanistic
knowledge while maintaining the interpretability benefits distinguishing sparse identifi-
cation from black-box machine learning approaches.

I.1 Problem statement

This thesis addresses the data-driven identification of governing equations for dynam-
ical systems exhibiting memory effects through temporal delays. Formally, consider a
dynamical system whose state evolution depends on its history over some temporal
window. The challenge is to discover both the functional form of the governing equa-
tions and the characteristic delay parameters from discrete time-series measurements
{x(t;)},, where x(f) € R" represents the system state variables and measurements
may be corrupted by noise or limited in quantity.

For deterministic systems with discrete delays, the governing equations take the form

x'(t) = f(x(t),x(t—7),...,x(t — 1)),

where f : R"k*1) — R” represents the unknown right-hand side and 0 < 7, < --- <
Tr denotes possibly unknown delay parameters. Traditional system identification ap-
proaches assume either complete knowledge of the delay values or restrict attention to
scenarios where delays can be inferred through separate physical reasoning. This thesis
removes these restrictive assumptions, developing methods that simultaneously identify
both f and {Tj};-(zl from data.

When stochastic fluctuations coexist with delay effects, the system evolves according
to SDDE:s of the form

dX(t) = f(X(t), X(t — 7)) dt + g(X(t), X(t — 7)) dW(t),

where W(t) denotes a Wiener process, f governs the deterministic drift, and g controls
the diffusion intensity. The identification challenge now requires simultaneously recov-
ering both drift and diffusion functions from noisy realisations, a problem substantially
more difficult than the deterministic case due to the amplification of measurement noise
through moment ratio computations.

For systems exhibiting distributed memory effects, where evolution depends on a
weighted history over continuous intervals rather than discrete past points, the govern-
ing equations assume the form

for DIDEs, or
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for REs. Here, the kernel function y : [—-7,0] x R” — RR” is nonautonomous, depending
explicitly on both the delay variable ¢ and the state history. Identifying such kernels
from data presents unique challenges: the functional space is infinite-dimensional, the
integration bounds may be unknown.

The specific general challenges addressed across these problem classes include:

¢ When multiple delays are unknown, an exhaustive search over delay parameter
spaces becomes computationally prohibitive, scaling exponentially with the num-
ber of delays.

* Sparse regression performance depends critically on including appropriate candi-
date functions in the library; missing key nonlinear terms leads to spurious fitted
models.

¢ Numerical differentiation and moment estimation amplify measurement noise, par-
ticularly degrading diffusion term identification in stochastic systems.

¢ Multiple sparse models may fit available data equally well when information is
insufficient, creating fundamental identifiability limitations.

¢ Distributed delay kernels depend on both integration variables and state history,
requiring specialised library construction techniques beyond standard polynomial
or trigonometric bases.

[.2 State of the art

Data-driven system identification has emerged as a powerful paradigm for extracting
governing equations from observational data. A broad spectrum of approaches has been
developed, ranging from black-box machine learning techniques such as neural ordinary
and delay differential equations [39, 61, 71, 73, 74, 89], physics-informed neural networks
[108], and Gaussian process regression [110] and spectral methods including dynamic
mode decomposition [118] and Koopman operator regression [83]. While these methods
can achieve high predictive accuracy, they often prioritise forecasting performance over
interpretability and do not necessarily yield explicit low-dimensional governing equa-
tions. The SINDy framework [31] represents a breakthrough by using sparsity-promoting
regression to identify parsimonious models from data. Originally developed for ODEs
[31], SINDy has been extended to PDEs [115], SDEs [12, 139], and more recently to DDEs
with discrete delays [16, 84, 104, 116]. This contextualises sparse identification within the
broader landscape of data-driven system identification.

DDEs with discrete delays have been extensively studied from theoretical perspec-
tives [47, 62, 122]. Classical approaches to DDE identification typically assume prior
knowledge of delay values or employ computationally expensive grid searches [51, 141].
The method proposed by [116], here referred to as Expert SINDy (E-SINDy), extends
SINDy to include delayed variables when the number and values of delays are known
a priori. When this information is missing, brute-force (BF) optimisation over candidate
delay values becomes necessary, creating computational bottlenecks. Recent advances
incorporate Bayesian optimisation (BO) strategies [104] to guide the search over delay pa-
rameter space, offering improved computational efficiency. However, the computational
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cost still scales poorly with the number of unknown delays, motivating the development
of more efficient reformulations.

SDDEs provide natural frameworks for modelling systems subject to both random
fluctuations and memory effects. The theoretical foundations are well-established [32, 66,
82,101, 102], and the robustness of SDDEs has been rigorously analysed [95]. Data-driven
identification of stochastic systems without delays has advanced considerably through
extensions of SINDy employing Kramers-Moyal moment estimators [12, 139]. However,
extension to SDDEs remains largely unexplored. The recent work by [64] restricts atten-
tion to the Stratonovich formulation and relies on small-delay Taylor approximations,
limiting generalisation to arbitrary delays and multiple delay structures.

Distributed delay systems have been extensively studied from theoretical perspec-
tives, and the integral SINDy (ISINDy) framework [96, 117, 140] provides a foundation
by replacing numerical differentiation with integration. This approach shows promise for
handling integral functionals because integration is inherently more stable than differen-
tiation in the presence of measurement noise. However, existing methods do not address
the nonautonomous nature of distributed kernels, requiring substantial methodological
innovation for data-driven discovery.

The literature review is consolidated, drawing from Section 1.2 above and comple-
mented by detailed domain-specific discussions in each chapter: Chapter 2, Section 2.1.2
(SINDy for DDEs); Chapter 3, Section 3.1.2 (SINDy for SDDEs); and Chapter 4, Section
4.1.2 (distributed delays and structured populations).

I.3 Gaps in existing methods

Despite considerable progress in data-driven system identification and theoretical analy-
sis of delay systems, critical gaps remain:

¢ most methods require a priori knowledge of delay values, functional forms, or ker-
nel structures;

e computational cost scales poorly with the number of potential delays;

¢ simultaneous treatment of stochastic fluctuations and delay effects remains largely
unexplored;

* data-driven discovery of nonautonomous kernels lacks systematic approaches mai-
ntaining interpretability;

¢ trade-offs between accuracy, computational tractability, and sparsity are not well
characterised.

These gaps motivate the development of new approaches and analysis that can discover
governing equations and delay parameters efficiently while maintaining the sparsity and
interpretability advantages of the SINDy framework.

In this thesis, measurement noise is not treated explicitly. All numerical experiments
use either noise-free data or data with only process noise, and derivative estimates are
computed under this assumption. Extending the framework to account for observation
noise in a systematic way for example using integral SINDy, suitable denoising proce-
dures, or explicit statistical noise models remains an important direction for future work.
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I.4 Computational framework

All numerical experiments presented in this thesis were run on a Windows 11 system
(CPU 5 GHz, RAM 16 GB) using MATLAB implementations for SINDy (available at

). The computational implementations leverage MA-
TLAB version (R2024a). All numerical experiments in this thesis utilise integrated MAT-
LAB optimisers from standard toolboxes:

* bayesopt.m for Bayesian Optimisation (BO) from the Statistics and Machine Learning
Toolbox

* particleswarm.m for Particle Swarm (PS) from the Global Optimisation Toolbox

e STLS (Sequentially Thresholded Least Squares) and LASSO implementations for
sparse regression

The developed methods are implemented through MATLAB scripts designed for re-
producibility and ease of use. For E-SINDy:

(i) open ESINDy main.m

(if) modify the User inputs section according to the desired model, time window,
sample distribution, and noise amplitude

(iii) execute ESINDy main from the Command Window
Similarly, for P-SINDy:
(i) open PSINDy main.m

(if) adjust user parameters (particularly the collocation degree M) in the User inputs
section

(iii) execute PSINDy main from the Command Window

Each script automatically generates data for the selected model, constructs the library
of candidate functions, optionally applies the chosen optimiser to estimate unknown de-
lays and parameters and finally carries out the sparse regression step (via STLS).

I.5 Methodology

This thesis extends the SINDy framework to delayed dynamical systems across multiple
classes of complexity.

I.5.1 Expert SINDy

E-SINDy extends the classical SINDy framework to DDEs when delay values are known
or can be estimated. The method incorporates delayed copies of state variables into the
library matrix and applies standard sparse regression. External optimisation (PS[16], BO,
or BF) can search over delay parameter spaces when delays are unknown. See Chapter 2
for detailed development and analysis.
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I.5.2 Pragmatic SINDy

P-SINDy reformulates the infinite-dimensional DDE identification problem using pseu-
dospectral collocation on Chebyshev nodes, reducing it to a finite-dimensional ODE sys-
tem [22, 24]. This approach requires optimisation of only the maximum delay value,
offering improved computational efficiency at the cost of reduced interpretability. See
Chapter 2 for detailed development and analysis.

I.5.3 Extension to stochastic delay differential equations.

Chapter 3 extends SINDy to SDDEs by employing It6-Taylor expansion-based estima-
tors (Kramers-Moyal, forward/central differences, trapezoidal rules) for reconstructing
drift and diffusion from time-series data. Three practical approaches accommodate dif-
ferent data availability scenarios and statistical robustness requirements. Extensive com-
putational analysis establishes that pre-regression averaging substantially outperforms
alternatives.

I.5.4 Distributed delay kernel identification.

Chapter 4 develops methods for identifying DIDEs and REs with distributed memory
kernels. Quadrature-based kernel libraries explicitly include both delay variables and
state history, enabling recovery of nonautonomous kernels. Extended sparse regression
identifies analytical kernel structure through weighted sums of quadrature terms. Joint
optimisation of integration bounds and kernel parameters achieves systematic discovery
without prior knowledge.

I.5.5 Comparative analysis with neural network approaches.

Chapter 6 provides comparative analysis of E-SINDy, P-SINDy, and neural delay differ-
ential equation methodologies across interpretability, delay parameter estimation, com-
putational efficiency, and data requirements.

1.6 Objectives
The principal objectives of this thesis are:

(1) to develop E-SINDy with efficient external optimisation for unknown delays in de-
terministic DDEs;

(if) to introduce P-SINDy based on pseudospectral collocation for improved computa-
tional efficiency;

(iii) to extend SINDy to SDDEs with comprehensive treatment of drift and diffusion
estimation;

(iv) to develop methods for discovering distributed delay kernels from data without
requiring prior functional form specification;



Results XV

(v) to provide comprehensive comparison of sparse identification approaches with ne-
ural network methods;

(vi) to validate all methodologies through numerical experiments on benchmark and
real world SFTS (Severe Fever with Thrombocytopenia Syndrome).

I.7 Results

The thesis develops complementary methodologies for data-driven identification across
a wide spectrum of delayed dynamical systems:

Chapter 2: SINDy for Delay Differential Equations establishes E-SINDy and P-SINDy
methods for deterministic DDEs with discrete delay. E-SINDy combined with PS pro-
vides robust delay parameter identification with interpretability. P-SINDy trades some
interpretability for improved computational efficiency by requiring optimisation of only
the maximum delay. Numerical validation on logistic delay equations and Rossler sys-
tems demonstrates the effectiveness and trade-offs of both approaches.

Chapter 3: SINDy for Stochastic Delay Differential Equations develops Itd-Taylor expans-
ion based estimators for reconstructing drift and diffusion from time-series data. Three
practical approaches accommodate different data availability scenarios. Extensive com-
putational analysis demonstrates that pre-regression averaging (Approach B1) substan-
tially outperforms alternatives across multiple metrics.

Chapter 4: SINDy for Structured Populations with Distributed Memory Effects constructs
quadrature-based kernel libraries and develops extended sparse regression for identi-
tying nonautonomous kernels. Joint optimisation of integration bounds and kernel pa-
rameters achieves automatic discovery without prior knowledge. Comprehensive exper-
iments on logistic renewal equations, Daphnia consumer-resource dynamics, and Ricker
population models validate the framework.

Chapter 5: Application of SINDy for a Tick-Borne Disease demonstrates practical util-
ity through application to SFTS transmission dynamics in Dalian Province, China. The
framework discovers sparse distributed delay models directly from surveillance data.
Sensitivity analyses assess model robustness to key parameters.

Chapter 6: Comparative Analysis with Neural Network Approaches brings together recent
advances and explains where it fits sparse identification within the wider field of data-
driven system identification. Comprehensive comparative analysis examines E-SINDy,
P-SINDy, and NDDE methodologies across interpretability, delay parameter estimation,
computational efficiency, and data requirements. The chapter helps you choose the right
method for your specific problem and goals.

Chapter 7: Conclusions summarises principal contributions, discusses fundamental
limitations, and outlines future research, applications to novel problem classes, and the-
oretical foundations for convergence and sample complexity.

1.7.1 Publications, preprints and papers in preparation
The content of this thesis is mostly based on the following works (some of them are
currently under revision or in preparation).

¢ E. Bozzo, D. Breda, and M. Tanveer. “Sparse identification of time delay systems
via pseudospectral collocation.” In: IFAC-PapersOnLine 58.27 (2024), pp. 108-113.
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The research underlying this thesis has been presented at various international confer-
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Conference/Invited talks

“Sparse Identification of Dynamical Systems with Distributed Delays.” In: IFAC
Joint Conference on System Structure and Control (SSSC), Time Delay Systems (TDS),
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“Sparse Identification of Dynamical Systems with Distributed Delays.” In: DSABNS
2025, 16th Dynamical Systems applied on Biology and Natural Sciences. Conference talk.
Italy, 2025

“Sparse Identification of Time Delay Systems via Pseudospectral Collocation.” In:
TDS 2024, 18th IFAC Workshop on Time Delay System. Conference talk. Italy, 2024

“Sparse Identification of Nonlinear Dynamics for Delay and Stochastic Differential
Equations.” In: SciCADE 2024, International Conference on Scientific Computation and
Differential Equations. Conference talk. Singapore, 2024

“A Neural Network Approach to Learn Delay Differential Equations via Pseu-
dospectral Collocation.” In: ECCOMAS CONGRESS 2024, 9th European Congress
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tugal, 2024
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dospectral Collocation.” In: PINN-PAD: Physics Informed Neural Networks in Padova.
Conference talk. Italy, 2024

¢ “Data-Driven Approaches for Structured Populations.” In: Invited talk. Toronto,
Canada, 2025

¢ “Sparse Identification of a Distributed Delay Model for a Tick-Borne Disease.” In:
Invited talk. Toronto, Canada, 2025

Poster presentations

¢ D. Breda, D. Conte, R. D’Ambrosio, I. Santaniello, and M. Tanveer. “Sparse Iden-
tification of Nonlinear Dynamics for Delay and Stochastic Differential Equations.”
In: IDEAS2024 - Investigating Dynamics in Engineering and Applied Science. Hungary;,
2024

¢ D. Breda, D. Conte, R. D’Ambrosio, I. Santaniello, and M. Tanveer. “Sparse Iden-
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1.1 Introduction

This chapter collects the mathematical foundations and methodological frameworks es-
sential to the data-driven identification techniques developed in subsequent chapters.
The thesis focuses on discovering governing equations of dynamical systems from obser-
vational data, with particular emphasis on systems exhibiting memory effects through
various types of delays: discrete, stochastic delay, and distributed. The preliminaries
presented here provide the theoretical groundwork for applying the SINDy framework
to these complex infinite-dimensional systems.
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1.2 Delay differential equations

DDEs extend ODEs by incorporating memory effects, where evolution depends on both
present state and history. This generates infinite-dimensional dynamical systems capable
of capturing complex phenomena that ODEs cannot. Unlike finite-dimensional ODEs,
identifying DDEs from data is challenging when delays are unknown, motivating the
specialised techniques developed in this thesis.

For a full theoretical treatment of DDEs see, e.g., [47, 62]. Here we summarise the ba-
sic aspects of related initial value problems (IVPs) in order to introduce their description
in terms of dynamical systems. In this respect, we also recall the main ingredients of the
relevant semigroup theory from [50], see also Chapter 3 of [17].

DDE

For T > 0 real and n a positive integer, let X = C([—7,0],R") be the space of
continuous functions [—7,0] — R”, which is a Banach space when equipped with

the uniform norm [|¢|| x := max,c[_+ [|@(s)| for || - | isany norm in R". A general
nonlinear autonomous DDE takes the form
X() = f(x), (1.2.1)

where the RHS f : X — R" governs the dynamics of the system and the history
function x; € X at time t is defined as x(s) == x(t +5), s € [—7,0], following the
standard notation [85].

Here, T represents the maximum delay, meaning that the current evolution of the
system depends on its past over the interval [—7,0]. An IVP for (1.2.1) is specified as

¥(t) = f(xt), t>0,
{x(5>=¢(s), s€[-1,0], (1.2.2)

for ¢ € X playing the role of the initial history, viz., the state x( at time 0. The RHS f is
assumed to be sufficiently smooth to ensure that (1.2.2) has a unique solution depending
smoothly on ¢. For general well-posedness results, see, e.g., [5].

It is clear from (1.2.2) that DDEs generate infinite-dimensional dynamical systems on
the state space X. Due to this infinite-dimensional nature, DDEs can exhibit complex
and rich dynamics already in the scalar case [94, 128]. In the following, we refer to n as to
the physical dimension (i.e., the number of equations) and to the infinite dimension of the
state space X’ as to the dynamical dimension (i.e., the classical “amount” of information
needed to progress with the time evolution). Next, we describe the dynamical systems
framework by recalling the main tools from semigroup theory.

1.2.1 Semigroup framework

A well-posed IVP (1.2.2) allows one to introduce the solution operator T(t) : X — X at
time t > 0 as T(t)¢ = x;, which associates to the initial state ¢ the corresponding history
at time t. T(t) acts as a translation operator, with extension rule defined through (1.2.1).
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The collection {T(t)}+>o forms a strongly continuous semigroup of bounded operators.
Consequently, we can define the relevant infinitesimal generator A : D(A) C X — X as
the unbounded operator given by

Ap=¢', DA ={peX:¢ €Xand ¢ (0)=f(¢)}. (1.2.3)

Note that the underlying DDE (1.2.1) affects only the boundary condition in D(A).
Indeed, the latter represents the above mentioned rule of extension, while the differenti-
ation action is, as known, the generator of (continuous) time translation. Consequently,
(1.2.2) is equivalently recast as the abstract IVP

(1.2.4)

in the function space X, where the equivalence relies on u(f) = x; (to be precise, the
equivalence holds when ¢ € D(.A), otherwise one can talk about mild solutions).

1.2.2 DDEs with discrete delays

Although the formulation (1.2.1) is general, many practical applications involve DDEs
with a finite number k of constant discrete delays 0 < 7y < --- < 7. Specifically, these
equations are described as

X(t) = f(x(t),x(t—7),...,x(t — 7)), (1.2.5)

where, with slight abuse of notation, we now consider f : R"*+1) — R”. Some examples
are given next.

Example : Logistic delay equation

The logistic delay equation, also known as the Hutchinson equation [69], is given by

f—
¥ () = rx(t) (1 _ X = T)) ) (1.2.6)
where r > 0 is the intrinsic growth rate of the population, K > 0 is the carrying
capacity and T > 0 represents the time delay in the feedback mechanism. This
model exhibits a Hopf bifurcation at ¥t = /2 and rich dynamical behaviour,
including oscillatory solutions and limit cycles.
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Example : Mackey-Glass equation

The Mackey-Glass equation [94] is the nonlinear DDE

x(t—1)
14 (x(t —T))*

x'(t) =B — yx(t), (1.2.7)
with B, 7 and « positive real numbers. It was initially introduced to model the
generation of blood cells in physiology, based on a feedback mechanism that relies
on a delayed Hill-type response characterised by the Hill coefficient «, represented
by the term
1

I (x(t-T))
The model (1.2.7) exhibits rich dynamical behaviour that depends critically on
its parameter values, including periodic solutions and chaotic dynamics. This
model is particularly suitable for our investigation due to its nonlinear rational
term (1.2.8), which represents the characteristic feedback mechanisms prevalent in
biological systems. The rational nonlinearity represents a fundamental feature of
such systems and motivates its explicit incorporation into the SINDy framework
presented in this thesis. By including this model, we demonstrate the capability of
our approach to recover underlying dynamics from observational data despite the
scalar structure of the model. To further validate the robustness of our method-
ology, we consider the case where both the delay parameter T and the feedback
coefficient a are treated as unknown and must be estimated from data.

h(t—T;a) : (1.2.8)

\.

Example : Two-Neuron model

The two-neuron model with multiple time delays

{xm) = —xx1(t) + ptanh(x; (t — 7)) + ar2 tanh(x2(t — 12)), (1.2.9)

xh(t) = —kxo(t) + Btanh(x2(t — 7)) + az tanh(xq (t — 71))

is originally introduced by [120] to describe a simple neural network consisting of
two interconnected neurons. Here, x1 () and x(t) represent the activity of the two
neurons at time f, while x > 0 denotes the decay rate, modelling the natural dis-
sipation of neural activity over time. The parameter 3 represents the self-feedback
strength of each neuron through a delayed activation function and a1, a1 are the
coupling coefficients, capturing the interaction strength between the neurons. The
function tanh serves as an activation function that models the nonlinear response
of the neurons. Finally, 7; represents the delay in self-feedback, while 71, T, denotes
the delays between neurons.
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1.3 Stochastic differential equations

This section presents stochastic systems. We start by reviewing standard stochastic dif-
ferential equations before extending the concept to include time delays.

1.3.1 Stochastic ordinary differential equations

SODE

SODEs describe the evolution in time t > 0 of a real random variable X(t) €
R" through the interplay of deterministic and stochastic forces. In its classical
formulation, a SODE reads

dX(t) = F(X(1)) dt + g(X(£)) dW(t), (1.3.1)

where W(t) is a g-dimensional standard Wiener process, the drift function f :
R" — IR" governs the deterministic evolution, while the diffusion function g :
R" — IR"*1 controls the intensity and structure of random fluctuations.

We assume the covariance matrix G := gg' /2 € R"*" to be positive definite. Of course
(1.3.1) is a symbolic notation for

X(t) = X(0)+ [ f(X(@))do + [ g(X(0)) aW(e),

where the last integral is intended in the It6 sense. Under the standard global Lipschitz
and linear growth conditions

1£(x) = FWIT+llg(x) —gWIl < Llix —yll, xy R,
IF O+ llg)ll < CA+[lx), xR,

for L and C positive constants, the initial value problem for (1.3.1) admits a unique strong

solution with continuous sample paths [102].

1.3.2 Stochastic delay differential equations

SDDE

SDDEs with a single discrete and constant delay T > 0 affecting both drift and
diffusion take the form

dX(t) = F(X(), X(t— 1)) dt + g(X(£), X(t — 7)) dW(8). (1.3.2)

In (1.3.2) drift and diffusion are described, respectively, by f : R" x R" — R" and
g :R" x R" — R"™4. A related initial value problem requires specifying an initial
history ¢(t) on [—7,0] by imposing X(t) = ¢(t) for t € [—7,0].

Unlike standard SODEs, solutions to SDDEs are generally non-Markovian due to
their dependence on the past [95]. The initial value problem for (1.3.2) becomes well-
posed under appropriate Lipschitz and linear growth conditions whose general form
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reads

1f (@) = fF@)I +llg(e) —g@)l < Ll —vllc, 99 eC,
£ (@)l + lIg(@)| < C(1+lgllc), ¢€C,

for drift and diffusion given as maps C — R" acting on the full history defined as
a function [—7,0] > s — X(t)(s) = X(t+s) for X(t) € C = C(]-71,0;R") the
classic state space of continuous functions equipped with the uniform norm |¢|/c =
maxge—r,0] [[¢(s)]| [32, 95]-

1.4 Distributed delay systems

In this section, we present the mathematical framework for distributed delay systems.
Specifically, we focus on two primary formulations that capture the memory effects of
the system through integral functionals.

DIDE and RE

In principle, both delay integro-differential equations (DIDEs) and renewal equa-
tions (REs) capture the influence of the history of the system through integral func-
tionals. A general DIDE is formulated as

x'(t) = T(xp) (1.4.1)
whose rate of change depends on the past, whereas a typical RE
x(t) =T(x) (1.4.2)

directly relates the current value of the unknown to its history x;.

In both formulations, the central component is a functional I' : X — R" for n a
positive integer, which processes the state history and operates in a Banach space
X of functions [—T,0] — R" of suitable regularity (typically continuous for DIDEs
and measurable for REs [46]). I accounts for the aggregated influence at the cur-
rent time of the history of the system on the time span [—T, 0]. This functional is in
general defined by an integral

0
I(¢) = [ Aepo)do, peX, (1.4.3)

over the delay interval, where 7 : [—7,0] x R" — R" is a smooth, possibly nonlin-
ear map called the kernel function. The integration variable ¢ represents the history
time from the present moment t. This nonautonomous dependence of <y from o is a
key aspect for its reconstruction from observed data.
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Example : Logistic daphnia model

The logistic Daphnia model [22, 26] is given by

—pS(t) [ bt —a)da (1442

S'(t) = rS(t)< _ %) S0 / e — ol (1.4.4b)

This RE coupled to a DIDE describes consumer-resource dynamics, where b de-
notes the birth rate of a population feeding on a resource S, with parameters
(fertility), v (consumption rate), maturation age a. and maximal age a+.

Example : Behavioural epidemiology model

In the behavioural epidemiology framework considered, e.g., in [7], the classical
SIR paradigm can be expanded to include vaccination conditioned on information
decision processes. Consider a stable and equally interacting population struc-
tured into compartments comprising susceptible (S), infected (I), recovered (R)
and vaccinated (V) individuals, with the vaccination rate governed by an informa-
tion variable M(t) tracking past disease levels. A plausible mathematical model

reads

S'(#) = [1 — p(M(t))] — uS(t) = BS()1(t),

I'(t) = BS(H)I(t) = (u +v)I(¢),

R'(t) —VI( ) — uR(#),

V() = up(M(t)) — pV (1),
where yu is the demographic turnover rate,  is the contact rate, and v is the re-
covery rate. The coverage function p(M) is assumed to be non-decreasing and is
used to express the proportion of immunised newborns in terms of an information
variable

0
M(t) = / K(o)h(S(t + o), I(t + o)) do.
Here, h : [0,4+0) X [0,+00) — IR accounts for the prevalence of the disease
weighted through a normalised memory kernel K. Typically K has the form of
an Erlang distribution, but realistic data may call for different choices asking for
suitable identification tools. Note that in general the local stability at the endemic
equilibrium is highly affected by the properties of K [3]: as the memory concentra-
tion increases, the system is likely to have an increased number of intervals with
instability in the form of Hopf bifurcations and oscillations.
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Example : Ricker-type population model

The Ricker-type population model [9, 75]

0
¥ (t) = do ( / F) (¢)eho—ax(40) (¢ 1 ) dor — x(t)> (1.4.5)

models single-species population growth with a gamma-distributed maturation
delay, where x(t) denotes the adult population, dj is the death rate, and F, rep-
resents the gamma distribution. The kernel exhibits nonautonomous dependence
on both ¢ and state history.

x(t — 1)
/,” \\\\
4|~— Delay 7> 0 | >
i —T t

Discrete delay

Distributed delay ~h

g(o ,x(t+0))

Figure 1.4.1: difference between discrete delay and distributed delay

1.5 Sparse identification of nonlinear dynamics

SINDy [30, 31, 36] is a data-driven framework to discover the governing equations of
dynamical systems. Considering that most dynamical systems have an underlying sparse
structure in terms of RHS description, SINDy aims to construct interpretable models from
time-series data. The method assumes that the state of the system x(t) is measured at
discrete time points f1, . .., t;,; and its evolution is governed by the ODE

x' = f(x), (1.5.1)

for an unknown RHS f : R” — R". To approximate the function f in (1.5.1), SINDy ex-
presses each component f;(x) fori =1,...,n as a sparse linear combination of p candi-
date basis functions and 6;(x):

filx) = Z 0;(x)Gji-

p
j=1
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Here, the functions 6y, ...,0, serve as foundational building blocks to approximate
the behaviour of the underlying system, chosen according to its expected characteristics.

1.5.1 Data matrices and libraries

The measurement data are arranged in a matrix

xl(tl) xn(tl)
X = : : e R™", (1.5.2)
X1(tm) oo Xn(tm)

where the rows correspond to time points and the columns correspond to state variables.
Similarly, a matrix
(k) . x(h)
X/ — : .. : c IR?’I’! Xn
Xy (bn) oo X (Em)

collects derivative values that may be directly available or estimated using numerical
differentiation [37].

Although polynomial basis functions are commonly employed due to their generality
and ability to capture a wide class of dynamics, other types of basis functions, such as
trigonometric functions, exponentials, rational, or nonlinear functions of another type,
are incorporated when the intrinsic behaviour of the system suggests their necessity.

For example, in ODEs describing oscillatory phenomena, such as the van der Pol
oscillator [45] or models representing harmonic motion, trigonometric functions com-
prehensively describe periodic behaviours that polynomials might represent poorly or
inaccurately. Similarly, exponential functions may need to properly represent the growth
or decay processes that are very common in physical and biological systems.

The inclusion of specialised basis functions in the library enhances both the accuracy
and interpretability of the output model, with such a choice being the most beneficial
if prior knowledge or physical insight indicates a presumed importance. This flexible
choice of basis functions enables SINDy to successfully characterise complicated dynam-
ics, tailoring domain know how to select function classes that best capture the true non-
linear behaviours of the system.

We introduce the following notation to represent the system reconstruction and esti-
mate the coefficients {;;,j = 1,...,p foreachi = 1,...,n. A library matrix ©(X) € R"*?
contains the p candidate basis functions evaluated at all m time points. For example, a
polynomial library with additional trigonometric terms:

OX)=[1 X X* - X .- sin(X) cos(X) ---].

Above, X4 denotes a matrix containing all possible polynomial combinations of degree d
in the components of x. For example, for d = 2,

2
5
X3

X? =

x%GM) xl(tm).x2<tm> x%(.tm>
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Similarly, for trigonometric functions,

sin(x1(t)) -+ sin(x,(t))
sin(X) == : :
sin(xq (b)) -+ sin(xy(tn))

The choice of basis functions significantly affects the success of the method. As discussed
in [30, 31], polynomial basis functions are commonly used to model ODEs; however,
other types of functions may be more suitable, depending on the system under study.
The number and type of basis functions determine the number p of columns in @(X).
To measure the relevant complexity, either related to the model or dynamics, the total
number of basis functions of a polynomial library of degree d for a system of physical
dimension #n is for any non-negative integers N = n +d and k = d where N > k, the

formula is:
_ (n+d\ (n+d)!
- d - (n+d)—d)d’

the term ((n +d) — d)! simplifies simply to n!.

n+d\  (n+d)!
d ) nald

1.5.2 Sparse regression

To determine the coefficients ¢; ;, we collect them into vectors ¢; € R foreachi=1,...,n
and formulate the general problem as

X' = @(X)E, (1.5.3)

where E € RP*" is the matrix [§1 & -+ &y
The coefficients for each column ¢; are identified by independently solving the opti-
misation problem
§i = arg min (|| X; = @X)Z], + A<l (154)

where X/ is the ith column of X’. In the RHS of (1.5.4), the first term (in || - [|2) mea-
sures the reconstruction error, whereas the second term (in || - ||1) is a regularisation term
that promotes sparsity through the hyperparameter A > 0. Methods such as sequential
thresholded least squares (STLS) [31] or least absolute shrinkage and selection operator
regression (LASSO) [132] can be used to solve (1.5.4). The latter is a /1 regression analysis
method that performs both variable selection and regularisation to enhance the predic-
tion accuracy and interpretability of the model produced. The LASSO method minimises
the usual sum of squared residuals with a constraint on the sum of the absolute val-
ues of the coefficients. This constraint tends to produce coefficients that are exactly zero,
thereby effectively selecting the variables. Alternatively, the STLS method is used to solve
optimisation problems that require sparsity. In this approach, one repeatedly solves the
least squares problem and then applies a thresholding operation: any coefficient whose
absolute value is below a designated threshold (given by A) is set to zero. This itera-
tive process is performed for a predetermined number of iterations, ultimately yielding
sparse solutions. STLS is particularly effective in high-dimensional contexts where the
number of features p significantly exceeds the number of observations m [31].
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1.6 Pseudospectral collocation

Consider the IVP (1.2.2) and recall (1.2.3) and (1.2.4). To approximate (1.2.2) with a fi-
nite dimensional system of ODEs, we apply a pseudospectral collocation scheme based on
Chebyshev polynomials [17, 133]. This method provides a systematic way to reduce the infi-
nite dimensional state space X" to a finite dimensional subspace &1 and, correspondingly,
a DDE to a system of ODEs, which can then be treated with relevant ODE tools (such as
the standard SINDy framework) this motivates P-SINDy as a pragmatic approach to DDE
identification.

1.6.1 Chebyshev nodes and Lagrange interpolation

For a positive integer M let

5= % <cos <E) - 1), i=0,1,..., M, (1.6.1)

be the M + 1 Chebyshev extremal nodes over [—T,0].
Define X := R*M+1) a5 the discrete counterpart of X and introduce the following
restriction and prolongation operators:

RM X — XM, RMIP = [lP(So),lp(Sl),. . .,IP(SM) ]T,
Py : X — A, Py¥ = Z]Aio E](S)‘P]

The former evaluates a function i € X at the collocation nodes, while the latter recon-
structs a continuous function from its discrete values via Lagrange interpolation. The
Lagrange basis functions {/;} ]’\i o are defined on the collocation nodes {sj}in 0 as

M

G(s)=T]—%, j=01,...,M, sec[-7,0] (1.6.2)
k=0 5/ ~ Sk
(=

1.6.2 Discrete infinitesimal generator

In discrete setting, infinitesimal generator A is approximated by the finite-dimensional
operator Ay : Xy — Xy given by

M
[AmYlo = f(PuY),  [Au¥]i=)_dij¥;, i=1,...,M, (1.6.3)
j=0

where the derivatives d;; := E}(si) I,,i=1,...,M,j=0,1,..., M, of the Lagrange basis
functions can be calculated explicitly and collected as entries in the Chebyshev differentia-
tion matrix [133].

The discrete expressions of Ay above correspond to, respectively, the domain condi-
tion and the action of A in (1.2.3). In the resulting finite-dimensional ODE system (in-
troduced below in (1.6.4)), the RHS f of the original DDE affects only the first equation,
which is indeed a block of n ODEs. In this way, A faithfully reproduces the essential
features of A.
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Note that in the resulting finite-dimensional ODE system (introduced below in (1.6.4)),
the RHS f of the original DDE affects only the first equation, which is indeed a block of
n ODEs. The above discretisation leads to the following finite dimensional IVP approxi-
mating (1.2.2):

Up(t) = f(Pm U(L)),

U{(t) =Dy U(t), i=1,...,M, (1.6.4)
U;(0) = ¢(si), i=0,1,...,M,
where
66(51) e EQ\/{(Sl)
Dy = : : ,

U(t) = [Uo(t), Uy(t),..., Um(t)]T € Xu,
and each component U;(t) approximates x;(s;) = x(t +s;). As anticipated, Uy () ~ x(t)
is the only quantity of interest and the corresponding ODE is the only one reconstructed
by SINDy. However, it is coupled to all the other components U;(t),i = 1, ..., M through
the interpolation polynomial PyU(t).

In summary, the pseudospectral collocation approach, using the Chebyshev nodes
and the associated differentiation matrix, typically achieves spectral accuracy [10, 133].
For delay problems, it provides a systematic way to approximate infinite dimensional dy-
namics within a finite dimensional ODE framework. Note that alternative discretisation
approaches can also be implemented, such as those described in [14, 87].

1.7 Ito-taylor expansions and moment estimation

The practical estimation of drift f and diffusion g functions in SODEs is fundamentally
based on Ito-Taylor expansions, which provide a systematic framework for expressing
increments of test functions of stochastic processes in terms of differential operators and
stochastic integrals [52, 139].

1.7.1 Differential operators

For SODE (3.2.1), we define the fundamental differential operators that govern stochastic
evolution. Let

n az
0._
L= Z; axl + 21 8ij(x axiaxj’ (1.7.1)
= ij
. n J .
L= Zgi,j(x)fl i=1,...,4, (1.7.2)
i=1 i

and
Zgzk g]k

represents the diffusion matrix element actmg on sufficiently smooth maps R" — RR.
The operator LY captures the combined deterministic drift and second-order stochastic
corrections (the Itd correction term), while each L/ represents the first-order effects of the
jth noise component.
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1.7.2 Ito6-Taylor expansion
For a test function ¢ the first few terms of the corresponding It6-Taylor expansion read
P(X(t+ At)) = P(X(t)) + LOP(X(t))At + ZU(,b £)AW;(t)

=
1

+5 (L0)%p(X(1) At+ZUL° (X(£)) I (1.7.3)
=1
+Xn:LOU¢( ) Ioj + Z LULkp(X (1) L + - -
i=1 jk=1

where AW;(t) := W;(t + At) — W;(t) represents the increment of the j-th component of
the Brownian mot1on and the terms I’s represent multiple stochastic integrals

tJrAt (%]

Ij,O = /t /t dW]‘(U'Q) d0'1,
t+At

I(),]' = / / dO’z dW; (0’1)

tJrAt (%]
I]-,k = /t /t dW]‘(U'Q) de(O'l).

can be used in weak form by taking the conditional expectation of ¢(X(t + At)) given
X(t), or in strong form by working pathways with ¢(X(t + At)) thus retaining stochas-

ticity [82].
1.7.3 Kramers-Moyal estimators

Using the weak form of the Itd-Taylor expansion with ¢(x) = x;, the classical first-order
Kramers-Moyal (KM) estimator formula for drift is

filx) ~ E [Xi(t * AAtz = Xi(t) | X(t) = x] . (1.7.4)

For the diffusion matrix, we apply the expansion to ¢(x) = (x; — X;(t))(x; — X;(t)),
yielding

Gij(x) ~ E [(Xi(t A = Xi(0)) (Xj(t £ Ab) — X(1)) | X(t) = x] . (1.7.5)
2At
In the strong (pathwise) version, (3.2.7) and (3.2.8) become
f(x(1)) ~ ZIUETAD) = Xil) (1.7.6)

At

(X A — Xi(8) (X(F+ AE) — X;(1))
2At '

(1.7.7)
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1.7.4 Extension to stochastic delay differential Equations

The extension to SDDEs follows by formally replacing the state variable X(f) € R" with
an augmented state variable Z(t) = (X(t), X(t — T)) € R?". For instance, the KM esti-
mators become

filz) ~ E [Xf(t il AZ = X)) Xy = 2y, X(E— 1) = ZZ] , (17.8)
Giy(z) ~ E [(Xi(t + At) — Xi(t)z)A(ffj(t + At) — X;(1)) X() = 20, X(t — ) = Zz] ,

(1.7.9)
where z = (z1,22) € R" x R" with z; representing the current time value and z; the de-
layed counterpart. Conditioning must include both current and delayed states for con-
sistent parameter estimation due to the non-Markovian nature of SDDEs.
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2.1 Introduction

The previous chapter established the theoretical foundations of DDEs and their dynami-
cal properties as far as this thesis is concerned. Building on this foundation, we now ad-
dress the challenge of directly identifying the governing equations of delayed dynamical
systems from observational data. Reconstructing these equations from data represents
a central task in modern applied mathematics and scientific computing. However, tra-
ditional system identification methods face significant obstacles when delay effects are
present, but the underlying equations remain unknown [136]. Delays introduce funda-
mental difficulties because they introduce memory effects that increase the dimensional
complexity of the model. In practical applications, both the functional form of the dy-
namics and the delay parameters are typically unknown. This dual uncertainty trans-
forms system identification into a challenging inverse problem that requires data-driven
approaches capable of discovering not only the functional structure but also the delay
parameters of DDEs from time-series measurements. This chapter is primarily based on
the work published in [16] and the framework discussed in the book chapter [25].
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2.1.1 Problem statement

Existing methods for system identification face significant limitations when applied to
DDEs. Most techniques rely on substantial prior knowledge of the structure of the sys-
tem and the delay parameters, which is rarely available in practical applications. When
the delays are unknown, the reconstruction problem becomes ill-posed because the delay
parameters enter the governing equations nonlinearly, resulting in a non-convex optimi-
sation landscape often deeply affected by multiple local minima. Furthermore, the pro-
cess is computationally expensive; unlike linear coefficients, which can be determined
via a single regression step, unknown delays require an iterative search where the model
library must be reconstructed and solved for every candidate delay value. Conventional
regression-based approaches [38] also fail to capture the inherent sparsity in the gov-
erning equations, leading to overfitted or non-interpretable models. Hence, a robust,
data-driven approach is required that can identify both the functional form and delay
parameters of DDEs in an interpretable and computationally efficient manner.
The specific challenges addressed in this chapter include:

* identification of DDE systems when delay values are unknown;
* sparse recovery of governing equations from limited data (few observation points);
¢ computational efficiency in parameter space exploration;

* balancing model complexity with interpretability.

2.1.2 Background and related work
Data-Driven methods for dynamical systems

Data-driven discovery of dynamical systems has emerged as a powerful paradigm. Tra-
ditional methods based on first principles require extensive domain knowledge, whereas
modern data-driven approaches can extract governing equations directly from measure-
ments. The SINDy framework [30, 31] represents a major advance in this area by using
sparsity-promoting regression to identify parsimonious models from data.

State of the art for DDEs

Existing data-driven methods, including extensions of the SINDy framework, face par-
ticular challenges when applied to DDEs. The method proposed by [116] and [84] ex-
tends SINDy to include delayed variables and focuses on the capabilities for the delay
identification, often referred to as SINDy for DDEs or denoted here as “Expert SINDy”
(E-SINDy). These approaches assume that the number and value of delays are known
a priori. When this information is missing, the algorithm must rely on computation-
ally expensive brute-force (BF) techniques. These requirements restrict its applicability
to systems with unknown or multiple time delays.

Other approaches for DDE identification have been developed in various contexts.
Classical methods often employ optimisation over delay parameters combined with re-
gression for functional forms, but these methods struggle with the curse of dimension-
ality when multiple delays are present. Recent advances incorporate Bayesian optimisa-
tion (BO) strategies to guide the search over delay parameter space, offering improved
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computational efficiency and scalability compared to exhaustive search techniques [104].
Building on this, our paper [16] employed particle swarm optimisation (PS), a reliable
alternative to BO, and proposed the “Pragmatic SINDy” (P-SINDy) approach, which
utilises pseudospectral collocation to identify models.

Gaps in existing methods

Despite advances in data-driven system identification, several critical gaps remain.
¢ most methods require a priori knowledge of delay values;
¢ computational cost scales poorly with the number of potential delays;

¢ trade-offs between accuracy, efficiency, and interpretability are not well charac-
terised;

¢ robustness to sampling strategies and noise levels needs improvement.

These gaps motivate the development of new approaches that can handle unknown
delays efficiently while maintaining the sparsity and interpretability advantages of the
SINDy framework.

2.1.3 Aim and objectives

The goal of this chapter is to develop methods that eliminate the need for prior knowl-
edge of delay values while preserving the sparsity and interpretability of the SINDy ap-
proach. This chapter introduces two complementary strategies:

(1) “Expert SINDy” (E-SINDy) with external particle swarm optimisation: This ap-
proach combines standard SINDy for DDEs with PS to discover delay parameters.
PS provides superior robustness compared to BF and BO.

(if) “Pragmatic SINDy” (P-SINDy): This novel method reformulates the identifica-
tion problem using pseudospectral collocation, converting the DDE identification
problem into an optimisation over a finite-dimensional parameter space without
requiring explicit knowledge of delays. P-SINDy needs only the maximum optimal
delay value.

The main objectives of this chapter are as follows.

¢ toreview the SINDy framework and its extension to systems with known delays;

to develop E-SINDy with efficient external optimisation for unknown delays;

to introduce the P-SINDy method based on pseudospectral collocation;

* to compare both approaches regarding accuracy, computational efficiency, and ro-
bustness;

to validate the methods on benchmark delayed dynamical systems.
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2.1.4 Chapter organisation

The remainder of this chapter is organised as follows. Section 2.2 presents E-SINDy when
delays are known, extending SINDy to incorporate delayed states. Section 2.3 discusses
external optimisation strategies to identify unknown delays within the E-SINDy frame-
work. Section 2.4 introduces Pragmatic SINDy (P-SINDy), a novel method based on
pseudospectral collocation that handles unknown delays more efficiently. Section 2.5
provides detailed algorithmic implementations for both approaches. Section 2.6 presents
comprehensive numerical experiments on benchmark systems, comparing the perfor-
mance of the methods. Finally, Section 2.7 concludes the chapter, summarising key con-
tributions and limitations, and previews the extension to stochastic delay systems in the
following chapter.

2.2 E-SINDy: Expert SINDy for known delays

Extending SINDy to DDEs [16, 84, 104, 116] introduces additional complexities due to
the dependence of the system on past values. As discussed in Section 1.2, we consider
the case of DDEs with a finite number of constant discrete delays, specifically those of
the form given by (1.2.5). When both the number and values of the delays are known,
the SINDy framework can be extended to handle such systems by incorporating delayed
copies of the state variables into library functions. Explicitly, the problem can be refor-
mulated as

X' = 0(X, X¢)&(1), 2.2.1)
where X; = [Xq, ..., Xg ], with
xl(tl —Ti) xn(tl —Tl‘)
Xy = : : € R™*"
X1(tm —T) on Xp(tm — T)

fori =1,...,k containing delayed samples x(f — 7;). Note that including delays increases
the dimensionality of a polynomial library, with the number of terms growing from

. <n:l—d> o o— <(k+1;n+d>

when k delays are considered with polynomials of degree d.

In previous studies [104, 116] it is assumed that delayed samples can be directly re-
trieved from the measurements based on the idea that each delay corresponds to an inte-
ger multiple of a uniform sampling period.

Here, we discard this assumption by acquiring delayed samples using piecewise lin-
ear interpolation of the available measurements. This allows for the consideration of
both arbitrary delays and non-uniformly distributed sampling times, thus enhancing the
applicability of the approach. The augmented library matrix ®(X, X;) € R"™*1 is then
constructed by combining the basis functions of both the current data and the delayed
data, e.g.,
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OX, Xe)=[1 X X¢ X* XX; X2 .-+ sin(X) sin(X;) ---].

The sparse regression problem (2.2.1) depends on the known delay values 7, ..., T
and is solved column-wise again as follows:

i(t) = argmin (1X] = O(X, Xo)&l2 + AllEh) -

The notation E(7) in (2.2.1) highlights the dependence of the sparse solution Z on the
given vector of delay values T :=[13,...,T|T. For later use, the corresponding recon-
struction error is denoted as

(1) i= | X' — O(X, Xo)E(T) . (2.2.2)

As described above, this extension of SINDy to DDEs of the form (1.2.5) assumes that
both the number and values of the delays are known a priori, which is uncommon in
practical applications and often relies on prior modelling knowledge. The latter observa-
tion justifies the name E-SINDy for the proposed approach in [16], where “E” stands for
“Expert”!. Thus, this methodology uses prior knowledge of delays to directly recover the
affected DDE. Moreover, E-SINDy aims primarily at reconstructing the RHS f, which is
essential for tasks such as model interpretation, rather than for long-term predictive sim-
ulations. However, it should be noted that it is not absolutely necessary to find the exact
identification of the correct RHS function. Indeed, even if the reconstructed model can
reproduce the observed data, it may not be representative of the underlying governing
equations of the system [104].

Example : Logistic delay equation

The logistic delay equation, also known as the Hutchinson equation [69], is one of
the most well-known DDEs. It is given by

x'(t) = rx(t) (1 — x(tK_T)> , (2.2.3)
where r > 0 is the intrinsic growth rate of the population, K > 0 is the carrying
capacity and T > 0 represents the time delay in the feedback mechanism corre-
sponding to internal competition.

The qualitative behaviour of the solution of the corresponding IVP depends on
r and T: monotonic when rt < 1/e and oscillatory when 1/e < r7 < 7/2. In
both scenarios, the solution converges to the unique nontrivial equilibrium point
¥ = Kast — +o0 and K also determines how fast the system converges. At the
critical parameter value »7 = 7t/2 a Hopf bifurcation [86] occurs and for T > 7w/2
the solution tends to a limit cycle. The limit cycle can be represented using the
Lambert W function and as r increases, the structure of the cycle varies, resulting
in sections with steep derivatives that are interspersed with plateaus [59].

\ J

! The term “expert” reflects an approach that directly incorporates prior knowledge of delays to handle
DDEs, and in general, it tackles a DDE as it is. This terminology follows the convention in [24].
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This chapter uses this model as a fundamental scalar example featuring a single dis-
crete delay, making it an ideal starting point for demonstrating the effectiveness of sparse
identification techniques for DDEs when the delay is assumed to be known. The relative
simplicity of the equation, combined with its rich dynamical behaviour, provides an ex-
cellent testbed for validating the E-SINDy approach before considering more complex
systems.

Samples Type

Uniform Random
Samples Size (m) 10 10
Training RMSE,/
STLS 7.80 x 10~15 419 x 1015
LASSO 280x 1073  2.66 x 1073
Testing RMSE,/
STLS 462 x 10715 6.43 x 1015
LASSO 261 x103 289 x10°3
Testing RMSE,
STLS 493 x107% 6.09 x 10~ 14
LASSO 6.35x 101 2.04 x 1072

Table 2.2.1: performance comparison of E-SINDy on (2.2.3) using STLS and LASSO meth-
ods with uniform and random samples, showing RMSE values for training and testing
phases; see text for more details.

To illustrate the application of E-SINDy to DDEs, we reconstruct the logistic delay
equation (2.2.3) for r = 1.8, K = 10 and 7 = 1 assumed to be known. We use the time
series obtained by solving the IVP for (2.2.3) with history function ¢(s) = cos(s) (via
MATLAB'’s dde23) on the time window [0,30], using the data in [0, 18] for training E-
SINDy and the data in [18,30] for testing the obtained model. A polynomial library of
degree d = 2 is used. To evaluate the reliability of the method, we consider both uniform
and random (non-uniform) distributions for the m = 10 data points used for training. We
assume that at these data points, both the state x and derivative x’ are accurately mea-
sured. The results are presented in Table 2.2.1, where the following root mean squared
errors are considered:

RMSE, := | X' — O(X, X¢)Z(7)||2, (2.2.4)
RMSEX = ||X — SDDE(@(X/ XT)E(T)) Hz (225)

The former is indeed €(t) defined in (2.2.2), whereas in the latter, the notation Sppg
represents the DDE solver that progresses the model obtained by SINDy forward in time
(for example, MATLAB’s dde23 is adopted in this chapter). The results in 2.2.1 show the
efficacy of E-SINDy in reconstructing the RHS (both training and testing), as well as the
closeness of the reconstructed trajectory to the true solution (only for the testing data).
The tests involved both STLS and LASSO and show the superiority of the former.
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Figure 2.2.1: true (solid thick grey) and E-SINDy trajectory (dashed cyan) of the logistic
delay equation (2.2.3) for r = 1.8, K = 10 and T = 1, reconstructed with m = 10 uniform
(left) and random (right) training samples (red dots) in [0, 18], and tested in [18, 30].

Figure 2.2.1 presents the reconstructed trajectories for the uniform (left) and random
(right) training samples, demonstrating the effectiveness of E-SINDy in identifying the
governing dynamics of (2.2.3). In general, very few samples are sufficient to reconstruct

the underlying model correctly.

2.3 Unknown delays and parameters

In practical scenarios, the number and values of the delay parameters in a DDE are often
unknown. In the context of SINDy, one way to handle this challenge is to consider min-
imising the map T — €(7) of the reconstruction error in (2.2.2) or (2.2.4). When only a
single delay is unknown [116], a simple BF approach [51, 141] is used to evaluate e(7) for
a range of candidate delay values and select the one that minimises the reconstruction
error. Although straightforward, this approach can be computationally expensive if the
search space is large; the number of calls to SINDy is equal to the number of candidate
delays considered.

A more sophisticated method is suggested by [104], in which BO [55, 119, 142] is
used to identify the delay value that minimises €(7), thus decreasing the number of calls
to E-SINDy. In addition, [104] extended this idea to a multivariate scenario, simultane-
ously optimising multiple delays and/or potentially other unknown non-multiplicative
parameters (e.g., non-multiplicative parameter entries in a function library). This exten-
sion is especially beneficial for cases like the Mackey-Glass equation (2.3.1), where the
presence of the nonlinear rational term (2.3.2) requires identifying both T and «.

Building on these methods, [16] presented an alternative optimisation based on a
PS[13,78,121], which explores a continuous range for unknown delay(s) or parameter(s),
offering a more efficient alternative to BO and BF, particularly in higher-dimensional pa-

rameter spaces.
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In summary, we stress that the “external optimisation” methods identify unknown
delays and non-multiplicative parameters, while “internal optimisation” in SINDy (e.g.,
STLS [31]) performs sparse regression to determine the active terms in the model based
on estimated parameters.

Example : Mackey-Glass equation

The Mackey-Glass equation [94] is the nonlinear DDE

x(t—1)

x'(t) = ,81 oy ey yx(t), (2.3.1)

with B, v and a positive real numbers. It was initially introduced to model the
generation of blood cells in physiology, based on a feedback mechanism that relies
on a delayed Hill-type response characterised by the Hill coefficient «, represented
by the term

1
h(t—T;a) = TF =)
Depending on the parameter values, (2.3.1) can exhibit periodic solutions or pos-
sibly chaotic dynamics. As noted above, (2.3.1) is particularly relevant due to its
nonlinear rational term (2.3.2), which is representative of characteristic feedback in
biological systems. Therefore, this term is explicitly incorporated into the frame-
work for sparse identification to accurately extract the dynamics of (2.3.1) from
data despite the scalar structure.

(2.3.2)

This chapter uses this model to demonstrate simultaneous optimisation of both
and «, assuming that their values are unknown. The presence of the nonlinear ratio-
nal term (2.3.2) makes this example more challenging than (2.2.3), providing a stringent
test of the identification methods’ ability to handle complex nonlinear feedback with un-
known parameters.

We conclude this section by testing E-SINDy with external optimisation to recover
both T and « for the Mackey-Glass equation (2.3.1). Data are obtained in the time win-
dow [0, 30] by simulating the corresponding IVP with the initial function ¢(s) = cos(s)
and reference parameters f = 4, v = 2 and nominal values T = 1 and a = 9.6 for the un-
known delay and Hill exponent, respectively. We use m = 100 training samples in [0, 18]
and the remaining interval [18,30] to test the model. The chosen polynomial library has
degree d = 2 and includes the rational term in (2.3.2) with a non-multiplicative unknown
parameter « affecting the nonlinearity of the model.

Figure 2.3.1 (left) shows the reconstruction error (2.2.4) as a function of both 7 and «
using a 100 x 100 grid in the interval [0.1,2] for T and [0.1,20] for a. Figure 2.3.1 (right)
shows the corresponding trajectory obtained with the model reconstructed by E-SINDy
externally optimising T and « using BE. The values obtained are [T, a] = [1.0020, 9.5475].
The discrepancy in the reconstructed trajectory is due to the low accuracy of the final
optimal value. The results are summarised in Table 2.6.2 of Section 2.6 for BO and PS,
followed by a more detailed comparison.
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Figure 2.3.1: (left) external optimisation of the unknown delay 7 and the Hill exponent
« for the Mackey Glass equation (2.3.1) using BF. The colour indicates RMSE,s over a
100 x 100 grid in the (7, «) plane, with nominal values of (7,«) = (1,9.6), and the ob-
tained optimal point (T, &) = (1.0020,9.5475) is marked by a red circle. (right) True (solid
thick grey) and E-SINDy (dashed red) trajectories after external optimisation.

A significant drawback of E-SINDy is represented by the assumption that the number
of delays is assumed to be known, or at least the adopted library should allow for a
sufficiently large number of delayed terms. As such information is often unavailable
in practice, the methodology illustrated in the next section aims to address the issue by
operating without requiring prior knowledge of the number of delays.

24 P-SINDy: Pragmatic SINDy via pseudospectral collocation

E-SINDy for unknown delays and parameters, as introduced in Section 2.3 relies on the
external optimisation (through BF, BO or PS) of a predefined number k of delays, assum-
ing k > k, where k is the true number of delays in (1.2.5). If k > k and E-SINDy succeed,
the resulting sparse matrix Z contains k — k null coefficients. However, multivariate op-
timisation is expensive in terms of computation.

To solve this issue, [16] introduced a more efficient approach where only the maxi-
mum delay in (1.2.5) needs external optimisation. This method, termed P-SINDy where
P stands for “Pragmatic”?, focuses first on reducing the problem to a finite-dimensional
system of ODEs through pseudospectral collocation [22] and then applies SINDy to the
resulting ODE.

Unlike E-SINDy, which relies on prior knowledge of the delay parameters to recon-
struct an interpretable RHS, P-SINDy adopts a black-box approach, aiming only to match
the observed trajectory and then simulate beyond the measurement time span. While
P-SINDy sacrifices the interpretability of the reconstructed RHS, it requires no prior in-
formation on the number or values of delays and thus achieves enhanced computational
efficiency by possibly optimising only the maximum delay T := 7 in the case where the

2This terminology again follows the naming convention in [24] where “Pragmatic” refers to first approx-
imating a DDE with an ODE and then applying techniques for ODEs.
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latter is unknown.

Note that in P-SINDy, the infinite-dimensional dynamical system (1.2.4) in the state
space X is reduced to a system of ODEs, each of which is itself a system of dimension n
corresponding to the original physical dimensions. Meanwhile, the actual dimension of
the sparse regression problem remains confined to n, similar to E-SINDy, because only
the first block (or depends on the number of state variables) of the ODEs must be recon-
structed, as illustrated below. We now describe how to augment the SINDy library to
obtain P-SINDy.

2.4.1 Extended collocation library

As already observed, most of the ODEs in (1.6.4) (i.e. the n-dimensional blocks for
i=1,..., M) arise from the differentiation action of A and are thus independent of the
specific RHS f. The maximum delay T only affects the length of the collocation domain
[—17,0]. As the only ODE directly affected by f is the first block (or depends on the num-
ber of state variables)

Up(t) = f(PmU(t)),

P-SINDy applies sparse regression solely to this block. The resulting regression problem
reads

X' = 0(X, Xs)Em(T),

where now X; = [X;,, ... , Xs,,] with
Xl(tl —|—Si) xn(tl —|-Sl')
XS,‘ = ‘ ". ‘ 7
x1(tm+5si) ... Xp(tm +5i)

fori =1,..., M and the notation E;(7) highlights the dependence of the sparse solution
on the maximum delay T and the degree of collocation M.

Consequently, P-SINDy operates without requiring knowledge of the possible inter-
mediate delays. Indeed, when k > 1, the effect of multiple delays is mixed by interpo-
lation, making it difficult to recover RHS f in an interpretable manner. Instead of di-
rectly identifying RHS, P-SINDy prioritises accurate trajectory reconstruction, reducing
the problem of optimising only the maximum delay 7, as opposed to k delays in E-SINDy.
This convenient pragmatic approach uses well-established tools for ODEs, making it a
computationally efficient alternative. Note finally that the size of a corresponding poly-
nomial library of degree d becomes

. ((M—l—;)n—i—d)'
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Example : Two-Neuron model

The two-neuron model with multiple time delays

{ X, (t) = —xx1 (£) 4+ Btanh(x; (t — 7)) + agp tanh (x2(t — 1)), P
. 4.

(t) = —xx2(t) + Btanh(xa(t — T5)) + az tanh(x; (t — 1))

was originally introduced by [120] to describe a simple neural network consist-
ing of two interconnected neurons. Here, x;(f) and x;(t) represent the activity
of the two neurons at time ¢, while ¥ > 0 denotes the decay rate, modelling the
natural dissipation of neural activity over time. The parameter  represents the
self-feedback strength of each neuron through a delayed activation function and
a1z, a1 are the coupling coefficients, capturing the interaction strength between
the neurons. The function tanh serves as an activation function that models the
nonlinear response of the neurons. Finally, 7; represents the self-feedback delay,
while 71, T» denote the interaction delays between neurons.

We considers this model 2.4.1 as an advanced test case because it exemplifies a sys-
tem of physical dimension n = 2 with multiple discrete delays, thus providing a robust
benchmark to assess the performance of sparse identification techniques in more com-
plex scenarios. The presence of three distinct delay parameters and nonlinear coupling
through tanh makes this system considerably more challenging than the scalar examples
2.2.

We conclude this section with tests on the two-neuron system (2.4.1) of two DDEs
with three delays. For reference parameters, weusex = 0.5, = —1,a;p = land ay; = 2,
with unknown delays having the nominal values 7 = 1.5, 1 = 2 and ©, = 2. The cor-
responding IVP with constant initial history ¢(s) = [0.5, —0.5]T is simulated in the time
window [0, 30], producing m = 100 uniform samples in [0, 18] for training the model. We
use a polynomial library of degree d = 2 along with trigonometric functions: the polyno-
mial terms address generic nonlinearities, whereas the trigonometric functions improve
the modelling of oscillatory phenomena, as frequently seen in neural systems.

In E-SINDy with BO, the delay 7 is optimised within the range [1,2] and the delays
7; and T are optimised within the range [1,2.5]. In P-SINDy with only PS, only T = 7, is
optimised using the range indicated above.

Figure 2.4.1 (left) illustrates the reconstructed trajectories for E-SINDy with BO and P-
SINDy with PSand M = 10. Instead, Figure 2.4.1 (right) illustrates the evaluation cycle of
the unknown delays obtained using PS with E-SINDy. The process is plotted against the
number of iterations, which represents the number of times E-SINDy is called. Further
results are presented in Table 2.6.4 in the next section. Additional results with P-SINDy
are presented in Section 2.6 where the following root mean squared errors are considered:

RMSE, := || X' — O(X, X5)Em(T) |2, (2.4.2)

RMSE, := || X — Sope(©(X, Xs)Em(T)) |2 (2.4.3)
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Figure 2.4.1: (left) reconstructed trajectory for the two neuron model (2.4.1) showing
the true trajectory (solid thick grey), E-SINDy trajectory obtained with BO (dashed
red), P-SINDy trajectory of collocation degree M = 10 obtained with PS (blue). The
true delay values are (7, 71, 72) = (1.5,2,2), the optimised delay values for E-SINDy are
(s, 71, T2) = (1.5136,1.9478,2.0598) while for P-SINDy the recovered delay is T = 2.0019.
(right) delays recovery for E-SINDy (7, T3, T2) using PS. (for full comparison see Section
2.6)

Above, Sopg computes the trajectory of the full system (1.6.4), integrating the recon-
structed first block of n ODEs with the addition of the known differentiation terms from
(1.6.4) (in this study, we use MATLAB's ode45).

2.5 Algorithmic implementation

This section provides an overview of the algorithmic implementation of the SINDy ap-
proaches for discrete delays developed in this chapter. Detailed step-by-step pseudocode
and complete algorithmic descriptions are presented in Appendix A, which is dedicated
to the computational implementation of all methods discussed in this thesis. The present
section summarises the key algorithmic components and their computational character-
istics to facilitate understanding the practical implementation of the methods.

Algorithm A.1 outlines the E-SINDy approach for cases in which all discrete delays
considered relevant are known a priori. It starts with the preparation of delayed data by
performing linear interpolation of the initial time series at adequately shifted temporal
locations. An augmented library is then formulated by combining current and delayed
variables, followed by sparse regression. The resulting sparse coefficient matrix finally
defines the interpretable RHS of the governing equation.

The second option, described in Algorithm A.2 which outlines the P-SINDy approach,
assumes a broader and more general context that considers only the relevant maximum
delay, which is assumed unknown. Subsequently, the pseudospectral collocation grid
is used over the potential delay interval using Chebyshev nodes, allowing the delayed
regressors to be assembled across multiple collocation points.

As outlined in Algorithm A.3, a framework for outer loop optimisation is utilised to
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systematically explore parameter spaces, which may consist of either a vector of discrete
delays or a single maximum delay along with the unknown non-multiplicative param-
eters while simultaneously monitoring the performance metrics. Various optimisation
methodologies are used. The resultant outcome is a well-founded selection of model
parameters, along with their corresponding sparse representations, combining computa-
tional efficiency and model accuracy.

2.6 Further tests and discussion

The scope of this section is to provide further experiments from DDEs (2.2.3), (2.3.1),
and (2.4.1) to evaluate the performance of both E-SINDy and P-SINDy by employing BF,
BO and PS as external optimisers for unknown delays and parameters. All the tests are
run using integrated MATLAB optimisers and computational environment described in
Section 1.4 of the Introduction. Specifically, BO and PS optimisation are utilised from the
Statistics and Machine Learning Toolbox and Global Optimisation Toolbox, respectively,
with detailed implementation instructions.

Data for each experiment consisted of uniformly spaced samples m obtained by solv-
ing the corresponding DDE IVP (1.2.2) using MATLAB’s dde23 during the interval [0, T]
with a given history function ¢. In each case, 60% of the samples are used for training
and 40% for testing. In the following tables and figures, we label each SINDy approach as
“E” for E-SINDy and “P” for P-SINDy, specifying the degree of collocation as P5, P10 and
P15 for M = 5, 10 and 15, respectively. Moreover, the recovered values for the DDE coef-
ficients, as well as for possible unknown delays and parameters, are denoted with a hat.
Tables 2.6.1 to 2.6.3 report the relevant absolute errors rather than the values themselves
(e.g. |t — | rather than ?), to better highlight the accuracy of the various reconstructions.

Regarding reconstruction errors, we refer to (2.2.4) and (2.2.5) for E-SINDy and to
(2.4.2) and (2.4.3) for P-SINDy. Finally, note that the use of uniformly spaced samples
does not restrict the values of unknown delays, as delayed and collocation samples are
reconstructed via piecewise linear interpolation if they are not available.

The first series of tests runs on example (2.2), assuming, by default, K = 1. The growth
parameter and nominal delay values are set to r = 1.8 and T = 1, the latter assumed to be
unknown and thus externally optimised. Furthermore, we use m = 100 and T = 30, with
initial function ¢(s) = cos(s), s € [—1,0], and a polynomial library with degree d = 2.
The latter describes the RHS through the vector

E=[0r00 —r0]7

corresponding to the library of candidate functions,

OX,X:)=[1 X X; X XX. X2]. (2.6.1)

Table 2.6.1 summarises the results for E, P5, P10 and P15 with BF, BO and PS, includ-
ing the absolute errors on both 7 (as a measure of the goodness of the recovered sparse
vector E) and 7, as well as the reconstruction errors RMSE,» and RMSE,. In all cases,
the external optimisers BF, BO, and PS successfully identified the correct delay 7, with
slightly varying accuracy and accuracy of BF depending on the density of its candidate
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set (here, 1000 values in the range [0.1,2]). Moreover, BO stops after a predetermined
number of calls to SINDy (300 in this case), whereas PS terminates when the desired ac-
curacy threshold is reached ( set to 1073). As both E-SINDy and P-SINDy with different
optimisers recover coefficients and delays with good accuracy, the resulting trajectories
for training and testing are nearly identical, and we omit plotting them, as shown in
Figure 2.2.1 in Section 2.2.

The number of calls to SINDy and the corresponding CPU times are reported in the
first block of rows in Table 2.6.4. Note that PS generally requires fewer calls to SINDy and
consequently a much lower CPU time, yet provides the same or even better accuracy, and
that the number of calls to SINDy decreases for P-SINDy with increasing M, providing,
in general, better accuracy but higher CPU time. Compared to E-SINDy and BE, P5 or
P10 with PS appear to be the most effective.

The second series of tests concerns (2.3) with = 4 and y = 2, externally optimising
the unknown delay T and the Hill exponent a of nominal values of 1 and 9.6, respectively.
We use m = 100 and T = 30, with the initial function ¢(s) = cos(s) for s € [—1,0], along
with a polynomial library of degree d = 2 that incorporates the Hill function in (2.3.2).
The representation of the RHS is depicted through the vector

E=[0—-7000000p80]

according to the library of candidate functions.
OX,X,H)=[1 X X, H X* XX, XH X? X.H H?], (2.6.2)

where H is the matrix of samples of the Hill function in (2.3.2). Figure 2.6.1 (left) compares
the error RMSE, from BO and PS as a function of the total number of SINDy calls. In
all three optimisers, the true values of T and a are accurately determined, although the
accuracy of BF depends on the spacing of its candidate set, while BO and PS had different
stopping criteria. Figure 2.6.1 (right) illustrates the trajectory reconstructions using E-
SINDy with BO and P10 with PS, respectively. The corresponding absolute errors for
these final optimised values, along with the RMSE errors, are listed in Table 2.6.2.

Similarly, we collect data for the two-neuron model (2.4.1) and set the parameter val-
ues to x = 0.5, B = —1, a;p =1, and ay; = 2, with unknown delays of nominal values
T, =15, 11 =2 and ©» = 2. In addition, we choose m = 100 and T = 30 together with
a constant initial function ¢(s) = [0.5,—0.5]T and use a polynomial library of degrees
d = 2 incorporating trigonometric terms. We optimised multiple delays 75, 71 and 1 in
the two-neuron model (2.4.1). With E-SINDy, all delays are simultaneously optimised,
while with P-SINDy, only the maximum delay is optimised. Figure 2.6.2 provides an
overview of the optimised delays using the PS. Table 2.6.3 reports the absolute errors
between the recovered and true values and the RMSE errors for BO and PS. BF is omit-
ted because of its large computational overhead and lower accuracy in multiparameter
searches.

Finally, Table 2.6.4 lists the number of SINDy calls and CPU times for each approach
(E, P5, P10, and P15) combined with BF, BO, or PS. In cases involving two or more
unknown parameters (as in (2.3.1) and (2.4.1)), the brute-force optimiser becomes pro-
hibitively expensive, leading us to omit BF from some experiments. When using E-SINDy
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Figure 2.6.1: (left) RMSE,, for Mackey-Glass (2.3.1) for E-SINDy and P-SINDy with
M =10 as a function of the total number of SINDy calls using Bayesian optimisation
(BO) and Particle Swarm (PS). (right) Trajectory reconstruction for (2.3.1) showing the
true trajectory (solid thick grey), E-SINDy trajectory using BO (dashed red), and P-SINDy
trajectory using M = 10 and PS (dashed blue). For the true model, the nominal values are
(t,) = (1,9.6). E-SINDy with BO identify (T,&) = (0.9996,9.4969), whereas P-SINDy
with M = 10 and PS identify (7,a) = (1.0000, 9.6001).

with multiple delays, the total cost scales with the product of the set size of candidates
for each delay. In contrast, P-SINDy only optimises the maximum delay T, considerably
reducing the total computational load.

Increasing the degree of collocation M in P-SINDy increases the cost; however, we
often find that a low degree, such as M = 5, yields satisfactory results for many DDEs.
The one exception is the Mackey-Glass equation (2.3), whose potential chaotic nature
demands M = 10 to achieve accurate trajectory reconstruction. In this case, P10-PS con-
verged in fewer SINDy evaluations despite a similar CPU time.

In summary, both E-SINDy and P-SINDy with different external optimisers correctly
recovered dynamics, identified unknown parameters and returned accurate values for
both RMSE, and RMSE, with the corresponding effective trajectory reconstruction for
both training and testing. E-SINDy is more direct when the user already knows the struc-
ture and number of delays, while P-SINDy is more practical and, in general, computa-
tionally cheaper when multiple or unknown delays must be discovered from the data. As
far as external optimisers are concerned, PS is especially effective in minimising external
search costs, often outperforming both BF and BO. As a general indication, P5 and P10

with PS represent the preferred choices on average.

2.7 Conclusions

In summary, this chapter has extended/developed and validated two complementary
approaches for identifying DDEs from time-series data using the SINDy framework.
These methods address a fundamental challenge in data-driven system identification:
discovering both the functional form and delay parameters of DDEs without requiring

prior knowledge of the system structure.
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Figure 2.6.2: scatter plots of optimised unknown delays (7, 71, T2) using particle swarm
(PS) for the two neuron model (2.4.1), colour-coded by RMSE,, values. Red stars mark
the true values of the parameters.

DDE SINDy BF BO PS
Calls Time(s) Calls Time (s) Calls Time (s)
(223) E 1000 204 300 494 308 67
P5 1000 217 300 438 241 70
P10 1000 449 300 485 179 100
P15 1000 1032 300 692 152 163
(2.3.1) E 10000 hrs 300 561 284 92
P5 10000 hrs 300 682 153 94
P10 10000 hrs 300 1080 51 102
P15 10000 hrs 300 1728 245 837
(24.1) E - - 300 723 1303 906
P5 - - 300 1081 344 378
P10 - - 300 1410 342 494
P15 - - 300 2088 130 580

Table 2.6.4: quantitative evaluation of computational performance of E-SINDy (E) and
P-SINDy (P, with M = 5, 10 and 15) showing number of SINDy calls and CPU times for
the three different models (2.2.3), (2.3.1), (2.4.1) and for the optimisers brute-force (BF),
Bayesian optimisation (BO) and particle swarm (PS).
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The main contributions of this chapter are:

¢ E-SINDy which assumes known delays and incorporates delayed states into the
model library for sparse regression and also integrates PS optimisation to robustly
estimate unknown delays and non-multiplicative parameters simultaneously.

¢ P-SINDy which only estimates the maximum delay using pseudospectral colloca-
tion to reduce the system to ODEs, allowing efficient sparse identification without
requiring full delay knowledge.

E-SINDy accurately reconstructs the system dynamics when delays are known, using
optimisation methods to find unknown delay values. However, it is computationally ex-
pensive and less practical when delays are unknown or multiple. P-SINDy overcomes
this by optimising only the maximum delay and transforming the problem into a finite-
dimensional ODE system, which is simpler to handle and computationally efficient. This
approach sacrifices interpretability but achieves reliable predictions and trajectory recon-
struction.
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Figure 2.7.1: Preservation of dynamical properties by the P-SINDy model for x'(t) =
ax(t) + bx(t — 7) at the Hopf bifurcation (2 = 0,b = —7/2,7 = 1). (left) The spectrum
of the P-SINDy matrix for M = 20 accurately captures the pure imaginary roots A =
+im/2. (right) The absolute error in the dominant eigenvalue decays exponentially as M
increases, demonstrating spectral accuracy.

To verify that the P-SINDy ODE model preserves the original infinite-dimensional
dynamical properties, we analyse the linear model:

x'(t) = ax(t) + bx(t — 1)

settinga = 0,b = —71/2,and T = 1 the system analytically undergoes a Hopf bifurcation,
with dominant eigenvalues at A = +i7t/2. Because P-SINDy relies on pseudospectral
collocation, it theoretically guarantees the preservation of both the linear spectrum [27]
and the local bifurcation structures [23].

We verify this by computing the eigenvalues of the obtained P-SINDy model. Figure
2.7.1 (left) shows that for M = 20, the P-SINDy model precisely captures the pure imagi-
nary roots, successfully preserving the system’s linear stability. Furthermore, Figure 2.7.1
(right) demonstrates that the error in this dominant eigenvalue decays exponentially as
the collocation degree M increases. This confirms that P-SINDy preserves the essential
stability and bifurcation properties of the original delay system with spectral accuracy.
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2.7.1 Limitations and future directions

Although the methods presented in this chapter are effective for deterministic delay sys-
tems with moderate complexity, several limitations remain:

(i) currentimplementation handles single delays or a small number of discrete delays.
Extension to distributed delays or continuous delay distributions requires further
development;

(i1) automatic selection of library functions and sparsity thresholds remains challeng-
ing;

(iii) while P-SINDy achieves excellent trajectory matching through pseudospectral col-
location, the discovered models may lack direct interpretability compared to E-
SINDy;

(iv) deterministic framework does not account for stochastic fluctuations present in
many real systems.

These limitations point to opportunities for further research, some of which are ad-
dressed in the following chapters of this thesis. In particular, the last limitation motivates
the extension to stochastic delay systems developed in the next chapter.

Having established methods for deterministic delay systems, the next chapter extends
the framework to SDDEs. This extension is crucial because many real-world systems ex-
hibit both delay effects and stochastic fluctuations. The deterministic SINDy framework
developed here provides the foundation for identifying drift terms in SDDEs, while new
techniques are required to identify diffusion terms from noisy data.

Together, these chapters provide a comprehensive toolkit for data-driven identifica-
tion of delayed dynamical systems spanning both deterministic and stochastic regimes.

Remark (Data requirements and library design): The required data volume depends
strongly on the system class, noise level, and library complexity. Low-dimensional deter-
ministic DDEs with smooth dynamics (such as the logistic delay equation in Section 2.2)
can be identified from few noise-free samples, whereas the stochastic systems in Chapter
3 require many trajectories to estimate moments reliably and separate drift from diffu-
sion. In general, sample complexity increases with the effective dimension (current and
delayed states), the size and expressiveness of the candidate library, and the noise vari-
ance; when the true terms are present in the library SINDy can recover the correct model
with relatively modest data, but if key terms are missing it cannot reconstruct the gov-
erning equations, making the joint study of sample complexity and library design an
important direction for future research.
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3.1 Introduction

The deterministic methods developed in Chapter 2 have proven effective for identifying
equations with (discrete) delays. However, many real-world systems exhibit simultane-
ous stochasticity and delay effects, a combination that challenges standard identification
approaches. This chapter tackles this coupled difficulty by extending SINDy to SDDEs,
enabling joint identification of drift and diffusion terms from noisy observations.
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SDDEs are widely used to describe systems where both stochasticity and time delays
influence the evolution of state variables [4, 32, 66, 82, 101, 102]. The coexistence of ran-
dom perturbations and delay effects introduces non-Markovian behaviour, making the
identification of governing equations from data a challenging task. Developing reliable,
interpretable, and efficient data-driven techniques for such systems is therefore an impor-
tant research direction in modern applied mathematics. This chapter is primarily based
on the work published in [18], from which all figures have been reproduced.

3.1.1 Problem statement

The identification of SDDEs from data requires estimating both drift and diffusion func-
tions that depend on current and delayed states. This task is particularly difficult when
these functions are unknown and must be reconstructed directly from noisy time-series
data. Existing approaches [12, 64, 139] often rely on simplifying assumptions or prior
knowledge of the system. They also face difficulties associated with limited data, high
stochastic variance, and the inherent infinite-dimensional nature of SDDEs. Thus, there
remains a need for a flexible and fully data-driven method that can recover the underly-
ing equations without assuming pre-specified drift and diffusion structures.
The specific challenges addressed in this chapter include:

¢ simultaneous identification of drift and diffusion terms in the presence of delays;
¢ sparse recovery when both drift and diffusion admit sparse representations;

* computational efficiency for systems recovery;

¢ robustness to sampling strategies and stochastic noise levels;

* creating/having sufficient data.

3.1.2 Background and related work
Data-Driven methods for stochastic systems

Stochastic system identification has a rich history in the statistical and machine learning
communities [76, 105]. Traditional approaches based on maximum likelihood estimation
and Bayesian inference provide rigorous statistical frameworks but often require strong
parametric assumptions. Modern data-driven methods seek to discover governing equa-
tions directly from data with minimal prior assumptions.

The SINDy framework has been successfully extended to SODEs [12, 42, 139]. These
extensions typically employ realisation based approach to separate drift and diffusion
terms.

State of the art for stochastic delay systems

The most relevant contribution is the study by [64], which extends the SINDy framework
to SDDEs using a realisation-based approach. This method employs the Kramers-Moyal
(KM) formalism. However, this strategy assumes prior knowledge of the drift and dif-
fusion functional forms to generate synthetic trajectories. Consequently, it is not entirely
suitable for model discovery when the governing equations are completely unknown.
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In this chapter, we address this limitation by proposing a general data-driven frame-
work for recovering drift and diffusion dynamics without such priors. This methodology
and the accompanying numerical results are based on our works [18, 42].

Gaps in existing methods

Despite progress in stochastic system identification, several critical gaps remain for SD-
DEs:

¢ most methods require a priori specification of drift and diffusion functional forms;

¢ trade-offs between statistical efficiency and computational tractability are not well
understood;

* robustness to limited data and high noise levels needs improvement.

These gaps motivate the development of new approaches that can discover sparse
SDDE models from noisy data without requiring prior knowledge of functional forms.

3.1.3 Aim and objectives

The goal of this chapter is to extend the SINDy framework developed in the previous
chapter to stochastic delay systems. This chapter introduces a comprehensive method-
ology that combines trajectory-based estimation with sparse regression to identify both
drift and diffusion terms. To achieve this, the proposed framework relies on:

(1) using multiple noisy realisations to estimate drift (mean behaviour) and diffusion
(variance behaviour) separately;

(if) employing first and second moment estimators derived from the Kramers-Moyal
expansion, as well as higher-order difference schemes;

(iii) applying sparsity optimisation to discover parsimonious representations of both
terms.

Three estimation strategies are proposed based on data availability:

(i) Approach A: employs conditional sampling to generate multiple synthetic trajecto-
ries from a single observed path;

(if) Approach B1l: combines data from multiple trajectories by averaging increment
statistics before sparse regression, leading to robust model discovery;

(iii) Approach B2: applies sparse regression separately to each trajectory and averages
the identified models afterwards.

All strategies are compatible with higher-order estimators and can be adapted to
weak or strong formulations, depending on the available data type. This modular struc-
ture allows direct estimation of drift and diffusion terms even in complex stochastic sys-
tems with delays.

The main objectives of this work are



38 3. SINDy for stochastic delay differential equations

* to develop a general data-driven framework for identifying SDDEs without requir-
ing prior knowledge of drift and diffusion functions;

* to integrate multiple-trajectory approaches and higher-order estimation schemes
into the SINDy framework;

* to assess the performance of different estimation strategies (Approaches A, B, and
B2) in terms of accuracy, robustness, and computational efficiency;

* to validate the proposed methodology through numerical experiments on SDDE
models.

3.1.4 Chapter organisation

The Chapter is organised as follows. In Section 3.2, we introduce the notation and main
concepts related to SODEs and SDDEs, focusing on how to recover the KM formulas
and their higher-order extensions to estimate the drift and diffusion terms, based on
Ito-Taylor expansions. Section 3.3 provides a concise overview of the original SINDy
framework for SODEs. The discussion then moves to SDDEs in Section 3.4, highlighting
how the method can be adapted to account for both the delayed and stochastic compo-
nents. In Section 3.5, we discuss the practical use of the estimators introduced in Section
3.2 depending on the available data. Section 3.6 provides an overview of the algorithmic
pseudocodes for all key methods, effectively connecting theoretical advancements with
their practical applications. Their comparative performance is evaluated in Section 3.7,
which presents a computational analysis of representative SDDE models. Finally, Sec-
tion 3.8 concludes the chapter, summarising contributions, discussing limitations, and
previewing the extension to distributed delay systems in the following chapter.

3.2 Estimates of drift and diffusion via It6-Taylor Expansions

The practical estimation of drift and diffusion functions in SODEs is fundamentally based
on Itd-Taylor expansions, which provide a systematic framework for expressing incre-
ments of test functions of stochastic processes in terms of differential operators and sev-
eral stochastic integrals. These expansions offer a stochastic analogue of the Taylor series
for deterministic ODEs, enabling the approximation of SODE solutions over short time
intervals with controlled accuracy. A recent comprehensive analysis by [139] presents
several higher-order extensions of the classical first-order KM formulas, originally pro-
posed by [12] as the foundation for extending SINDy to SODEs.



3.2. Estimates of drift and diffusion via I1t6-Taylor Expansions 39

SODE

SODEs describe the evolution in time t > 0 of a real random variable X(t) €
R" through the interplay of deterministic and stochastic forces. In its classical
formulation without delays a SODE reads

dX(t) = f(X(t)) dt + g(X(t)) dW(t), (3.2.1)

where W(t) is a g-dimensional standard Wiener process, the drift function f :
R" — R" governs the deterministic evolution and represents the expected direc-
tion of motion at each point, while the diffusion function g : R” — IR"*7 controls
the intensity and structure of random fluctuations.

We assume the covariance matrix
G:= ggT/Z e R™"

to be positive definite, thus ensuring that ¢ is non-degenerate and can be uniquely deter-
mined from G up to a right orthogonal transformation [103, 109]. The latter assumption
is not restrictive, and indeed many physical systems affected by noise fit into this frame-
work [54, 102]. Of course (3.2.1) is just a symbolic notation for

X(t) = X(0)+ [ f(x(0))do + [ g(X(e)) aW(e),

where the last integral is intended in the It6 sense. Under the standard global Lipschitz
and linear growth conditions,

() = FWIT+llg(x) —gWIl < Llix —yll, xy R,
IF )+ Mgl < C+[lx), xR,

for L and C positive constants, the initial value problem for (3.2.1) admits a unique strong
solution with continuous sample paths (for a proof, see, e.g., [102]). We observe that
alternative hypotheses may also be assumed, e.g., one-sided Lipschitz continuous drift
and locally Lipschitz continuous diffusion, in order to ensure bounded moments for the
solution [67].

Many real-world systems exhibit memory effects, for which the current evolution of
the state depends also on past values [43, 135]. In the presence of randomness, SDDEs
capture this phenomenon by incorporating explicit time delays into the dynamics [32, 60,
95, 131].
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SDDE

Here we consider SDDEs with a single discrete and constant delay T > 0 affecting
both drift and diffusion:

AX(t) = F(X(E), X(t — 7)) dt + g(X(£), X(t — 7)) dW(t). (3.2.2)

In (3.2.2) drift and diffusion are described, respectively, by f : R" x R* — R”"
and g : R" x R" — R"4. A related initial value problem requires specifying
an initial history through a random variable ¢(t) defined on [—7,0] by imposing
X(t) = ¢(t) for t € [—7,0].

Unlike standard SODEs, solutions to SDDEs are generally non-Markovian due to
their dependence on the past [95]. Nevertheless, the initial value problem for (3.2.2)
becomes well-posed under appropriate Lipschitz and linear growth conditions whose
general form reads

1f(e) = fF()ll + [Ig(@) =g < Lllo —llc, o9 €C,
If (@)l +1g(@)l <CA+]¢llc), ¢eC,

for drift and diffusion given as maps C — IR" acting on the full history defined as a
function [—7,0] 3 s — X(t)(s) == X(t+s) for X(t) € C := C([—7,0];R") the classic
state space of continuous functions equipped with the uniform norm [32, 95]

lollc == max [[g(s)].
se[—1,0]

As anticipated, our goal is to estimate the assumed to be unknown drift f and diffu-
sion ¢ from trajectory data given in terms of the m time samples X(t1),..., X(ty), possi-
bly related to multiple paths. Note once more that one can recover g uniquely once G has
been identified under the assumption that the latter is positive definite.

In this section, we present a detailed exposition of the estimation methods from [139]
the main ingredients, beginning with the fundamental theoretical framework and pro-
gressing through increasingly sophisticated higher-order approximations. Mathematical
development provides both the theoretical foundations and practical implementation de-
tails necessary for robust parameter estimation in stochastic dynamical systems. Later, it
is extended to SDDEs and then compared in Section 3.7.

The extension to SDDEs is illustrated only at the end, relying on an obvious argument.
For a complete reference on stochastic Taylor expansions for SODEs, see [52, Chapter 5];
for SDDEs, see [35, 113, 114]. We assume throughout that f and g in (3.2.1) (and then
in (3.2.2)) are sufficiently smooth with bounded derivatives to ensure the validity of the
considered expansions and meaningful estimates of the related remainders.
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3.2.1 Mathematical framework and It6-Taylor expansions

For the SODE (3.2.1), we define the fundamental differential operators that govern stoch-
astic evolution. Let

0 n ) n 82
b z;fi(x)aixi " i,jz—:l 8ij(x )ax 0’ 023
: n 9 .
L= .Z;gi’j(x)ﬁ’ i=1,...,q (3.2.4)

be differential operators acting on sufficiently smooth maps R” — IR, where subscripts
denote components of vectors and matrices and where

Zglk 8]k

represents the diffusion matrix element. The operator L is for the combined determin-
istic drift motion and second-order stochastic corrections (the It correction term), while
each L/ represents the first-order effects of the jth noise component.

For a specific test function ¢ the first few terms of the corresponding It6-Taylor ex-
pansion read

P(X(t+ At)) = p(X(t)) + LOp(X(t)) At + ZUcp 1)) AW;(t)
j=1

FRO2P(X(0)A + Y UL%(X(5) o (5.25)
j=1

4 Z LOLIg(X(t))Io, + Z LIL (X (8)) g + - - -
j=1 jk=1

where AW;(t) := W;(t + At) — W;(t) represents the increment of the j-th component of

the underlying Brownian motion and the terms I’s represent the multiple stochastic inte-
grals

At oy

I]’,O = /t /t dW](Uz) d0'1,
t+At

10,]‘ = / / dop dW; (0’1)

At oy
Ij,k ::/t /t dW](Uz) de((71).

(3.2.5) can be used in weak form by taking the conditional expectation of ¢(X(t + At))
given X(t), or in strong form by working pathways with ¢(X(t + At)) thus retaining
stochasticity [82].
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3.2.2 Weak and strong formulations

The Ito-Taylor expansion (3.2.5) admits two fundamental interpretations that lead to dif-
ferent estimation strategies.
For instance, using the weak form with ¢(x) := x; forsomei = 1,...,n leads to

E [x;(t + At) | X(t) = x] = x; + fi(x)At + O(A?). (3.2.6)

This formulation eliminates the stochastic integrals involving Brownian motion incre-
ments because they have zero conditional expectation. Weak expansion provides the
foundation for bias analysis of estimation methods. Using the weak expansion on the
coordinate function ¢(x) = x; results in the classical first order KM estimator formula,

f(x) ~E [Xi(t + AAt)t — Xi(t)

follows as a component-wise estimate of drift.

| X(t) = x} (3.2.7)

For the diffusion matrix, we apply the expansion to ¢(x) = (x; — X;(t))(x; — X;(t)),
yielding the first-order KM estimator for the diffusion matrix for the covariance
(Xi(t+ At) — X; (1)) (X;(t + At) — X;(t))
2At

Gij(x) ~E [ | X(t) = x] (3.2.8)

follows by choosing ¢(x) = (x; — X;(t))(xj — X;(t)). In the strong (pathways) version,
(3.2.7) and (3.2.8) become

X+ A — Xi(1)

filX(t)) = A (3.2.9)
Gy (X(1)) ~ (Xi(t+ At) — Xi(t)z)A(i(j(t + At) — X]-(t)). (32.10)

In both the weak and strong formulations, these standard first-order estimators are
referred to as KM estimators [80, 81, 112]. The weak formulation provides consistency
guarantees under mild conditions, whilst the strong formulation offers direct trajectory-
wise estimates that are computationally simpler to implement.

3.2.3 Higher-Order estimation methods

Recent advances in moment-based estimation methods, as reviewed by [139], demon-
strate that employing higher-order finite differences improves estimation accuracy. This
section pursues second-order finite difference estimators for the reconstruction of drift
and diffusion coefficients from trajectory data. The development focuses on three prin-
cipal schemes: forward differences, central differences, and trapezoidal rule. For each
scheme, variants exhibiting weak and strong formulations are presented and analysed
below, facilitating the selection of appropriate estimators for different practical scenarios.

* Forward differences (FD). A second-order forward finite-difference scheme for
both drift and diffusion follows by considering additional terms in the It6-Taylor
expansion (3.2.5). This scheme improves upon the first-order KM estimators by
reducing bias and enhancing convergence rates.
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The weak formulations are:

£X() ~ 4B [X;(t + At) — Xi(t)]zgt]E[Xi(t +24) — Xi()] (32.10)

Gij(X(t)) ~ i[‘JJE[(Xi(f + A1) = Xi(6)(X(t+ At) = X;(t))]

4Nt (3.2.12)
—E[(X;(t +2At) — X;(t))(X;(t +2At) — X;(1))]].
The corresponding strong formulations are:
FX(H) ~ 4(X;(t+ At) — Xi(t))zgt(Xi(t + 2At) — Xi(t)), (32.13)
Goy(X(0) ~ g OG0+ AN = X)X+ a0 =X)L
—(Xi(t 4 2At) — X; (1)) (X;(t +2At) — X;(t))].

¢ Central differences (CD). Similarly, second order can be reached in principle.

The weak formulations are:

-MXM)%EWﬁ+A2LXﬁ—Am/ 62.15)

E[(X;(t+ At) — X;(t — At))(X;(t + At) — X;(t — At))]

. ~ 3.2.16
Gij(X(t)) AT ( )
The corresponding strong formulations are:
Xi(t+ At) — X;(t — At
flx(py) » S AL X280, 6217)
Xi(t+ At) — X;(t — At))(Xi(t + At) — X;(t — At

4At

Just “in principle” as their direct application leads to convergence to Stratonovich
SODEs rather than It6 ones [139, Remark 2]. However, the results in Section 3.7
show that they still work correctly, at least for the models considered therein.

Trapezoidal rule (TR). Following the approach of [139], trapezoidal rule offer an
alternative to CD to avoid inaccurate convergence behaviour and improve robust-
ness. These schemes combine information from multiple time steps to approximate
the integral of the drift and diffusion functions, leveraging implicit integration tech-
niques. This approach is particularly useful when the time discretisation is coarse
and provides better stability properties than CD approximations in certain regimes.

The weak formulations are:

SiX(E+A) + fi(X(2) _ BIXi(t+ At) — Xi(t)]
2 At ’

(3.2.19)
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1

Gij(X(t+ At)) + Gij(X(1)) = B| = {[2(Xi(t + At) — Xi(t))
—AHfi(X (84 A1) + fi(X(2)))] 2220
(Xt + M) — X;(£)) (3.2:20)
—AHf(X(E+ A1) + f(X($)]} -
The corresponding strong formulations are:
fiX(t 4 At)) + fi(X(1))  Xi(t+ At) — X;(t)
> ~ A ) (3.2.21)
Gi(X(t+ AD) + Giy(X(5) = 5 {2t + AF) — Xi(1))

SMAX(E+ A+ FXEOD] 500
2(X;(t + At) — X;(t))

—At(fi(X(t+ AL + £(X(1))]}-

All KM, FD, CD, and TR estimates are employed and compared in Section 3.7. As dis-
cussed in Section 3.5, resorting to their weak or strong form depends on the specific
strategy to be adopted, in view of the available data.

The extension to SDDEs follows straightforwardly for the It6-Taylor expansions by
formally replacing the state variable X(f) € R" of the SODE (3.2.1) with an augmented
state variable Z(t) := (X(t),X(t — 7)) € R?" from the SDDE (3.2.2). Regarding the
related weak estimates of drift and covariance, we stress that conditioning must include
both current and delayed states for consistent parameter estimation owing to the non-
Markovian nature of SDDEs. As an instance, (3.2.7) and (3.2.8) become

i) ~ B | D=0 x() =2, X(- 1) =),
Giy(z) ~ E [(Xz-(t +At) — Xz-(t)z)A(i(j(t +At) — X(t)) X() =21, X(t—7) = 22] ,

by choosing ¢(z) = z1; in the It6-Taylor expansion. Above, the block partition of z € R*"
is intended as (z1,z2) € R"” x R" with z; representing the current time value and z, the
delayed counterpart.

3.3 SINDy for stochastic ordinary differential equations

The application of SINDy to SODEs such as (3.2.1) is first considered in [12] and more
recently in [139] (see also the references therein and [88, 137]). The main difference from
the use of deterministic differential equations, where data X’ are either available or can
be easily recovered from X, is the need for reasonable data for drift and diffusion. To un-
derstand the principle underlying the extension of SINDy to SODEs, we can assume that
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such data are reconstructed or estimated in a non-parametric fashion and are then avail-
able as f(X) € R"™*" for drift and G(X) € R™*"* for diffusion in the form of vectorised
covariance. It is then enough to choose two possibly different libraries of candidate func-
tions @y € R"*P/ and ©¢ € R™*P¢ and solving independently

a; = arg min (Hfl-(x) —0;(X)al|, +Af||a||1) L i=1,...m, (33.1)
Bij = arg min (HGi,j(x) - 0¢(X)B|, +AG||[$H1) , o Gj=1,..,n (3.3.2)

Note the freedom of choosing different sparsity promoting parameters among drift and
diffusion. The regression problem is solved using the STLS algorithm as defined in Chap-
ter 1. In Section 3.5 a detailed discussion on how to obtain f(X) and G(X) using the three
different approaches. First, we deal with SINDy for SDDEs as the primary methodologi-
cal contribution of the present chapter.

Strictly speaking, due to state-dependent diffusion the data are heteroscedastic and a
generalised least-squares formulation with a variance model based on G would be more
appropriate. Here, we use ordinary least squares as a first-order approximation; extend-
ing the framework to fully account for heteroscedasticity is an interesting direction for
future work.

3.4 SINDy for stochastic delay differential equations

To the best of our knowledge, the methodology developed in this chapter represents the
tirst general approach for identifying SDDEs using sparse identification techniques with-
out requiring prior knowledge of functional forms. The existing literature on this topic
is limited to the recent work by [64], which proposes an SINDy based method under
substantial restrictions. Their approach applies Taylor expansion to eliminate delayed
terms from the drift and diffusion coefficients, effectively reducing the problem to a de-
lay free approximation. Although this provides a valuable starting point, the method-
ology is demonstrated exclusively on systems with small, single time delays, and the
accuracy degrades significantly as the delay parameter increases, limiting applicability
to small delay regimes. Furthermore, the framework restricts treatment to Stratonovich
type stochastic integrals, and multiple delay systems are mentioned only briefly without
experimental validation. In contrast, this chapter develops a comprehensive framework
capable of handling arbitrary delays, multiple delay structures, and a flexible treatment
of stochastic integral types, thus filling an important gap in the current literature.

To address these gaps, we propose a general extension of SINDy to SDDEs by combin-
ing two key concepts: the augmented library framework from the SINDy approach for
DDEs (incorporating delayed samples) and the covariance-based estimation strategies
from Section 3.3 for SODEs.

Indeed, the key observation is that, in principle, the presence of delay terms requires
an augmented library that includes delayed samples X, while the presence of stochastic
terms requires suitable strategies to recover data f(X) for drift and G(X) for diffusion
through covariance.
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As such, the two issues appear basically unrelated, and this would lead to extending
(3.3.1) and (3.3.2) as follows:

a; = arg min (Hf,m — 05X, X)a|, +Af|\a|\1) L i=1,...,n,

a€RP

ij = arg min (16 = @ (X, X)Bl, + AclBllr), irj=1,...,m.

Nevertheless, a more reliable approach should instead consider the explicit depen-
dence on the delayed samples also for the reconstruction of data for drift and diffusion;
hence

®; = arg min (Hfi(x,xr) — Of(X, X7)al|, +AfHocH1> , i=1,...,n, (3.4.1)

a€RP

pij = arg min (161X Xe) = @c (X X)Bll, + AclBlh ), irj=1,.c0om  (342)

Indeed, as discussed at the end of Section 3.2 in view of the Itd-Taylor expansions for
SDDEs, weak forms generally require conditioning also w.r.t. past values; thus, (3.3.1)
and (3.3.2) fit better into the framework. The issue becomes evident in next Section 3.5
regarding one of the possible strategies to recover the necessary data.

3.5 Estimation of drift and diffusion from data

In this section, we obtain the data f(X) and G(X) as anticipated in Section 3.4. In Section
3.2 general moment-based estimators are described using Ito-Taylor expansions. Inde-
pendently of the specific choice or order, the KM, FD, CD, and TR methods all face a fun-
damental challenge: how to obtain sufficient data at each time instant to ensure reliable
estimates of drift and diffusion. The answer depends, among other factors, on whether
temporal data are available for a single trajectory alone or samples from multiple inde-
pendent realisations are at disposal (realistically from repeated experiments). In the first
case, the approach we follow, hereafter named “approach A” or simply “A” for brevity,
relies on creating more realisations via suitable tools and is described in Section 3.5.1. In
the second case, “approach B” or simply “B” in the following, we discuss two different
strategies, namely Bl and B2, described in Sections 3.5.2 and 3.5.3. The key difference
between Bl and B2 is whether the averages are taken before or after the application of
SINDy’s sparse regression. In Section 3.7 we perform a thorough experimental compari-
son of different models of SDDEs, illustrating different trade-offs between reconstruction
error, computational cost, data requirements, and implementation complexity.

In the presence of delay an augmented state representation of SDDEs take the form
Z(t) = (X(t),X(t — 1)) € R*, (3.5.1)

as discussed at the end of Section 3.2. This augmented formulation enables the stan-
dard estimation methods (developed for non-delayed systems) to properly account for
temporal dependencies introduced by the delays.
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We emphasise that whilst the general properties and effectiveness of these estimation
tools have been rigorously established for non-delayed systems, formal theoretical anal-
ysis of their performance in the presence of delays remains an open question. Instead, we
rely on comprehensive experimental validation in Section 3.7, which provides empirical
evidence of the efficacy and trade-offs between reconstruction accuracy, computational
cost, data requirements, and implementation complexity across various SDDE models.

3.5.1 Approach A: more realisations from conditional expectations

In this section, we resort to the methodology discussed in [40]. The underlying basis is
also used in the first work [12] on SINDy for SODEs by employing KM estimates.

Let 4t be the stepsize chosen to represent the Brownian motion W underlying (3.2.2).
Assume that samples of a single path X(t) are available with time stepsize At = Két for
some integer K > 1 (for our simulation, we uses K = 1 in all the results presented in
Section 3.7). If not, one may consider interpolated samples to obtain delayed samples
and hence Z(t). Given the relevant time instants t;, i = 1,...,m and a positive integer
Miraj, for each i = 1,...,m — 1 the proposed methodology first requires the following
three steps:

A(i) initialise My, independent sample paths X(k)(t), k =1,..., My,j, of (3.2.2) each
starting at time f; from Z(t;);

A(ii) approximate a single step of each path at time t; + At by using a numerical time-
integrator, e.g., Euler-Maruyama as adapted to (3.2.2) [32], viz.

xM = x4 p(x®, x0 A+ g(x®, x "

i1 = i lf;f)(w(k)(tiﬂ) - W(k)(ti))/

where we implicitly assume that 7 is an integer multiple x of At;

A(iii) record the increment AXZ.(k) = Xi(_];)l — Xl.(k).

Then estimates of drift and diffusion (again through covariance) are obtained as

Mtraj
(k)

1
f(Z(t)) = Mo Al k; AX,

L1 R 0 (ax®) T AR
G(Z(t) = 5 (Mmj 3 8%, (AX7)" = £z (1)) E(Z (1)) (A1 ).
AS Miraj — oo and At — 0, these estimates are expected to converge to the true values
£(Z(t;)) and G(Z(t;)) (which is indeed the case without delay [40]). In practice, one
chooses K large enough (6t < At) to control the discretisation bias and My, large enough
to reduce the sampling variance. Higher-order schemes ( e.g. Milstein [99] and stochastic
Runge-Kutta [82]) or finite-time corrections [107] can be used when At is not negligible.

A final comment is fundamental, also in view of approaches Bl and B2, as described
next: the above procedure requires an assumed specification or initial approximation
of both f and g; otherwise, step A(ii) is not possible. In practice, these functions are
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supplied via a suitable parametric family, a non-parametric initialiser, or prior structural
information, and then refined iteratively until a desired tolerance [40]. In Section 3.7 we
adopt the true forms of f and g to avoid complexities unrelated to the current scope.

In the numerical experiments, Approach A is initialised with the true functional forms
fo and go so that the focus is on evaluating the moment estimators rather than on model
discovery. In this setting, the method effectively recovers noisy versions of the true drift
and diffusion but is not the main identification strategy of this thesis. Developing a fully
iterative version of Approach A, starting from generic parametric models and analysing
its convergence, lies beyond the scope of this work and is left for future research.

3.5.2 Approach B1l: multiple trajectories with pre-regression averaging

An alternative to approach A can be followed when a large dataset from several inde-
pendent realisations of the system is available, as follows:

Consider My, independent trajectories of (3.2.2), each sampled at t;, i = 1,...,m,
with a uniform time step At. Let Z(*)(t;) be the augmented state of the k-th trajectory at
time t; and AX® (t;) = X (t;,.1) — X®) (£;) be the relevant increment of the current time
state. To estimate drift and diffusion at a specific point z € R*" in the augmented state
space, we aggregate data points from all trajectories that fall within a predefined neigh-
bourhood of z [6, 100]. Given a tolerance € > 0 let N(z) denote the cardinality of the
set Se(z) = {(k,i) : ||ZW(t;)) — z|| < €} of such observations. This effectively performs
a kernel-like local averaging, where € controls the trade-off between the statistical vari-
ance (too few points if € is small) and bias (over-smoothing if € is large). This and similar
techniques are widely used in non-parametric drift and diffusion estimation methods for
stochastic processes, for instance, through kernel density estimation or binning schemes
in continuous-time models. The required estimates are finally obtained by averaging the
observed increments and quadratic variations over all data points in the neighbourhood
of z, as follows:

Mtra]
f(z) = At Z Y ax®, (3.5.2)
=1 i:(k,i)eSe (2)
Mtra] k X
G(z) = At Z Yy axPaxiT. (3.5.3)
=1 i:(k,i)eSe (2)

The estimates presented are based on the KM in an ensemble setting. Generalisation to
FD, CD, and TR (presented in Section 3.2) is straightforward. Convergence to f(z) and
G(z) is expected as My,j — oo (or as the total number of observations N (z) increases) for
SDDEs. The accuracy depends on balancing the bias (from finite At and neighbourhood
size €) and variance (from a limited amount of data). As a final comment, we observe
that this approach facilitates a sparse, data-driven reconstruction of the underlying non-
Markovian stochastic dynamics of SDDEs without requiring explicit knowledge of the
functional forms of f and g beforehand. Moreover, we note that Bl is characterised by
taking averages before the application of SINDy’s sparse regression, contrary to B2, as
discussed next.
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3.5.3 Approach B2: multiple trajectories with post-regression averaging

The second strategy for leveraging an ensemble of My, trajectories consists of applying
SINDy’s sparse regression to each trajectory individually and then averaging the identi-
fied model parameters. This method, described in the experimental setup of [139], con-
trasts with Bl by averaging in the parameter space after regression rather than in the
data space before regression. Briefly, if ocfk) and [51(];) are the sparse coefficients identified
by SINDy from the k-th trajectory through (3.3.1) and (3.3.2), respectively, the final model
coefficients are retrieved by averaging across the entire ensemble:

Mtraj Mtraj

1 ( 1 )
—= ' P s PP
Moy 5 P Wy P

&i

Practically, B2 creates an ensemble of models, with the final model being the average
of this ensemble. The underlying assumption is that, while each individually identified
model may contain variance owing to the specific realisation of the stochastic process,
averaging over many such models yields a result that is expected to converge to the true
underlying system dynamics.

The simple averaging of parameter estimates across trajectories assumes linear de-
pendence on the parameters. When parameters are obtained from nonlinear optimisa-
tion, Jensen’s inequality [70] implies that the average of individual estimates need not
coincide with the minimiser of the average loss. This subtlety should be kept in mind
when interpreting B2-type averages.

3.6 Algorithmic implementation

The SINDy framework for SDDEs presents three distinctive methodologies, one for each
data setting and model identification objective. Detailed step-by-step pseudocode and
complete algorithmic descriptions are presented in Appendix A. Algorithm A.4 outlines
Approach A (3.5.1), which employs a single available trajectory to generate synthetic tra-
jectories through conditioning of observed states and simulation of stochastic increments
under an initially user-provided model. It is marked by efficiency and is thus best suited
for initial estimates in cases of partly known model shapes or fast results generation.
However, the accuracy of this technique depends on the quality of the initial estimates
and does not significantly ease the discoverability of the model in cases with uncertain
dynamics.

Approach B1 (3.5.2) uses several independent trajectories to perform local averaging
of state increments in certain neighbourhoods prior to sparse regression, as described
in Algorithm A.5. Using direct averaging in the data space instead of the parameter
space, Bl (3.5.2) exhibits significant robustness, allows nonparametric identification of
the model, and always results in higher accuracy in the estimation of diffusion and drift
coefficients in reconstruction. It is advisable for whole model structure discovery and
verification, particularly in situations wherein there is no prior information, although it
requires more computational effort.

Algorithm A.6 performs Approach B2 (3.5.3) and requires multiple trajectories but
employs regression only once for each, averaging the subsequent estimated parameters.
Conceptually, it better lends itself to ensemble modelling and to estimation of uncertainty,
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but B2 tends to yield less accurate reconstructions and larger errors; as such, it would not
be a leading technique in system identification.

3.7 Numerical experiments and results

In this section, we perform a thorough computational analysis by conducting several
experiments on the three SDDEs described below. The experiments consist of applying
the approaches A, Bl, and B2 discussed in Section 3.5, each of them using all of KM,
FD, CD, and TR as underlying estimators from Section 3.2. We recall that Miraj denotes
both the number of paths realised with A through Euler-Maruyama simulations and the
cardinality of the ensemble of available trajectories for Bl and B2. A complete comparison
is first performed for all three examples by assuming Mr,j = 1000 and e = 10~* for B1.
Further tests regard limited comparisons to separately assess the role of Mira and € also
w.r.t. CPU time and errors. For the latter, we consider both the absolute errors |¢; — &
on the i-th sparse coefficient of the chosen SINDy library, i = 1,...,p, as well as the
RMSE on relevant trajectories (they regard both trajectories for the state X(t) as well as
for separated drift and diffusion dynamics reconstruction). Finally, data are artificially
provided by numerical simulation via Euler-Maruyama, and we use STLS [31] for sparse
regression due to its robustness compared to other methods. Before discussing the results
obtained in Section 3.7.1 we present the three specific SDDEs that we use as models to
test.

Example : stochastic delay logistic equation

As a first model we consider from [4, 145] the stochastic version with multiplicative
noise
dX(t) = aX(t) (1 — X(t — 1)) dt + o X(t) dW(t) (3.7.1)

of the so-called delay logistic or Hutchinson equation [69]. (3.7.1) models the evo-
lution of a single (n = 1) population X(t) at time t with intrinsic growth rate « = 2,
time delay T = 1 and noise intensity ¢ = 0.4 with underlying scalar (§ = 1) Brow-
nian motion. Data are obtained by simulating over the time window [0, 20] with
time step At = 0.01 via Euler-Maruyama, prescribing the history X(s) = cos(s),
s € [—7,0]. 80% of the samples were used for training and 20% for validation.
SINDy is applied with polynomial libraries of degree d = 2 for both drift and
diffusion and A = 0.025 is used.

The results of the full comparison are presented in Table 3.7.1 and discussed in Section
3.7.1.
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6 : : ‘ 6 :
ground truth ground truth
----SINDy A KM —SINDy B1 KM
------ SINDy B1 KM --SINDy B1 FD i
4 .- SINDy B2 KM 4}-—SINDy B1 CD ]
---SINDy B1 TR

Figure 3.7.1: comparison of trajectories for the logistic SDDE (3.7.1): ground truth and
approaches A, Bl and B2 all with KM (left). Ground truth versus estimation methods
KM, FD, CD and TR all with approach B1 (right) [18].

Example : stochastic predator prey model

As a second model we consider from [49] the predator—prey interaction with delay
and multiplicative noise

dX(f) = Xy
{ dXa(t) = Xz

()| — BX1(t) — yXa(t — 7)] dt + 01 X4 (£) AW (£) (3.72)
()[=0 + kX1 (t — T)] dt + 02 Xo(t) dWa (1), o

where X;(t) and X, (t) denote prey and predator populations, respectively, with
parameters « = 1,6 = 05, = v =x =01, 00 = » = 04, T = 1 and
W1, W, independent scalar Wiener processes (here n = g = 2). Again, data are
obtained by simulating over the time window [0,20] with time step At = 0.01
via Euler-Maruyama, prescribing the constant history X(s) = (5,2)7. 80% of the
samples were used for training and 20% for validation. SINDy is applied with
polynomial libraries of degree d = 2 for both drift and diffusion and A = 0.025 is
used.

The results of the full comparison are presented in Table 3.7.2 and discussed in Section
3.7.1.



53

Numerical experiments and results

3.7.

‘(moraq 3red puodas 1 pue (1D
‘ad ‘I Jo 1re) a8ueyp 10 (9a0qe yred jsary ‘aemonred ur AY) Swes 9y} urewal JYSIU UOREWI)Sd UOISNJJI(] 'G'¢ UOT)IdG W) 7g pue
14 “V So139)e11s UoONONIISUOIAI BJep [[B pUe Z'¢ UONIASG WOIJ Y I, PUe (1D ‘(4 ‘A SPOYIoW UOHBUINSd [[e “UOISNJJIP pue JLIP Yjog 10§
(z£€) 4adas Aesxd-1oyepard a3 105 owmy NJD pue sarI0303[e1) U0 SIAR ‘SYUSIDIJFO0D Pajewnsd Uo SI01Id Jo uostredwod :g'/°¢ 9[qeL

0L8T  9-99SL  9CFS (99 2909 2T [-I19L  $-98€€  (IFTT  [—96ST  ¢-dLSL  ;-990C UoTsSnyTp
€69 5906'€  26€T  29ITT L dPET ;99T  PILS 294G [ 00T 99T 2088 ; a0T'€C yup ASINY
19899 —208°S 0?0241 a4 —204°T 02LC'T 0°lce ¢—204°C hZANS 0968°C ¢—200T 901 1y
e~ oc~ g~ e~ 0oe = g~ 0oe~ 0oc = g~ oe =~ 0c = g~ [s1ndad
sojowr duewroyad
1VTL 6650 o 19, [ 9S0T  5-9S9T 7 6L 7 9L ¢ 9TET 79908 ¢ ISSE  -290T 5 9TT 910 =03 (#)2A worsnp
POTT  god0€T ¢ LT 1 30T ¢ 9€TC 79964 7 9€TL o-9€'6 79164 7-90UT o_dBE€T 4-99€9 910 =99 E)’ T
UOISNJJIp JUDIJJIP
127 T ¢-9899  ;-909C 9669 ¢ IIL'T - 98CC -9L8'8 9-9T99 98T [-969T ¢-2LSL 7-990C UoTsSnyIp
19€0°C $—299'F 0?6€’T 09LC'T §—209°L  ;-9€9C 07688 y—207's {9001 0799°C ¢—208'8  ;_90T°¢ HUp HSINI
07019 7—2LES 0?0241 0?0€¥ ¢-20C°L  -909°1T a4 ¢—208FV -8V 0968°C ¢—200T  {-9/0'1 1y
0e~ e~ g~ e~ oe = ~ 0oe = 0c = g~ oe = 0c = ~ [s1ndad
sojowr duewroydd
g-995€  -290T  §-9TT ¢ 9GGE -290T - 9TT 995 _290T - 9TT ¢ 9GGE  4-290T 5-29T'T 910 ="O) (2k UOTSNHIp
2-0TT  ¢-dP€T 5999 7 0TT ¢ dPET 59989 ; A0LT ¢_dPET -99€9 7 UL o dbET ;-99€9 9T'0 =9 (H)x T
uoISNJIp Swes
1=99F'C  ,_9SHL 0€T  9STT  ¢PLLT ¢ IL0E ¢IG€9 g_ISET 0T L _2L0S 8L 9562  T0=TI  (2-px(®A
109G ¢_6L'€ 19T 70TT ¢-209T 3 969/ [ IFT ¢ 298C ¢ IGG9 [ IHT ¢ L0 L S0T T0=6) (2—1NIAHX
1-9€€9  ¢_290°S ;89T ; 988/ ¢_260'S ¢ YT [ LT _986'C 659 9991 o 98€8 919  10="97 (1)x yup
P8GST ¢ 98ET ¢ 998/ 909C 5_298°T 7 8LT  2SST  _9TET L HTL  PEUT  ,_998T ¢ aTFT S0 =¢I (A
PIST ¢ 98T [ 9€TE 08T 5_9TEC ; I9TT  29CT  p_96L'S 2069 2LTT ¢ 20T6 98CT  T=723 1x
cd 1d 14 cd 1d 14 cd 1d 14 cd 1d 14
qL as ai N ‘33900 suLia}
9 — 13| any Areiqr




54 3. SINDy for stochastic delay differential equations

15

ground truth
------- SINDy A KM
—SINDy B1 KM
----SINDy B2 KM

Figure 3.7.2: comparison of trajectories for the predator-prey SDDE (3.7.2): ground truth
(solid thick grey) and approaches A (dashed red), Bl (dashed blue) and B2 (dashed green)
all with KM [18].

Example : pricing model with delayed response

Finally, as a third and last model we consider from [77] the SDDE
dX(t) = rX(t)dt + o (X(t), X(t — 7)) X () AW(¢) (3.7.3)

modelling the price dynamics of a financial asset with memory, where X(t) de-
notes the asset (or option) price at time ¢, 7 = 0.05 is the constant risk-free interest
rate, T = 0.002, the function ¢ represents the volatility (see below), which is a
continuous function of also the history of the stock price and W(t) is a standard
Wiener process. (3.7.3) generalises the classical Black-Scholes framework by incor-
porating historical dependence into the volatility term, capturing memory effects
observed in real markets. Once more, data are obtained by simulating over the
time window [0, 20] with a time step At = 0.01 via Euler-Maruyama, prescribing
the constant history X(s) = 100. 80% of the samples were used for training and
20% for validation.

Custom libraries were constructed for SINDy identification. The drift is identified
using a polynomial library of degree d = 1 and the diffusion is identified using a poly-
nomial library of degree d = 4. Both libraries are augmented with the logarithmic term
In(X(t)/X(t — 7)) (see (3.7.4) below), and A = 0.025 is used. The results of the full com-
parison are presented in Table 3.7.3 and discussed in Section 3.7.1.

As proposed in [77], the volatility function ¢ is based on a continuous-time analogue
of the GARCH model,

_ Vv o X(t)
cA(X(1),X(t—1)) = P + T In? <X<t = T>> , (3.7.4)
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Figure 3.7.3: comparison of trajectories for the option pricing SDDE (3.7.3): ground truth
(solid thick grey) and approaches A (dashed red), Bl (dashed blue) and B2 (dashed green)
all with KM [18].

where V' = 0.127 is the long-run average variance, « = 0.6 and v = 0.4 are positive
model parameters controlling the weighting of past returns and reversion strength. This
formulation ensures that ¢ remains strictly positive and reflects the volatility clustering
effects observed in empirical financial time series. Such memory-aware volatility plays
a crucial role in capturing more realistic option price dynamics than models assuming
constant or purely time-dependent volatility.

In this model, the delay T and the functional structure (including the logarithmic
term) are considered constant and assumed known. The algorithm does not estimate
the individual parameters V, a, and <; rather, it identifies their lumped coefficients: the

o

interest rate r for the drift, and the grouped constants % and ) for the diffusion
terms.

3.7.1 Discussion

The analysis of the results collected in Tables 3.7.1, 3.7.2 and 3.7.3 reveals that the optimal
estimation strategy is highly dependent on the specific model, the performance metric
of interest (error on the reconstructed coefficients, RMSE on trajectories or CPU time)
and the chosen methodology (A, Bl or B2 with KM, FD, CD or TR). In general, the pre-
regression averaging strategy of B1 outperforms the other choices in terms of accuracy
for all three considered models. In contrast, B2 consistently yields the highest absolute
errors for every estimated coefficient and the highest RMSE values for the full system as
well as for separated drift and diffusion, and given the poor results, it is not considered a
viable method. As far as A is concerned, the potential accuracy seems to depend on the
prior available knowledge concerning the data via the (one-step) generation of relevant
realisations. On the other hand, B1 operates without structural constraints and frequently
demonstrates a superior ability to identify the accurate values of individual coefficients,
thus highlighting its power in pure parameter and model discovery.

Figures 3.7.1-3.7.3 present a comparison between the ground truth and SINDy pre-
dicted trajectories for each model. Figure 3.7.1 (left) compares different estimation ap-
proaches for a fixed KM, whereas Figure 3.7.1 (right) compares various methods for esti-
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library true |& — &l
terms coeff. KM FD CD TR
A Bl B2 A Bl B2 A Bl B2 A B1 B2
drift X(t) & =005 149 426e=% 1.32¢° 1.48¢0  3.65e7® 1328 3.03¢c ! 6.26e7° 132  3.09° 7.57¢~%  1.32¢0
same diffusion
diffusion  X2(t) & =0.058 57007 ! 235e7% 920! 570e~' 235e75 920e~' 570e~' 235¢7% 9.20e~! 570e! 235¢7% 9.20¢7!
G(Z(t)) &3 =2300 851¢>  1.48¢° 1.46¢2 8.51¢! 1.48¢° 1.46¢>  8.51¢! 1.48¢° 1.46¢>  8.51¢! 1.48¢° 1.46¢2
performance metrics
CPU [s] ~4 ~ 10 ~ 10 ~ 4 ~ 10 ~ 10 ~ 4 ~ 10 ~ 10 ~ 4 ~ 10 ~ 10
full 3.00e°  6.48¢=%  3.72¢° 1230  9.67e=%  4.37¢° 1.12¢°  6.19e=%  4.42¢0 7.88¢  6.46e—3  2.39!
RMSE drift 5351 2.85e% 2500 7721 1.05e% 2320 2971 7.83¢e75 2480 1.07¢°  214e~*  9.68¢!
diffusion 9.00¢° 1.17e73 2670 1130  4.66e3 6691 113" 1.53¢e73  1.29¢0 9.00¢° 211e72  1.54¢°
different diffusion
diffusion  X2(t) & =0.058 5.70e7! 23575 920!  3.08° 7.37e~7 250e"' 797e' 3.75¢% 567¢ ! 6.16e7! 1.54e5  4.82¢0
G(Z(t)) &3 =2300 851¢>  1.48¢° 1.46¢2 293¢  7.59¢"1  7.46e'  294¢> 543e~' 24602 88502  1.40¢°  2.90¢?
performance metrics
CPU [s] ~ 4 ~ 10 ~ 10 ~ 4 ~ 10 ~ 10 ~4 ~ 10 ~ 10 ~ 4 ~ 10 ~ 10
full 3.00e°  6.48¢e=°¢  3.72¢° 3.67¢!  515e~%  4.24¢! 263 1.03e=® 2910 7.76¢°  4.40e~2  2.76¢!
RMSE drift 535¢e-1 2.85e7>  2.50¢° 534¢~1  536e~% 5880 297¢1 527¢75 2280 1.07¢°  7.83¢e=%  9.13¢!
diffusion 9.00e° 1.17e73 2670 1.61e° 1585  1.25¢° 6.47¢!  1.88e~%  4.43¢° 9300 41573 1.13¢°

Table 3.7.3: comparison of errors on estimated coefficients, RMSE on trajectories and CPU time for the option-pricing SDDE (3.7.3)
with (3.7.4) for both drift and diffusion, all estimation methods KM, FD, CD and TR from Section (3.2) and all data reconstruction
strategies A, Bl and B2 from Section 3.5. Diffusion estimation might remain the same (KM in particular, first part above) or change
(all of KM, FD, CD and TR, second part below). Recall that G(Z(t)) = X2(t) In* (X(t)/X(t — T)).
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mation, holding method B1 constant. Based on similar results for the other models, the
KM approach was used for all subsequent figures (3.7.2 and 3.7.3).

Figures 3.7.4-3.7.6 provide further clarification on the relative performance of the es-
timation approaches and numerical schemes under various scenarios. Figure 3.7.4 pro-
vides an overall comparison of the RMSE of the state reconstructions for all methodolo-
gies as functions of the estimator (KM, FD, CD, TR) and data reconstruction methods (A,
B1, B2). This verifies the dominant superiority of the pre-regression averaging scheme B1
independent of the choice of the estimator, with significantly lower RMSE values indi-
cating better reconstruction accuracy. In contrast, B2 consistently provides higher RMSE
values, supporting its inappropriateness for trustworthy system identification.

Figures 3.7.5 and 3.7.6 delve deeper into the important methodological parameters
affecting the accuracy and computational cost, providing further direction for practical
implementation. Figure 3.7.5 examines the effect of the neighbourhood tolerance pa-
rameter € in Bl on the absolute errors of the estimated coefficients and CPU time. This
insight underscores the necessity of balancing statistical variance and bias during neigh-
bourhood selection to optimise performance. We observe that reducing € too much does
not lead to significant improvements and better results are obtained for diffusion rather
than drift. Figure 3.7.6 evaluates the impact of ensemble size My, on estimation accu-
racy restricted only to the logistic SDDE model (3.7.1) (the results are similar for the other
models). We observe that as My, increases in size, Approach A does not significantly
improve the estimation of the diffusion coefficient; however, it leads to better results for
the drift term, but only for a substantial increase in My, underlying the data-hungry
nature of this approach. In contrast, Approach B2 consistently performed poorly for all
Miraj values. In contrast, Approach Bl consistently outperforms the others in all cases,
although its computational cost increases with increasing My,; ( larger values of My,; are
not considered).

Collectively, these results confirm the numerical advantage of B1 during SDDE model
identification in an empirical setting with an unknown model structure. They provide
practical advice for hyperparameter optimisation, such as neighbourhood size and car-
dinality of the ensemble, and thus enable the practical and efficient realisation of the pro-
posed SINDy framework for stochastic delay differential systems. These results parallel
and support the overall recommendation to prefer Bl in empirical discovery situations
with uncertain model structures.

In short, the selection of an optimal technique depends on the particular analytical
goal. If the underlying model structure is specified in advance and one wants to obtain
a rapid, inexpensive determination of the aggregate system behaviour, then approach
A 3.5.1 offers an appropriate option. However, in a more realistic research application
in which the functional shapes of both drift and diffusion terms are still doubtful and
must be estimated from observations, approach Bl 3.5.2 becomes the preferable option.
Its potential to allow system identification without prior assumptions makes it a more
robust and scientifically justifiable technique for discovery. While the computational cost
is higher, it is justified by its potential to derive the model directly from observation,
thus minimising bias imposed by the user and providing more accurate and credible
estimations of parameters.

Table 3.7.4 reports the empirical variances of the drift and diffusion coefficients iden-
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; Logistic (3.7.1) ; Predator-Prey (3.7.2) , Option Pricing (3.7.3)
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Figure 3.7.4: comparison of RMSE for the SDDEs (3.7.1), (3.7.2) and (3.7.3) with all the
approaches A, Bl and B2 against all the estimators KM, FD, CD and TR [18].
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Figure 3.7.5: comparison of the absolute errors |&; — &;| (left) and CPU time (right) for
varying € for the logistic SDDE (3.7.1) with B1-FD [18].
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Figure 3.7.6: comparison of the absolute errors |&; — ¢;| for drift (top row) and diffusion
(bottom left) for increasing My, for the logistic SDDE (3.7.1) using A, B1 and B2 all with

FD [18].

M) A B1 B2

Var drift Var diff Vardrift Var diff Vardrift Var diff
10 7.78¢! 1.01€° 291¢!  3.25¢2 7.76¢!  5.03¢1
100 7.60e!  9.33¢1  850e1 2.09¢73 3.53¢!  3.8le!

1000 7.57¢!  9.30e"!  834e! 1.32¢72 3.84¢!  4.23¢7!

Table 3.7.4: Empirical variance of the estimated drift and diffusion coefficients for the
logistic SDDE (3.7.1) under approaches A, Bl and B2 as a function of the number of tra-
jectories M,j. For each setting, the variance is computed over repeated Monte Carlo runs

of the identification procedure.
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tified in the logistic SDDE example when approaches A, Bl and B2 are applied to en-
sembles with Miraj € {10,100, 1000} independent trajectories. In each case, the variance
is computed across Monte Carlo repetitions of the full identification pipeline, and thus
quantifies the dispersion of the parameter estimators around their mean, complement-
ing the bias information already shown in Tables 3.7.1 to 3.7.3. Consistent with the error
analysis, Bl yields the smallest variances, especially for the diffusion term, whereas B2
exhibits substantially larger variability, confirming that its parameter estimates are statis-
tically much less stable despite being based on the same underlying data. Moreover, the
variances for approach A decrease only marginally as M,j increases, which illustrates
that this strategy is predominantly limited by the assumptions made in the synthetic re-
simulation step rather than by the ensemble size.

3.8 Conclusions

This chapter presents a comprehensive framework for sparse identification of SDDEs
through the extension of the SINDy methodology. The work addresses the fundamental
challenge of simultaneously discovering both drift and diffusion dynamics in systems
characterised by non-Markovian behaviour arising from time delays and stochastic per-
turbations.

The main contributions of this chapter are:

e Approach A, which generates synthetic realisations from a single observed trajec-
tory through conditional sampling, demonstrates intermediate performance that
depends critically on the quality of prior knowledge regarding system structure.

¢ Approach B1l, which employs multiple independent trajectories with pre-regression
averaging, demonstrates superiority across all tested models.

* Approach B2, which applies sparse regression to individual trajectories before aver-
aging the identified parameters, consistently yields the poorest reconstruction qual-

ity.

The investigation yields several significant findings:

¢ The comparative analysis of moment estimators (KM, FD, CD, TR) reveals that es-
timator selection plays a secondary role compared to the choice of ensemble av-
eraging strategy. Whilst higher-order estimators (FD, CD, TR) theoretically offer
improved bias characteristics, their practical advantage manifests primarily when
combined with B1. The KM estimator, when paired with B1, achieves performance
comparable to higher-order schemes whilst maintaining computational simplicity.

¢ The analysis of the tolerance parameter € in approach Bl demonstrates a clear trade-
off between statistical variance and bias. Excessively small values of € fail to yield
improvement and may increase computational cost without the corresponding ac-
curacy gains.

* Investigation of ensemble cardinality M.,j reveals that approach B1 exhibits robust
performance with moderate ensemble sizes, whereas approach A requires substan-
tially larger ensembles to achieve comparable accuracy.
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3.8.1 Limitations and future directions

Although the proposed framework presented in this chapter represents a significant ad-
vance in SDDE identification, several limitations remain:

(i) the current methodology assumes that delay values are known a priori or can be
estimated independently.

(i) the demonstrated superiority of approach Bl necessitates access to multiple inde-
pendent realisations of the system.

(iif) the curse of dimensionality poses practical challenges for systems.

(iv) the accuracy of all approaches critically depends on the temporal resolution of the
observations relative to the characteristic timescales of the system.

The combination of delay and stochasticity, while practically effective, remains the-
oretically incomplete. The augmented state approximation allows standard estimators
developed for SODEs to be applied to the delay setting. This is a simplification, because
delay equations are inherently infinite-dimensional and non-Markovian, meaning the
evolution of the system depends on its continuous history, not just isolated past points.
Consequently, conditioning on a finite augmented state lacks formal convergence guar-
antees. A thorough analysis of how delay and stochasticity interact remains a critical
direction for future theoretical research.

Prospectively, the structure offers potential future expansion directions, such as the
integration of increasingly complex and problem-specific candidate libraries to tackle
more subtle nonlinear and nonlocal dynamics. Furthermore, it must be put into prac-
tice and tested on actual empirical data to withstand practical issues such as measure-
ment noise and missing data, in conjunction with fostering hybrid estimation schemes to
merge the best properties of both statistical and machine learning formulations. More im-
portantly, structure-preserving machine learning formulations, such as physics-informed
neural networks, can be integrated to considerably improve the model stability and in-
terpretability by preserving critical physical constraints. Overall, these directions have
potential to facilitate broader applicability and increased impact of sparse identification
schemes for SDDEs, to provide robust, interpretable, and computationally tractable data-
driven investigations in complex stochastic systems involving memory.

The subsequent chapter extends the SINDy framework to distributed delay systems,
addressing the identification of nonautonomous kernel functions that capture the cumu-
lative influence of state histories over continuous delay intervals.
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4.1 Introduction

The previous chapters have developed sparse identification methods for deterministic
and stochastic DDEs, establishing frameworks for discovering governing equations with
discrete time delays from observational data. Although these approaches handle sys-
tems with one or more discrete delay values, many real-world systems exhibit distributed
memory effects [3, 9, 21, 98], where the time evolution depends not on isolated past val-
ues but rather on a continuous weighted history of the system. This chapter extends the
SINDy framework to distributed delay systems, addressing the challenge of identifying
the functional form of distributed memory kernels directly from time-series data. This
chapter is primarily based on the submitted work [28].



64 4. SINDy for structured populations with distributed memory effects

Delay integro-differential equations (DIDEs) and renewal equations (REs) are fun-
damental classes of infinite-dimensional dynamical systems that capture systems with
distributed memory. These models arise naturally in ecology, epidemiology, physiology
[7, 33, 34, 148], and other fields where population structure or system memory depends
on continuous distributions of past states rather than discrete delay points. The gov-
erning equations feature integral functionals with nonautonomous kernel functions that
depend explicitly on both the integration variable (representing age, maturation time, or
history) and the state values at past times. Identifying such systems from data presents
a difficult problem, reconstructing both the analytical form of kernel and the integration
bounds becomes significantly more challenging than handling discrete delays because
the number of potential functional forms is uncountably infinite.

A significant gap remains in applying SINDy to systems with distributed memory,
which more realistically capture past dependence. Moreover, standard SINDy applica-
tions fail to capture the interpretable structure of distributed memory kernels, instead
producing high-dimensional black-box models. A robust, data-driven approach is there-
fore needed that can discover both the analytical structure and parameters of distributed
delay systems without relying on extensive prior knowledge.

4.1.1 Problem statement

Identifying DIDEs and REs from observational data presents distinct challenges com-
pared to discrete delay identification. The main issue is discovering ¢ rather than G
(the integral of g), as a standard SINDy application would. As a consequence, the non-
autonomous nature of ¢ brings in further challenges. Standard SINDy libraries require
modifications to capture this structure. Additionally, the integration bounds are often un-
known, and the continuous nature of distributed delays leads to a dimensionality prob-
lem.
The specific challenges addressed in this chapter include:

¢ identification of nonautonomous kernel functions from time-series data;
¢ recovery of unknown integration bounds and other non-multiplicative parameters;
¢ computational efficiency in high-dimensional parameter space exploration;

* robustness to noise and sampling strategies whilst maintaining interpretability.

4.1.2 Background and related work
Distributed delay systems in applications

Systems with distributed memory have been extensively studied, and as an example,
the logistic Daphnia model [22, 26] exemplifies consumer-resource dynamics with age-
structured maturation delays. Behavioural epidemiology models [7, 33, 34] incorporate
vaccination responses based on the historical prevalence of the disease, weighted through
memory kernels. Ricker-type population models [9, 75] employ gamma-distributed mat-
uration delays to describe reproduction dynamics. These applications demonstrate that
distributed delays arise naturally and require interpretable identification methods to re-
veal underlying mechanisms.
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State of the art for distributed delay identification

Previous studies have developed theoretical methods for analysing systems with dis-
tributed delays based on first-principles approaches, including spectral methods, Flo-
quet theory, and bifurcation analysis with specified kernels. However, data-driven dis-
covery of distributed delay systems remains largely unexplored. The integral SINDy
(ISINDy) framework [96, 117, 140], as they are based on the integral formulation of ODEs,
provides a foundation by replacing numerical differentiation with integration. This ap-
proach shows promise for handling integral functionals because integration is inherently
more stable than differentiation in the presence of measurement noise. However, exist-
ing integral SINDy methods do not address the nonautonomous nature of distributed
kernels. As a result, the extension to DIDEs and REs requires substantial methodological
innovation.

Gaps in existing methods

Despite advances in data-driven system identification and theoretical analysis of dis-
tributed delay systems, critical gaps remain:

e traditional first-principles approaches require deep domain expertise;

* no systematic data-driven methods exist that preserve interpretability for nonau-
tonomous kernels;

* standard SINDy produces black-box models unsuitable for understanding kernel
structure and biological interpretation;

¢ data-driven discovery of nonautonomous kernels lacks systematic approaches that
maintain interpretability;

¢ ISINDy lacks systematic approaches for discovering nonautonomous kernel func-
tions.

These gaps motivate the development of new approaches that can discover both the
analytical structure and parameters of distributed delay systems whilst preserving the
sparsity and interpretability advantages of the SINDy framework.

4.1.3 Aim and objectives

The goal of this chapter is to develop a comprehensive methodology for sparse identifi-
cation of DIDEs and REs that discovers the nonautonomous kernel function directly from
time-series data without requiring prior knowledge of its structure. This chapter intro-
duces a novel framework that combines integral SINDy with quadrature-based kernel
approximation and external optimisation to enable systematic kernel discovery.

The main methodological innovations are as follows:

(1) Quadrature-based kernel libraries: a consistent approach for constructing candi-
date function libraries that explicitly include both the delay variable and state his-
tory, enabling recovery of nonautonomous kernels;
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(if) Extended sparse regression: an extension of the ISINDy framework that applies
sparsity-promoting optimisation to identify the analytical structure of distributed
memory kernels through weighted sums of quadrature terms;

(iii) Joint optimisation of bounds and kernels: external optimisation algorithms that
simultaneously identify unknown integration bounds and other non-multiplicative
parameters whilst maintaining interpretability through internal sparse regression;

(iv) Comparative analysis of quadrature strategies: investigation of various numerical
quadrature rules and their effects on kernel recovery accuracy, computational cost,
and robustness to noise.

The main objectives of this chapter are therefore as follows:

* todevelop a general data-driven framework for identifying DIDEs and REs without
requiring prior knowledge of kernel functional form or integration bounds;

* to extend the ISINDy framework to handle nonautonomous kernels via quadrature
approximation and weighted library construction;

* to assess the performance of different quadrature rules, sample sizes, and sparsity
parameters in kernel recovery;

* to show simultaneous identification of kernel structure and integration bounds via
external and internal optimisation;

* to validate the proposed methodology through comprehensive numerical experi-
ments on benchmark systems ranging from simple prototype models to complex
biological systems.

4.1.4 Chapter organisation

The chapter is organised as follows. Section 4.2 introduces the mathematical founda-
tions of DIDEs and REs, establishing notation and core concepts. Section 4.3 reviews the
integral SINDy framework for ODEs, which provides the conceptual basis for the exten-
sion to distributed delays. Section 4.4 presents the main methodology for identifying
distributed delay systems, detailing the construction of quadrature-weighted libraries
and formulation of sparse regression, and offers a comparative analysis between the pro-
posed distributed delay specialised approach and standard black-box SINDy application
on a Ricker-type population model, highlighting the interpretability advantages of the
new framework. Algorithmic implementations and external optimisation procedures are
provided in this section. Section 4.5 presents comprehensive numerical experiments on
prototype models, demonstrating the performance of the methodology under various
conditions. Finally, Section 4.6 concludes the chapter, summarising contributions and
limitations and outlining future research directions for data-driven discovery in infinite-
dimensional dynamical systems.
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4.2 Distributed delay differential and renewal equations

In many delayed dynamical systems, the time evolution of the concerned quantity de-
pends not only on its values at just one or a few single distinct points in the past but
rather on a weighted contribution of its history (full or possibly partial in between given
or unknown time instants), with such weighting described by a delay kernel. Such sys-
tems are portrayed by models with distributed memory, in which past dependence is
expressed via integral functionals. DIDEs and REs are primary classes of such models,
together with relevant or even more complex formulations via PDEs (we refer the inter-
ested reader to [11, 52] as far as models of structured populations are concerned).

DIDE and RE

In principle, both DIDEs and REs can make use of a common structure for the
right-hand side to capture the influence of the history of the system. In this respect
a general DIDE is formulated as a differential equation

x'(t) = T(x;) (4.2.1)
whose rate of change depends on the past, whereas a typical RE
x(t) =T(x) (4.2.2)

directly relates the current value of the unknown to its history x; defined as
x¢(0) = x(t+0), o € [-7,0], for a given maximum delay T > 0. In both formu-
lations, the central component is a functional I' : X — IR" for n a positive integer,
which processes the state history and operates in a Banach space X of functions
[—7,0] — R" of suitable regularity (typically continuous for DIDEs and measur-
able for REs [46]). T accounts for the aggregated influence at the current time of
the history of the system on the time span [—7,0]*. This functional is, in general,
defined by an integral

0
I(¢) = /T'y(a,go(a)) do, ¢cX, (4.2.3)
over the delay interval, where y : [—7,0] x R” — R" is a smooth, possibly nonlin-
ear map that we call the kernel function throughout the chapter. v determines the
specific nature of the model by assigning a weight to past states. The integration
variable o represents the history time from the present moment ¢: it directly affects
the weight selection (first argument of -y) beyond the specific moment at which the
past is considered (via the second argument of 7).

“We omit to consider formulations with multiple integrals because the following treatment can
be generalised straightforwardly also thanks to the additivity of integration. Instead, in the case of
DIDEs, we feel free to include next also current time and discrete delay terms.

HereI' : X — R” denotes the distributed-delay functional and vy its kernel; they are
unrelated to the gamma distribution mentioned later.
As we clarify in the following sections, this nonautonomous dependence of -y from ¢
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is a key aspect for its reconstruction from observed data. We instead conclude this section
with a couple of prototype examples of DIDEs and REs.

Example : Logistic daphnia model

The logistic daphnia model [22, 26] given by
a
b(t) = BS(t) / "b(t — a) da, (4.2.4a)

/ 5(t) §

§'(8) = rS(t)( - /C) —vS(t)/a b(t — a) da, (4.2.4b)
offers a simplified framework of an RE coupled to a DIDE to describe a consumer-
resource dynamics. Above b denotes the birth rate of a population feeding on a
resource S that in the absence of the consumer grows logistically with the growth
rate r and carrying capacity K. B and v are the effective fertility and consumption
rates of the adult individuals of the consumer population, which are assumed to
have a constant survival probability between the maturation age 4, and the maxi-
mal age a4.

In Section 4.5 we employ (4.2.4) as a representative example of models of coupled
DIDEs/REs, making it an ideal starting point for demonstrating the effectiveness of the
proposed sparse identification of distributed memory kernels. In the experiments, we
will treat both the maturation and the maximum ages as unknown. In terms of (4.2.1)
and (4.2.2) (and recall footnote ?) the right-hand side of (4.2.4) can be rewritten as

f(by, St) +T(by, St)

with

o= (orpio (1- ¥2))
and

Mo )= [ 7(0,9(0), (c)) do
for

1(0,9(0),9(0)) = (B(0)p(0), —1(0)9(0))" .

In Section 4.5 we will identify both f and 7. Note that in this case, the kernel 7 is
autonomous.
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Example : Behavioural epidemiology SIR model

In the behavioural epidemiology framework considered, e.g., in [7], the classical SIR
paradigm can be expanded to include vaccination conditioned on information de-
cision processes. Consider a stable and equally interacting population structured
into compartments comprising susceptible (S), infected (I), recovered (R) and vac-
cinated (V) individuals, with the vaccination rate governed by an information vari-
able M(t) tracking past disease levels. A possible mathematical model reads

S$'(t) = p [1 — p(M(1))] — uS(t) — BS(£)1(t),
I'(t) = BS(1)I(t) - (14+V) (t),

R(t) = vI(t) — pR(t),

VI(t) = up(M(1)) — pV (1),

where y is the demographic turnover rate, § is the contact rate, and v is the re-
covery rate. The coverage function p(M) is assumed to be non-decreasing and is
used to express the proportion of immunised newborns in terms of an information
variable 0
M(t) ::/ K(o)h(S(t + o), I(t + o)) do.

Here, h : [0,+00) x [0,+0c0) — R accounts for the prevalence of the disease
weighted through a normalised memory kernel K. Typically K has the form of
an Erlang distribution, but realistic data may call for different choices, asking for
suitable identification tools.

\ J

Note that in general the local stability at the endemic equilibrium is highly affected
by the properties of K [3]: as the memory concentration increases, the system is likely to
have an increased number of intervals with instability in the form of Hopf bifurcations
and oscillations. The model above considers an infinite delay and although analytical
tools can handle this case in particular situations (e.g., resorting to the linear chain trick
[93] as in [48]) as well as suitable quadrature rules on the half-line can be employed, time
truncation can prove successful for the sake of identification, as we will show in Section
4.5 for another (Ricker-type) population model with infinite delay that we will consider
first in Section 4.4.3.

4.3 Integral SINDy for ODEs

The SINDy framework of [30, 31] for ODEs seeks to recover parsimonious governing
equations for dynamical systems directly from time-series data. When time derivatives
of the state variables are not available, the standard approach [30, 31] relies on numerical
differentiation, which may lead to significant sensitivity to the measurement noise. The
alternative application of SINDy to the integral form of the underlying ODE has been
proposed to improve robustness [96, 117, 140]. In this version, hereafter referred to as
integral SINDy, the derivative estimation is replaced with numerical integration, which
is an inherently more stable operation in noisy settings. This choice has inspired our
treatment of systems with distributed memory, therefore we briefly describe its main
features next.
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Consider the IVP () = F(x(® 0.7]
x' ()= f(x(t), te€]0,T],
{ (0) = xo, (4.3.1)

for a general autonomous system of ODEs where f : R” — IR" is an unknown vector field
to be identified, xp € R" and T > 0. Integrating (4.3.1) yields the equivalent integral form

x(t) — xo = /O £ (o)) do, 432)

In practical scenarios, the state is observed at discrete times t4, . . ., t;; and the correspond-
ing snapshots are organised in the data matrix

xl(tl) s xn(tl)
X=(Xy,...,X,) = : : e R™", (4.3.3)
Xl(tm) cee xn(tm)

Following the SINDy methodology, each component f; of the vector field is approx-
imated as a sparse linear combination of candidate functions from a predefined library
O(x) € R™*P. The library may include polynomial, trigonometric, or other nonlinear
terms. Hence

filx) = 0(x")g;, (4.3.4)

where {; € R? is a sparse coefficient vector for the j-th governing equation. Substituting
the latter into (4.3.2) requires integrating the candidate functions of the library. To this
aim we resort to a simple rectangles formula based on the same time instants of the data
sampling, assumed to be uniformly distributed in [0, T| for the sake of simplicity. By
letting h == t — t;_1 we get

t; i—1
xi(t;) — xo; ~ </0 O(xT(0)) da) g~ (h,E)@(xT(J"))) Gj (4.3.5)

for each state component j = 1,...,n and every time instant t;, i = 1,...,m. This estab-
lishes a relationship between the change in the state variable over the interval [0, T] and a
linear combination of the functions of ® through the unknown coefficients ¢;. According
to the standard SINDy procedure, the regularised least squares regression

Xj— Xo,j — ( E®(Xk,:)) g

k=0

éj = arg min <

ZeRP

+/\HCHl> (4.3.6)

2

is solved independently for each j = 1,...,n to find the sparse vector ¢; that best de-
scribes the dynamics f;. Above Xj . denotes the k-th row of X and A is a regularisation
parameter that controls sparsity. (4.3.6) is a standard convex optimisation problem that
can be solved efficiently using established tools such as STLS [30] or LASSO [132]. In gen-
eral one can resort to other quadrature formulas and the approach can be easily adapted
to the case of non-equispaced samples by using (piecewise) linear interpolation. Next
we adopt the underlying use of quadrature to tackle equations with distributed delays,
where in general a remarkable difference from what described here is that the integral
kernel is by nature nonautonomous.
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4.4 Extending SINDy to identify distributed memory kernels

We first illustrate in Section 4.4.1 our general approach to identify the kernel g of a dis-
tributed memory dependence that characterises the right-hand side (4.2.3) of a DIDE
(4.2.1) or an RE (4.2.2). Then in Section 4.4.2 we briefly discuss relevant algorithms in-
cluding the use of advanced optimisation tools to recover possible unknown delays or
non-multiplicative parameters! . In the hereafter, we use the term “external” optimi-
sation to refer to this specific problem, which in this context is mainly devoted to re-
covering unknown integration extrema beyond model parameters characterising special
nonlinearities that might be included in the SINDy library in a physics-informed fashion.
Finally, in Section 4.4.3 we compare the new approach with a standard SINDy aimed at
just reconstructing the unknown dynamics as a “black-box” model, which does not pro-
vide any information on the underlying integration kernel. This analysis is performed on
a specific DIDE with a nonlinear and nonautonomous kernel of Ricker type.

4.4.1 Quadrature and weighted libraries

In order to extend SINDy to recover distributed memory right-hand sides, it is key to
first apply a suitable quadrature formula to approximate the integral representing I'(x;)
in (4.2.3) as a sum of weighted kernel values:

: K
/O v(o,x(t+0))do~ ) wey(ow, x(t+ 0k)). (4.4.1)
T k=1

The above K represents the number of quadrature nodes 0y, € [—7,0] and the correspond-
ing weights wy, k = 1,...,K. According to the driving principle behind SINDy, we as-
sume that the kernel y admits a sparse linear representation within a library of candidate
functions ©. Since at each time ¢ the kernel <y is a function of both the delay variable ¢ and
the state value x(t + o), the library must take into account both arguments, thus allow-
ing the recovery of nonautonomous kernels. Therefore, the delay variable ¢ is treated as
an explicit candidate function, together with its possible nonlinear dependencies. Then,
in view of the quadrature (4.4.1), for each k = 1,...,K we first consider a library © of
candidate functions p which depend on the quadrature node o} and time-shifted state
values x(t + 0;)?. Following the usual SINDy description relying on the available time
samples organised in the matrix X as in (4.3.3), such a k-th library may typically include
polynomial terms up to a given degree d as

( @k = @(O'k,X(' +‘7k)) = [1,
Ukixl(' +Uk)/~~'/xn(' +Uk)/
o, o X1 (- +0k), ., 0 X (- +01)), X5 (- 4 %),

0';3,0';5_1)(1(' +Uk),. . ,Xz( —}-U'k)],

plus any other nonlinear function of either oy or X;(- + %), j = 1,...,n, that the user
can add based on prior model knowledge or any other available information (e.g., %,

Multiplicative ones are indeed contained in the regression vectors gj-
2Note that in principle p can depend on k even though we do not resort to such generality here.
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sin(X;(- + %)), etc.). Above X;(- + 0x) represents the j-th state variable evaluated at
shifted time instants ¢; + 0y, i = 1,...,m: such values can be recovered by (piecewise
linear) interpolation if not already at disposal within X.

A weighted sum of these libraries @, k = 1,..., K, through the chosen quadrature
weights wy represents the complete SINDy library to be used in the final regression prob-
lem. For an RE (4.2.2) the corresponding linear representation reads

K
X]' ~ (Z wk@(Uk,X('+Uk))> é(]‘, (4.4.2)
k=1

for each j-th component of the state, j = 1,...,n. For a DIDE (4.2.1) it is enough to
replace X; at the left-hand side with samples data X;- for the time derivatives®. In (4.4.2)
the vector ¢; € R” is the sparse vector of coefficients sought that finally selects the active
library terms for the j-th equation. To get each ¢; we independently solve the regularised
regression problem

FERP

K
X; — (Z wrO (o, X(- + (Tk))) g

k=1

+)‘H§j’|1>-

foreach j = 1,...,n. This is a standard convex optimisation problem that can be solved
efficiently using established tools such as STLS [30] and LASSO [132]. By collecting all the
resulting sparse vectors in a matrix & := (§1,...,(,) € RP*", we finally identify (4.2.2)

with 0
x(t) =~ (/ (H)(U,xf)dU) g
T

(or (4.2.1) with x/(t) replacing x(t) at the left-hand side), thus revealing the underlying
analytical structure of the kernel vy in (4.2.3).

é'j = arg min (

2

4.4.2 Algorithmic implementation

We give here a brief description of the algorithms included in Appendix A that are used
in Section 4.5 for numerical tests.

Algorithm A.8 outlines a systematic method for identifying DIDEs (4.2.1) and REs
(4.2.2) using the proposed SINDy framework as illustrated in the previous section. The
resulting tool relies on a priori knowledge of the involved delays, which provides the con-
cerned integration window(s). In realistic situations, this information is hardly available,
and the same consideration holds for any other (non-multiplicative) parameter character-
ising possible specific nonlinear dependencies (e.g., the exponent of an exponential func-
tion or the frequency or phase of a sinusoid), as well as for numerical parameters such
as the number K or the distribution of the quadrature nodes. For this reason, following
[16], we integrate the new SINDy framework of Algorithm A.8 into a second algorithm,
viz. Algorithm A.9, which performs an iterative external optimisation loop over the pa-
rameters of interest to minimise the SINDy reconstruction error given by Algorithm A.8.
We introduce the latter for REs as

e(p) = [IX—©(p)E(p) 3, (4.4.3)

3 Again, derivative values can be recovered from X via suitable techniques for noise reduction [37] if not
available from measurements. Alternatively, one can resort to the integral reformulation of the DIDE as
explained in Section 4.3 for ODEs.
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where p denotes the vector of possible parameter values in the current step of Algo-
rithm A.9 (for DIDEs, replace again X with X')*.

External optimisation methods are used to effectively search the parameter space to
reduce the error function to a value such that both the recovered kernel and its associ-
ated parameters are properly aligned with the observed data. Therefore, Algorithm A.9
helps uncover not only the sparse structure of the distributed delay kernel (via the “inter-
nal” regression of SINDy) but also its bounds, other embedded parameters, and possible
numerical settings (via the “external” optimisation loop), thereby enhancing both the in-
terpretability and the predictive accuracy of the identified model.

4.4.3 Comparing kernel reconstruction to a black-box SINDy approach

To illustrate the differences between applying the proposed specialised framework for
distributed delays (hereinafter named DD-SINDy) and a standard SINDy “black-box”
approach (hereinafter named BB-SINDy)

Example : Ricker-type population model

We consider Ricker-type population model which represents the DIDE [9, 75]. The
model reads

n

0
x'(t) =do (/ F(';)T(U)e“dl"’”x(t“’)x(t +0)do — x(t)) , (4.4.4)

modelling the growth of a single-species population according to a gamma-
distributed maturation delay and a Ricker-type nonlinear reproduction with posi-
tive parameters # and a (see [9, equation (4)] or [75, 111]). x(t) denotes the size of
adult individuals at time t > 0, dg > 0 the constant death rate of the population,
and d; > 0 the constant death rate during the maturation stage.

The integral term represents the birth rate, which depends on the history of the pop-
ulation, with a delay continuously distributed according to

lxn(_o.)n—lezw

F,,En) (0) = W,

o € (—c0,0], (4.4.5)

for n a positive integer and & := /7, with mean T > 0 and variance 72/n. Our objective
is to recover the nonautonomous kernel

10, 9(0)) = doE" ()19 g (0), o € (—00,0], (4.4.6)

using the time-series data of x(t). For the sake of focusing on the comparison of the DD-
SINDy with BB-SINDy, in this section we deliberately tackle a simple instance of (4.4.4)
by choosing d; = 0,dy =a =1, =1og80,n = 4 and T = 1, in which case # = 4 and the
explicit kernel (4.4.6) reduces to

y(o,9(0)) :=C- 03e4‘7e’<”(‘7)g0((7) (4.4.7)

#Note that in the experiments, part of the data are used to train SINDy and part to validate the recovered
model; in this respect (4.4.3) is extended to account for both contributions.
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for ¢ := —10240/3. The above choices return (o, x(f + 0)) as a product of integer
powers of the basis functions o, ¢, e~ x(t+o) x(t) and x(t 4+ o), which we therefore use
as candidates to construct a polynomial SINDy library ©pp of degree (at least) 4 for DD-
SINDy. Moreover, we further simplify model (4.4.4) by truncating the influence of the
history on the integration window [—107, 0] (in Section 4.5.2 we consider a more general
case with non-integer powers as well as irrational exponents to challenge the external
optimisation Algorithm A.9 in combination with kernel recovery via DD-SINDy).

As far as BB-SINDy is concerned, (4.4.4) is seen just as an instance of the general form
(4.2.1), so that we seek for a sparse representation of the right-hand side as

T(x;) ~ Opp(x] )E.

By resorting to a general polynomial library it is clear that one expects BB-SINDy to cor-
rectly recover the coefficient —dy of the linear term in (4.4.4), but in general all the other
coefficients will not serve to identify interpretable structures for the right-hand side, al-
though the returned model can well serve for make predictions via simulation beyond
the time range of available data.

For the sake of comparison, synthetic time series data for the population x were gen-
erated in the time window [0,20] by numerically solving the IVP for (4.4.4) with initial
function ¢(s) = 0.5, s € [-107,0]. Actually MATLAB’s dde23 was used to integrate
a version of (4.4.4) with the integral replaced by a uniform rectangles-based quadrature
with K = 50 uniform nodes. Then 100 samples were selected, with 80% reserved for train-
ing both DD-SINDy and BB-SINDy, while the remaining data were used for validation
to assess the accuracy of the prediction. The same number and distribution of quadra-
ture nodes was used for DD-SINDy, while the sparsity-promoting hyperparameter was
set to A = 1072 for both DD-Sindy and BB-SINDy. STLS was used to solve the relevant
sparse regression problem. The trajectories of the two recovered models are compared to
the ground truth in Figure 4.4.1, showing a remarkable reconstruction capacity for both
training and validation.

The root mean square error (RMSE) (4.4.3) measured on the derivatives was also used
to evaluate the performance of both approaches, see Table 4.4.1. The latter shows also the
accuracy of the coefficients learnt during sparse regression. DD-SINDy is able to recover
both d in (4.4.4) and vy in (4.4.7), while BB-SINDy returns only the former as already
explained.

4.5 Numerical experiments

In this section we present the results of quantitatively assessing the proposed methodol-
ogy on three different models by using Algorithm A.8 and Algorithm A.9 discussed in
Section 4.4.2 and implemented in Appendix A.
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Figure 4.4.1: comparison of trajectories of (4.4.4) reconstructed by DD-SINDy and BB-
SINDy. m = 100 uniform samples were collected in the time window [0, 20] with K = 50

and A = 1072, using 80% for training and 20% for validation.

SINDy |do — do [y =7

BB-SINDy 6.81 x 1072
DD-SINDy 3.29 x 1073
performance metrics
validation

492 x 103

RMSE,» training
BB-SINDy 3.51 x 1072 9.96 x 1072
DD-SINDy 4.36 x 1072 3.46 x 102

Table 4.4.1: comparison of DD-SINDy with BB-SINDy in terms of the absolute error on
the reconstructed coefficients (top) and RMSE (4.4.3) on derivatives (bottom) for (4.4.4)
in the time window [0, 20] using m = 100 samples and A = 1072, with DD-SINDy using

K = 50 quadrature nodes.

4.5.1 A logistic renewal equation
Example : Toy RE model
We assess the proposed methodology using prototype equations such as
-1
x(t) :/ (0 + Dx(t +0)[1 — x(t + 0)] do. 45.1)
-3
Data is generated using the time integration scheme of [97] with a constant history

function ¢ () = 0.5, 0 € [—3,0]. Uniformly spaced samples are collected on [0, 20],
using the first 50% for training and the remainder for validation.

A polynomial SINDy library of degree 3 is constructed in combination with trape-
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zoidal quadrature [138] and the tests are carried out by varying the number K of quadra-
ture nodes, the hyperparameter promoting sparsity A and the number m of samples.

Table 4.5.1 presents the active library terms recovered by DD-SINDy with m = 100,
K=128and A = 1077, together with relevant RMSE on the derivative for both training
and validation. The quadratic library proves insufficient to capture the system dynamics,
while extending the library to d = 4 slightly degrades parameter accuracy due to the
inclusion of redundant higher order terms. Conversely, the cubic library achieves the
best performance, reducing the coefficient error to 107°. Correspondingly, Figure 4.5.1
illustrates the reconstructed trajectories.

library terms & — &
Polynomial Polynomial Polynomial
order 2 order 3 order 4
x(t+ o) 6.11 x 107! 1.82x107% 2.69 x 107!
o-x(t+0o) 6.90 x 1071 3.06 x 1073 4.62 x 107!
x(t+0)? 419 %1072 274x107% 1.30x 1072
o? 9.89 x 107! - -
o x(t+0) - 9.00x107% 255x10°!
oc-x(t+0)? - 355x107* 993 x 1073
x(t+0)3 - - 513x 1073
o3 x(t+0) - - 419x1072
2. x(t+0)? - - 1.64x 1073
oc-x(t+0)3 - - 190 x 1073
x(t+ o)t - - 888x107*

performance metrics
RMSE,

training 201x107! 140x107% 125x10°3
validation 1.44x 1071 218x107* 3.70x107*

Table 4.5.1: absolute errors on the coefficients of the polynomial library terms recovered
by DD-SINDy on (4.5.1) with degree d = 2, 3 and 4 (top); relevant RMSE on the derivative
(bottom). m = 100 uniform samples were collected in the time window [0,20] with K =
128 and A = 10>, using 50% for training and 50% for validation.

Further tests were carried out by varying the number K of quadrature nodes, the hy-
perparameter A promoting sparsity and the number m of samples, employing also rect-
angle and Clenshaw—Curtis quadrature [41, 57, 134] for the sake of performance compar-
ison, see Figures 4.5.2 to 4.5.5. In general and unsurprisingly, the accuracy improves by
increasing the number K of quadrature nodes independently of the fixed value of A and
of the fixed number of samples m, see Figure 4.5.2 for m = 50, Figure 4.5.3 for m = 200
and Figure 4.5.4 for m = 1000. The behaviour of different quadrature formulas is sim-
ilar for low or moderate values of m, while for larger values differences emerge, with
Clenshaw-Curtis prevailing on the other choices. At fixed number of quadrature nodes
K the accuracy decreases with the number of samples m, apparently reaching a barrier al-
ready with moderate values on the order of hundreds. Clenshaw-Curtis and trapezoidal
rules perform a little better than rectangles, even though no clear trend is visible along
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Figure 4.5.1: comparison of trajectories of (4.5.1) reconstructed by DD- SINDy with a
polynomial library of degree d = 2, 3 and 4; corresponding data in Table 4.5.1.

the barrier.

The accurate identification of distributed delay kernels via DD-SINDy turns out to be
a delicate balance among the adopted quadrature, an appropriate choice of A and an ade-
quate sampling (i.e., m). Let us just notice indeed that while the classical quadrature error
is the result of replacing the integrand with a suitable finite-dimensional approximation,
typically (piecewise) polynomial on given sets of nodes, in the case of sparse regression
one has to take into account also (and mainly) for the linear approximation through the
library candidate functions.

4.5.2 An advanced Ricker-type model

As in our second case study, our method is applied to a more sophisticated system as an
advanced model (4.4.4). With parameter settings n = 4,a = 71/10,d; = 0.5and T =1, so
that the kernel (4.4.6) becomes

v(0, 9(0)) = { - 2/ W00 (), (4.5.2)

Therefore, the factor ¢® can be recovered via a polynomial library that includes the candi-
date function o, the two exponential factors need for external optimisation of both non-
multiplicative parameters di and a when these are assumed to be unknown as it is the
case here. In particular Algorithm A.9 was used to externally optimise all the unknown
valuest=1,n =4, +d; =4.5and a = 7/10. The recovered value for n was rounded
to the nearest integer and combined with the optimised 7 to get first « = n/7 and then
dy from the optimised value of « + d, while 2 was optimised independently.

Data for the tests is generated similarly as illustrated in Section 4.4.3, collecting now
m = 500 equidistant samples on [0, 20], using the first 80% for training and the rest for
validation. A polynomial SINDy library of degree d = 4 is employed in combination with
trapezoidal quadrature with K = 100 nodes and A = 10~2. Table 4.5.2 collects the results
concerning the externally optimised values (top part), the absolute error on the recovered
sparse coefficients (central part) and the RMSE on the derivative both for training and
validation (bottom part). Correspondingly, Figure 4.5.6 shows the recovered trajectory
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Figure 4.5.2: comparison of RMSE on trajectories (top row) and absolute error on coefficients (bottom row) for (4.5.1), varying K and
A = 0.1 (left), A = 0.01 (center) and A = 0.001 (right). m = 50 uniform samples were collected in the time window [0, 20] using 50%
for training and 50% for validation.



79

4.5. Numerical experiments

“uonepIfeA I0J 9%,0G6 pue 3ururen
10§ 9,06 3utsn [0z ‘0] MOPUIM SWIT} B} UT Pa3dd[0d a1tam sajdures uriojrun ooz = w “(WY3L) 1000 = v pue (183uad) 10°0 = Vv ‘(J2])
1'0 = Vv pue Y 3urdrea ‘(moI w0330q) SJUSIYFO0d UO JIOIId djnjosqe pue (mor doy) sarro3osfer) uo FSIAR Jo uostredwod :¢'¢§ am3rg

pi| b | oI

SIUIIDIHJO0 U0
I0II0 93njosqge

SN A10700[eT)

1000 =X 1000 =X
_m_t_._o-.smr_mcm_OIml [epiozadel] —e— 8|Bueloey |¢|7




4. SINDy for structured populations with distributed memory effects

80

TT Rectangle —e—Trapezoidal Imlo_osm:mé-oc:_mi

A=0.01

10"

& -2

un 10
e
>y

o -3

e 10
[&]
2
£

+ ._O.L.

10°
8 £

S 10
S E
5 O
= 9
m O
L 4

® D A .

10° , 10° :
10’ 10° 10" 102

Figure 4.5.4: comparison of RMSE on trajectories (top row) and absolute error on coefficients (bottom row), varying K and A = 0.1
(left), A = 0.01 (center) and A = 0.001 (right). m = 1000 uniform samples were collected in the time window [0, 20] using 50% for

training and 50% for validation.

107!

A =0.001




81

4.5. Numerical experiments

“uonepIeA 10§ 9,0G pue ururen
10J 9,06 3ulsn [0z ‘0] MOpPUIM W} Y} UT Pajda[[0d a1om safdures wrojrun 00T = Y “(Y3) 100°0 = v pue (193uad) 10°0 = V ‘(J21)
1°0 = VY pue w 3urdrea ‘(MOI W0}0() SJUSDJ0 U0 I011d njosqe pue (mox doy) sarrojosfen; uo FSAR Jo uostredwod :¢'G§ a3y

I I I
]! 0] ol ol (0] (0] 0l 0l (o]8
€ c L € e I € c s
_ _ ,.01 , | ,.0L _ , ,0L
i m Wu..
[}
2 S
g d d jur
.Nuo_' r .Nuo_' Nuo—' Omﬂ m.v
S e
e 3
=<
S =
o0t S , 800+ _ : o0t
.VIOF .VIOF .VIOF
=
&
=
a
=]
i.0L 1.0l 0L 2
=
=
@]
3]

10000 =YX 100=X T0=YX

T_tzo-amcmcm_olml |eplozadel] —e— a|bueloay —e—




82 4. SINDy for structured populations with distributed memory effects

and kernel, while Figure 4.5.7 illustrates the iterations of the external optimisation by
Algorithm A.9 as explained above.

The results in Table 4.5.2 show that the proposed methodology efficiently compresses
significant model terms that contain small coefficients and estimation errors and demon-
strates strong performance in generalisation and parameter estimation. Optimisation
took approximately 1.50 x 103 s for 971 calls to the DD-SINDy to reach a given tolerance
of 107#, ensuring that PS efficiently identified high-dimensional dynamical structures.

As illustrated in Figure 4.5.6, the recovered trajectories closely resemble the ground
truth, and the extracted kernel agrees strongly with the actual kernel, thus confirming
the approach for the (4.4.4) data. In addition, Figure 4.5.7 illustrates the convergence
behaviour of the extracted parameters (7, T, 5/1\1, a), where the optimisation paths demon-
strate effective convergence and alignment with the true values. The results obtained
here are related to a noise-free dataset.

Similar trends are observed for Figures 4.5.8 and 4.5.9 in the noisy dataset with 20%
noise, for which the method showed strong generalisability and effective parameter re-
trieval, despite added perturbations. The results based on Table 4.5.3 demonstrate that
the proposed technique greatly summarises important model terms containing negligible
coefficients and minimal estimation errors, thus retaining high generalisation and param-
eter estimation performance despite noisy conditions. Optimisation took approximately
2.04 x 10 s for 874 solver calls.

25 T T T 1
ground truth true: n=4, 7=1.00 P
20 1y —--SINDy | 0.8 —-=-recovered: n=4, 7=0.99 '-\Il
A o i
1504 4V - = 06 I
A - - I
g 2 i\
10} v 504 I
-' < .
Si 0.2 I
y /o
o! s ‘ S L R / \
0 4 8 12 16 20 -10 5, 0
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Figure 4.5.6: comparison of trajectories (left) and kernel functions over the delay interval
[—107, 0] (right) of (4.4.4) with (4.5.2) by DD-SINDy; corresponding data in Table 4.5.2,
horizontal line in the left panel indicates the equilibrium.

4.5.3 A logistic daphnia model

As a third case study, we applied our methodology to a more complex system, a simpli-
tied logistic Daphnia model (4.2.4). For a system with state variables b and S and parame-
ters a,, a+, B, 1, K and v, a transcritical bifurcation occurs at the consumer free equilibrium
(0, K). With the parameter values a, = 3,4+ = 4,7 = 1, = 1 and v = 1, this bifurcation
occurs at the value of the critical parameter B = (K(a; —a.))~! = 1. At this point, a
new, positive, and stable equilibrium has emerged. This new equilibrium subsequently
undergoes a Hopf bifurcation at a higher value of g ~ 3.0161.

To identify the governing equations from the data, we constructed a SINDy candidate
library comprising polynomial terms up to degree two in b(t) and S(t) in combination
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error on externally |n — 1| |dy — dy| |t — 7| |a — 7|
optimised values 0 143x107% 1.85x107° 3.64 x 107*
error on library |do — do| =4

coefficients 526 x107°  1.68 x 1072

RMSE,/ training validation

1.15x 1073 2.74 x 10~*

Table 4.5.2: absolute errors on the optimised values for (4.4.4) (top) and on coefficients of
the polynomial library terms recovered by DD-SINDy on (4.4.4)(middle); relevant RMSE
on the derivative (bottom). m = 500 uniform samples were collected in the time window
[0,20] with K = 100 and A = 10~2, using 80% for training and 20% for validation.

error on externally |n — 1| |dy — dy| |t — 7| la —a
optimised values 0 148 x 1072 1.10x107* 3.83x107*
error on library |do — do| I=xq

coefficients 4.02x1073 6.75 x 1072

RMSE, training validation

1.19 x 103 2.83 x 10~*

Table 4.5.3: absolute errors on the optimised values for noisy data (20%) of (4.4.4)
(top) and on coefficients of the polynomial library terms recovered by DD-SINDy on
(4.4.4)(middle); relevant RMSE on the derivative (bottom). m = 500 uniform samples
were collected in the time window [0,20] with K = 100 and A = 1072, using 80% for
training and 20% for validation.
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Figure 4.5.8: comparison of trajectories of (4.4.4) reconstructed by DD-SINDy with a poly-
nomial library with 20% noise (left) and kernel functions over the delay interval o (right);

corresponding data in Table 4.5.3.

with trapezoidal quadrature. Time-series data are generated over the interval t € [0,50],
resulting in m = 1733 non-uniform samples using the MATCONT package [90]. This
dataset is partitioned into an 80% training set and a 20% validation set. A notable aspect
of our approach is that the integral bounds, a. and a4, are not assumed to be known but
are identified externally [16, 116] using the PS algorithm.

Using optimal bounds, the SINDy model is trained using a sparsity threshold of
A = 1073. Table 4.5.4 presents the active model terms that are successfully recovered us-
ing this method. Furthermore, Figure 4.5.10 illustrates the excellent agreement between
the dynamics of the original system and the reconstructed trajectories of the discovered
model, which validates the accuracy of our approach for the data from the logistic Daph-

nia model (4.2.4).

error on externally  |a, — a4, lay — g
optimised values ~ 1.00 x 1072 1.70 x 102

(4.2.4a) (4.2.4b) (4.2.4b) (4.2.4b)
error on library S(t)b(t — a) S(t) S(t)? S(t)b(t — a)
coefficients 6.05x 1072 3.01 x 103 450 x 107> 4.44x 102
RMSE, training validation

730 x107% 1.40 x 10~*

Table 4.5.4: absolute errors on the optimised values for (4.2.4) (top) and on coefficients
of the polynomial library terms recovered by DD-SINDy on (4.4.4) with degree d = 2
(middle); relevant RMSE on the derivative (bottom). m = 1733 non-uniform samples
were collected in the time window [0,50] with K = 8 and A = 1073, using 80% for

training and 20% for validation.

The findings from the logistic Daphnia model (4.2.4) underscore two key benefits of
the proposed DD-SINDy framework. Firstly, the approach is effective in identifying cou-
pled systems where the dynamics of one state variable (the resource S) influence the
delayed feedback of another (the consumer birth rate b). Secondly, and perhaps more im-
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Figure 4.5.9: plots of the optimised unknown parameters (7, T, d1, @) were generated using particle swarm optimisation (PS) for the
noisy data of model (4.4.4). The red circle indicates the true optimised values of the parameters.
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Figure 4.5.10: comparison of trajectories of (4.2.4) reconstructed by DD- SINDy with a
polynomial library of degree d = 2; corresponding data in Table 4.5.4.

portantly, the algorithm adeptly determines the finite integration window [a., a+]. Unlike
the Ricker model (4.4.4), which involves an infinite delay, this scenario necessitates pin-
pointing accurate boundaries of the memory kernel. The accurate reconstruction of the
maturation age a. and the maximum age a+ (refer to Table 4.5.4) illustrates that the exter-
nal optimisation loop (Algorithm A.9) can accurately identify the ‘'window of influence’
in historical data, offering not only a predictive model but also biologically meaningful
insights into the characteristics of life-history of the population.

4.6 Conclusions

This chapter significantly extends the SINDy framework by expanding its applicability
to identify the nonautonomous kernel functions of governing equations for systems with
distributed delays and renewal equations. By combining a quadrature-based numerical
approximation with sparse regression techniques, the proposed methodology directly
reconstructs distributed delay kernels from time-series data. This development captures
the complex effects of distributed memory inherent in infinite-dimensional dynamical
systems.

The proposed methodology introduces several key innovations. First, we develop
candidate function libraries that explicitly depend on both delay and state variables, en-
abling recovery of interpretable kernel structures instead of producing black-box high-
dimensional models. Second, the framework applies optimisation to discover parsi-
monious representations of distributed memory kernels via weighted sums of quadra-
ture terms. Third, external optimisation algorithms jointly identify unknown integration
bounds alongside kernel structures, maintaining interpretability. Fourth, comparative
analysis of various quadrature rules provides practical guidance for practitioners.

The novel nature of this work merits emphasis: this study represents the first general-
purpose framework for identifying DIDEs and REs using data-driven sparse identifica-
tion techniques. Whilst prior theoretical and numerical work has analysed distributed
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delay systems under the assumption of known functional forms, we present the first sys-
tematic approach capable of discovering both kernel analytical structure and integration
bounds directly from time-series observations without requiring extensive prior knowl-
edge.

The main contributions of this chapter are:

¢ development of a general data-driven framework for identifying DIDEs and REs
without requiring prior knowledge of kernel functional form or integration bounds,
representing a novel methodological advance in the treatment of distributed delay
systems;

* extension of the ISINDy to handle nonautonomous kernels via quadrature approx-
imation and weighted library construction, establishing a bridge between finite-
dimensional sparsity methods and infinite-dimensional dynamical systems;

* comprehensive assessment of the performance of different quadrature rules, in-
cluding rectangle, trapezoidal, and Clenshaw—Curtis methods, demonstrating the
roles of numerical approximation accuracy and computational efficiency;

¢ demonstration of simultaneous identification of kernel structure and integration
bounds through combined external and internal optimisation, showing that the
framework enables joint discovery of both model form and parameters.

4.6.1 Limitations and future directions

Whilst this chapter presents a significant methodological advance in data-driven identi-
fication of distributed delay systems, several limitations merit acknowledgement. First,
the current methodology assumes that delay values are known within reasonable bounds
or can be estimated through external optimisation. Second, the framework requires ade-
quate data resolution relative to system dynamics; systems with rapidly varying kernels
may require dense sampling. Third, the curse of dimensionality in the parameter space
poses practical challenges for systems with many unknown parameters, though particle
swarm and Bayesian optimisation strategies substantially mitigate this limitation.

Regarding theoretical aspects, the formal convergence properties of the extended in-
tegral SINDy framework for distributed delays remain largely unexplored, representing
an important direction for future theoretical investigation. Additionally, whilst the au-
thors employ robust numerical approximation schemes, formal error analysis quantify-
ing the relationship between quadrature errors and kernel reconstruction accuracy would
strengthen the theoretical foundations.

Prospectively, the framework offers potential for substantial expansion in several
directions. Integration of increasingly sophisticated and problem-specific candidate li-
braries tailored to particular application domains could enhance accuracy for systems
with special structure. Application and validation of the methodology to real empirical
data remains essential, requiring development of robust preprocessing techniques to han-
dle measurement noise and missing observations. Hybrid estimation schemes combin-
ing statistical and machine learning formulations, particularly physics-informed neural
networks for structure preservation, offer promising avenues. Development of adaptive
quadrature strategies that optimise node placement based on kernel characteristics could
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improve efficiency. Extension to systems with multiple distributed delays and to coupled
DIDE-RE systems mirrors the progression from discrete single delays to multiple discrete
delays in prior chapters.

The following chapter applies the methodology to a real-world epidemiological sys-
tem, demonstrating its ability to discover parsimonious distributed delay models directly
from epidemiological time series. The application concerns the transmission dynamics
of severe fever with thrombocytopenia syndrome (SFTS), a tick-borne disease, where the
methodology identifies distributed delay structures representing the incubation period
and other temporal dependencies in the transmission process. This application validates
the practical utility of the framework and demonstrates its capacity to extract biological
insight from observational epidemic data, paving the way for application to other disease
systems exhibiting complex temporal dynamics and distributed memory effects.
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5.1 Introduction

The previous chapter has developed sparse identification methods for DIDEs and REs,
establishing frameworks for discovering governing equations with distributed time de-
lays from observational data. This chapter extends this approach to a practical and real-
istic epidemiological application: tick-borne disease transmission dynamics in a natural
population structure. Specifically, we apply the SINDy framework to Severe Fever with
Thrombocytopenia Syndrome (SFTS) [143, 147, 148], a tick-borne zoonotic disease in
Dalian Province, China , to demonstrate how distributed delay models can be
identified directly from time-series data without requiring detailed a priori knowledge
of transmission mechanisms. This chapter is based on the submitted work [29].
Tick-borne diseases represent a significant and growing public health challenge glob-
ally, with transmission dynamics heavily influenced by structured populations of vec-
tors, hosts, and reservoir species. Traditional compartmental epidemiological models


https://ftp.ncdc.noaa.gov/pub/data/isd-lite/

92 5. Application of SINDy for a Tick-Borne disease

require extensive prior knowledge of population parameters, contact rates, and trans-
mission pathways information that is often unavailable or uncertain in field settings. The
SINDy methodology offers an alternative approach: by treating observed case incidence
as a nonlinear dynamical system governed by distributed delays reflecting the age struc-
ture and maturation periods of tick populations, the method can automatically discover
sparse representations of transmission dynamics directly from data.

The case study presented in this chapter focuses on SFTS transmission in Dalian,
China, where detailed temporal surveillance data is available alongside environmental
covariates such as temperature, which modulates vector activity and transmission rates.
The tick vectors involved exhibit different life stages eggs, larvae, nymphs, and adults
each with different infection dynamics and host-seeking behaviour. The structured pop-
ulation of ticks creates a complex history dependence in disease transmission: human
cases depend not just on the current infected tick population but on accumulated expo-
sures through the recent history of tick populations at different developmental stages.
This memory effect manifests as distributed delays in the observed case incidence, mak-
ing it an ideal candidate for application of the distributed delay SINDy (DD-SINDy)
framework developed in the previous chapter.

5.1.1 Problem statement

The identification of SFTS transmission dynamics from observational data encounters
unique challenges that distinguish this real-world application from controlled numerical
experiments. First, the system involves multiple interacting structured populations (tick
life stages, human infections, environmental drivers) whose dynamics are only partially
observed, with only case incidence directly measured. Second, environmental factors
such as temperature directly modulate transmission through nonlinear mechanisms that
must be discovered from data. Third, the epidemiological data are subject to reporting
delays, measurement error, and potential underestimation of true incidence. Fourth, the
optimal form of the distributed delay kernel reflecting how past tick populations influ-
ence current human infections is unknown and must be estimated from limited time-
series data.
The specific challenges addressed in this chapter include:

* identification of temperature-dependent transmission rates from observed case in-
cidence;

e discovery of distributed delay kernels reflecting the influence of structured tick
populations on human infections;

¢ validation of identified models through prediction accuracy and biological plausi-
bility.

5.1.2 Motivation for distributed delay approach

Traditional deterministic compartmental models (such as SEIR-type systems [147]) treat
transmission as depending only on the current state of the system. However, the life
cycle of Haemaphysalis longicornis ticks, the primary vector for SFTS in the region, spans
several months, during which the ticks pass through multiple developmental stages. At
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each stage, the probability of infection and transmission behaviour differs significantly.
Human infections observed at time ¢ thus depend not only on infected ticks present at
time ¢, but on the accumulated history of infected ticks at various developmental stages
throughout the preceding months. This history dependence defines a distributed delay.

Environmental temperature modulates this history dependence by controlling tick
development rates and questing behaviour (host-seeking activity). Warmer temperatures
accelerate tick development and increase questing activity, effectively changing the rel-
evant time window over which past tick populations influence current infections. The
SINDy methodology, combined with distributed delay formulations, allows automatic
discovery of these temperature-modulated kernels directly from data.

5.1.3 Aim and objectives

The goal of this chapter is to demonstrate application of the distributed delay SINDy
framework to real epidemiological data, specifically SFTS surveillance records in Dalian
Province. The chapter illustrates how data-driven methods can discover simplified yet
predictive representations of complex structured population dynamics in disease trans-
mission.

The main objectives of this chapter are therefore as follows:

¢ to formulate SFTS transmission dynamics in Dalian as a distributed delay system
incorporating structured tick populations and temperature-dependent transmis-
sion rates;

* to apply the SINDy framework to discover sparse distributed delay models directly
from 12 years of monthly surveillance data (2011-2022) and environmental covari-
ates;

* to compare predictions from identified SINDy models against observed case inci-
dence, demonstrating the interpretability and predictive utility of the discovered
sparse representations;

* to conduct sensitivity analyses on key identified parameters, particularly those gov-
erning the integration window (representing the relevant history of tick popula-
tions) and the temperature-dependent activity rates;

¢ to highlight the trade-off of data-driven and mechanistic approaches: the SINDy
method sacrifices detailed biological interpretation for improved prediction accu-
racy and reduced prior knowledge requirements;

* to provide guidance for public health applications, including nowcasting of peak
transmission periods and implications for vector control timing.

5.1.4 Chapter organisation

The chapter is organised as follows. Section 5.2 introduces the epidemiological back-
ground of SFTS, describing the disease characteristics, the vector species Haemaphysalis
longicornis, and the ecological context of Dalian Province. Subsection 5.2.1 describes the
surveillance data and environmental covariates used for model identification. Section 5.3
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presents the application of the distributed delay SINDy methodology to discover two
candidate models of increasing complexity: a simplified model using only temperature
and case incidence, and a comprehensive model incorporating estimated infected tick
populations at different life stages. Section 5.3.5 provides sensitivity analyses of key pa-
rameters to assess model robustness. Finally, Section 5.4 concludes the chapter, sum-
marising key findings and implications for future applications of SINDy to epidemiolog-
ical systems.

5.2 Severe fever with thrombocytopenia syndrome in Dalian

SFTS is an emerging disease transmitted from ticks to humans, first identified in central
China in 2009. Since then, it has spread to South Korea, Japan, and other East Asian
countries. The disease is caused by the SFTS virus (SFTSV), which belongs to the genus
Bandavirus in the family Phenuiviridae.

Infected patients experience high fever, gastrointestinal symptoms (vomiting and di-
arrhoea), severe reductions in platelet count and white blood cell count, and elevated
liver enzymes indicating liver damage. In severe cases, the disease can lead to failure
of multiple organs, with a fatality rate of 12 — 50% [65]. This high mortality rate makes
SFTS a significant public health concern in endemic regions.

SFTSV can infect various animal species including rodents, dogs, and goats, which
typically show no symptoms. These asymptomatic animals serve as viral reservoirs that
maintain circulation in natural ecosystems. Humans become infected primarily through
tick bites and human-to-human transmission can occur through direct contact with in-
fected blood or body fluids [143].

a b

Annual notification rate
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0

(0,001)
(001,04

Mo
-

sssss

Figure 5.2.1: geographic distribution and spatial dynamics of reported SFTS notification
rates by county in the five Chinese provinces with the highest notification rates from
2011 to 2022. (a) annual SFTS notification rate (1/100,000) from 2011 to 2022. (b) spatial
dynamics of SFTS from 2011 to 2022. The colours in panel (b) indicate the first year within
this period when cases were reported [56].
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Eggs

Figure 5.2.2: schematic transmission cycle of SFTSV highlighting the epidemiological
pathways involving tick vectors, animal reservoirs, and human hosts. The illustration
shows the main transmission route through bites from infected ticks to humans, together
with the contribution of asymptomatic animal reservoirs in sustaining viral circulation
and underpinning the zoonotic nature of SFTS transmission dynamics.

5.2.1 Data acquisition

This study is based on datasets that included environmental and epidemiological fac-
tors associated with SFTS in Dalian, Liaoning Province, China. Confirmed monthly cases
of human SFTS reported from 2011 to 2022 were obtained from the Liaoning Province
Center for Disease Control and Prevention, providing a general overview of the trans-
mission dynamics at the community level. Currently, relevant climate data, specifically
the monthly average temperatures recorded during this period, are sourced from the Na-
tional Climatic Data Centre (NCDC), accessible through: Data link.

Figure 5.2.3 illustrates the seasonal comparison between temperature fluctuations and
the incidence of SFTS, revealing a significant visual correlation that supports the hypoth-
esis that climatic factors, particularly temperature, affect tick behaviour and human con-
tact patterns. Additionally, the unique ecological context of Dalian, primarily marked by
a high prevalence of Haemaphysalis longicornis ticks and specific host populations, such
as nymph ticks associated with rodents and adult ticks found on goats, provides an
ideal setting for unravelling the intricate factors that contribute to outbreaks of vector-
borne diseases. In adherence to established protocols, these datasets are standardised
through preprocessing and gaps arising from reporting inconsistencies are addressed.
The structure complies with recognised best practices concerning climate data usage and
time series analysis in modelling vector-borne diseases. Prior studies have highlighted
the necessity of region-specific high-resolution datasets and emphasised the importance
of ensuring temporal alignment between epidemiological and environmental variables
[148].

All datasets were aligned to ensure that epidemiological and environmental variables
were temporally synchronised for model fitting [148]. This curated dataset enables the
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construction of high-dimensional, temporally aligned feature matrices suitable for train-
ing and validating SINDy-based models.
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Figure 5.2.3: temporal relationship between environmental and epidemiological factors
in Dalian from 2011 to 2022. The blue solid line depicts the monthly average ambient

temperature, whereas the red dashed line shows the monthly count of confirmed SFTS
cases.

5.3 SINDy-based distributed delay model discovery

5.3.1 Mechanistic baseline model

The reference paper [148] develops a mechanistic, stage-structured compartmental model
formulated as a system of ODEs to understand SFTS transmission dynamics in Dalian.
The ODE system comprises sixteen state variables representing tick populations at dif-
ferent life stages and infection statuses, plus rodent and goat host populations, yielding a
coupled system of twenty DEs for the complete tick host virus dynamics. This model ex-
plicitly incorporates the complete life cycle of the primary vector, Haemaphysalis longi-
cornis, tick populations across eight distinct life stages: eggs, questing larvae, feeding lar-
vae, questing nymphs, feeding nymphs, questing adults, feeding adults, and egg-laying
adults. Each of these life stages is further subdivided into subcategories (susceptible
or infected), recognising that different developmental stages possess distinct infection
dynamics, host seeking behaviour, and transmissibility. This age-structured approach
is biologically motivated: immature ticks (larvae and nymphs) predominantly feed on
rodents, while adult ticks preferentially parasitise larger hosts such as goats, creating
distinct ecological roles and transmission opportunities that a simplified, age-structured
model would necessarily overlook.

A distinctive feature of the mechanistic model is its explicit treatment of three coexist-
ing transmission pathways through which SFTSV circulates within the tick-host system.
Systemic transmission occurs when susceptible ticks acquire infection while feeding on
infected animal hosts (or conversely, when infected ticks transmit virus to susceptible
hosts during feeding). Co-feeding transmission is a non-systemic route wherein suscep-
tible and infected ticks simultaneously feed on the same host, enabling virus transmission
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through host mediated mechanisms. Transovarial transmission represents vertical trans-
mission of SFTSV from infected adult female ticks to their offspring via eggs, providing
a mechanism for virus persistence even in the absence of host infections.

The mechanistic model encodes the temperature dependent nature of SFTS transmis-
sion by making virtually all biological rates functions of ambient temperature: tick devel-
opment rates from egg to larva to nymph to adult, tick mortality rates at each life stage,
and tick host seeking activity rates all follow temperature-dependent functional forms fit-
ted to experimental data. This temperature dependence is critical because tick life cycle
directly governs the structure and magnitude of the infected tick populations available to
transmit virus to humans. Additionally, the model incorporates logistic birth dynamics
for the primary host populations (rodents and goats), accounts for natural mortality at
each stage, and includes a one month diagnostic reporting delay to realistically represent
the lag between tick exposure and confirmed SFTS diagnosis in humans.

The crucial quantity connecting tick host dynamics to observable human cases is the
monthly case incidence, which is computed through an integral equation that aggregates
the contributions of infected questing nymphs and infected questing adults over a one
month surveillance period, weighted by their respective temperature modulated attach-
ment rates to humans. Specifically, the predicted number of newly reported human SFTS
cases during month ¢ is expressed as:

g(t) = /OU(AN(t —a)pn(t —a)Nyi(t —a) + Aa(t —a)pa(t —a)Ay(t —a))da, (5.3.1)

where ¢ denotes the surveillance interval, N;; and A,; represent the densities of infected
questing nymphs and infected questing adults at time, respectively, and Ay and A4y
are temperature dependent host attachment rates for nymphs and adults. These attach-
ment rates are formulated as Ag = zxﬁe‘*’T, where ag represents temperature-dependent
strength coefficients, w encodes the strength of human outdoor activity, and T denotes
ambient temperature. This formulation represents the key biological insight that human
case incidence depends not merely on the current state of the system but rather on the
accumulated history of infected tick populations weighted by their behavioural activ-
ity, a concept intimately connected to the distributed delay framework employed in the
subsequent SINDy based analysis.

5.3.2 SINDy-based model discovery

Building upon the theoretical framework developed in Chapter 4 for extending SINDy
to distributed delay systems with nonautonomous kernels, this section demonstrates its
practical applicability to identify a nonautonomous kernel of a distributed delay model
based on multivariate observational data aimed at forecasting SFTS transmission dynam-
ics in Dalian Province. Rather than building a mechanistic model from first principles,
our approach directly identifies the underlying dynamical relationships from observed
time series data. The dataset includes four key variables: human case counts, environ-
mental temperature measurements, and abundance data for two tick life stages (nymphs
and adults). The tick population data was derived from a transmission dynamics model
[148]. By integrating these complementary data streams within the SINDy framework,
we capture the complex relationships between tick life-stage dynamics, environmental
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conditions, and human infection incidence. This approach reveals the sparse structure of
the underlying distributed delay kernel, which enables us to forecast SFTS epidemiolog-
ical patterns effectively.

The monthly records of SFTS cases from Dalian spanning 2011 to 2022, along with
daily temperature data, serve as input for model identification. The data is divided into
training and validation subsets, with the first eight years (96 data points) dedicated to
model training and parameter estimation, while the remaining years are set aside for
validation and forecasting evaluation. Polynomial SINDy libraries were constructed in
combination with trapezoidal quadrature K = 100 for all the experiments. In this study,
we set A to be very low (A = 1071%) to ensure the coefficients match with the values
found in the reference model [148]. This choice prioritises biological interpretability over
maximum sparsity, avoiding the removal of terms just to obtain a more sparse model.

5.3.3 Model evolution case: 1

A library of potential kernel functions is created, beginning with terms that include hu-
man cases (denoted as C), temperature data (denoted as T) and their combinations (5.3.2).
Next, an exponential term representing the impact of outdoor activity, expressed as e“T,
is added to the database (5.3.3). Additionally, a model to account for the distributed
memory effect is constructed using numerical quadrature, where the time-delay inter-
val is discretised to establish the regression matrix, and sparse regression is employed to
identify the minimal set of functional terms needed to reflect the time-series behaviour
observed in prior cases.

Two alternative model formulations are investigated. The first model takes the form

9(t) = /0 " F(C(t—a), T(t— a)) da, (5.3.2)

whilst the second incorporates the outdoor activity term s.t.,

9(t) = /O " F(C(t = a), T(t = a),e*TED) da (5.3.3)

where i denotes the newly reported cases of human SFTS during a specific time period
o, with the reporting period set to one month. The parameter w is externally optimised
by applying particle swarm optimisation (PS). Data splitting is conducted to assess the
generalisability of the model.

Figure 5.3.1 shows a comparison between the actual reported human cases and the
predictions made by the SINDy model, which employs two different libraries with vary-
ing polynomial orders using human case data and temperature data (5.3.2). The figure
demonstrates the capacity of the model to capture the temporal dynamics associated with
the incidence of SFTS, with predictions closely matching the observed case counts during
both the training and validation phases. The visual comparison indicates that both poly-
nomial orders provide reasonable approximations, although performance differences are
noticeable across various time intervals.

Figure 5.3.2 illustrates a comparison between observed human case data and the pre-
dictions made by the SINDy model when an exponential term (5.3.3) is incorporated into
the library for different polynomial orders. This exponential term accounts for the influ-
ence of temperature on outdoor activities. The findings indicate that adding this term
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results in predictive performance similar to the baseline model (5.3.2), with a polynomial

order of one showing significantly better alignment between predictions and observed
cases than higher-order polynomial terms.

¢ (degree =1) ¢ (degree =2)

library terms (5.3.2) (5.3.3) (5.3.2) (5.3.3)

C 3.04%x1072 326x107%2 6.95x 102 6.20 x 1072
T 1.77 x107% 166 x10% 135x10°* 249 x 1074
ewT - - - 1.85 x 10~
C2? - - 233x1072  2.09 x 10~*
C-T - - —-1.66x1073 —1.35x1073
T2 - - —748x107% —157x10°
RMSE
training 1.67 x 100 1.63 x 10° 1.62 x 10° 1.61 x 10°
validation 496 x 100 4.99 x 109 1.20 x 10! 1.04 x 10!

Table 5.3.1: sparse coefficient matrices for the distributed delay models defined in (5.3.2)
and (5.3.3), identified using the STLS regression approach with polynomial degrees one
and two. The table reports the nonzero coefficients associated with the state variables
C (human cases), T (temperature), and e“T (exponential term representing outdoor ac-

tivity), together with their nonlinear interactions. RMSE values are given for both the
training and validation datasets.
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Figure 5.3.1: predictive performance of the DD-SINDy model for SFTS cases using two
distinct polynomial-order libraries within the candidate function set (5.3.2). The solid
grey line denotes the actual number of human cases, while the blue and red lines show
SINDy predictions obtained with polynomial degrees one and two, respectively.
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Figure 5.3.2: predictive performance of the DD-SINDy model for SFTS cases using two
distinct polynomial-order libraries within the candidate function set (5.3.3), including an
exponential term e“T to represent temperature-dependent outdoor activity effects. The
solid grey line denotes the actual number of human cases, while the blue and red lines
show SINDy predictions obtained with polynomial degrees one and two, respectively.

5.3.4 Model evolution case: 2

Expanding on the results of the previous analysis, we extend the model by integrating
data of infected tick populations with human case records and temperature data. This
improved method takes advantage of the multivariate nature of the transmission system,
acknowledging that the dynamics of SFTS are closely linked to the presence of infected
vectors at various life stages. Data on infected nymph and adult tick populations are
obtained from simulations of the mechanistic transmission model detailed in [148]. As
in the previous section, we use the complete dataset from Dalian Province covering the
years 2011 to 2022, applying the same temporal division, the first eight years for training
the model and the subsequent period for validation. By incorporating these comple-
mentary data streams into the SINDy framework, the approach captures the complex in-
terdependencies between tick population dynamics, environmental factors, and human
infection rates, thus allowing the identification of a more comprehensive representation

of the underlying distributed delay kernel. This relationship can be expressed through
the following formulation

9(t) = /0 " H(C(t—a), T(t—a), T, Iy (t—a), I (t—a))da  (534)

where Iy, and I, represent infected nymph and adult tick populations, respectively.

Figure 5.3.3 compares actual human cases with SINDy predictions using data that in-
clude human cases, temperature, and infected nymph and adult tick populations in the
library. The inclusion of these data appears to capture additional dynamics not repre-
sented by environmental and epidemiological variables alone.

The final identified model for the prediction of SFIS cases assumes the form of an
integral equation, wherein newly predicted cases are expressed as a sparse linear com-
bination of selected kernel terms, each integrated over the relevant delay windows. The
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Figure 5.3.3: predictive performance of the DD-SINDy model for SFTS cases using
polynomial-order library within the candidate function set infected nymph and adult
populations, as well as environmental and human epidemiological factors (5.3.4). The
solid grey line denotes the actual number of human cases, while the blue line shows
SINDy prediction obtained with polynomial degree one.

library terms C T ewT In, I Ay
& 261 x1072 —775x107* 355x10°% 658x107°> —7.03x10°8
RMSE training validation

1.51 x 10° 4.88 x 109

Table 5.3.2: sparse coefficient matrix for the distributed delay model (5.3.4), which in-
cludes human cases (C), temperature (T), exponential outdoor activity (¢“T), infected
nymph populations (Iy,), and infected adult tick populations (I4,) as state variables. Co-
efficients are recovered using STLS regression with a polynomial degree of one. The table
reports RMSE values for both the training and validation phases.

structure of the discovered model exhibits a limited number of non-zero coefficients, con-
sistent with the sparsity-promoting objective of the SINDy framework. The SINDy-based
distributed delay model demonstrates the best fit to the training data sample, as indicated
by the low RMSE values reported throughout the analysis.

Figure 5.3.4 presents the comparison of the trajectories produced by the mechanistic

model [148] and SINDy discovered model (5.3.4) with real monthly reported human cases
data.

5.3.5 Parameter sensitivity analysis

Sensitivity analysis plays a vital role in both validating and interpreting data-driven epi-
demiological models. Firstly, it measures robustness by evaluating how model predic-
tions respond to changes in identified parameters. This helps determine if the parameters
reflect true aspects of the transmission dynamics or are simply numerical errors from the
optimisation process. Secondly, it enhances interpretability by identifying which param-
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Figure 5.3.4: comparison of monthly reported cases (solid thick grey) with model predic-
tions (solid blue) [148] and SINDy-based predictions (solid red) (5.3.4).

eters most significantly impact predictions, thereby highlighting the dominant epidemi-
ological mechanisms in SFTS transmission in Dalian.

The DD-SINDy model identified includes two crucial parameters that require thor-
ough sensitivity analysis. The outdoor activity parameter w (in the exponential term
e“T) represents how temperature nonlinearly affects human exposure to infected ticks
through behavioural changes, with warmer temperatures leading to more outdoor activ-
ity and higher contact rates. The integration window parameter ¢ (defining the reporting
period) signifies the relevant time frame over which past environmental conditions and
vector populations affect current human infections.

Biologically, both parameters are expected to be sensitive. The parameter w should
fall within a physiologically reasonable range, as extreme values would suggest either
minimal or unrealistically high temperature dependence. The parameter ¢ should align
with the actual tick life cycle duration in the climate of the Dalian and deviations from
this window should reduce prediction accuracy if the identified value truly captures the
system’s intrinsic timescale rather than being a fitting error.

The outdoor activity parameter w is selected externally via PSO on a validation set,
and wept denotes the value minimising the validation RMSE used for model selection.
Figures 5.3.5 and 5.3.6 instead, depict a local sensitivity analysis obtained by perturbing
w around wopt while keeping the remaining model structure fixed, which explains why
the plotted RMSE is not strictly minimal at wopt. The reporting window ¢ = 1 month is
not tuned but imposed from epidemiological practice and previous SFTS studies, which
operate on monthly case counts; the corresponding RMSE curve is therefore used only
to confirm that this literature-based choice lies in a stable region of the error landscape
rather than at a sharp optimum.

In this section, we systematically adjust these parameters across feasible ranges and
measure the resulting changes in validation error metrics.
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Outdoor activity parameter w

The exponential human activity e“T modulates the temperature dependent contact rate
between humans and infected tick populations. This term captures the relationship be-
tween ambient temperature and outdoor recreational activities that increase human ex-
posure to tick-borne pathogens.

We evaluate the performance of the model over a range of w values.

w € [0.1 - wopt, 1] (5.3.5)

where wopt denotes the optimal value obtained through particle swarm optimisation (PS).
For each candidate value w; on a discretised grid of 15 points, we reconstruct the SINDy
model using Algorithm A.8 and compute the validation metrics. The corresponding val-
idation error is computed as:

e(w;) = 1 i (yj — 9;(wi)”. (5.3.6)

j=1

Deviation from wqpt by more than 4-30% results in significant increases in RMSE, demon-
strating the critical role of the parameter in capturing transmission dynamics.

Integration window parameter o

The parameter ¢ defines the temporal extent of the distributed delay kernel, represent-
ing the epidemiologically relevant time window over which past environmental condi-
tions and tick populations influence the current incidence of SFTS. We extend the analysis
range compared to previous studies to explore potential long-term memory effects:

o € [0.25,3.0] months. (5.3.7)

For each oy, the distributed delay integral is approximated through quadrature method.
[y
it = | CF(C(t—a), T(t—a),e“T¢0), Iy (t —a), 4 (£ — a)) da. (5.3.8)

Figure 5.3.5 presents a parameter sensitivity analysis examining the effects of the out-
door activity parameter w and the human case reporting period ¢. The sensitivity anal-
ysis provides a quantitative assessment of how variations in these parameters influence
the performance of the model and the accuracy of the prediction.

Figure 5.3.6 displays the parameter sensitivity analysis of the outdoor activity param-
eter and the human case reporting period while employing data on human cases, temper-
ature, and infected nymph and adult tick populations. The sensitivity profiles provide a
comprehensive assessment of the influence of the parameters across the expanded model
space, allowing the identification of parameters that have the greatest impact on predic-
tion accuracy.
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Figure 5.3.5: sensitivity analysis was conducted to evaluate how resilient the model pre-
dictions are to changes in two critical parameters (5.3.3): the outdoor activity coefficient
w and the integration window parameter for the human case reporting period ¢, while
also including the validation RMSE across a discretised range of parameter values, verti-
cal blue line in the w panel represents the optimal value obtained during training phase
and vertical blue line in ¢ panel represents the one month human cases reporting period.
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Figure 5.3.6: extended parameter sensitivity analysis for the comprehensive distributed
delay model incorporates tick population data, which includes both infected nymphs
and adults, along with human cases and temperature (5.3.4). This analysis also includes
the validation RMSE across different combinations of the outdoor activity parameter w
and the integration window parameter for the human case reporting period o, vertical
blue line in the w panel represents the optimal value obtained during training phase and
vertical blue line in ¢ panel represents the one month human cases reporting period.

5.4 Conclusions

This chapter demonstrates a practical application of the DD-SINDy framework to real
epidemiological data, specifically SFTS transmission dynamics in Dalian Province, China.
The study shows that data-driven identification of sparse distributed delay models pro-
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vides complementary insights to traditional mechanistic epidemiological approaches.
The identified SINDy-based distributed delay models reveal several important as-
pects of SFTS transmission dynamics

¢ the discovered models confirm relationships between ambient temperature and
transmission rates, captured through temperature-modulated activity terms. These
relationships are consistent with known biology of tick development and questing
behaviour but are discovered automatically from data without prior specification;

¢ the identified integration windows () reflect the life cycle duration of tick vec-
tors in the region, providing a mechanistic interpretation of the dynamics of the
structured population. This memory window captures the cumulative effect of tick
populations at different developmental stages on current human infections;

* both identified models achieve superior prediction performance compared to the
mechanistic baseline model when evaluated on validation data;

* sensitivity analyses demonstrate that identified models are robust to moderate pa-
rameter variations, though prediction accuracy degrades significantly beyond this
range, indicating that the identified parameter values represent genuine features of
the underlying dynamics rather than artefacts of the optimisation procedure.

Although mechanistic compartmental models such as [148] provide valuable biolog-
ical insight through explicit representation of tick life stages, reservoir dynamics, and
basic reproduction numbers (Rp), our SINDy method presents complementary advan-
tages:

¢ SINDy does not require extensive prior assumptions about model structure, trans-
mission mechanisms, or parameter values. The method discovers governing equa-
tions automatically from data;

¢ the sparse regression procedure automatically uncovers interactions and functional
forms (such as temperature-modulated contact rates) that might be overlooked or
difficult to justify a priori;

¢ SINDy models are directly optimised for prediction accuracy rather than for repro-
ducing known biological parameters, making them particularly suitable for public
health applications such as nowcasting and forecasting;

¢ the identified sparse models are substantially simpler than comprehensive com-
partmental models, enabling rapid implementation and evaluation in surveillance
settings.

However, this comes with recognised trade-offs:
¢ SINDy-identified models do not explicitly track all biological compartments and

cannot directly compute classical epidemiological metrics such as Ry or generation
times;
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distributed delay formulation averages temporal variations through kernel func-
tions, potentially obscuring fine-scale biological details captured by age-structured
compartmental models;

models discovered from observed dynamics may not extrapolate reliably to con-
ditions outside the training data range (e.g., climate change scenarios), whereas
mechanistic models grounded in biological principles may be more robust to ex-
trapolation.

5.4.1 Limitations and future directions

Several limitations of the current study suggest directions for future work:

the analysis relies on reported SFTS cases, which may underestimate true incidence
due to underreporting, particularly in rural areas;

model (5.3.4) relies on estimated infected tick population data rather than direct
tield collections;

the current analysis emphasises temperature as the primary environmental driver;
the current analysis focuses on a single region;

longer-term prospective validation on future seasons would strengthen confidence
in model reliability for operational forecasting applications.

This chapter concludes the demonstration of the DD-SINDy framework applied to
real epidemiological systems. The next chapter addresses a fundamental question: how
does the data-driven discovery approach compare to other contemporary methods for
system identification from time-series data? Specifically, the following chapter com-
pares the sparse, interpretable models discovered through SINDy with neural network
based approaches. This comparison examines the trade-offs between model interpretabil-
ity and flexibility, predictive accuracy, data efficiency, and computational requirements
across multiple benchmark problems. Such comparative analysis is essential for practi-
tioners choosing appropriate methods for their specific applications and for understand-
ing the complementary roles of mechanistic, sparse, and deep learning approaches in
system identification.
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6.1 Introduction

This chapter synthesises the developments presented in the preceding chapters and pro-
vides a discussion of the sparse identification methodologies developed for delay differ-
ential equations (DDEs) (E-SINDy and P-SINDy) with the neural delay differential equa-
tions (NDDEs). Building upon the foundations established in Chapter 1 and the detailed
methodology in Chapter 2 that introduced E-SINDy and P-SINDy, this chapter accom-
plishes two primary objectives. First, it places the sparse identification approach within
the broader landscape of data-driven system identification by presenting a comparative
analysis with neural network-based methods. Second, it discusses the key findings, lim-
itations, and future research directions that emerge from this comprehensive investiga-
tion. This chapter is primarily based on the framework discussed in the book chapter
[25], from which all figures have been reproduced.

The thesis has developed several complementary sparse identification frameworks.
The E-SINDy method extends the standard SINDy framework to DDEs when delay val-
ues are known or can be estimated, providing direct interpretability of governing equa-
tions through sparse regression. The P-SINDy method employs pseudospectral colloca-
tion to reformulate the infinite-dimensional DDE problem as a finite-dimensional ODE
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system, requiring optimisation of only the maximum delay and offering improved com-
putational efficiency at the cost of reduced interpretability. This E-SINDy framework has
been extended also to SDDEs and distributed delay systems.

As a reference point for comparison, this chapter also discusses NDDEs, a powerful
black-box learning approach that has emerged recently in the machine learning litera-
ture [74]. Although NDDEs are not the primary focus of this thesis, understanding their
capabilities, limitations, and relationship to sparse identification methods provides valu-
able context for practitioners to select appropriate identification tools for specific appli-
cations.

This chapter is organised as follows. Section 6.2 presents an overview of the E-SINDy
and P-SINDy with NDDEs approaches for DDE identification. Section 6.3 provides a
detailed comparative analysis of E-SINDy, P-SINDy, and NDDE methods. Finally, Sec-
tion 6.4 concludes the chapter.

6.2 Overview of data-driven approaches for DDEs identification

Data-driven identification of DDEs has emerged as a central paradigm in many scientific
fields. The fundamental challenge is to discover both the functional form of the govern-
ing equations and the delay parameters directly from time-series measurements.

6.2.1 Sparse identification approaches (E-SINDy and P-SINDy)

The SINDy framework is based on the premise that governing equations can be repre-
sented as sparse linear combinations of candidate functions. Within the scope of DDEs,
this thesis explores two distinct implementations:

E-SINDy maintains the precise structure of the DDE by directly integrating delayed
variables into the library, resulting in highly interpretable coefficients that align with
physical mechanisms. However, its computational demands increase significantly with
the number of unknown delays, as it necessitates a multivariate external search (via
[116], BO [104], or PS [16]) across the delay parameter space.

P-SINDy focuses on computational efficiency by transforming the DDE into a finite-
dimensional ODE system using pseudospectral collocation. This approach simplifies the
optimisation problem to a search for a single parameter (the maximum delay ), irrespec-
tive of the number of delays present in the system. The downside is a decrease in direct
interpretability, as the explicit delay structure is masked by the collocation state variables.

6.2.2 Neural delay differential equations

NDDEs represent an alternative paradigm where neural networks with trainable delay
parameters learn the RHS of DDEs through gradient-based optimisation [74]. The key
distinguishing features are:

* neural networks can approximate arbitrary nonlinearities without prior specifica-
tion of functional forms, offering flexibility for systems with unknown structure.

¢ delays and network weights are optimised jointly through backpropagation, avoid-
ing nested optimisation loops required by E-SINDy.
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Figure 6.2.1: overview of modelling time delay systems with neural networks and differ-
ential equations [25].

¢ neural networks typically require larger datasets and more computational resources
for training compared to sparse methods but leverage multiple trajectories to im-
prove performance.

¢ while explicitly trainable delays provide some structure, the millions of parameters
in deep networks reduce overall model interpretability compared to sparse linear
combinations of basis functions.

Formulating the neural delay differential equations

System (1.2.1) with k discrete delays, 0 = 70 < 71 < - -+ < Tx < Tmax, can be rewritten as

X(t) = f(xe), (6.2.1)

where x; = [x(t),x(t — 11),...,x(t — )] € R"&+D and f: R***1) — R”. In order to
capture the dynamics governed by (6.2.1), we construct the NDDE analogously:

£'(t) = net(%xy), (6.2.2)

with k 4 1 trainable delays, 0 < Ty < 11 < - -+ < T < Tmax, and net : Rk+1) _y R7 repre-
senting the RHS through a time delay neural network. Suppose the network has L layers
with nonlinearity g;(-) in each layer I =1,...,L. Let us denote the input as z}) and the
output as z} at time ¢. Then we have

zi = net(z)), (6.2.3)
where

zi = g1 (Wizg + by),

(6.2.4)
2 =g(Wazl  +b), 1=2,...,L,
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Rnd R”

Figure 6.2.2: (a) illustration of a time delay neural network constructed to capture the dy-
namics of a neural delay differential equation (NDDE) with a single delay. (b) illustration
of the simulation of an NDDE [25].

where W) and b; denote the weights and biases, respectively, and one may use different
nonlinearities g; including the rectified linear unit (ReLU) [53, 68, 91] and different sig-
moidal functions [63]. This network can be used to approximate the state derivative of
the delayed dynamical system by defining z} = #/(t) and z}, = &, cf. (6.2.2) and (6.2.3).

Note that some of the delays trained in a NDDE do not have to be in an ascend-
ing/descending order and they can potentially have the same value. When the NDDE
(6.2.2) is used to approximate the dynamics of the time delay system (6.2.1), knowing
the number of delays in the system is beneficial but not required [74]. Moreover, if
the existence of a non-delayed term with 7p = 0 is known, one may fix the delay value
1o = 0 to further restrict the neural network. Figure 6.2.2(a) illustrates a time delay neu-
ral network used to capture the RHS of an NDDE with discrete delays, while panel (b)
shows a block diagram illustrating the corresponding NDDE simulation. We emphasise
that below we construct time delay neural networks with trainable delays, that is, apart
from the weights W and biases b;, I = 1,...,L in (6.2.4), we also aim to learn the delays
T, T, - - -, T themselves.

For example, an autonomous delay dynamical system with one delay (k = 1) can be
described by

£(t) = f(x(t), x(t 1)), (625)
whose RHS f and delay T may be unknown. Our goal is to learn f as well as T from the
data using the NDDE

£ (t) =net(2(t), 2(t — 1)), (6.2.6)

with trainable delay 7.

Note that control systems with state feedback can also be viewed as autonomous
systems. For example, with slight abuse of notation, the system x(t) = f(x(t), u(t)) with
delayed state feedback u(t) = k(x(t — 1)) yields

() = f(x(t), k(x(t — 1))). (6.2.7)

When the nonlinear dynamics f of the system, the feedback law k, and the delay T are
not known, we need to learn these from trajectory data.

The trained neural network (6.2.6) can then be solved by any DDE solver for a given
initial history. The state at time ¢ is given by

%(t) = DDEsolver(net, x4, t), (6.2.8)

where the history function x,(s),s € [fp — Tmax, fo] is approximated from data
x(to), x(to — At), ..., x(ty — Tmax) and At denotes the sampling time.
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Due to the trainable delays in the networks and the recurrent feature of network sim-
ulation, the time delay neural network is able to take the time dependency into con-
sideration while keeping the number of parameters relatively low. Moreover, once the
dynamics of the DDE (6.2.2) are captured by the neural network (6.2.3), they can be anal-
ysed using tools from the literature on dynamical systems and control. Additionally,
with explicit delay parameters in the input layer, the network is more interpretable and
generalisable.

6.3 Comparison of SINDy and NDDEs approaches

In this section, we evaluate the SINDy approach and the NDDE approach on the 3-state
delayed Rossler system. The reconstructions of the time delays and the trajectories, as
well as the computation time, are compared between different models and training meth-
ods. In addition, the advantages and shortcomings of the different approaches are also
discussed in the section.

Example : Delayed Rossler system

The double delayed Rdssler system [58, 144, 146] is given by

xi(t) = —XZ<t) — X3(t) + zx1x1(t — T1) + a2x1(t — Tz),
x5 (t) = x1(t) + Brxa(t), (6.3.1)
x5 () = B2 + x3(t)xa () — yxs(t).
This is a variation of the Rossler system, which simplifies the Lorenz model of
turbulence. Whena; =02, a0 =1, 81 =p2=02,vy=12and 7y =1, » =2, the

system exhibits chaotic behaviour.

\ J

Data is generated from the constant initial function ¢(s) = [1.5,0.4,0.9]7. The result-
ing dataset is a single trajectory with a section of length Ti, = 30 used for training and
a section of length Tis = 5 used for testing. The data are sampled with At = 0.05 and
central difference is used to calculate the state derivatives numerically.

6.3.1 SINDy for DDEs approach

We optimise both delays 71 and 7, and compare the results when using different degrees
of polynomial libraries with d = 2,3,4. All of these libraries include the true second-
degree nonlinearity that appears in the RHS of (6.3.1), but for d = 3 or d = 4 the library
also contains many other terms that are missing from (6.3.1). When using E-SINDy, all
delays are optimised simultaneously, and when using P-SINDy, only the maximum de-
lay is optimised. For E-SINDy, candidate delays for 71 and 7 are uniformly sampled
from the intervals [0.1,1.5] and [1, 3]. For P-SINDy, the candidate for the maximum delay
T is uniformly sampled from the interval [0.1,2.5]. PS optimisation is utilised to search
for unknown delays. For P-SINDy, the degree of pseudospectral collocation for the dis-
cretisation from DDE to ODE is set to M = 5.
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6.3.2 NDDEs approach
We consider the NDDE

#/(t) = Ws tanh (W tanh (Wi + by) + b ), (6.3.2)

with different inputs and different number of neurons in the hidden layers. While train-
ing with derivative loss, the input vector is from data (x; instead of X; in (6.3.2)) and the
output vector is the predicted state derivative £'(t). Depending on whether we know
that the delays only enter the state x1, or consider that they may enter x1, x, and x3, we
can construct different network inputs:

- Xl(t) -
XQ(f)
x1(t) x3(t)
XZ(t) xl(t — f'l)
Xt = X3 t) ’ Xt = .X'Q(t — f]) (633)
xl(t—’f’]) X3(t—’f1)
xl(t— Az) xl(t—f'Q)
XQ(t — f‘z)
L3 (t — 12) ]

We refer the first input as simplified input and the second as full input and we use both
networks to learn from training data considering the derivative loss, as described in [74].

6.3.3 Comparison of the approaches

Interpretability and model structure

aspect E-SINDy P-SINDy NDDE
direct RHS recovery (scalar) v v X
direct RHS recovery (system) v X X
explicit delay identification v v v
sparse coefficient matrix v v X
number of model parameters small small very large
model interpretability excellent good poor

functional form specification = required required not required

Table 6.3.1: comparison of model interpretability and structure across identification ap-
proaches.

E-SINDy provides the most interpretable results, directly recovering the RHS of the
DDE as a sparse linear combination of basis functions. The sparse structure naturally
highlights which terms are active in the dynamics.

P-SINDy sacrifices this level of interpretability when it comes to the case of systems.
Although the collocation discretisation produces an ODE system and SINDy regression
is applied to this first ODE, the infinite-dimensional structure is compressed into the
augmented state space of collocation nodes. The resulting model can predict trajectories
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accurately, but does not directly reveal the functional form of the original DDE. This
represents a pragmatic trade-off: one obtains a black-box model optimised for trajectory
prediction rather than equation discovery.

Neural networks with trainable delays occupy a middle ground. The number of delay
parameters are explicitly available, and one can visualise the trained network structure.
However, the high-dimensional parameter space means that examining individual net-
work weights provides limited insight into the system dynamics. Some interpretability
emerges from the input-output relationships and the discovered delay values, but the
nonlinear function mapping from delayed states to derivatives is generally opaque.

Delay parameter estimation

aspect E-SINDy P-SINDy NDDE
known delays direct application direct application  training input
unknown delays external opt. max delay only  gradient-based
non-delay parameters external opt. external opt. not required
CPU time (single delay) moderate low high
CPU time (multiple delays) moderate low high

Table 6.3.2: comparison of delay parameter estimation approaches.

The approaches employ fundamentally different strategies for handling unknown de-
lays. E-SINDy requires external nested optimisation: for each candidate delay value (or
tuple of delays), the full sparse regression problem must be solved. This creates a sub-
stantial computational burden when multiple delays are unknown, as the cost scales with
the product of the search space dimensions.

P-SINDy reduces this burden significantly by recognising that only the maximum
delay T requires external optimisation. The collocation grid automatically captures the
history effects of intermediate delays through the evolution of the collocation state vari-
ables. This pragmatic observation reduces the external optimisation to a one-dimensional
search (for T) even when multiple delays are present in the original system.

NDDE training uses gradient-based optimisation (typically Adam algorithm [79]) to
simultaneously learn delays and network weights. This avoids nested loops and lever-
ages the automatic differentiation infrastructure of modern deep learning frameworks.
However, the non-convex nature of neural network training introduces risks of conver-
gence to local minima, particularly when training data is limited. Empirical results show
that NDDE performance improves substantially when more diverse training data (mul-
tiple trajectories from different initial conditions) is available.

The trajectory recovery is shown in Figure 6.3.1 for the E-SINDy approach (with PS
and polynomial libraries of orders 2 and 4) and for the NDDE approach (with simplified
input, 5 neurons per layer and derivative loss). When the degree of the SINDy library is
2, it outperforms the NDDE in terms of prediction accuracy, while for degree 4 the SINDy
predictions are less accurate than the NDDE predictions.

The E-SINDy approach with low order library can recover the data very well since the
components at the RHS of (6.3.1) exist in the library and no higher-order nonlinearities
are attempted to fit the data. However, when these higher-order terms are also included,
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Figure 6.3.1: trajectory reconstruction for the Rossler model (6.3.1) showing the true tra-
jectory (grey), E-SINDy trajectory when using library with polynomial degree 2 (red),
E-SINDy trajectory when using library with polynomial degree 4 (green), and NDDE
trajectory (blue). The true delay values are (71, 72) = (1,2). The optimised delay values
obtained through particle swarm optimisation for E-SINDy are (73, 72) = (1.0001,2.0000)
when using polynomial library of order 2 and (7, 72) = (1.0004,2.0000) when using
polynomial library of order 4. The NDDE approach yields (71, 72) = (0.2309,1.9064)
when using simplified input and 5 neurons in each hidden layer.
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Figure 6.3.2: learned delays via particle swarm and particle filter errors along the itera-
tions when applying E-SINDy with polynomial library of order 2 to the Rossler model
(6.3.1).

the prediction accuracy decreases, as E-SINDy tries to capture the behaviour by blending
polynomials of different degrees. In the meantime, the PS optimisation still accurately
captures the time delays in both cases. For the limited amount of data utilised, the ac-
curacy of NDDEs predictions fall between the two SINDy cases while the learnt delays
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Figure 6.3.3: learned delays along the iterations for the two-delay case when applying
NDDE (6.3.2) to the Rossler model (6.3.1). (a) Simplified input and 5 neurons in each hid-
den layer, trained on one trajectory. (b) Simplified input and 20 neurons in each hidden
layer, trained on ten trajectories.

remain somewhat far from the true values. However, by including more training data,
the performance of the NDDE can be significantly improved as will be demonstrated
below.

The training procedure for E-SINDy with PS is shown in Figure 6.3.2. One may ob-
serve a clear minimum around the true delay values, which can be approached within a
few hundred iterations with the help of the PS optimiser. For the NDDE, we depict the
iterations in the trainable delays for different training datasets in Figure 6.3.3. While for
the limited data described above only one of the two delays is captured accurately, see
panel (a), both delays can be recovered when the amount of training data is increased
10 times (by using 10 different initial conditions to generate 10 distinct trajectories), as
shown in panel (b).

Table 6.3.3 summarises the SINDy results for E and P5 with PS, including the absolute
errors on both delays 71 and 1, as well as the reconstruction error RMSE, for training
and the errors RMSE,s and RMSE for testing. Different libraries of polynomial orders are
compared in the table. Both methods achieve excellent reconstruction accuracy for poly-
nomial order 2. E-SINDy shows superior computational efficiency but P-SINDy achieves
slightly better delay estimation accuracy in most cases. When the order of polynomials
increases in the library, the delay estimation remains accurate, while the reconstruction
accuracy drops. This illustrates that having the right set of nonlinear functions in the
library is important for SINDy to accurately identify the underlying dynamics of time
delay systems.

The NDDE results are collected in Table 6.3.4. For each network input choice, we test
two different network sizes, i.e., the number of neurons in each hidden layer is either 5
or 20, as indicated in the first column. The networks with simple input structure lead to
smaller errors in learnt delays, that is, having restriction on the network input helps to
regulate the network. In addition, increasing the number of neurons in each hidden layer
from 5 to 20 yields better predictions on the testing data. Training the NDDE on a dataset
consisting of 10 different trajectories results in more accurate learnt delays and simulation
results compared to the NDDE trained on only one trajectory. That is, while learning
from a single trajectory is challenging for neural networks (without any knowledge about
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SINDy Training Testing Calls Time (s)
_,S — nﬁ/: _ﬂN — nﬁ/N_ WmeR\ Emmuﬁ gmm»

Polynomial order 2

E 673 x1073 316x107° 431x103 282x103 817x10°2 704 86
P5 - 363x1077 533x107° 649x 1075 584 x10°% 297 156
Polynomial order 3

E 580 x107% 936x107° 155x1072 4.88x1072 8.65x10~1 603 191
P5 - 275%x 1077 484x1073 638x10°3 320x10°2 332 304
Polynomial order 4

E 732x107% 1.04x107° 3.02 x 1071 2.64 536 658 2143
P5 - 642x1077 7.66x 1071 9.63 3.28 247 568

Table 6.3.3: performance of E-SINDy and P-SINDy with M = 5 and different polynomial orders for the Rossler system (6.3.1), spelling
out the absolute error between the true and optimised delays, the RMSEs for training and testing phases, the number of SINDy calls
and the CPU time while employing particle swarm.
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the nonlinearities) [72, 73, 74], utilising data with multiple trajectories stemming from
different initial histories improves the learning performance. In summary, having richer
training data may compensate the missing a priori knowledge about the form of the RHS.
Although each SINDy step is “just” a sparse linear regression, the full E-SINDy and
P-SINDy pipelines require many such regressions inside external optimisation loops over
delays and parameters, repeatedly rebuilding and evaluating large libraries. By contrast,
the NDDE approach trains a single end-to-end neural model where the loss is computed
on derivatives and evaluated efficiently in batches, so all parameters are updated jointly
in one optimisation loop. As a result, even though individual NDDE iterations are more
expensive, the total time is lower than that of the multi-stage SINDy procedures.

6.4 Conclusions

This chapter has presented a comparative analysis of data-driven identification method-
ologies for DDEs, positioning the SINDy approaches developed in this thesis within the
broader landscape of machine learning-based methods. The investigation establishes
both the capabilities and limitations of different paradigms for discovering governing
equations and delay parameters from time-series measurements.

The main contributions of this chapter are:

* unified framework for comparing sparse identification approaches (E-SINDy and
P-SINDy) with NDDEs for DDE identification;

¢ detailed comparative analysis of interpretability, delay parameter estimation, com-
putational efficiency, and data requirements across different methodologies;

¢ demonstration that E-SINDy achieves superior interpretability through direct re-
covery of governing equations as sparse linear combinations of basis functions, en-
abling immediate physical insight;

¢ validation that P-SINDy provides the most computationally efficient approach for
systems with multiple unknown delays by requiring optimisation of only the max-
imum delay;

¢ showing that NDDE methods offer universal approximation capabilities without
predefined of functional forms, but yielding substantially reduced interpretability
and increased data requirements;

¢ comprehensive benchmarking on the delayed Rossler system demonstrating that
appropriate library selection critically affects SINDy performance, while NDDE
performance improves substantially with richer training data spanning multiple
trajectories.

The comparative analysis reveals fundamental trade-offs between interpretability,
computational efficiency, and data requirements. E-SINDy excels when interpretable
governing equations are the primary objective and when reasonable prior knowledge
about system structure is available. The sparse coefficient matrices directly reveal which



6.4. Conclusions 119

physical mechanisms drive the dynamics, making E-SINDy particularly valuable for sci-
entific discovery applications. However, computational costs scale unfavourably when
multiple delays require simultaneous optimisation through external search procedures.

P-SINDy addresses this computational limitation through pseudospectral collocation,
transforming the identification problem to require optimisation of only the maximum
delay regardless of the number of intermediate delays present. This pragmatic reformu-
lation achieves excellent trajectory reconstruction with substantially reduced computa-
tional burden. The trade-off manifests in reduced interpretability: the collocation dis-
cretisation mixes delay effects through the augmented state space, obscuring the explicit
functional form of the original DDE. Nevertheless, P-SINDy represents an optimal choice
when trajectory prediction rather than equation discovery constitutes the primary objec-
tive.

NDDE methods exploit the universal approximation property of neural networks to
learn arbitrary nonlinear dynamics without predefined functional forms. The trainable
delay parameters are discovered jointly with network weights via gradient-based opti-
misation, avoiding the complex loops required by sparse identification approaches. This
flexibility is useful when system structure remains completely unknown. However, the
high-dimensional parameter space fundamentally limits interpretability. Furthermore,
neural networks typically require substantially larger training datasets, preferably span-
ning multiple trajectories from diverse initial conditions, to achieve reliable identification
performance.

The Rossler system benchmarking demonstrates these trade-offs concretely. When
the polynomial library contains the correct nonlinear terms (degree 2), E-SINDy achieves
near-perfect delay identification and trajectory reconstruction with minimal computa-
tional cost. Including extraneous higher-order terms (degrees 3 — 4) degrades perfor-
mance, highlighting the importance of appropriate library construction. P-SINDy main-
tains excellent delay estimation accuracy across all library choices, demonstrating robust-
ness to library specification. NDDE trained on a single trajectory achieves moderate per-
formance, but accuracy improves dramatically when training data incorporates multiple
trajectories from different initial conditions.

Computational efficiency varies substantially across methods. For the Rossler system
with two delays, P-SINDy with PS requires 247 — 332 SINDy calls completed in 156 —
568 seconds depending on polynomial order. E-SINDy requires 603-704 calls completed
in 86 — 2143 seconds. NDDE training requires 20000 — 100 000 iterations completed in
approximately 70 — 350 seconds. While time appears comparable, the interpretability and
data requirements differ fundamentally: sparse methods produce interpretable models
from single trajectories, whereas neural networks require multiple trajectories to achieve
comparable delay estimation accuracy.

6.4.1 Limitations and future directions

Several important limitations emerge from this comparative analysis:

(i) E-SINDy and P-SINDy performance depends critically on including appropriate
nonlinear functions in the candidate library.
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(if) NDDEs require substantially more training data to achieve reliable identification.
(iii) all methods shown here assume the number of delays is specified or bounded.

(iv) complementary strengths of sparse and neural network methods suggest potential
benefits from hybrid approaches combining sparse regression with neural network
components or gradient-based delay learning with sparse coefficient estimation.

(v) comparative analysis employed relatively clean synthetic data.

These limitations indicate several key research directions. Fusing gradient-based de-
lay learning from neural network approaches with sparse regression frameworks could
simultaneously achieve computational efficiency and interpretability.

The choice of identification methodology should be guided by the specific applica-
tion requirements. When interpretability and equation discovery constitute primary ob-
jectives, and when reasonable prior knowledge about system structure is available, E-
SINDy provides the most direct approach to recovering governing equations. When com-
putational efficiency matters more than complete interpretability, particularly for systems
with multiple unknown delays, P-SINDy offers the most pragmatic solution. When sys-
tem structure remains completely unknown and sufficient diverse training data is avail-
able, NDDE methods provide flexible black-box identification capabilities.

Together, the sparse identification frameworks developed in this thesis and the neural
network approaches reviewed in this chapter provide a comprehensive toolkit for data-
driven identification of delayed dynamical systems.

This chapter completes the methodological development for deterministic delay sys-
tems. The comprehensive comparison of identification paradigms establishes that multi-
ple complementary approaches exist, each with distinct advantages matched to different
application contexts. The next chapter synthesises the key findings across the entire thesis
and discusses broader implications for data-driven identification of delayed dynamical
systems.



Conclusions

This thesis presents a comprehensive investigation into data-driven identification of de-
lay differential equations (DDEs), stochastic delay differential equations (SDDEs), and
distributed delay systems (DIDEs and REs) through extensions of the Sparse Identifica-
tion of Nonlinear Dynamics (SINDy) framework. The work addresses a critical gap in the
intersection of system identification, data-driven discovery, and infinite-dimensional dy-
namical systems by developing robust, interpretable, and computationally efficient meth-
ods for discovering governing equations directly from observational time-series data.
This conclusion is primarily based on the work published and submitted in [16, 18, 28,
29, 42] and the framework discussed in the book chapter [25].

The work begins with the recognition that many real-world systems exhibit mem-
ory effects through discrete delays, stochastic delays, or distributed delays. Traditional
system identification approaches [92, 106] require substantial prior knowledge of sys-
tem structure and delay parameters, which is rarely available in practical applications.
Furthermore, existing data-driven methods struggle with the curse of dimensionality in-
troduced by multiple unknown delays and the infinite-dimensional nature of delay sys-
tems. This work resolves these limitations through systematic methodological extensions
to the SINDy framework, enabling automatic discovery of sparse governing equations
from data.

7.1 Principal contributions

The work establishes the following key contributions:

7.1.1 Expert SINDy with unknown delay identification

The first major contribution develops E-SINDy with external optimisation for unknown
delays. This method combines standard SINDy regression with particle swarm optimi-
sation (PS) to discover delay parameters without requiring prior knowledge. The work
demonstrates that PS significantly outperforms brute force (BF) and Bayesian optimi-
sation (BO) approaches in terms of both computational efficiency and robustness. The
method achieves good accuracy of parameter recovery when the library accurately rep-
resents the true dynamics, and the sparse coefficient matrix directly reveals interpretable
governing mechanisms. However, the sensitivity to library specification remains the pri-
mary limitation, missing nonlinear terms lead to spurious fitted terms, while extraneous
terms degrade accuracy.
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7.1.2 Pragmatic SINDy via pseudospectral collocation

The second major contribution introduces P-SINDy, a novel reformulation of DDE iden-
tification via pseudospectral collocation. This transforms the infinite-dimensional DDE
into a finite-dimensional ODE system, reducing computational complexity by requiring
optimisation of only the maximum delay. For systems with multiple unknown delays, P-
SINDy achieves good computational efficiency compared to E-SINDy with multivariate
delay space search. The trade-off is reduced interpretability of the reconstructed right-
hand side, as collocation discretisation obscures the explicit delay structure, making P-
SINDy more suitable for trajectory prediction than equation discovery.

7.1.3 Extensions to stochastic delay differential equations

The third contribution extends the SINDy framework to SDDEs, addressing the simulta-
neous identification of drift and diffusion terms from noisy data. The methodology em-
ploys Kramers-Moyal moment estimators with higher-order finite difference schemes to
estimate drift and diffusion. Three complementary estimation strategies are developed:
Approach A generates synthetic trajectories from a single observed path; Approach Bl
averages increment statistics before sparse regression, providing robust model discov-
ery; Approach B2 applies sparse regression separately to each trajectory and averages
results. The work demonstrates that drift identification achieves excellent performance
with relatively few samples, whereas diffusion term identification demands substantially
more data due to amplification of measurement noise through moment ratios. The ex-
tended SINDy-SDDE framework provides good interpretability for drift identification
but remains computationally demanding for diffusion, particularly in high dimensions.

7.1.4 Distributed delay kernel identification

The fourth major contribution extends SINDy to identifying delay integro-differential
equations (DIDEs) and renewal equations (REs) with distributed memory. This repre-
sents a significant methodological innovation, as distributed delay identification from
data remains largely unexplored. The framework uses quadrature-based kernel libraries
and integral SINDy to recover nonautonomous kernel functions directly from trajecto-
ries. The method successfully discovers both the analytical structure of kernels and un-
known integration bounds through joint external optimisation and internal sparse re-
gression. Unlike standard SINDy which produces high-dimensional black-box models,
the specialised distributed delay framework (DD-SINDy) yields interpretable sparse rep-
resentations revealing the underlying kernel structure and biological mechanisms, as
demonstrated through comparison with black-box SINDy (BB-SINDy) on Ricker-type
population models.

7.1.5 Practical applications to epidemiological data

The fifth contribution demonstrates application of the distributed delay SINDy frame-
work to real-world epidemiological data: Severe Fever with Thrombocytopenia Syn-
drome (SFTS) transmission dynamics in Dalian, China. This case study illustrates how
data-driven methods can discover simplified, yet predictive representations of complex
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structured population dynamics without requiring detailed a priori knowledge of trans-
mission mechanisms. The identified models capture distributed delays modulated by
temperature reflecting the structure and life stages of the tick population, demonstrat-
ing the practical utility of theoretical developments to predict disease transmission and
guide public health interventions.

7.1.6 Comparative framework and method selection guidance

The work provides a comparative analysis between E-SINDy, P-SINDy, and neural delay
differential equations (NDDEs). This positioning within the broader landscape of data-
driven system identification enables practitioners to select appropriate methods based
on problem characteristics. E-SINDy excels when equation discovery and interpretabil-
ity are priorities, delays are known or semi-known, and prior knowledge of nonlinear
terms is available. P-SINDy optimises computational efficiency for systems with multi-
ple unknown delays where trajectory prediction suffices. NDDEs approaches are appro-
priate when unknown nonlinearities cannot be represented through polynomial basis,
abundant measurement data are available, and multiple independent trajectories sup-
port training. The work demonstrates that no universal method exists; success requires
careful problem formulation and close engagement with domain knowledge.

7.2 Limitations and challenges

This section discusses the principal limitations and challenges encountered throughout
this work across all developed methodologies. Understanding these limitations is essen-
tial for practitioners to apply the methods appropriately and for future researchers to
identify productive directions for methodological advancement.

E-SINDy and P-SINDy require a priori specification of candidate basis functions and
cannot discover functional forms absent from the library, representing a fundamental
limitation distinguishing sparse identification from black-box approaches. E-SINDy’s re-
quirement to simultaneously optimise multiple unknown delay parameters creates com-
putational challenges that grow linearly with the number of delays. The dimensional-
ity of the polynomial library grows combinatorially with the state dimension and the
polynomial degree, restricting its applicability to systems. Numerical differentiation am-
plifies measurement noise, particularly at high polynomial orders, and multiple sparse
solutions may fit available data equally well, creating model non-uniqueness when in-
formation is insufficient.

A critical limitation of SINDy-SDDE is the fundamental asymmetry in identification
performance: drift terms achieve excellent results with moderate data quantities, while
diffusion term identification demands orders of magnitude more data due to amplifi-
cation of measurement noise through moment ratio computations. High-dimensional
stochastic systems become computationally demanding and statistically unreliable, re-
quiring enormous data volumes for acceptable performance. Effective identification re-
quires multiple independent trajectories or very long trajectories split into independent
segments, which presents practical challenges for many experimental systems. Approach
Bl (pre-regression averaging), though superior empirically, requires careful tuning of
neighbourhood size that balances bias and variance, with limited guidance for automated
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or adaptive selection strategies.

Identifying nonautonomous kernel functions from time-series data presents a fun-
damentally different challenge from discrete delay identification, since kernels repre-
sent continuous functions over delay values rather than finite-dimensional parameters.
Quadrature errors accumulate through the identification process, yet the relationship be-
tween quadrature accuracy and final reconstruction error lacks formal theoretical char-
acterisation. When integration bounds are unknown, they must be estimated through
external optimisation, expanding the search space and creating challenges in conver-
gence. Kernel library construction requires practitioners to hypothesise functional forms
of distributed delay structures, which may be unknown or nonlinear, demanding more
domain-specific insight than standard polynomial or trigonometric basis.

Real-world application to the SFTS data reveals that epidemiological measurements
suffer from multiple sources of uncertainty sources including reporting delays, underre-
porting, and partial observation of the state of the system, preventing a formal distinction
between the uncertainty of the structural model and the uncertainty of the measurement.
Monthly surveillance data from 2011 to 2022 provide limited data, coarse relative to tick
population dynamics operating on multi-week timescales, reducing ability to identify
rapidly varying kernel structures. Multiple plausible models may fit observed case data
equally well given data limitations, meaning identified structures may reflect mathemat-
ical form choices rather than unique biological features.

7.3 Conclusions and future perspectives

This work addresses data-driven identification of DDEs and distributed delay systems
through systematic SINDy extensions, establishing that sparse identification excels when
interpretability and scientific discovery constitute primary objectives, while neural ap-
proaches provide universal approximation without library construction at substantially
higher data costs.

This work equips researchers with theoretical understanding and practical tools to
advance data-driven system identification into new problem domains where memory ef-
fects, stochasticity, and complexity challenge traditional approaches, demonstrating that
interpretable identification of infinite-dimensional dynamical systems is achievable and
valuable for scientific discovery, prediction, and control applications across diverse sci-
entific and engineering domains.



Appendix: Methodological
pseudocodes

This appendix compiles the comprehensive pseudocode for the numerical methods and
identification algorithms that have been developed and examined in this thesis. Its pur-
pose is to offer an implementation-focused description of each SINDy variant in a stan-
dardised format, supplementing the theoretical discussions and numerical findings de-
tailed in the main chapters. The algorithms are categorised based on the type of dynam-
ical system: delay differential equations (DDEs), stochastic delay differential equations
(SDDEs), and delay integro-differential equations (DIDEs) and renewal equations (REs).
For each category, specific SINDy procedures are outlined, including methods for both
known and unknown delay parameters.

MATLAB implementations for the methods presented in this thesis can be found at


http://cdlab.uniud.it/software

126

A. Appendix: Methodological pseudocodes

A.1 E-SINDy for DDEs

Algorithm A.1 E-SINDy: Expert SINDy for known discrete delays

1:

e T e T S == S S G
SANRC U S A vl

N N NN NN R ==
B W N PR O WY ® N

Input: Data X € R"*", derivative data X' € R™*", known delays T = [1y,..., %7,
parameters p, library F, threshold A, method M (STLS/LASSO).
Output: Sparse coefficient matrix Z(t) € RP*", reconstruction errors.
Step 1: Delayed data generation
fori =1tokdo
> piecewise linear interpolation for shifted data
X7, = interpl(t, X, t — ;)

end for
Step 2: Augmented library construction
Xe = [Xg, Xgs -+ X1 > concatenate all delayed states

O(X, X;) = LibraryApply (F, X, X, p)
Step 3: Column-wise sparse regression

: forj=1ton dodo > for each state variable

if M == STLS then

¢ = STLS(X/,©,A)
else (LASSO)

§j = argming (||X]' —O¢|2+ )Lngl)
end if

: end for
: Step 4: Assembly and validation

: E<T) = [51/§2V . -/gn]
: RMSEy = || X' — O(X, X¢)E(T) |2

> simulate DDE using reconstructed model for validation

: Xsim = SDDE(E“(T)/ T/ P)
: RMSE, = || X — Xsim||2
: return Z(t), RMSE,/, RMSE,
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A.2 P-SINDy for DDEs

Algorithm A.2 P-SINDy: Pragmatic SINDy via pseudospectral collocation

1:

11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:

Input: Data X € R™*", derivative data X', library F, parameters p, collocation de-
gree M, delay bounds [Tmin, Tmax], threshold A.
Output: Optimal maximum delay T*, sparse coefficients Ep(T*), ODE approxima-
tion.
function P_SINDY_OBJECTIVE(T)

1. Grid generation (Chebyshev)

si = % (cos (%) —1)fori=0,...,.M

2. Data collocation

X =[X, X5y, 0., X5

3. Library & regression (first block)

O(X, X;s) = LibraryApply(F, X, p)

forj =1tondo

¢j = SparseRegression (X}, ©(X, X;),A)

end for
EM(T) = [61/ ceey C”]
return || X' — O(X, X)Em(T)||2 > reconstruction error

end function
external optimisation
7% = argmingc|y . - 1P SINDy Objective(T)
> solved via particle swarm, bayesian optimisation, etc.
Final model construction
Em(T*) = retrieve coefficients using T*
construct ODE system:
Uy(t) =0U(t), p)Em(T*) > learned dynamics (f)
ui(t) = DyU(t) fori=1,...,M > differentiation matrix
return 7%, Z)1(T*), ODE system
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A.3 SINDy for DDEs parameter optimisation

Algorithm A.3 Unified external optimisation for delays and parameters (E-SINDy & P-
SINDy)

1: Input: Data X € R"™*", derivative data X', method M € {E-SINDy, P-SINDy}, pa-
rameter bounds [Omin, Omax], optimiser O.

2: Output: Optimal parameters 6* (delays T*, parameters p*), sparse coefficients &*.

3: function SINDY_OBJECTIVE(0)

4: parse 0 into delays T and parameters p

5: if M == "E-SINDy” then

6: © = ConstructLibrary (X, T, p) > Using shifted data X
7: else (P-SINDy)

8: T = max(7) > only max delay required
9: © = PseudospectralLibrary(X, T, p) > using collocation on [—7T, 0]
10: end if
11: B = SparseRegression(X’, ®) >e.g., STLS
122 return || X' — OZ| > reconstruction error

13: end function

14: external optimisation loop

15: define search space () based on bounds [Omin, Omax]
16: if O == "BruteForce” then

17: generate grid C ()

18: 6" = arg miny SINDy_Objective(0)

19: else if O == "BayesianOptimisation” then
20: model f(6) ~ SINDy_Objective(0)

21: while not converged do

22 Onext = arg maxacquisition(f, Q)

23: Ynext = SINDy_Objective(Onext)

24: update model f with (Onext, Ynext)

25: end while
26: 0* = best evaluated 0

27: else if O == "ParticleSwarm” then

28: initialise population P in

29: while not converged do

30: for particle p € P do

31: fitness = SINDy_Objective(p.position)

32: update p.velocity and p.position based on global/local best
33: end for

34: end while

35: 0" = GlobalBest.position

36: end if

37: final model constructed

38: parse 0" into optimal T* and p*

39: Run SINDy_Objective(0*) to retrieve Z*
40: return ¥, p*, E*
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A4 SINDy for SDDEs: Approach A

Algorithm A.4 SINDy for SDDEs - Approach A: synthetic realisations from single trajec-
tory

1:

=
—_ O

[

=

_ =

N NN DN DNDNDNNDNDND PR =

Input: Single trajectory X € IR"*", time step At, delay T, synthetic ensemble size M,
initial models f, go, libraries F t,Fc, thresholds A, Ag.
Output: Drift coefficients E, Diffusion coefficients Eg.
Step 1: State augmentation
Xr = interpl(t, X, t — T) > construct delayed state samples
Z = [X,X] > augmented state Z(t;) € R*"
Step 2: Synthetic generation & moment estimation
fori=1,...,m—1do
generate M independent brownian increments {AWl.(k) M
fork=1,...,Mdo
initialise X (t;) = X(t;), X® (t; — 1) = X(t; — T)
generate next step using Euler-Maruyama:
X (ti1) = X (1) + fo(Z0) (1)) A + 802 (1)) AW,
record increment: AXi(k) = X (ti1) — X© (1)
end for
estimate drift and diffusion using specified estimator:

£(Z(t)) = piy Tty X
G(Z(t)) = wit | LM X (AX)T — ME(Z (1) £(2 (1)) T

: end for
: construct library matrices ©¢(Z), ©¢(Z) from functions in Fy, Fg

> sparse regression for drift:

cfori=1,...,ndo

B¢ = argmin, (||f;(Z) — Op(Z)all2 + Aglla]1)

. end for

> sparse regression for diffusion:

: fori,j=1,...,ndo

Eg = argming (||G;;(Z) — Oc(Z)Bll2 + Acl|Bll1)

- end for
: return Ef, =a
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A.5 SINDy for SDDEs: Approach B1

Algorithm A.5 SINDy for SDDEs - Approach Bl: pre-regression averaging

1:

e S S
IS~ S S S ral =

[
® N

—_
o

20:

21:
22:
23:

24:

25:
26:
27:
28:
29:
30:
31:
32:
33:

34:
35:
36:
37
38:

Input: Ensemble of trajectories {X (k) }]Z(VL 1 € R™*", delay 7, time step At, tolerance ¢,
estimator £ € {KM, FD, CD, TR}, libraries F 7, Fc, thresholds Af, Ag.
Output: Drift coefficients = r diffusion coefficients Z.
Step 1: State augmentation (all trajectories)
fork =1to M do

ng) = interp1(t, X ¢ — T)

z®) =[x, ng) ] > augmented state for trajectory k
end for
Step 2: Neighbourhood estimation (pre-regression averaging)
for each evaluation point z in dataset {Z®)(t,)} do

1. find neighbours:

Se(z) = {(ki) : [ZO(t) =2 < e} Ne(z) = [Se(2)|

2. compute moments based on estimator £:

if £ == KM then > Kramers-Moyal

AX® = x 0 (t;,1) — XE (4
i ( l+l) ( z)
f(2) = wks Tieiyes, AXY

G(2) = i iges, AX 7 (ax{)T
else if £ == FD then > second-order forward difference

AXY = X0 (t11) — X (1)

AXE = X0 (t;,,) — XE) (1)

A (k) (k)

f(&) = % Cwies, w2

6(2) = say Dikires. 48X (AX])T — A7 (43)7]

else if é}i == CD then > central difference
AXSF,) = XW (1) — XB(t4)
axt)

f(2) = 5 Dikies. 2a
G(2) = ag Laes. AX (AXE)T
else if £ == TR then > Trapezoidal rule
apply trapezoidal rule on neighbourhood S,
end if
store estimates: f(z), G(z)
end for
construct library matrices ©¢(Z), ®(Z) from functions in Fy, Fg
fori=1,...,ndo

&y = argming (|1i(Z) — ©4(2)Z¢ 2+ Afl1Z¢ 1) > estimate drift
end for
fori,j=1,...,ndo

He = argminﬁ (HGI,J(Z) - @G(Z)EGHZ + )\GHEGnl) > estimate diffusion
end for

return ¢, B¢
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A.6 SINDy for SDDEs: Approach B2

Algorithm A.6 SINDy for SDDEs - Approach B2: post-regression averaging

1:

N N R R R s R R |l R, |,
S O AR LI R S o

N N NN N NNN
¥ 0 N ok N

LW W
—_ O

A S =
P e =y Li=1 Ee
: return Ef, =a

Input: Ensemble of trajectories {X(k)}f(\i 1 € R™*", delay 7, time step At, estimator
& € {KM, FD, CD, TR}, libraries F #,Fc, thresholds Af, Ag.

Output: averaged drift coefficients =, averaged diffusion coefficients Z.
Step 1: Individual trajectory processing
initialize coefficient storage A = @, B =0
fork =1to M do
1. state augmentation
ng) = interp1(t, X, t — 1)
z®) =[x, ng)} > augmented state for trajectory k
2. trajectory-wise estimation
if £ == KM then
f®) = KramersMoyalDrift(X*), At)
G®) = KramersMoyalDiff(X®), At)
else if £ == FD then
f®),G®) = ForwardDiffEstimator(X®), At)
else if £ == CD then
f®),G®) = CentralDiffEstimator(X*), At)
end if > see Section 3.2 for estimator formulas
construct library matrices @¢(Z (6)),®c(Z"®)) from functions in F mFG
sparse regression for drift (trajectory k):
fori=1,...,ndo
gt = argming, (II¥(2¥) - ©4(Z0)&ll2 + Al1Es 1)
end for
sparse regression for diffusion (trajectory k):
fori,j=1,...,ndo
&Y = argming, <||él,(/’]f) (Z2®) — @6 (Z2W)Eg |, + AG||EGH1)
end for
: end for
: Step 2: Ensemble averaging

. Bf = Ly, E}k) > Averaging in parameter space

(k)
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A.7 Drift and diffusion estimation methods for SDDEs

Algorithm A.7 Estimation methods for drift and diffusion

1: Input: Data X(¢;) € R", augmented state Z(t;), time step At, estimator £.

2: Output: Drift estimates f(Z(t)), diffusion estimates G(Z(t)).

3: function APPLYESTIMATOR(X, At, £)

4: if £ == KM then > Kramers-Moyal

5: f01'i:1,...,mX—1d0X
£ tip1) = X(ti

6 f(z(t)) = XX

7. G(Z(t)) = (X(fi+1)*X(fi)%(A)t((fm)*X(fi))T

8: end for

9: else if £ == FD then > second-order forward difference
10: forizl,...,m4—XZd0X «

2 ti) = X(4) = (X(t; t

11: ](A(Z(ti» — (1 (tia1) = X( )Z)At( (tia) = X(t))

12 G(Z(1)) = g [4(X (1) — X() (X (ti1) — X(1)T

13 —(X(tin2) = X(1:)) (X (ti2) — X ()]

14: end for

15: else if £ == CD then > central difference
16: foriA:2,...,m—1d0

17: F(Z(k) = X(ti+1)2£f((ti—1)

18 G(Z(ti)) _ (X(ti+1)7X(ti—1)A)I(A)f(tiJrl)*X(ti—l))T

19: end for
20: else if £ == TR then > trapezoidal rule
21: initialise f(©)(Z) = KM estimates
22: repeat
23: fori=1,...,m—1do

A X ] _X ’ A

2. fr(2(t) = 28y Z - F0(Z(140))
25: update G using trapezoidal rule with current f estimates
26: end for
27: until convergence (|| f*) — f*=1|| < tol)
28: end if

29: return f ,G
30: end function
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A.8 SINDy for distributed delay

Algorithm A.8 SINDy for distributed delay and renewal equations

1:

N DN DN DN DNDDNDNDNDND R R R 2 92 2 R (2 32 @92
NS T HEDNEDO®ID TN 2D

N
*®

W W W W W N
= W N = O O

Input: Data X € R™*", derivative data X' € R™*" (for DDEs), function library F,
delay interval [—T, 0], quadrature rule parameters, regularisation parameter A
Output: Sparse coefficient matrix Z representing kernel y(c, x(f 4 o))
Step 1: Quadrature setup
select quadrature rule (trapezoidal, Clenshaw-Curtis, etc.)
generate K quadrature nodes {o; }X_, in [—7,0]
compute corresponding quadrature weights {wy }X_,
Step 2: Data preparation
fork =1to Kdo
obtain time shifted data X,, by interpolating X at times t; + oy
end for

: Step 3: Library construction

: fork =1to K do
construct local library ©(oy, X, ) using functions from F:
include terms like: 1, 0y, X1(- + 0%), - .., Xu (- + 0%),
U]f,ale(- +0i), .., 00 Xn (- + Uk),X%(- +0x),- ..
(T,f,crl’f_le(- +01), ..., X4+ op)
weight the library: @, = wy - O (0%, Xo,)
: end for

: Combine libraries: ® = Zle WOy

: Step 4: Sparse regression
: for j = 1 to n (each state component) do
if DDE case then
set target vector: Yj = X;
else(RE case)
set target vector: Y; = X;
end if
solve sparse regression using STLS or similar:
g; = argming <HY]- — <Z,If:1 kak) CHZ + /\H§||1>
: end for
: assemble coefficient matrix: & := (&1,&2,...,En)

: Step 5: Model validation

: simulate identified model using numerical integration

: compute prediction errors on training and validation data
: return &, validation metrics
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A.9 SINDy for distributed delay parameter optimisation

Algorithm A.9 SINDy with parameter optimisation for distributed delays

1: Input: Data X, derivative data X/, function library F, parameter search spaces
2: Output: Optimal parameters p* and sparse coefficient matrix &*

3: function DISTRIBUTED_SINDY_ERROR(p)

4: parse parameters: delay bounds |7, 2], quadrature settings from p

5: generate quadrature nodes {0} }X_, in [11, 1]
6:  compute quadrature weights {w }X_,
7. obtain time shifted data {X, }5_, by interpolation
8: construct weighted library matrix ® as in Algorithm 1
9: forj=1tondo

10: solve sparse regression to get ¢;(p)

11: end for

12: simulate identified model with parameters p

13: calculate reconstruction error:

14: if DDE case then

5 elp) = X — ©(p)E(p)]2

16: else(RE case)

17: e(p) = [ X = 0(0)E(p) |2

18: end if

19: return ¢(p)

20: end function

21: external parameter optimisation

22: use optimisation algorithm (PS, bayesian optimisation, etc.):
23: p* = argmin, Distributed_SINDy_Error(p)

24: compute final sparse coefficient matrix Z* using p*

25: return p*, E*
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“Allah will raise in rank those of you who have faith and those
who have been given knowledge. ”

“Al Quran”, (Sarat al-Mujadilah, No 58, Ayat 11).
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