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Sommario

La comprensione della dinamica dei sedimenti è di primaria importanza nella gestione delle
aree costiere e "uviali. L’evoluzione morfologica di tali regioni, infatti, ha un forte impatto
sia sull’equilibrio ambientale che su attività economiche quali ad esempio la navigazione o
il turismo.

In letteratura, tale fenomeno è stato ampiamento studiato e dibattuto, e un numero
rilevante di diverse teorie è stato proposto, sia di natura analitica che sperimentale, valide
alternativamente per sedimenti sedimenti granulari o sedimenti coesivi.

Uno degli strumenti più utili nello studio del trasporto solido è la modellazione morfo-
dinamica, che accoppia il problema idrodinamico al problema del trasporto solido stesso e
all’evoluzione morfologica del bacino in esame.

Sebbene diversi modelli numerici siano già stati presentati in letteratura, spesso hanno
diversi limiti: alcuni sono codici comerciali, risultando troppo costosi per molti degli scopi
tecnici e scienti%ci che possono avere. Altri sono basati su ipotesi troppo restrittive per
descrivere adeguatamente aree complesse, come ad esempio le lagune, dove la transizione
asciutto-bagnato riveste un ruolo di primaria importanza, o non sono in grado di considera-
re contemporaneamente fenomeni tipici delle aree costiere, come l’e&etto del moto ondoso,
l’instabilità delle sponde e l’e&etto delle correnti secondarie.

Allo scopo di ottenere una visione generale del problema del trasporto solido in ambien-
te "uviale e costiero, nel presente lavoro è stato sviluppato e descritto un nuovo modello
morfodinamico. Sono stai perseguiti due principali obiettivi: ridurre il più possibile il nu-
mero dei parametri di calibrazione e avere la possibilità di confrontare diverse delle teorie
disponibili per la risoluzione del trasporto solido.

In questa tesi si pone l’attenzione innanzitutto al problema del calcolo dello stress al
fondo. In secondo luogo vengono illustrati numerosi studi, teorici e sperimentali, riguar-
danti il trasporto solido. In%ne, viene descritto il modello morfodinamico e viene presentata
la sua validazione.
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Summary

Comprehension of sediment dynamics is peculiar in riverine and coastal management. In
fact morphological evolution has a strong in"uence not only in the environmental equilib-
rium but also in the economic activities like navigation or tourism.

In literature, this problem has been widely studied and debated, and a great number
of experimental and analytical theories have been proposed, valid either for granular or
cohesive sediments.

One of the most useful instruments available in sediment transport study is morphody-
namic modelling, which couples the hydrodynamic problem with the sediment transport
problem, taking into consideration the basin’s morphological evolution.

Although di&erent numerical models have been presented in literature, they often have
several limits. Some of them are in fact commercial codes and result too much expensive
for many scienti%c and technical purposes. Others are based on too much restrictive hy-
pothesis and can’t thus describe adequately complex areas, such as lagoons, where wet-dry
transition play an important role. Still others are not able to consider together phenomena
typical of coastal areas, like wave e&ects, slope avalanching and secondary "ow e&ects.

In order to get a general overview of the river and coastal morphodynamic problem, in
the present work a new morphodynamic model has been developed and described.

Two main porpouses are reached: the former is to reduce, as much as possible, cali-
bration parameters; the latter is the possibility to compare several theoretical approaches
available in literature for the sediment transport problem.

This work is structured as follows. The %rst part is dedicated to the discussion of the
bed shear stress computation problem. In the second part, di&erent theoretical and exper-
imental studies in sediment transport are illustrated. In the last part, the morphodynamic
model is presented, described and validated.
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Introduction

The sediment dynamics in riverine and coastal regions plays an important role not only for
the environmental equilibrium, but also for human activities.

In fact, morphological changes due to erosional and deposition processes can be rela-
tively fast. In a few months or years, for example, a channel can be %lled, a river meander
can migrate or a beach can be strongly eroded: such phenomena often have negative e&ects
on navigation, port management, tourism and all connected economic sectors.

Also dredging operations, required to contrast the %lling processes, need adequate lo-
cations for the disposal of sediments: deposition areas have to be su*ciently stable and
protected from current "ows and waves, in order to avoid material resuspension.

The importance of a correct understanding of environmental morphodynamics, com-
prehensive of morphological evolution and sediment transport, is demonstrated, amongst
other, by similar examples.

Sediment transport is the movement of solid particles due to the mutual e&ect of di&er-
ent factors. On one hand, the motion is generated by water "ow, caused by the presence of
currents, waves, or both of them: the knowledge of hydrodynamic %eld is thus fundamental
in solving sediment transport problem. On the other, physical, chemical and mechanical
sediment properties have a great in"uence on how water "ow picks them up from the bot-
tom, how they move and distribute along water depth and how they are %nally deposited.
Therefore, a correct and complete knowledge of geological and geotechnical characteristics
of grains or transported particles is equally important.

Morphological evolution is strictly related to sediment transport, as it directly depends
on how and where sediments are eroded or deposited.

In literature, a great number of theoretical approaches and experimental formulas have
been presented in order to evaluate sediment transport load and morphological evolution
(see for example theories summarized in [44, 59, 60]). Such formulas have been generally
obtained from laboratory analysis, under ideal conditions and, for example, 1-dimensional
hydrodynamic %eld (e.g. a laboratory channel). Thus, a direct application of similar theories
to real study cases can result di*cult to be done, while approximations would generally be
excessive.

For this reason, alternative instruments have been developed, in order to provide a bet-
ter overview of sediment dynamics with a more optimized use of theoretical and experi-
mental approaches. One of the most widely adopted is the morphodynamic model.

Morphodynamic models are numerical models which associate and couple the hydro-
dynamic problem, the sediment transport problem and the morphological problem. A wide
number of di&erent depth-averaged models have been proposed and discussed. Some of
them are commercial codes (e.g. [10]), which generally result very expensive and just a few
research laboratories or engineering societies use them for scienti%c or design purposes.
Others are license-free and they can be therefore easily obtained from their developers,
but they are generally simpler and not easily applicable in complex problems, such as river
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2 INTRODUCTION

"oods events or, for example, tide excursion on salt mashes (e.g. [17]). Moreover, it is very
di*cult to have a complete scienti%c description of commercial and license-free codes, and,
for this reason, it is di*cult to fully understand how they work and speculate on which they
are based.

In the light of these considerations, in the present work an alternative morphodynamic
model is presented and validated. The model is based on the hydrodynamic code developed
by the hydraulic laboratory of University of Udine, and is designed to %t typical coastal
morphodynamic problems: rivers, estuaries, lagoons, coastal areas and similar regions.

The model is a 2D depth-averaged, %nite volume code and its design would achieve
two main purposes: to limit, as much as possible, the number of input and calibration
parameters and the possibility to apply and to compare a conspicuous number di&erent
theories and approaches in the main parts of morphodynamic problem: the computation of
bed shear stress and the evaluation of sediment load.

The thesis is divided in 4 chapters. The %rst chapter is a theoretical and practical focus
on the the bed shear stress computation, from hydrodynamic considerations for real "uids
to the evaluation of bed shear stress under currents alone, waves alone and currents and
waves. In the last case, di&erent theories on how currents and waves interact are proposed
and discussed.

The second chapter is a quick overview on sediment transport problem. In particular,
granular sediment transport and cohesive sediment transport are described and several
approaches are here summarized.

The third chapter describes the numerical model, considering the hydrodynamic mod-
ule, the sediment transport module and the morphological module.

Finally, in the fourth chapter model the validation is illustrated: in particular, several ap-
plications to laboratory and numerical tests are described and compared with experimental
data.



Chapter 1

The bed shear stress

1.1 The shear stress in real !uid

One of the most important factors which in"uence sediment transport is bed shear stress.
Bed shear stress is the resistance to the water "ow exerted by the bottom. It is caused by
two main factors: the viscosity of water and the presence of turbulence.

The viscosity is a property of the "uid which causes an internal stress opposing "uid
deformation during the "ow. It takes place, for example, in presence of boundaries. In fact,
due to the interaction with the boundaries (like the bottom or, more generally, the solid
walls), the "uid have 0-velocity relative to them.

Also turbulence is caused by interactions between the "uid and the boundaries: if
enough kinetic energy is present, the motion of the "uid particles is irregular and "uc-
tuant. The consequent collision between them and with the boundary generates eddies
and internal additional stress.

Viscosity and presence of turbulence (when "ow conditions generate it) are topic char-
acteristics of a real "uid.

In hydrodynamics, also inviscid "uid is de%ned, which does not have viscosity: in this
case, no shear stress are generated. However, in environmental hydraulics and in particular
for morphodynamic problems where the bed shear stress plays a key role, water can’t be
considered as an inviscid "uid.

Bed shear stress is always consequence of water motion, which can exist due to two
main causes: currents and waves. They can act alone or, often in coastal environment,
together. In this chapter, the theoretical concepts useful in the computation of current and
wave bed shear stress are brie"y illustrated and discussed.

1.1.1 Some de"nitions

In order to discuss the problem of bed shear stress some declarations and de%nitions are
required.

We consider the space (x, y, z) where, in particular, (x, y) is the horizontal plane and z

the vertical coordinate. The components of vectorial variables are identi%ed by the pedice
x, y or z. For example, for a generic vector ~a, we have

−→a = (ax, ay, az) (1.1)

In order to analyse phenomena acting on di&erent time scales, it is useful to de%ne two
average operators: the moving average and the phase average.

3



4 CHAPTER 1. THE BED SHEAR STRESS

The moving average of a variable a (t) is the average on a localised region in time with
period Tm. In particular,

< a (t) >=
1

Tm

ˆ t+Tm

t

a (t∗) dt∗ (1.2)

where < · > operator indicates the moving average.
In presence of an oscillatory "ow with period Tw, it is then possible to de%ne the phase

average of a (t) as

á (t) =
1

N

N∑

j=1

a (t+ jTw) (1.3)

where �́ is the phase average operator andN the number of periods on which phase average
is done.

The periodic component of the variable is thus

ã (t) =
1

N

N∑

j=1

a (t+ jTw)− < a (t) > . (1.4)

Finally, we de%ne "uctuating component of a as

a′ (t) = a (t)− < a (t) > −ã (t) . (1.5)

In absence of an oscillatory "ow, only "uctuating and moving averaged components are
considered.

In order to apply these operators to hydrodynamic problems, some considerations about
Tm and Tw are needed.

The scope of using a moving average on an environmental (and, particularly, coastal)
hydrodynamic problem is to analyse the behaviour of a "ow without taking account high
frequency "uctuations (which are generated by turbulence) and, if present, gravity waves.
For this reason, Tm should be considered the time scale of main "ow variations, while the
period Tw of phase average should be the gravity wave period, which generally is much
shorter. In the same way, the time scale of "uctuations Tturb is much shorter than Tw . A
sketch of this perspective is given in Figure 1.1. Thus, the following relation is assumed
valid:

Tm ≫ Tw ≫ Tturb (1.6)

Thus, from previous de%nitions we have

< ã >=< a′ >= ã′ = 0 (1.7)

and
<< a > b̃ >=<< a > b′ >=< ãb′ >= <̃ a > b′ = ˜̃ab′ = 0. (1.8)

Moreover, it is easy to demonstrate that

< ab >=< a >< b > + < a′b′ > + < ãb̃ > (1.9)

and, %nally,
˜̃ab̃ = ãb̃− < ãb̃ > (1.10)
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Figure 1.1: Sketch of time scales in coastal problem.

1.1.2 Viscosity

Viscosity is de%ned as the ratio between the stress intensity and related "uid strain:

τlam = µ (γ̇) γ̇ (1.11)

where µ (γ̇) is the dynamic viscosity and, for example, γ̇ = dux

dz
for a 2DV shear "ow while,

in a more general perspective, γ̇ij =
(

∂ui

∂xj
+

∂uj

∂xi

)
, with xi, xj = x, y, z.

Relationship between shear stress and strain rate is said rheological model: it can take
a wide variety of forms, as illustrated in Figure 1.2.

When µ is independent from γ̇, "uid is said Newtonian. If µ increases when increase γ̇
then the "uid is said dilatant and, conversely, when µ decreases, increasing γ̇, "uid is said
pseudoplastic. Finally, when "uid behaves like a solid under a threshold value of τlam and as
a Newtonian "uid when τlam exceeds that value, it is said Bingham plastic (or viscoplastic).
All these rheologies can be described by the model

τlam = τthreshold + µn

(
dux
dz

)n

(1.12)

where τthreshold, µn andn are property of the "uid. This generalized rheology is saidHershel-
Bulkely model.

All models here quickly described can be relevant in mixtures of suspended sediments
and water. In particular considering cohesive sediments, high material concentration can
have a strong in"uence on the rheology of the resulting "uid. However, in this thesis, all
considerations are done under hypothesis of Newtonian "uid, which is the typical rheology
of clean water. This assumption greatly simpli%es the problem and is adequate in develop-
ing a numerical model useful in complex real cases, which is the aim of our work. In fact,
too complex physical schemes would be too heavy to be applied wide domains, where a
great number of computational cells is required and computational time is a relevant factor
in problem solution.



6 CHAPTER 1. THE BED SHEAR STRESS

Figure 1.2: Rheological Models.

1.1.3 Turbulent !ow for a current: the Reynolds Equations.

Consider an incompressible real "uid: the equations of motion (respectively, the continuity
equation and the momentum equations) are

∂ux
∂x

+
∂uy
∂y

+
∂uz
∂z

= 0 (1.13)

∂ux
∂t

+ ux
∂ux
∂x

+ uy
∂ux
∂y

+ uz
∂ux
∂z

= −1

ρ

(
∂σxx
∂x

+
∂τxy
∂y

+
∂τxz
∂z

)
(1.14)

∂uy
∂t

+ ux
∂uy
∂x

+ uy
∂uy
∂y

+ uz
∂uy
∂z

= −1

ρ

(
∂τyx
∂x

+
∂σyy
∂y

+
∂τyz
∂z

)
(1.15)

∂uz
∂t

+ ux
∂uz
∂x

+ uy
∂uz
∂y

+ uz
∂uz
∂z

= g − 1

ρ

(
∂τzx
∂x

+
∂τzy
∂y

+
∂σzz

∂z

)
(1.16)

where ρ is thewater density, g the gravitational acceleration, ui the velocity components
and σii and τij are components of the stress tensor, with i, j = x, y, z. Under the hypothesis
of Newtonian "uid, the stress tensor components becomes

σii = p− 2µSii

τij = −2µSij
(1.17)

where Sij =
1
2

(
∂ui

∂xj
+

∂uj

∂xi

)
is the strain tensor.

Substituting (1.17) into (1.14), the x-direction Navier-Stokes equation in is obtained:

∂ux
∂t

+ ux
∂ux
∂x

+ uy
∂ux
∂y

+ uz
∂ux
∂z

= −1

ρ

∂p

∂x
+ ν

(
∂2ux
∂x2

+
∂2ux
∂y2

+
∂2ux
∂z2

)
(1.18)

where ν = µ/ρ is the kinematic viscosity.
In order to describe a turbulent "ow in a current, for which is not feasible to analyze

the problem at all points in space and time, Reynolds suggested to decompose quantities
in moving mean quantities and "uctuating quantities, coherently with de%nitions (1.2) and
(1.5). In particular, the components of velocity ~u can be rewritten as

(ux, uy, uz) =
(
< ux > +u′x, < uy > +u′y, < uz > +u′z

)
. (1.19)
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By de%nition, the mean value of "uctuating velocities is zero:

< u′i (t) >=
1

Tm

ˆ t+Tm

t

(ui (t
∗)− < ui (t

∗) >) dt∗ ≡ 0. (1.20)

In the same way, pressure can be divided into its components: p =< p > +p′.
Considering Reynolds decomposition to the motion equation in x-direction, it becomes

∂ (< ux > +u′x)

∂t
+ (< ux > +u′x)

∂ (< ux > +u′x)

∂x
+

(
< uy > +u′y

) ∂ (< ux > +u′x)

∂y
+ (< uz > +u′z)

∂ (< ux > +u′x)

∂z
=

− 1

ρ

∂ (< p > +p′)

∂x
+ ν

(
∂2 (< ux > +u′x)

∂x2
+
∂2 (< ux > +u′x)

∂y2
+
∂2 (< ux > +u′x)

∂z2

)
.

(1.21)

The mean "ow problem is then obtained applying < · > operator in terms of the equa-
tion (1.21). In all linear terms, "uctuation component of the averaged term is vanishing. In
non linear terms, from equation (1.9) (without consider oscillatory term), we can write

< uiuj >=< ui >< uj > + < u′iu
′
j > . (1.22)

Thus, developing the momentum equation, we obtain

∂ < ux >

∂t
+ < ux >

∂ < ux >

∂x
+ < uy >

∂ < ux >

∂y
+ < uz >

∂ < ux >

∂z

+ < u′x
∂u′x
∂x

> + < u′y
∂u′x
∂y

> + < u′z
∂u′x
∂z

>=

− 1

ρ

∂ < p >

∂x
+ ν

(
∂2 < ux >

∂x2
+
∂2 < ux >

∂y2
+
∂2 < ux >

∂z2

)
(1.23)

where, the therms u′j
∂u′

x

∂xj
, thanks to the continuity equation, can be written as

x,y,z∑

j

< u′j
∂u′x
∂xj

>=

x,y,z∑

j

∂ < u′ju
′
x >

∂xj
. (1.24)

These factors (as observed also in [50]) are analogous to the terms< uj >
∂<ui>
∂xj

and repre-

sent the mean of the momentum transport caused by the turbulent "uctuations. If u′i and u
′
j

were uncorrelated, there would not be turbulent momentum transfer, but experience shows
that such transfer has a key role in turbulent motion. Terms in (1.24) are the divergence of
a stress: thanks to Reynolds decomposition, turbulence e&ect is perceived as stress acting
on the mean "ow. Rearranging (1.23) and putting all stress together, we obtain the Reynolds
Equation in x-direction:

∂ < ux >

∂t
+

x,y,z∑

j

< uj >
∂ < ux >

∂xj
= −1

ρ

∂ < p >

∂x
+ ν

∂2 < ux >

∂x2j
−

x,y,z∑

j

∂
(
u′xu

′
j

)

∂xj

∂ < ux >

∂t
+

x,y,z∑

j

< uj >
∂ < ux >

∂xj
= −

x,y,z∑

j

1

ρ

∂

∂xj

(
< σij > +τRe

xj

)
(1.25)
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where τRe
xj = ρ < u′xu

′
j > are Reynolds Stress Tensor components and, as usual, j = x, y, z.

Generalizing to the 3D problem, the Reynolds Stress Tensor in characterized by six
unknown independent components, added to the other unknowns (components < ui >
and < p >). In order to solve the system, variables must be reduced and Reynolds stress
needs to be related to the mean "ow variables. This is said closure problem of turbulence.

Many authors have attempted to %nd a relation between τij and Sij = 1
2

(
∂ui

∂xj
+

∂uj

∂xi

)
, in

order to obtain a form for turbulent stresses similar to that of the viscous stresses 2µSij . In
subsection 1.1.5 one of the main theories about relations between τRe

ij and Sij is presented.

1.1.4 The Reynolds equation in presence of oscillatory !ows

In order to evaluate the e&ect of an oscillatory "ow combined with a current, Nielsen [29]
proposed to derive Reynolds equations (1.25) considering also a periodic component with
period equal to the wave period Tw. Coherently with de%nition (1.4), we can de%ne in
xz-plane the oscillatory component "ow along z as

ũi (t, z) =
1

N

N∑

k=1

ui (z, t+ kTw)− < ui (t, z) > . (1.26)

The velocity vector can be thus divided into mean, periodic and "uctuant components,
becoming

(ux, uy, uz) =
(
< ux > +ũx + u′x, < uy > +ũy + u′y, < uz > +ũz + u′z

)
. (1.27)

Let us develop the momentum equation for a 2DV case of combined wave and current
"ow, where we take into account mean, oscillatory and turbulent components. The wave
is developed in (x, z) plane and the mean "ow has just x-component non-vanishing. In
x-direction we obtain

∂ (< ux > +ũx + u′x)

∂t
+

(< ux > +ũx + u′x)
∂ (< ux > +ũx + u′x)

∂x
+ (ũz + u′z)

∂ (< ux > +ũx + u′x)

∂z
=

− 1

ρ

∂ (< p > +p̃+ p′)

∂x
+ ν2∇2 (< ux > +ũx + u′x) . (1.28)

where ∇2 is Laplace operator.

If the steady component of mean "ow problem is considered, deleting all trivial terms
equation 1.28 reduces to the form

< ux >
∂ < ux >

∂x
+ < uz >

∂ < ux >

∂z
+ < ũx

∂ũx
∂x

> + < ũz
∂ũz
∂x

> +

< u′x
∂u′x
∂x

> + < u′z
∂u′x
∂x

>= −1

ρ

∂ < p >

∂x
+ ν2∇2 < ux > . (1.29)

Moreover, by the continuity equation, we know that

∂ (< ux > +ũx + u′x)

∂x
+
∂ (< uz > +ũz + u′z)

∂z
= 0. (1.30)
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It is thus possible to rearrange equation (1.29) adding the following vanishing terms:

< ux >

(
∂ < ux >

∂x
+
∂ < uz >

∂z

)
+ ũx

(
∂ũx
∂x

+
∂ũz
∂z

)
+ u′x

(
∂u′x
∂x

+
∂u′z
∂z

)
. (1.31)

In this way, such equation becomes:

∂ < ux >
2

∂x
+
∂ < ũx >

2

∂x
+
∂ < ũxũz >

∂z

+
∂ < u′x >

2

∂x
+
∂ < u′xu

′
z >

∂z
= −1

ρ

∂ < p >

∂x
+ ν2∇2 < ux > (1.32)

As discussed above, vertical momentum transfer terms are the vertical derivatives of shear
stress components. In this case the mean component shear stress is thus:

< τxz >= ρν
∂ < ux >

∂z
− ρ < u′xu

′
z > −ρ < ũxũz > . (1.33)

An analogous expression can be derived for phase averaged shear stress, applying the
phase average operator to the equation (1.28) and making use of continuity equation. Phase
averaged shear stress is:

τ̃xz = ρν
∂ < ux >

∂z
− ρ < ux > ũz − ρ ˜̃uxũz − ρũ′xu

′
z. (1.34)

Equations (1.33) and (1.34) are useful to understand (from a qualitative point of view)
how waves and current interact from a dynamic poin of view: in mutual presence of waves
and current, both steady component of shear stress (which directly in"uences the current)
and phase averaged component (which acts on the waves) are in"uenced by steady and pe-
riodic components of the "ow. As we will see in next sections, this is particularly important
in evaluation of bed shear stress under waves and current.

Generally, oscillatory terms ρ < ũxũz > and ρ ˜̃uxũz are dominant, except very close
to the bed: turbulent "uctuations have no great importance in oscillatory boundary layer
processes (as discussed in [29]).

From now, wewill omit the operator< · >, and all quantities, if not speci%ed otherwise,
have to be considered moving averaged in time.

1.1.5 The mixing length model

Consider a steady (uniform) shear "ow in x direction with ∂ux

dz
> 0 (Figure 1.3) and suppose

a moving point starting from a level z = 0 at time t = 0 and passing to level z = l at time
t = tl, without losing its momentum traveling. Themomentum per unit volume is therefore
M0 = ρux (0, 0) and the momentum de%cit of the moving point at z = l will be

∆M = ρ [ux (l, tl)− ux (0, 0)] + ρ [u′x (l, tl)− u′x (0, 0)] . (1.35)

Contributions of turbulence to the momentum de%cit can be neglected; moreover, equa-
tion (1.35) may be expanded in Taylor series and approximated by

∆M = ρz
∂ux
∂z

= ρl
∂ux
∂z

(1.36)



10 CHAPTER 1. THE BED SHEAR STRESS

Figure 1.3: Transport of momentum by turbulent motion, [50].

Under our hypothesis, there would not be momentum transfer between moving point
and its environment. Thus, uz would remain constant and z would continue to increase.
This is not realistic: in fact, we aspect that correlation between uz and z decreases when z
increase: we assume the two variables to become uncorrelated at values of z comparable
with a transverse length scale l, called mixing length.

Inspiring from kinetic theory of gases, Prandtl assumed that mixing length-related mo-
mentumde%cit corresponds to the rootmain square of the "uctuating velocity in x-direction
u′xrm. In this way, equation (1.36) becomes:

u′xrm =
√
< u′2x > = l

∂ux
∂z

. (1.37)

In order to evaluate turbulent stress, contribution of vertical "uctuant velocity u′z is
needed too. It is de%ned as correlation coe#cient between u′xand u

′
z the expression

cxz =
< u′xu

′
z >

u′xrmu′zrm
(1.38)

where u′zrm is the root main square of the z-direction "uctuating velocity. As pointed
out by Rouse [38], since in accordance with their de%nitions means of u′x and u′z must be
0, the mean product have a %nite magnitude only if the magnitude of u′x is to some extent
related to the magnitude of u′z . Consider the moving point in Figure 1.3: due to a vertical
velocity "uctuation u′z , the point is transported into a zone of somewhat higher velocity.
The correspondent low velocity "uid transported will tend to decelerate the "uid in high
velocity zone, causing here a x "uctuation -u′x.

Moreover, consider continuity equation applied to "uctuation velocities:

∂u′x
∂x

+
∂u′z
∂z

= 0. (1.39)

Far from the boundary, it is probable that eddies "uctuations are approximately spher-
ical and limited by the mixing length. Thus, given O the order of magnitude of a certain
quantity, it is possible to write that

O (x) ≃ O (z) ≃ l. (1.40)

For this reason, by continuity equation it must result that

O (u′x) ≃ −O (u′z) . (1.41)
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From these considerations, it is demonstrable that the correlation coe*cient is negative
and its order of magnitude is approximately 1:

cxz ≃ −1. (1.42)

The total shear stress, is then:

τxz = τlam + τRe
xz = −µdux

dz
+ ρ < u′xu

′
z >= µ

dux
dz

+ ρl2
(
∂ux
∂z

)2

. (1.43)

The ratio between turbulent and viscous stress is de%ned Reynolds number. Considering
Prantl stress we have:

τRe

µ∂ux

∂z

=
νT
ν

=
l2 ∂ux

∂z

ν
≈
u′xrml

ν
= Rel. (1.44)

In most cases, the viscous stress may be neglected with respect to Reynolds stress and
Rel is very large. In facts, turbulent momentum transport tends to be much more e&ec-
tive than molecular transport and the dependence of the mean on the Reynolds number is
generally small, except in regions where l is of the same order of magnitude of ν

u′
xrm

.
Consider a uniform 2DV shear "ownear a rigidwall in x-direction. In particular, uz = 0,

and ∂p
∂x

= ∂ux

∂x
= 0 (Figure 1.4).

In order to solve the problem the choice of the mixing length is of great importance
for problem solution. The presence of a wall constrains the turbulent motion and, under a
certain value z, eddy dimension and momentum transfer are restricted to distances smaller
than z itself. Tennekes and Lumley [50] observed that, in order to guarantee a coherent
dimension of the mixing length, this should be proportional to z. The most simple formu-
lation imposes a constant proportional factor:

l = κz (1.45)

where κ is the constant of Von Karman and is demonstred to be approximately equal to 0.4.
Consider the region very close to the wall, for which z ≤ δ where δ is the so called

boundary layer. Here, mixing length l is approximately 0 and u′x ≃ u′z ≃ 0. For this
reason the "ow is considered laminar and the shear stress is approximately constant and it
is possible to write

τxz = τb (1.46)

where τb is the bed shear stress.
Let us de%ne the friction velocity u∗ as

u∗ =

√
−τb
ρ
. (1.47)

At z = δ turbulent stress is considered greater than laminar stress. From equation
(1.43), assuming τ (δ) ≃ τb, we obtain

u2∗ = κ2z2
(
∂ux
∂z

)2

. (1.48)

Solving (1.48), a logarithmic distribution of ux in z direction is obtained:

ux
u∗

=
1

κ
ln z + const. (1.49)
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Figure 1.4: Turbulent "ow near a rigid wall [50].

where integration constant can be determined applying by the so called no slip condition.

In particular, ux = 0 for a given level z0 very close to the boundary. Thus, equation (1.49)
becomes

ux
u∗

=
1

κ
ln
z

z0
. (1.50)

1.1.6 Wall bounded shear !ow and boundary layer

Is said boundary layer, the region of the "ow in immediate vicinity of a bounding surface,
called wall, where the e&ects of "uid viscosity and interactions between "uid and wall
become signi%cant.

Boundary-layer "ow is characterized by the mutual presence of di&erent length scales
in the physical problem.

Consider in facts the region very close to the wall. Viscosity of the "uid enforces the no
slip condition, which is a typical viscous constrain. In case no rough elements are present at
the wall (smooth wall), viscous-dominated characteristic length of the order of ν/υ′, being
υ′ the order of magnitude of "uctuating velocity (υ′ ≃ O (u′xrm)). In case the wall is charac-
terized by a macroscopical roughness, characteristic length of the viscous-dominated zone
becomes typically the wall roughness height ε (rough wall).

However, at large Reynolds number, the thickness of the boundary layer δ results to be
much larger than ν/υ′ or ε and it is thus characterized by a di&erent length scale, which
acts simultaneously that of viscous-dominated zone.

Because of the much smaller size, the viscous-dominated length scale is supposed not
to in"uence the entire "ow in the boundary layer but just a narrow region in the immediate
vicinity of the wall. This region is called surface layer (or wall layer) and has an asymptotic
behaviour for δυ′/ν → ∞ or δ/ε → ∞. The rest of the "ow, dominated by phenomena
with δ length scale, is said outer layer or core region.

If we consider a boundary layer in which the turbulence is driven by Reynolds stresses,
the scaling length should be δ, which is the typical size of large eddies. In this case, the
gradient of velocity ∂ux

∂x
has to be of order of w

δ
where w is the scaling velocity for the
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Reynolds stresses. The di&erential similarity law gives

∂ux
∂z

=
(w
δ

)
f
(z
δ

)
(1.51)

and, integrating,

ux − ux0 = −
(w
δ

) ˆ
f
(z
δ

)
dy = wF

(z
δ

)
(1.52)

where ux0 is the velocity outside the boundary layer and z the coordinate across it. It is
demonstrable that self-preservation of turbulence can be obtained only if w ≪ ux0. It is
important to notice that a similar law does not apply to the "ow near the surface: in fact a
velocity defect of orderw can not meet the no slip condition because u−ux0 ∼ w 6= ux0 ≫
w. For this reason, a dynamically distinct surface layer has to exist, in which there is a very
steep velocity gradient, able to satisfy the boundary condition.

In order to solve the problem, we choose the approach proposed by Tennekes and Lum-
ley [50] andwe consider a turbulent uniform "ow in x-direction of a 2DV channel of depth h
(see Figure 1.4). The "ow is assumed to be plane (2DV) and steady. The only non-vanishing
derivative in x direction is ∂p

∂x
, where p is the mean pressure, which drives the "ow against

the shear stress at the walls. The boundary layer momentum equations of motion in x and
z directions are

0 = −1

ρ

∂p

∂x
− d

dz
< u′xu

′
z > +ν

d2ux
dz2

(1.53)

0 = −1

ρ

∂p

∂z
− d

dz
< u′2z > . (1.54)

Because of the dimensions of boundary layer, in"uence of gravity g is considered neg-
ligible. Integrating (1.54) with bottom boundary condition, we obtain

p/ρ+ u′2z = p0/ρ (1.55)

where p0 is the pressure at z = 0. Derivative of p in x-direction is thus equal to derivative
of p0 (which is a function of x only, while u′2z is assumed to be independent from x). Thus,
integrating from z = 0 equation (1.53) and coherently with de%nition of friction velocity
u∗, we obtain

0 = −z
ρ

dp0
dx

− < u′xu
′
z > +ν

dux
dz

− u2∗. (1.56)

At the free surface the total shear stress (both viscous and turbulent contributions) must be
0: from (1.56) we thus obtain

u2∗ = −h
ρ

dp0
dx

(1.57)

where h is the water depth.
Substituting in (1.56) it is easy to demonstrate that

τxz (z) = ρu2∗

(
1− z

h

)
= τb

(
1− z

h

)
. (1.58)

The equation (1.58) can be expressed in two di&erent non-dimensional forms which
help to focus separately on the e&ect of turbulent stresses and viscous stresses.

First of all, we can consider u2∗ as the proper scaling factor for the turbulence term,
because viscous stresses are expected to be much smaller at large Reynolds number. Also
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dux

dz
should be scaled with u∗

h
, coherently with dynamic scales of turbulence. For this reason

it is possible to write

− < u′xu
′
z >

u2∗
+

ν

u∗h

d (ux/u∗)

d (z/h)
= 1− z

h
. (1.59)

This particular non-dimensional form suppresses the viscous stresses when Re∗ = u∗h/ν
is large. This can not be valid near the wall, where the stress is purely viscous.

An alternative non-dimensional form of (1.58) which does not vanishing viscous term
for large Reynolds number can be obtained absorbing Re∗ in the z scale:

− < u′xu
′
z >

u2∗
+
d (ux/u∗)

d (zu∗/ν)
= 1− ν

hu∗

u∗z

ν
(1.60)

Let us consider asymptotic behavior of equations (1.59) and (1.60). If Re∗ → ∞ and
z/h ∼ 1, from (1.59) it is possible to write

< u′xu
′
z >

u2∗
= 1− z

h
. (1.61)

This equation can’t represent the "ow where z/h → 0: the above mentioned core region

can be de%ned as the region where the "ow is described by this equation.
Finally, if Re∗ → ∞ and yu∗/ν ∼ 1, (1.60) becomes

− < u′xu
′
z >

u2∗
+
d (ux/u∗)

d (zu∗/ν)
= 1. (1.62)

The part of the "ow governed by such equation is the surface layer.
This two-layer scheme of the "ow requires special attention in the region where the two

descriptions occur simultaneously (in other words, limits z/h → 0 and zu∗/ν → ∞ can
be taken at the same time). Here, the length scale ν/w is probably too small to control the
"ow and δ is too large, while the best length scale able to describe the dynamic of the "ow
may be z, while the turbulence intensity is represented by w. This region is called inertial

sublayer and is expected to be characterized by a logarithmic velocity pro%le, coherently
with Prantl theory and assumptions done. In fact:

∂ux
∂z

α
w

z
7−→ u

w
= α1 ln z + α2 (1.63)

where α1 and α2 are numerical coe*cients.

Smooth wall

Considering a smooth wall, there is no roughness ε as an additional parameter. In the
surface layer, as illustrated, the "ow is described by equation (1.62) and there is no explicit
dependence on variables except on u∗z

ν
. We may expect the solution of this equation to be

ux
u∗

= f1

(u∗z
ν

)
(1.64)

and

− < u′xu
′
z >

u2∗
= f2

(u∗z
ν

)
. (1.65)



1.1. THE SHEAR STRESS IN REAL FLUID 15

These relations, called law of the wall, need as only boundary conditions to satisfy
f1 (0) = f2 (0) = 0 . In particular, f and g describe respectively the in"uence on lami-
nar and turbulent stresses in the surface layer.

Nevertheless, in the core region, equation (1.61) describes how the Reynolds stress
varies along z. It is easily demonstrable that in core region dux

dz
∼ u∗

h
[50]. Hence, far

from the surface layer, we can state without loss of generality that

dux
dz

=
u∗
h

df3 (z/h)

d (z/h)
(1.66)

where f3 is an unknown function of order 1. Integrating along z from the free surface, we
obtain

(ux − uxh)

u∗
= f3 (z/h) (1.67)

with uxh the mean velocity at the free surface. This evidences that the similarity law for
the core region is a velocity-defect law (of course not applicable for z/h→ 0 ).

As described above, in the inertial sublayer, characteristics of surface layer and core
region are simultaneously valid. In surface layer, from (1.64) we can write

dux
dz

=
u2∗
ν

df1

d
(
u∗z
ν

) . (1.68)

Hence, in inertial sublayer we can equal the two formulations of derivative of velocity
and we obtain

u∗
h

df3
d (z/h)

=
u2∗
ν

df1

d
(
u∗z
ν

) . (1.69)

We de%ne ηa = z/h and z+ = u∗z
ν
. Equation (1.69) can be rewritten as

ηa
df3
dηa

= z+
df1
dz+

=
1

κ
(1.70)

where κ is Von Karman constant. The presence of the same constant for both the derivatives
is coherent with the variables ηa and z+, which are independent from other parameters.
Von Karman was one of the %rst to derive the logarithmic velocity pro%le from similarity
arguments. Solving, we obtain the functions f1 and f3 in the inertial sublayer:

f1
(
z+

)
=

1

κ
ln z+ + const (1.71)

f3 (η) =
1

κ
ln ηa + const (1.72)

which are valid for ηa ≪ 1 and z+ ≫ 1. From (1.66), (1.68), (1.72) and (1.71) we obtain
the velocity distribution in the inertial sublayer as

(ux − uxh)

u∗
=

1

κ
ln ηa + β (1.73)

and

ux
u∗

=
1

κ
ln z+ + α (1.74)
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where α and β are integrating constants. Is thus obtained by substitution the logarithmic

friction law:
uxh
u∗

=
1

κ
lnRe∗ + α− β (1.75)

which determines uxh if the gradient of p and the the water depth are known.

Finally, let us consider the part of the "ow very close to the wall, inside the surface
layer. It is demonstrable that for z+ � 5, Reynolds stress contribution to u∗is quite small.
In this area turbulence cannot sustain itself. Here, we have not a steady laminar "ow,
but "uctuations do not contribute much to the total stress. This region is called viscous

sublayer and, considering (1.62) neglecting Reynolds stress, must be characterized by a
linear velocity pro%le ux/u∗ = z+.

Rough Wall

In the case of rough wall, the surface layer is characterized by two characteristic lengths:
ε and ν/u∗. The ratio of them is de%ned as the roughness Reynolds number Reε = εu∗/ν.
We thus expect that in the surface layer the law of the wall can be written as

ux
u∗

= f4

(z
ε
, Reε

)
. (1.76)

Matching it with the velocity defect law (1.67), the logarithmic velocity pro%le in the inertial
sublayer becomes [50]

ux
u∗

=
1

κ
ln
z

ε
+ f5 (Reε) (1.77)

Consider a new alternative non-dimensonal form of the equation (1.58):

− < u′xu
′
z >

u2∗
+Re−1

ε

d (ux/u∗)

d (z/ε)
= 1− z

ε

ε

h
. (1.78)

From equation (1.78), it is demonstrable that in caseReε → ∞, shear stress tends to the
Reynolds stress and f4 (Reε) is independent of Reε. In this limit, we obtain the rough wall
velocity pro%le:

ux
u∗

=
1

κ
ln
z

ε
+ const. (1.79)

In this conditions, inertial sublayer loses his sense (no viscous contributions are acting on
the "ow), and core regin is assumed to cover the entire water "ow. Because z = 0 is not
accurately known (for the irregularity of the wall due to the roughness), the virtual origin
of the velocity pro%le is absorbed in the de%nition of ε: in case of rough turbulent "ow it is
generally assumed that ux = 0 for z = z0 =

ε
30
.

The friction law, %nally, is thus written as

ux (z)

u∗
=

1

κ
ln
z

z0
(1.80)

which corresponds to Prandtl velocity pro%le and describes the so called fully turbulent
"ow.
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Figure 1.5: “Overshoot” in wave boundary layer[21].

The boundary layer in oscillatory !ows

The wave boundary layer is the layer close to the bottom where the wave-induced water
motion is noticeably a&ected by the boundary [29]. On smooth bed, wave boundary layer
is generally very thin (from a few millimetres on solid bed to a few centimetres on sandy
"at bed). In presence of bed forms however it could be much thickerm, reaching a height
of about 50 cm under %eld conditions.

In case of simple harmonic "ow. the bottom velocity close to the boundary layer is
u0 (t) = u0max sin (ωt) (where u0max is the maximum bottom velocity amplitude outside
the boundary layer, ω = 2π/Tw , with Tw the wave period and t the time), the behavior of
boundary layer and shear stress is related to the type of "ow.

In laminar conditions, shear stress is simple harmonic and generally leads u0 by 45°, but
in turbulent "ow the variation in time is more complicated [29].

Another characteristic of the oscillatory boundary layer is the “overshoot” near the bed
(Figure 1.5): at particular elevations, the velocity amplitude exceeds the value of the free
stream value Aω, where A is the wave semi-orbital excursion close to the boundary layer.

As illustrated by Nielsen[29], with his experiments, Sleath studied deeply shear stresses
and related quantities for turbulent oscillatory "ows. He observed that the total stress was
about factor ten larger than periodic Reynolds stress, de%ned as

τ R̃E (z, t) = −ρ(̃u′xu′z). (1.81)

The latter is thus “mere spectator” to the oscillatory boundary layer processes and is totally
overshadowed by the analogous contribution −ρũxũz .

Further details on wave boundary layer and calculation of bed shear stress are presented
in subsection 1.2.2. Finally, Nielsen treated thoroughly this topic in his monograph [29].

1.2 Currents, waves: computation of the bed shear stress

One of themain hydrodynamic factors that in"uencemorphodynamics in rivers and coastal
environments are currents and waves. These give rise to a shear stress between the "uid
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and the bottom. As we will describe in the next chapters, this bed shear stress can be
su*ciently high to move sediments from the bed, giving rise to a morphological changes.
In the present section, concepts described previously will be applied to currents and waves,
with particular attention to the combination of these factors.

1.2.1 Currents

In environmental hydraulics problems, it is often accepted to consider the "uid character-
ized by a turbulent "ow. Under this condition, coherently with equations (1.74) and (1.79),
the velocity distribution over the vertical coordinate is logarithmic. De%ning βM as

βM =
1

U2As

ˆ

As

u2xdAs (1.82)

where U is the depth-averaged velocity in x-direction and As the cross section, under tur-
bulent "ow hypothesis it is fairly equal to 1. Hence, we can consider ux (x, z) ∼= U (x) over
the depth. This assumption lets the problem be much easier to be solved. Continuity and
momentum equations of depth-averaged "ow are said shallow water equations.

Consider a volume of "owing "uid in an open channel. In particular, the channel is
supposed to be rectilinear and the "ow 1D in x-direction (Figure 1.6); the bed slope is con-
sidered small and U can be approximated with the streamline velocity Us. Under steady
conditions, momentum equation becomes

− ρgAs∆h− τbcB∆x = ρAsU
dU

dx
∆x (1.83)

where g the gravitational acceleration,∆h the piezometric head loss,B the wetted perime-
ter and τbc the current bed shear stress.

The latter term is then

τbc = −ρgR d

dx

(
hp +

U2

2g

)
(1.84)

where R is the hydraulic radius and hp +
U2

2g
is the total load. We de%ne the grade of the

total load as j = − d
dx

(
hp +

U2

2g

)
. We can then write

τbc = ρgRj = γwRj (1.85)

and, if the "ow is uniform, it reduces to

τbc = γwRif (1.86)

where if is the bed slope. Equation (1.86) is valid under uniform "ow condition, but it is
in general of great importance in the computation of bed shear stress and, in particular, in
development of bed shear stress calculation formulas.

Bed resistance formulas

From dimensional analysis and by the use of Buckingham theorem, it is demonstrated that
the bed resistance can be expressed as

τbcB = ρU2hφb

(
Re,

ε

h

)
(1.87)
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Figure 1.6: Scheme of a 1D channel in x-direction [26].

where h is the water depth and φb

(
Re, ε

h

)
a non-dimensional function. Comparing equa-

tions (1.86) and (1.87), keeping in mind that R, B and h are strictly related, we can write
without loss of generality

if =
λ
(
Re, ε

h

)

4R

U2

2g
(1.88)

and

τbc = λ
(
Re,

ε

h

) ρ

8g
U2 (1.89)

where λ
(
Re, ε

d

)
is said Darcy-Weisbach friction factor.

An analogous expression for current bed shear stress is

τbc =
1

2
ρfcU

2 (1.90)

where fc is a generic current friction factor. This particular form, as we will see later, is
useful in comparison between current and waves bed shear stress, where the de%nition of
a similar friction factor is of common use.

Again, current bed shear stress can be considered as a drag stress. In this case the
expression is of the type

τbc = ρCDU
2 (1.91)

where CD is the drag coe*cient. In case of fully tubulent "ow, from the rough wall law
(1.79) it is demonstrable that

CD =

[
κ

1 + ln (z0/h)

]2
(1.92)

where h is the water depth. This particular approach, proposed also by Soulsby [44, 45], is
useful for evaluation of global bottom roughness when calibrated friction factors or rough-
ness parameters are used.

An alternative approach in calculation of bed resistance is proposed by Chezy. From
equation (1.88) the velocity can be obtained by

U =

√
8

λ

√
g
√
Rif = χ

√
Rif = Cchez

√
Rgif (1.93)
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where χ is the adimensional Chezy coe#cient and Cchez is the dimensional Chezy coe#cient.
Let us underline that, in particular,

Cchez =
U

u∗
=

1

Ω

ˆ

Ω

ux
u∗
dΩ (1.94)

and is thus related to the velocity distribution over the depth (Cchez = Cchez (Re, ε/R, f)).
Several formulas are presented in literature for the calculation of Cchez and χ. The most

famous of them have been obtained experimentally and cover the range of fully turbulent
"ow. In particular, we remember Gauckler-Strickler formula. In this case, χ is considered
equal to:

χ = ksR
1
6 (1.95)

whereks is Gauckler-Strickler roughness parameter. This formula is largely used in %eld
studies: in this case the velocity can be written as

U = ksR
2
3 i

1
2
f =

1

n
R

2
3 i

1
2
f (1.96)

where n, which is totally equivalent to ks, is said Manning coe#cient.

1.2.2 Waves

The %rst studies about bed shear stress evaluation under wave %eld were done in the sixties.

Jonnson [21] was the %rst to study the evolution of the stress under waves. He suggested
to compute it as

τbw =
1

2
fwρU

2
1m (1.97)

where τbw is the wave maximum shear stress and fw the wave friction factor. U1m is the
maximum bottom velocity amplitude, computed using the linear wave theory. In particular,

U1m =
πH

T

1

sinh (kh)
(1.98)

where k is wave number, H wave height and h the water depth.

In order to calculate fw Jonsson solved the boundary layer equation, distinguishing
between laminar, smooth turbulent and rough turbulent condition. In the presence of a
regular wave, the boundary layer equation can be written as

∂ux
∂t

=
∂ (U1m sin (ωt))

∂t
+ ν

∂2ux
∂z2

− ∂u′xu
′
z

∂z
(1.99)

In the case of a laminar "ow, the equation (1.99) is reduced to

ux (z) = U1m

[
sin (ωt)− exp

(
−π
2

z

δ

)
sin

(
ωt− π

2

z

δ

)]
(1.100)

where δ =
√

π
4
νT is the thickness of the boundary layer. Considering wave Reynolds

number Rew as U1mA1m

ν
(A1m being the bottom semi-orbital excursion with linear theory),

the layer thickness becomes
δ

A1m

=
π√
2Rew

(1.101)
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Solving under laminar condition, the maximum bed shear stress is analitycally given by

τbw = ρ
π√
2

νU1m

δ
. (1.102)

It should be noticed that, comparing equations (1.102) and (1.97), friction factor can be
rewritten as

fw =
2

Rew
(1.103)

which is consistent with results obtained by the author in di&erent experimental campaigns.

In case of rough turbulent condition, Jonsson proposed the following expressions to
calculate δ e fw:

30
δ

ε
log

(
30
δ

ε

)
= 1.2

A1m

ε
(1.104)

1

4
√
fw

+ log
1

4
√
fw

= −0.08 + log

(
A1m

ε

)
(1.105)

where ε is Nikuradse’s roughness.
Other expressions of equation (1.105) can be obtained by experimental %tting. For ex-

ample, Jonsson proposed

fw =
0.0604

log2 22δ
ε

(1.106)

while Swart [47] (Figure 1.7 ) suggested equation

fw = exp

[
5.213

(
ε

A1m

)0.194

− 5.977

]
(1.107)

with an upper limit of 0.3 (suggested by Jonnson too). Swart formula for fw is widely used
in evaluation of wave bed shear stress.

Finally, in smooth turbulent "ow condition, Jonnson used the same approach followed
for rough turbulent condition, imposing, as Nikuradse roughness, the value

ε =
ν

0.3u∗w
, (1.108)

where u∗w =
√
τwmax/ρ.

This formula is coherent with experimental observations. The friction factor can be
thus computed as

1

4
√
fw

+ 2 log
1

4
√
fw

= logRew − 1.55 (1.109)

or by the use of explicit relation

fw = 0.09Re−0.2
w . (1.110)

Several authors have proposed di&erent approaches in order to evaluate wave friction
factors and it may change signi%cantly passing from a theory to another. It is not the
intention of the present work to describe and discuss many di&erent theories about wave-
alone shear stress. However, in the next section, wave-current bed shear stress problem
will be presented and di&erent theoretical and engineering approaches will be illustrated.
In fact, the combination ofwaves and current is a topic problem in coastalmorphodynamics.
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Figure 1.7: Wave friction factor in rough turbulent regime: comparison between equations
(1.105) - dots - and (1.107) - %lled line - (Swart [47]).

1.3 The bed shear stress under combined current and

waves

The wave-current bed shear stress problem has been widely discussed during last decades.
Several models has been proposed. Some of them are characterized by accurate mathemat-
ical and physical considerations: the most famous are Grant and Madsen [16] and Fredsøe
[13] models, which will be described later in this section. Others are based on simpler
mathematical schemes and on experimental data and are generally widely use in engineer-
ing problems (see for example Bijker model [4] and Van Rijn model [59]). Finally, during
MAST sessions (Marine Science and Technology Programme), a regression model, able to
reproduce many di&erent previous theoretical models, has been presented by Soulsby et
al. [45]. Soulsby proposed afterwards a simpler easy-to-use formula based on experimen-
tal data, in which just 2 parameters are required [44]. The latter is widely used in coastal
hydraulic and morphodynamic models.

In this section, some of the most important wave-current bed shear stress models are
presented and discussed.

1.3.1 Bijker (1967)

One of the %rst studies in wave current bed shear stress computation has been presented
by Bijker [4]. Bijker proposed quite a simple approach, based on Prandtl mixing length
model and on superposition between currents and wave dynamic e&ects. In particular, he
considered the limit of viscous sublayer, as illustrated in Figure 1.8.

Let us consider current bed shear stress. Outside the viscous sublayer, according to
Prandtl, bed shear stress can be computed as
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Figure 1.8: Velocity distribution of currents and wave in Bijker model (modi%ed from [4]).

τbc = ρl2
(
∂ux (z)

∂z

)2
∣∣∣∣∣
z=0

(1.111)

where l, close to the bed , is considered l = κz. Thus, coherently with the equation (1.79)
we obtain

ux (z) =
u∗
κ

ln
z

z0
(1.112)

where z0 = ε
33

is the distance above the bed where the velocity, according to its distribu-

tion, in equal to 0. In the viscous sublayer, the derivative of velocity
(

∂ux(z)
∂z

)
is constant.

Bijker called z′ the height where are valid both viscous sublayer and turbulent core laws,
considering it the heigh of the viscous sublayer.

At z′, because from the derivative of the velocity in the viscous sublayer, we have

(
∂ux (z)

∂z

)
=

(
∂ux (z)

∂z

)

b

=
ux (z

′)

z′
. (1.113)

Thus, deriving equation (1.112) and comparing with equation (1.113) we obtain

ux (z
′) =

u∗
κ

(1.114)

and thus the value of z′ is:
z′ =

eε

33
. (1.115)

where e is Neper number. We de%ne Ubc = u (z′). Using Chezy formula it is equal to

Ubc =
u∗
κ

=

√
g

κC
. (1.116)

With regards to wave maximum orbital velocity at height z′ Ubw, Bijker considered it a
fraction ofU1m (the bottommaximum orbital velocity under linear wave theory), because z′

is assumed to be inside wave boundary layer: Ubw = pbU1m. Wave shear stress is assumed
to be generated by Ubw, with an analogous relation to (1.113). In this way

τbw = ρu2w∗ = ρκ2U2
bw = ρκ2p2bU

2
1m sin2 ωt (1.117)
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where uw∗ is wave friction velocity. Using the Jonnson de%nition of wave friction factor
fw. Bijker rewrite τbw as

τbw =
1

2
ρfwU

2
1m sin2 ωt (1.118)

and suggested to use the Swart formula for the calculation of wave friction factor. From
equations (1.117) and (1.118) we can obtain the fraction p:

pb =
1

κ

√
fw
2
. (1.119)

Consider φ′ to be the angle between the wave front and the current. For the superposi-
tion principle, total bottom velocity module Ub at height z

′ becomes (Figure 1.9)

Ub =
√
U2
bc + p2bU

2
1m + 2UbcpU1m sinφ′. (1.120)

If we develop the wave-current bed shear stress τwc by the use of Prandtl law (1.111)
and equation (1.113), and we consider its component parallel to the current, we can easily
observe that wave %eld enforce it of a component τpar. The wave period-averaged value of
τpar has been numerically developed by Bijker, who wrote it in the form

τpar
τbc

= ab + bb

(
ξ
U1m

Ubc

)cb

(1.121)

where ξ = pκC√
g

= C
√

fw
2g
. Considering in particular the range 0° < φ′ < 20°, Bijker

obtained the following numerical results for coe*cients ab, bb, cb:

τpar
τbc

= 0.75 + 0.45

(
ξ
U1m

Ubc

)1.13

. (1.122)

A similar expression can be obtained for the component τperp of the increment of bed shear
stress perpendicular to the current. Total wave current bed shear stress is thus calculated
as

τwc = τbc

(
1 +

1

2
ξ2
U2
1m

U2
bc

)
. (1.123)

Bijker model is maybe %rst relevant wave-current bed shear stress model: it is easy to
use and thus practical in engineering problem. Despite the strong simpli%cations of this
model, it is still widely used in coastal engineering.

1.3.2 Grant and Madsen (1979)

Grant and Madsen [16] proposed a wave current bed shear stress model which take into
account non-linear interactions between waves and current. They assumed eddy viscosity
to be linear close to the bottom, but with di&erent laws outside and inside wave boundary
layer. They hence considered two di&erent turbulent scales outside and inside the wave
boundary layer.

Eddy viscosity, which is described by a relation of the type νT = κu∗z, is discontinuous
for z = δ, where δ is the wave boundary layer thickness. Inside the wave boundary layer
the dynamic e&ect of the wave is taken into account, while outside boundary layer waves
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Figure 1.9: Velocity and bed shear stress geometric scheme (modi%ed from [4])

are described by the potential theory and shear stress is related just to the resulting steady
current. Thus, steady velocity pro%le is composed by two logarithmic laws, which intersect
at z = δ.

Bottom bed shear stress is computed as

−→τ wc =
1

2
ρfwc

(
u2x + u2y

)
[

ux√
u2x + u2y

,
uy√
u2x + u2y

]
(1.124)

where ux and uy the resulting velocity component at a generic height a close to the bottom.
It is adopted the convention that x-axis is always the direction of wave propagation. Thus,
u2x and u

2
y can be expressed as

u2x =

(
sin (ωt) +

|u|
|U1m|

cosφ

)
|U1m| ≡ gx |U1m| (1.125)

u2y =

[ |u|
|U1m|

cosφ

]
|U1m| ≡ gy |U1m| (1.126)

where |u| is the module of steady current at height a and φ the angle between waves
and current. The averaged bed shear stress over wave period has a magnitude of

|τm| =
1

2
ρfwcV2 |U1m|2 (1.127)

with

V2 =

(
1

2

){[
ˆ π+θ∗

−θ∗

Gdθ −
ˆ 2π−θ∗

π+θ∗

Gdθ

]2
+

[
ˆ 2π

0

Gdθ

]2}1/2

(1.128)

and
G =

(
g4x + g2xg

2
y

)1/2
(1.129)

where θ∗ is the phase ωt∗ which let us to distinguish between the fraction of the period and
positive bed shear stress in x-direction. Expression of V2 can be approximated as

V2 =
2

π

( |u|
|U1m|

)(
4− 3 sin2 φ

)1/2
. (1.130)



26 CHAPTER 1. THE BED SHEAR STRESS

Maximum bed shear stress, responsible of velocity distribution inside the wave bound-
ary layer, is demonstrable to be

|τmax| =
1

2
fwcρ

[
1 +

( |u|
|U1m|

)2

+ 2

( |u|
|U1m|

)
cosφ

]
U2
1m =

1

2
fwcραgmU

2
1m. (1.131)

From τm and τmax we obtain, respectively, u∗c and u∗wc. The eddy viscosity is thus:

{
νT = κu∗wcz z < δw

νT = κu∗cz z > δw
. (1.132)

Developing the solution for both wavemotion and steady current, it is possible to obtain
the apparent roughness εa (which consider wave motion e&ects on the current) and the
wave-current friction factor fwc. From them, steady and oscillatory velocity distribution is
obtained inside and outside the wave boundary layer. Apparent roughness formula is

εa
ε

=

[
24

|uwc∗|
|uc∗|

( |A1m|
kN

)]1− |uc∗|
|uwc∗|

(1.133)

[
0.097

(
ε

|A1m|

)0.5
K

f
3/4
wc

]2

+ 2

[
0.097

(
ε

|A1m|

)0.5
K

f
3/4
wc

] [
V2

2α1/4

]
cosφ

=
α3/4

4
− V 2

2

4α1/2
(1.134)

with

K =
1

2ξ
1/2
0

1√
Ker22ξ

1/2
0 +Kei22ξ

1/2
0

(1.135)

where ξ0 =
ε

30lgm
, lgm = κ|uwc∗|

ω
, Ker e Kei are Kelvin functions of zeroth order.

Grant and Madsen model is quite interesting for its approach to the problem and for
the elegance of the mathematical solution (further details are available in their article [16]),
but it is quite complex to apply in practical cases and it seems not to be thus useful in
engineering problems. Another invariant eddy viscosity model has been proposed also by
Van Kestern and Bakker [53]: further details are available in literature.

1.3.3 Fredsøe (1984)

Fredsøe [13] proposed another theoreticalmodel inwhich is studied bed shear stress through
the solution of integrated momentum equation inside the boundary layer. In particular,
Fredsøe studied the evolution of quantities along the wave period, with particular regard to
the thickness of boundary layer δ and to the friction velocity u∗. Coherently with Jonnson,
he considered the friction factor to be connected with the maximum bed shear stress.

First hypothesis of Fredsøe was on the turbulent time scale: he considered it small with
respect to the wave period and, thus, single wave periods (and semi-periods too) are inde-
pendent each other.
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Consider the integrated momentum equation inside the boundary layer:

− ρ

ˆ δ+z0

z0

∂

∂t
(u0 − ux) dz =

ˆ δ+z0

z0

∂τ

∂z
dz = −τb. (1.136)

where u0 is velocity at the boundary layer limit (z = δ + z0) and z0, as usual, is equal
to ε

30
. Fredsøe assumed the "ow to be fully turbulent in the wave boundary layer (velocity

is hence described by velocity distribution of equation (1.112)).
Let us consider at %rst the wave-alone motion. Author de%ned the adimensional pa-

rameter ZF as:

ZF =
u0
u∗
κ (1.137)

where u0 = U1m sin (ωt).
It is easy to notice that, considering equations (1.112) and (1.137),

ZF = ln

[
δ + ε

30
ε
30

]
. (1.138)

Wave boundary layer thickness is hence dependent exclusively on ZF and is equal to

δ =
ε

30

(
eZF − 1

)
. (1.139)

Solving equation (1.136) we thus obtains:

− u2∗ = −δdu0
dt

+
1

κ

du∗
dt

ε

30

[
eZF (ZF − 1) + 1

]
. (1.140)

It should be noticed that

dZF

dt
=
ZF

u0

du0
dt

− ZF

u∗

du∗
dt
, (1.141)

and equation (1.140) can be rewritten as

dZF

dt
=

[
30
ε
κ2u0 − ZF

(
eZF − ZF − 1

)]
1
u0

du0

dt

eZ (ZF − 1) + 1
. (1.142)

Equation (1.142) must be solved numerically. Fredsøe proposed to substitute variable t
with the adimensional variable ωt. In this way he obtained:

dZF

d(ωt)
=

[
βF sin (ωt)− ZF [e

ZF − ZF − 1
]

1
u0

du0

d(ωt)

eZF (ZF − 1) + 1
(1.143)

where βF = 30κ2

ε
U1m

ω
= 30κ2A

ε
. The solution is illustrated in Figure 1.10.

Theoretical expression of wave friction factor, obtained frommaximum bed shear stress
(using equation (1.97)) can be approximated [14] by :

fw = 0.04

(
A1m

ε

)− 1
4 A1m

ε
> 50 (1.144)

fw = 0.4

(
A1m

ε

)− 3
4 A1m

ε
< 50 (1.145)
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Figure 1.10: Variation in Z , u∗/U1m and δ/a for A1m/ε = 10 - continuous line - and
A1m/ε = 100 - dotted line - [13].

while, similarly, average wave boundary layer thickness can be obtained by

δ

ε
= 0.09

(
A1m

ε

)0.82

. (1.146)

A similar approach can be applied to wave-current condition. Assuming fully turbulent
"ow, Fredsøe distinguished between steady and oscillating components. Inside the wave
boundary layer, both these components are characterized by a logarithmic velocity distri-
bution and, globally, the resulting velocity distribution is assumed to be the typical fully
turbulent distribution given by

ux (z)

u∗0
=

1

κ
ln

z
ε
30

z < δ (1.147)

Outside the boundary layer, the oscillating component is described by the regular wave the-
ory, while the steady component uxc (z) is assumed to be described by di&erent logarithmic
distribution written as

uxc (z)

u∗c
=

1

κ
ln

z
εa
30

z > δ (1.148)

where εa is an apparent roughness, which take into account the e&ects of the wave mo-
tion on the steady current, as the wave boundary layer acts as a larger roughness element.
It should be noticed that, for hypothesis of the author, two friction factors have been de-
%ned: u∗0, related to the boundary layer, and u∗c, related to the steady component outside
the wave boundary layer.

Fredsøe, in order to solve the problem, imposed as boundary condition the continuity
of velocity at the top of the wave boundary layer (z = δ + ε

30
):

[
u∗c
κ

ln

(
δ + ε

30
ε
30

)]2
=

[
u∗0
κ

ln

(
δ + ε

30
ε
30

)
+ U1m sin (ωt) cosφ

]2
+ [U1m sin (ωt) sinφ]2 (1.149)

where φ is the angle between waves and current. As for the previous case of wave-alone
condition, Fredsøe de%ned
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ZF =
u0
u∗res

κ (1.150)

where

1

u∗res
=

u∗c cosφ

u2∗c − u2∗0
+

√
u2∗0 cos

2 φ

(u2∗c − u2∗0)
2 +

1

u2∗c − u2∗0
. (1.151)

It is useful to be noticed that, because of its de%nition and imposed boundary condition,

ZF = ln

( ε
30

+ δ
ε
30

)
=

u0
u∗res

κ =
ux

(
ε
30

+ δ
)

u∗
κ =

uxc
(

ε
30

+ δ
)

u∗0
κ (1.152)

while equation (1.139) is still valid. Consider γ the angle of resulting velocity (and bed shear
stress). From trigonometry (see Figure 1.11), it is easy to demonstrate that

cos γ =
u0κ cosφ+ u∗0ZF

u∗ZF

(1.153)

sin γ =
u∗res
u∗

sinφ. (1.154)

The calculation ofZF in obtained considering the direction perpendicular to the current.
The momentum equation (1.136) becomes

− u∗u∗res +
ε

30

(
eZF − 1

) du0
dt

=
ε

30

[
eZF (ZF − 1) + 1

] du∗res
dt

. (1.155)

Noticing %nally that du∗res

dt
= u∗

u0w

du0w

dt
− u∗res

ZF

dZF

dt
, we obtain the di&erential equation

dZF

dt
=
ZF

(
1 + ZF − eZF

)

eZF (ZF − 1) + 1

1

u0

du0
dt

+
30κ

ε

√
κ2u20 + Z2

Fu
2
∗0 + 2ZFκu∗0cosγ

eZF (ZF − 1) + 1
(1.156)

which can be solved numerically.
Parallel to the current, momentum equation inside the boundary layer is

ˆ δ+
kN
30

kN
30

ρ
d

dt
(ux cos γ − u0 cosφ) dz = −τb cos γ + τwc (1.157)

where τwc corresponds to the bed shear stress at the top of the boundary layer. Averaging
over the wave period, left-hand side of equation (1.157) becomes 0. The averaged wave
current shear stress τwc is then

τwc = ρu∗c =
1

T

ˆ T

0

τb cos γdt =
1

T
ρ

ˆ Y

0

u∗ cos γdt. (1.158)

Apparent roughness is obtained fromvelocity pro%le inside and outside themean bound-
ary layer thickness (δm = 1

2

(
δ
(
ωt = π

2

)
+ δ

(
ωt = 3π

2

))
). Its analytical formula is

εa
ε

=

(
30δm
ε

)1−u∗0
u∗

. (1.159)

Solution of Fredsøe model requires an iterative approach. From a starting value of u∗0 it
is possible to solve equations (1.156), (1.139) and (1.149). Then, from (1.158), u∗c and uxc (δ)
are obtained and, %nally, u∗0 can be corrected by equation (1.152). Finally, let us consider
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Figure 1.11: De%nition sketch of angles and velocities for Fredsøe model [13].

the current friction factor, which, from equation (1.90), can be computed as fc = 2
(
u∗c

U

)2
where U is depth averaged current velocity. In the presence of strong a current, the friction
factor value approaches the case of a pure current "ow, while for weak current fc increases
to a high value, which tends to

√
2

fc
→ 1

κ
ln

(
h

δ
− 1

)
(1.160)

where h is water depth.

1.3.4 Van Rijn (1993)

Van Rijn is nowadays a leading expert in coastal morphodynamics. In his studies, he devel-
oped di&erent practical formulas and numerical models for evaluation of sediment trans-
port, as we will discuss in next chapters. The value of his work is the simplicity of the
approaches he proposed, which are quite useful in practical problems.

In the calculation of wave current bed shear stress, he proposed a mathematical scheme
similar to that of Fredsøe, with a 2-layer logarithmic velocity distribution: the lowest of
them is in"uenced by the e&ective roughness εwhile the highest by an apparent roughness
εa [59]. He considered the %rst layer thick as 3 times the wave boundary layer. In particular,
in 1DV case steady-velocity distribution is

ux (z)
U ln

(
30z
εa

)

−1 + ln
(

30d
εa

) = z ≥ δ (1.161)

ux (z) =
Uδ ln

(
30z
ε

)

ln
(
30h
ε

) z < δ (1.162)

with Uδ = ux (δ) and U is the depth-averaged velocity.

From the velocity pro%le (1.161) it is possible to compute the friction velocity in current
direction:

u∗wc =
κU

−1 + ln
(

30h
εa

) (1.163)

and, averaging over wave period, the mean bed shear stress in current direction
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τwc =
ρκ2U2

[
−1 + ln

(
30h
εa

)]2 =
1

8
ρλwcU

2. (1.164)

where λwc =
8κ2

[−1+ln( 30h
εa
)]

2 = 0.24
[
ln

(
12h
εa

)]−2

is the wave current Darcy-Weissbach-form

friction factor.
In the 2DH case, Van Rijn suggested to consider bed shear stress in x and y directions

as

τwc,x =
1

8
ρλwc |U |U (1.165)

τwc,y =
1

8
ρλwc |U |V (1.166)

where U and V are the two components of the depth-averaged velocity, which has
module |U | =

√
U2 + V 2.

The apparent roughness εa depends on U1m, on wave period T and on the angle be-
tween waves and current φ. Van Rijn considered period in"uence to be negligible and,
from experimental analysis, proposed the following formula:

εa
ε

= exp

(
γ
U1m

|U |

)
. (1.167)

Here, γ coe*cient depends on φ and can be computed as γ = 0.8 + φ − 0.3φ2 where
φ is considered to be in radiants. This formula is a regression function from experimental
data.

Van Rijn didn’t consider the value of maximum bed shear stress. Further details are
available in his book [59].

1.3.5 Soulsby (1993-1997)

There is a great number of mathematical models for the calculation of wave-current bed
shear stress presented in literature: in this chapter just some of the most important have
been described. As discussed above, some of them can be di*cult to apply in real study
cases because of the type or the number of variables they need and the choose between one
of them can be di*cult to do. Just in 1991, MAST G6M group (Coastal Morphodynamic
problems) compiled a list of 21 di&erent models and several new models have appeared
since then. An important contribution to this problem has been o&ered by that group, in
particular by Soulsby et al [45]. In order to compare some of these models they studied
a universal regression formula, able to represent, using a set of calibration parameters, all
considered models. Soulsby focused on 2 particular values of the wave-current bed shear
stress: the time-mean bed shear stress τm and the maximum bed shear stress τmax (from
now, “wc” subscript will be omitted).

In particular, the time-mean bed shear stress is supposed to be responsible of the current
velocity and the di&usion of suspended sediment (in the upper part of the "ow), while
maximum bed shear stress determines threshold of motion and entertainment of sediment.
The primary purpose of the model is to consider nonlinear enhancement, which relates
τmand τmax to wave-alone and current-alone bed shear stresses (respectively τbc and τbw:
see Figure 1.12).
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Figure 1.12: Sketch of bed shear stresses [45].

All results are presented in form of non-dimensional parameters

ys =
τm

τbc + τbw
(1.168)

Ys =
τmax

τbc + τbw
(1.169)

which are di*cultly confused with space coordinates of the problem. Parameters ys and
Ys are plotted against xs =

τc
τc+τw

.
τbc is calculated as a drag stress and τbw using Jonsson formula (1.97).
The functions chosen for y and Y calculations are in the forms

ys = xs [1 + bsx
ps
s (1− xs)

qs ] (1.170)

Ys = 1 + asx
ms

s (1− xs)
ns (1.171)

where a,m,n,b,p,q are %tting coe*cients. The %rst three of them, responsible for Y and so
for the maximum bed shear stress, are given by

as =
(
a1 + a2 |cosφ|I

)
+

(
a3 + a4 |cosφ|I

)
log10 (fw/CD) (1.172)

where φ is wave-current angle, fw wave friction factor and CD drag coe*cient. Similar
expressions are used form and n.

The last three coe*cients are instead similarly given by an equation like

bs =
(
b1 + b2 |cosφ|J

)
+

(
b3 + b4 |cosφ|J

)
log10 (fw/CD) . (1.173)

The number of independent %tting parameter are thus 13 for τm and 13 for τmax.
In Figure 1.13-a, the trend of y and Y against x are plotted for 8 di&erent models: Bijker

[4] -B67- , Fredsøe [13] -F84- and Grant and Madsen [16] -GM79- have already been dis-
cussed in this chapter, while for Van Kestern and Bakker [53] -VKB84-, Huyngh-Thahn and
Temperville [20] -HT91-, Myrhaug and Slaattelid [28] -MS90-, Christo&ersen and Jonnson
[7] -CJ85- and David, Soulsby and King [8] -DSK88- further details are available in litera-
ture. Observing y trend, it is possible to recognize three main behaviours: the %rst is that
of models of Fredøe F84, HT91 and DSK88, the second one is that of Bijker B67 and VKB84
and the last one is that of Grant and Madesn GM79, MS90 and CJ85.

Let us consider Figure 1.13-b. Here, Fredsøe model has been analysed using Soulsby
approach: both y and Y are plotted for several values of φ. Let us underline that while τmax

is strongly in"uenced by the wave direction, τm have a much weaker in"uence from it.
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Figure 1.13: a) Comparison of the trend of y and Y between di&erent theoretical models.
b) Analysis of Fredsøe Model using Soulsby et al. approach, comparison of y and Y trends
changing wave current angle [45].

In 1997, Soulsby [44] applied his 13-parameters τm regression formula to a experimental
data set. In this way, he obtained a set of coe*cients (said “DATA13”) optimized on the data
set (said “DATA13”) and, thus, able to %t signi%cantly better than each other model available
experimental data.

Afterwards, he proposed a new optimization based on just two non vanishing coe*-
cients said “DATA2”, which seems to %t data almost as good as best of theoretical models.
The latter approach reduces to the equation

τm = τbc

[
1 + 1.2

(
τbw

τbc + τbw

)3.2
]
. (1.174)

In DATA2, as evident from the equation, τm is independent of wave current direction.
This is coherent with Figure 1.13-b, as discussed above.

Because of the lack of a su*cient number of data, Soulsby didn’t apply a similar ap-
proach for the computation of maximum bed shear stress. Thus, in DATA13 and DATA2
methods, maximum bed shear stress is obtained as a vector addition between τm and τw (as
sketched in Figure 1.12):

τmax =

√
(τm + τbw cosφ)2 + (τbw sinφ)2. (1.175)

This last methods are particularly easy to use in practical problems and numerical models,
where a theoretical model can be very heavy to be applied. For this reason, in particular for
DATA2, its use is really common in morphodynamic models and it is currently considered
a reference in wave current bed shear stress computation.



34 CHAPTER 1. THE BED SHEAR STRESS

Some considerations about DATA2 and DATA13 methods.

DATA2 and DATA13 models, as said, can result very useful for practical purposes because
of their simplicity. However, it is important to have a clear idea of how they work and
di&erence between them and theoretical models. In Figure 1.14 and 1.15 comparison be-
tween DATA2, DATA13 and some of above mentioned theoretical models is illustrated: in
particular have been considered Bijker model, Grant and Madsen model and Fredøe model.
Three wave current angles have been studied: 0° (waves parallel to the current "ow), 45°
and 90° (waves orthogonal to the current). From a %rst look, it is evident that DATA2 and
DATA13 schemes are not always accurate and sometimes give results that are not coherent
with theoretical models.

With regards to DATA13, if the wave current angle is close to 0 and environment is
current-dominated (x ≥ 0.5), the mean bed shear stress demonstrates to be a&ected by a
relevant error. This is not to be considered a mistake in Soulsby formula, but a consequence
of the available experimental data on which regression parameters have been optimized. In
fact, no many data were available in that particular dynamic conditions at the time Soulsby
calculated these coe*cients. Anyway, this problems seems to reduce signi%cantly increas-
ing φ.

In DATA2, the independence of the formula fromwave current direction lets the scheme
not to have a similar problem: thus, generally, DATA2 can be considered more reliable than
DATA13.

Finally, both DATA2 and DATA13 calculate maximum bed shear stress as vector addi-
tion of mean bed shear stress and wave bed shear stress, as illustrated above. In Figure 1.15,
di&erence between them and other models is clear: Y is generally underestimated. This is
caused by the fact that similar calculation of maximum bed shear stress can’t take into ac-
count of all nonlinear interaction between waves and current. Similarly, also Bijker model,
which doesn’t consider at all nonlinear interactions, seems to overestimate considerably
maximum bed shear stress.

For this reasons, DATA2 ad DATA13 should be considered a really useful instrument for
wave current bed shear stress computation, because the absence of complex mathematical
algorithms and the independence of them from particular dynamic hypothesis let similar
approaches to be particularly suited for the implementation in numerical modelling. How-
ever, the limits illustrated above should be always remembered in the analysis of numerical
results.
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Figure 1.14: Comparison of trend of the y in di&erent wave current directions.
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Figure 1.15: Comparison of the trend of Y in di&erent wave current directions.



Chapter 2

Principles of sediment transport

Sediment transport, as pointed out by Ashish Mehta [26], is an observational science. The
mechanics of this phenomenon is in fact quite impossible to be described in detail: number
of variables is too high to develop an adequate analytical solution to the problem. However,
in literature a great number of sediment transport studies is available, generally supported
by experimental analysis. Moreover, some really simple physical schemes help to under-
stand, from a global point of view, the dynamics of sediment transport, resulting useful for
a comprehension of morphodynamic evolution in real environments.

In order to get a very %rst classi%cation of sediment transport problem, it is fundamental
to distinguish between granular and cohesive sediments.

Granular sediments are characterized by grains with a diameter greater than 60 µm.
Their dynamics is dominated by the grainweight and the geometry and by the drag capacity
of the "ow. Granular sediment transport can be described by two main mechanisms: bed
sediment transport and suspended sediment transport. In the %rst case, grainsmove by rolling
and jumping in a layer close to the bottom: this mechanism is typical of heavier sediments,
which can’t be maintained in suspension by the "ow. In the latter, sediments involve all
the water volume: the "ow is in fact able to sustain grain’s weight and sediments following
a particular concentration distribution along the depth. When grains deposit, they form a
network structure, with a resistance depending on internal friction angle which will not
change signi%cantly in time because no consolidation processes are involved.

Cohesive sediments have a diameter smaller than 60 µm,which lets the particles (“grains”
is not a proper de%nition) interact through an electrochemical inter molecular attraction
force, called cohesion. Cohesion has great in"uence in sediments behaviour: the parti-
cles tend to bind together forming "ocks and, for very high concentrations, layers, which
changes signi%cantly the dynamics of falling process. For presence of cohesion, the stress
needed to pick up sediments is greater than the stress needed to allow sediments to remain
suspended. Cohesive sediment dynamics is mainly in"uenced by the mass concentration
(in particular considering settling velocity) and bulk properties of the bed admixture, which
have a great in"uence on the erosion rate.

Considering the transport mechanism, due to their weight cohesive particles are gen-
erally suspended. However, a complete analysis of cohesive sediment dynamics would be
much more complex, in particular at high concentrations: in this case hydrodynamics is in
fact strongly a&ected by interaction with suspended material.

Anyway, in the present work only low-concentration suspended transport is consid-
ered: in this way, the global sediment behaviour can be easily modelled also in complex
wide areas, without spending excessive computational time.

37
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With regards to cohesive deposits, their geotechnical properties are strongly in"uenced
by consolidation processes: consequent water expulsion has indeed great in"uence on their
resistance.

Granular and cohesive sediments can be present together and interact each other, form-
ing mixtures. Is not our intention to consider how cohesive and granular sediments can
in"uence each other and they are considered here to be always independent. Further de-
tails about sand mud mixtures are available in Mitchener and Torfs [27] and in Van Ledder
thesis [54].

In the present chapter, an overview on fundamentals about granular and cohesive sed-
iment transport is o&ered, with particular attention to theories and approaches that have
been applied in the numerical model developed.

2.1 Sediment properties

2.1.1 Granular Sediments

The unit particle of granular sediment transport is grain. Grains are classi%ed according to
their diameter into clay, silts, sands, granules, pebbles, cobbles and boulders [44]. In table 2.1
a summary of sediment classes and respective diameters is available. In sediment transport
granules, pebbles, cobbles and boulders are considered gravel and di*cultly involve coastal
and estuarine environments. Thus, in these areas sand is the most common granular sedi-
ment class. Finally clay and silts are globally considered asmud and are treated as cohesive
sediment.

Natural sands always contain a mixture of grain sizes and generally the size distribution
is studied by sieving the material using a set of sieves with meshes decreasing in size. In
this way a cumulative curve of the percentage of mass passing at each sieve is obtained.
The notation dn is used to indicate the diameter for which n% is %ner. Generally, sediment
transport formulas involve d50 (diameter for which 50% of the material is %ner) and d90
(diameter for which 90% of the material is %ner). In Figure 2.1, an example of grain-size
distribution is shown.

Another important property of granular sediments is the density. In Europe, sands are
mainly composed by quartz, with a density ρs usually close to 2650 kg/m3. Shells can be
present in sands with a di&erent percentage and have a typical density of 2400, while other
minerals can reach also a lower density, like for example coal (1400 kg/m3). One more
important property is grain shape: sands grains are usually roughly spherical (ratio between
major and minor axis is not usually grater than 2), but shells can be much more "at and
irregular. Generally, sediments with di&erent density or shape behave hydraulically like
an equivalent quartz grain of a di&erent (generally smaller) diameter. Thus, it is useful to
consider an equivalent quartz grain for granular sediment transport.

Deposits of sand at the bottom are mixture of sand and water and are considered to be
saturated. In order to study them, 4 more parameters are needed: porosity npor, angle of
repose Φi and residual angle Φr.

Porosity is the ratio between volume of water and the volume of mixture in granular
deposits. Angle of repose (or angle of initial yield) is the steepest angle to the horizontal
which guarantees grains equilibrium. It is a geotechnical parameter that, for non-cohesive
sediments, depends on the shape, the sorting and the packing of grains. It is demonstrated
to increase with bed concentration. Angle of repose is important in calculation of slope
e&ect on sediment transport, and generally, its value is close to 32° (Soulsby, [44]) but can
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Class Subclass Diameter d (mm)

Mud
Clay <0.004
Silt 0.004-0.06

Sand - 0.06-2

Gravel

Granule 2-4
Pebble 4-65
Cobble 65-250
Boulder >250

Table 2.1: Summary of Sediment classes by grain dimensions.

Figure 2.1: Example of grain-size distribution [44].

also exceed 40°-45° [22].

Residual angle is the %nal slope after shearing has taken place. This is less than Φi: a
typical value for natural sands is 28°.

Finally, the granular volume concentration cgran is de%ned as ratio between volume of
grains and the volume of water: from it, mass concentration cM,gran = ρscgran is easily
obtained.

2.1.2 Cohesive sediments

In sediment transport, materials with a grain diameter lower than 60 µm are considered
cohesive sediments. Although only clay particles are characterized by cohesion, both limes
and clay are involved, as specify in table 2.1. In literature, mixtures of clay and lime (with a
certain percentage of water) are considered as a unique material called mud. Also organic
material, if present, plays an important role contributing to the cohesive properties.

The behaviour of cohesive sediments depends directly on the bulk properties of the
mixture. The particle size of sediment (d50,coes) loses much of his in"uence, conversely
to what happens for grain sediments. Generally, just a small percentage of %ne material is
su*cient to let the sediments have cohesive properties. Considering the sediment bed, bulk
properties can be described by several variables, often connected each other: the cohesive
volume concentration ccoes and the density of cohesive particles ρcoes, which are de%ned as in
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Figure 2.2: Conversion between some of main bulk measures for sediment beds [64].

granular sediments, the bulk density ρb = ρ (1− ccoes) + ρcoesccoes, which is the density of
the mud (ration between mass of mixture and volume of mixture), the dry density cM,coes =
ρcoesccoes, de%ned as the mass concentration. In Figure 2.2 a schematic conversion between
some of main bulk sediment properties is illustrated.

2.2 Granular sediment transport

The granular sediment transport is the most studied and analysed typology of sediment
transport. The problem has been treated for several decades and is still discussed in lit-
erature. A great number of theories and approaches are available and, in general, they
can be roughly divided in two main categories: equilibrium approach and non-equilibrium

approach.

Equilibrium approach considers the sediment load corresponding to the local transport
capacity:

qs = qs,eq. (2.1)

where qs is sediment transport load and qeq is maximum sediment transport that istan-
taneous hydrodynamic conditions can guarantee (equilibrium load).

In this case a sudden change on hydrodynamics corresponds to a sudden change on the
sediment load and morphological evolution is related to spatial variability of equilibrium
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load:

zb (x, y, t) = f (∇qs,eq (x, y, t)) (2.2)

where ∇is space gradient.

Basing on equilibrium hypothesis, no additional conditions on transported sediments
availability are imposed at boundaries: equilibrium load is in fact always guaranteed in
in"ow and out"ow sections.

Instead, non-equilibrium approach studies the distribution and the propagation of sed-
iments on the "ow. In particular, the aim of the problem is the computation of sediment
concentration in the domain by solving a proper advective-di&usive equation. In this case,
the sediment transport problem is focused on the computation of the source-sink term of
the advective-di&usive equation, which represents the erosion or deposition rate. The fol-
lowing relations are thus assumed:

zb (x, y, t) = f (cgran (x, y, z, t) , cb,eq (x, y, t)) (2.3)

where cgran is the volume concentration (obtained by the advective-di&usive equation)
and cb,eq is the bottom equilibrium volume concentration.

In the present section, the problem of the threshold of motion is discussed and di&erent
theories and approaches for granular bed and suspended load are presented, focusing on
those implemented in the numerical model we are going to present in this thesis.

2.2.1 Threshold of motion

Let us consider a single grain resting on a horizontal granular bottom. The particle will
begin moving when instantaneous "uid force on the particles will be just larger the the
resisting force, acted by the submerged wight and the friction with the bottom. A really
simplify scheme is sketched in Figure 2.3: on a single grain four main forces are instan-
taneously acting: a drag force FD by the "uid, a friction force FR due to the interaction
with the bottom, the submerged weightG and a lifting force FL, generated by the pressure
di&erence along the surface of the particle. If we consider momentum equilibrium of the
grain with respect to the point of contact P , we have movement when

FDa1 + FLa3 ≥ Ga2. (2.4)

An alternative de%nition of the repose angle Φiis here considered. Repose angle is consid-
ered as the angle between the line through the particle centre and the point of contact and
the line through the particle centre normal to the bed surface [59]. From this de%nition, it
is easily demonstrated that (Figure 2.3)

tanΦi =
a2√
b22 − a22

. (2.5)

Assuming for simplicity lift force much smaller than submerged weight, equation (2.4) can
be thus rewritten as

FD ≥ α1G tanΦi (2.6)

where α1 =
b2

b1+b2
and Φi is the angle of repose.

The drag force depends on the water velocity at particle centre uf and on the particle
normal surface with respect to the water "ow (proportional to d2). uf is demonstrated to be
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related to the friction velocity u′∗, which is said skin-friction friction velocity and depends
on grains diameter. A general formulation of drag force is thus

FD = α2ρd
2u′2∗ (2.7)

where α2 is demonstrated to be depending on local Reynolds number and on the shape. The
lift force, here neglected, depends on the same variables of the drag force, and is therefore
taken automatically in account by empirical coe*cients that will be introduced. For this
reason, equation (2.6) can be considered su*ciently general.

The submerged particle weight G is

G = α3 (ρs − ρ) gd3 (2.8)

where α3 depends on the shape of the grain.
From these considerations, we can reach the following expression for the threshold of

motion of a grain:
u′2∗

(s− 1) gd
≥ α4 (α1, α2, α3) tanΦi (2.9)

where s = ρs
ρ
. u′2

∗

(s−1)gd
= θ is de%ned asmobility Shields parameter andα4 (α1, α2, α3) tanΦi =

θcr is said critical Shields parameter. The latter depends on the hydraulic conditions near
the bed (expressed by the Reynolds number Re∗ = u∗d

ν
), on the shape of the grain and on

its position with respect to other grains. It is immediate to reformulate mobility Shields
parameter as a function of the stress acting on the grain, called skin friction bed shear stress:
in fact, from the de%nition of friction velocity, θ can be written as

θ =
τ ′b

(ρs − ρ) gd
(2.10)

where τ ′b is the skin friction bed shear stress, related to the grain geometry. Shields in
1936 [40] had performed experiments to determine θcr as a function of the correspondent
u∗,cr and, thus, Re∗. In Figure 2.4 the Shields curve, which represents critical shear stress
as a function of Re∗ , is shown.

It should be noted that the function θcr (Re∗) can’t be explicit: in fact, both θcr and Re∗
depends on u∗,cr. For this reason, it results not much practical. An alternative independent
variable, the dimensionless particle diameter D∗, has been de%ned in order to obtain an
explicit formulation of θcr. D∗ is de%ned as:

D∗ =

[
(s− 1) g

ν2

](1/3)
d50. (2.11)

Van Rijn suggests the following function for the calculation of θcr(D∗):




θcr = 0.24D−1
∗ 1 < D∗ ≤ 4

θcr = 0.14D−0.64
∗ 4 < D∗ ≤ 10

θcr = 0.04D−0.1
∗ 10 < D∗ ≤ 20

θcr = 0.013D0.29
∗ 20 < D∗ ≤ 150

θcr = 0.055 D∗ > 150

. (2.12)

Soulsby and Whitehouse [46] proposed later the following continuous formula for crit-
ical state:

θcr =
0.30

1 + 1.2D∗
+ 0.055 [1− exp (−0.020D∗)] . (2.13)
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Figure 2.3: Sketch of forces acting on a grain.

As evidenced by Figure 2.5, Soulsby curve for critical state is overlaid to Shields curve for
high values of D∗ but seems to be much closer to experimental data for low values of the
adimensional diameter. This function has been performed for the calculation of critical
state in the numerical model presented in this work.

An alternativeway to evaluate the critical state for the threshold ofmotion is to consider
a critical depth-averaged velocity. Van Rijn proposed an expression for critical velocity,
derived from critical bed shear stress by the use of Chezy equation. The %nal expression is:

Ucr = 5.75 [(s− 1) gd50]
0.5 θ0.5cr log

(
12h

ε′

)
(2.14)

where ε′ is the grain related roughness, or the e&ective roughness for a "at bed.
In the present analysis, bed slope e&ect has not been considered yet. With respect to

the "ow direction, there can be parallel and/or perpendicular slope. In order to take into ac-
count both this factors, two coe*cients are available, obtained by solving force equilibrium
along the slope.

The %rst of them is Schoklitch factor kβ , which is the ratio between the critical "uid
force on a sloping bed FD,cr,β and the critical value on an horizontal bed FD,cr,o. From easy
geometrical considerations it reduces to

kβ =
FD,cr,β

FD,cr,o

=
sin (Φi − β)

sinΦi

(2.15)

where Φi is the angle of repose and β the longitudinal slope of the bed.
The latter is Leiner factor kγ , de%ned as the ratio between the critical "uid force on

a transversely sloping bed FD,cr,γ and that on an horizontal bed. Also kγ is obtained by
solving the force equilibrium and the %nal expression is

kγ =
FD,cr,γ

FD,cr,o

= cos γ

(
1− tan2 γ

tan2 Φ

)0.5

(2.16)
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Figure 2.4: Threshold of motion: Shields curve [59].

where γ is the transverse slope of the bed.

Thus, for a combination of longitudinal and transverse bed slopes, the critical bed shear
stress can be computed as

τb,cr = kβkγτb,cr,o. (2.17)

The skin friction over the bed

In studying granular sediment transport, it is important to understand how water "ow
moves grains and, in particular, which is the stress which drag them causing the motion.
Nikuradse introduced the concept of e&ective sand roughness height ε to simulate the
height of an arbitrary roughness element of the bottom boundary. On a movable bed, ε
can be divided in two main components: the grain roughness ε′, generated by the skin fric-
tion forces, and the form roughness ε′′, generated by the bed forms and, more generally, by
macroscopical geometry on the bed. In the same way, bed shear stress τb can be divided
into grain-related bed shear stress τ ′b and form-related bed shear stress τ ′′b .

With particular regards to the grain-related bed shear stress, it can be considered as the
stress caused by the grains to the "ow and, thus, the stress with which water "ow acts on
the grains causing their movement. Generally, considering granular sediment transport,
the threshold of motion is strictly related to the grain-related bed shear stress and not to
the e&ective shear stress, which instead regulates directly hydrodynamics.

The evaluation of ε′ is generally related to the grain diameter. Experimental results
show that it is mainly related to the largest particles of the top layer of the bed [59], and the
more relevant diameter seems therefore to be d90. Van Rijn suggested for grain roughness
a value of 3-5 d90, coherently with other authors he cited in his book. Nielsen [29, 30]
proposed a granular roughness equal to 2.5d50. This formulation has the advantage to
relate the grain roughness to the mean diameter, which is the diameter class easiest to be
provided. Let us note that, if on a "at bed ε = ε′ = 2.5d50, then ε/12 becomes d50/30,
and equation (2.14) becomes coherent with the classical velocity distribution for a rough
turbulent "ow, where typical value of z0 is ε/30.
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Figure 2.5: Comparison between Soulsby and Shields curves [44].

2.2.2 Bed load

Bed sediment transport consists on rolling, salting and sliding of particles in the very %rst
layer above the bed. It is dominant mode in presence of heavy or large particles or in case
of low regime, in which movement of grains is strictly limited by the e&ect of gravity and
turbulence has not great in"uence on it.

The bed load can be de%ned as the product of the bed particle concentration, the particle
velocity and the bed layer thickness:

qsb = cb,granubδb (2.18)

where qsb is the volume bed load for unit width, cb the bed volume concentration, ub
the velocity of the particles and δb the bed layer thickness.

Generally, bed load is computed using empirical equilibrium formulas and several of
them are presented in literature. In this case, thus

qsb = qsb,eq (2.19)

where qsb,eq is the equilibrium bed load for unit width. The hypothesis of equilibrium bed
load is usually accepted because of the dynamics of bed sediment transport. The saltation
motion of particles, which represents the most typical bed load motion, has a character-
istic height of 1-10 particle diameter and a characteristic length of about 10-20 diameters.
For this reason, time scale of bed load process is small enough to assume an instantaneous
adaptation of the bed load to the hydrodynamic conditions and an unlimited sediment avail-
ability.

Many of bed load formulas relate bed load to the excess of Shields parameter with re-
spect to the critical Shields parameter. We de%ne the dimensionless bed-shear stress param-

eter T as

T =
θ′ − θcr
θcr

=
τ ′b − τb,cr
τb,cr

(2.20)

where τb,cr is the critical bed shear stress, corresponding to θcr.
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Because of the aim of the present work, almost all formulations here presented consider
both current "ow and waves e&ects. The only one developed exclusively for current-alone
conditions isMeyer-Peter andMüllermodel, which is of great importance from an historical
point of view, being the result of one of the %rst extensive studies on both uniform bed and
particle mixtures.

An important author who has widely contributed to coastal sediment transport problem
is Van Rijn. In his works, he proposed several formulas, valid in current-alone conditions
and in wave-current conditions. In the last case, he studied both instantaneous and wave
period-averaged bed load. Finally, another relevant author who considers bed load un-
der wave-current conditions is Soulsby, whose model is based on Nielsen previous studies.
Moreover, Van Rijn and Soulsby proposed a review of the original Van Rijn current-alone
model, able to consider wave e&ect. Many other formulas are presented in literature, but
are not discussed here because not implemented in our numerical model.

Meyer-Peter Müller

Meyer-Peter and Müller had carried out an important laboratory study in a "ume, consid-
ering both uniform and mixed materials with diameters from 0.4 mm to 29 mm, a water
depth from 0.1 m to 1.2 m and a bed slope from 0.0004 to 0.02. They obtained the following
formula for the bed load transport:

qsb,eq√
(s− 1) gd3m

= 8 (θ − 0.047)1.5 . (2.21)

Here, dm is the mean particle diameter, de%ned as the weighted averaged diameter of
bed sediments. However, equation (2.21) is weakly dependent on particle diameter and
median diameter d50 can be used.

The factor 0.047 can be considered as a critical mobility Shields parameter, and can
therefore be substituted with the value obtain using (2.12) or (2.13).

Van Rijn

First sediment transport formulas proposed by Van Rijn has been published in a set of three
articles in 1984 [55, 56, 57]: here, bed load, suspended load and bed-form e&ects in current-
alone environment have been widely discussed. Considering bed load, Van Rijn analysed
130 "ume experiments in low regime, observing the bed volume concentration cb,gran to be
related with T by the following relation:

cb,gran
c0,gran

= 0.18
T

D∗
(2.22)

where c0,gran is the maximum volumetric concentration, assumed to be 0.65. Similarly, he
studied relation between saltation height and particle velocity and T obtaining the formulas

δb
d50

= 0.3D0.7
∗ T 0.5 (2.23)

and
ub√

(s− 1) gd50
= 1.5T 0.6. (2.24)
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From these relations he developed a %rst formula for the bed load computation, which
is {

qsb,eq = 0.053 (s− 1)0.5 g0.5d1.550D
−0.3
∗ T 2.1 T < 3

qsb,eq = 0.1 (s− 1)0.5 g0.5d1.550D
−0.3
∗ T 1.5 T ≥ 3

(2.25)

The second expression of (2.25) has been proposed because the %rst one, which is the
original equation, seems to over-predict transport rate for T ≥ 3.

A simpler formulation of the equation (2.25) has been proposed by Van Rijn assuming
ub = 7u′∗. In this way bed load reduces to

qsb,eq = 0.25d50u
′
∗D

−0.3
∗ T 1.5. (2.26)

Finally, one more approximated equation has been proposed[59], based on independent
variables U , Ucr, h and d50. The bed load in this case results

qsb,eq = 0.005Uh

(
U − Ucr√
(s− 1) gd50

)(
d50
h

)1.2

. (2.27)

Afterwards, equation (2.26) has been modi%ed in 1993 in order to take into account the
e&ect of the waves on the bed load transport. In particular, Van Rijn de%ned a calibration
factor α = 1 − (Hs/h)0.5, where Hs is the signi%cant wave height, and considered as bed
shear stress the mean wave-current grain-related bed shear stress. Hence, the bed load
becomes

qsb,eq = 0.25αd50

(
τ ′wc

ρ

)0.5

D−0.3
∗

(
τ ′wc − τb,cr
τb,cr

)1.5

(2.28)

and is the %rst relevant wave current bed load formula proposed by Van Rijn.
In 2001, Van Rijn et al. reviewed this criterion proposing two more equations for in-

stantaneous and averaged bed load in wave current conditions [61].
Considering instantaneous volume bed load, Van Rijn suggested an expression similar

to (2.26) and (2.28), which is

qsb,eq = ψd50

(
τ ′wc

ρ

)0.5

D−0.3
∗

(
τ ′wc − τb,cr
τb,cr

)η

(2.29)

where ψ and η are calibration coe*cients and τ ′wc is the instantaneous grain-related bed
shear stress. From "ume tests, authors suggested to use ψ = 0.5 and η = 1. The equation
can be used also in non-linear wave conditions (for example in case of breaking waves),
which however are not treated in the present work. The secondmethod is an approximation
of the %rst one and focuses on averaged bed load transport over the wave period. The
equation (2.29) reduces to

qsb,eq = 0.006ws,grand50

(
U2

eff

(s− 1) gd50

)0.5
(
(U eff − Ucr)

2

(s− 1) gd50

)0.7

(2.30)

where Ueff =
√
U2 + U2

on is the e&ective velocity due to waves and currents, and Uon

is the onshore near-bed peak orbital velocity in wave direction which, under hypothesis
of regular waves, coincides with the maximum bottom orbital velocity Um0. Ucr can be
computed using equation (2.14). ws,gran is the fall velocity of grains.

The equation (2.30) has been obtained considering just waves perpendicular to current:
a sensitivity analysis evidences that for waves parallel to current the value of qsb,eq can
result about twice as large.
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Soulsby

In his book [44], Soulsby proposed a bed load transport formula based on integration over
wave period of the criterion of Nielsen[29], which suggested for current-alone %eld

qsb,eq√
(s− 1) gd350

= 12θ0.5 (θm − θcr) . (2.31)

Soulsby considered the following components:

qsb,eq,x1√
(s− 1) gd350

= 12θ0.5 (θm − θcr) (2.32)

qsb,eq,x2√
(s− 1) gd350

= 12θ0.5w θm (0.95 + 0.19 cos (2φ)) (2.33)

qsb,eq,x = max (qsb,eq,x1, qsb,eq,x2) (2.34)

and
qsb,eq,y√

(s− 1) gd350
=

12 (0.19θmθ
2
w sin 2φ)

θ
3
2
w + 1.5θ

3
2
m

(2.35)

where φ is the angle between waves and current directions qsb,eq,x is the bed load in cur-
rent direction and qsb,eq,y the bed load perpendicular to the current, with a versus coherent
with φ. θw is the Shields parameter corresponding to τw and θmthat Shields parameter cor-
responding to τm. Finally, qsb,eq,x = qsb,eq,y = 0 if maximum value of Shields parameter
(θmax = τmax/[g(s−1)d50]) is lesser than the critical Shields parameter.

Soulsby and Van Rijn

The last criterion presented here has been proposed in 1997 by Soulsby and Van Rijn [44].
In his more general form, this approach considers both bed and suspended sediment trans-
port: in this section the bed load component is described while the suspended load compo-
nent will be discussed later. Soulsby and Van Rijn modi%ed equation (2.27) following Grass
approach, in order to take into account the e&ect of the waves.

Grass supposed that, if the total load in current-alone environment is given by

qs,eq = AGU
nsr , (2.36)

then the combined wave-current total load can be computed by the following expression:

qs,eq = AGU

(
U2 +

0.08

CD

U2
1m

)(n−1)/2

(2.37)

whereAG and nsr are empirical coe*cients. They thus suggested as bed load the following
expression:

qsb,eq =
0.005h

(
d50
h

)1.2

((s− 1) gd50)
1.2U

[(
U2 +

0.018

CD

U2
1m

)0.5

− Ucr

]2.4

. (2.38)

This formula, with respect to Grass equation (2.37), has the advantage not to need further
calibration processes by the users.
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The e$ect of bed slope on granular bed load

In case of non-horizontal bottom, longitudinal and transverse bed slopes have in"uence
on the bed transport dynamics. Many di&erent formulas have been presented in literature
ans some of them have been summirised by Van Rijn [60]. Generally, longitudinal and
transverse slope e&ects are treated separately through the use of two di&erent coe*cients.

Longitudinally, resulting bed load is given by

qsb,lon = αlonqsb (2.39)

where αlon is the longitudinal slope factor. Bagnold suggested for αlon the following ex-
pression:

αlon =

tanΦi

cosβ

(tanΦi − tan β)
(2.40)

where Φi is sediment angle of repose and β is the longitudinal slope.
Transversally, the slope increases bed load giving rise to a component perpendicular to

the current. Transverse bed load component is given by

qsb,trans = αtransqsb (2.41)

where αtrans is the transverse slope factor. Ikeda proposed the expression:

αtrans = 1.5 ∗
(
τcr
τ ′m

)0.5

tan γ (2.42)

where γ is transverse bed slope. This bed load component is of course downslope-oriented.

2.2.3 Suspended load

When the critical bed shear stress has been exceeded, bed sediment transport begins and
particles will start rolling, sliding and jumping. Increasing the bed shear stress (and the bed
velocity), the jumps (saltations) begin to be more height and long and the particles reach
a level where turbulent forces are equal of greater than submerged particle weight. In this
way, particles will stay in suspension, with occasional contacts with the bed and a velocity
close to the "ow velocity (we will assume the hypothesis of passive tracer: sediments are
thus characterized by the same velocity of the "ow).

In literature di&erent curves for initiation of suspension are presented, which are analo-
gous to the Shields Curve [59]. Bagnold (1960) studied interaction between turbulence and
particles and assumed that suspension can exist when the vertical velocity component of
eddies u′z,rm is equal or grater than the particle fall velocity. From an analysis of the orders
of magnitude, it is demonstrated that u′zrm ≃ u∗ (see chapter 1) and the critical friction
velocity for suspension u∗,crs is therefore

u∗,crs
ws,gran

= 1 (2.43)

which can be written also as

θcrs =
w2

s,gran

(s− 1) gd50
(2.44)

wherews,gran is the fall velocity for granular sediments and θcrs is the critical Shields pa-
rameter for suspension.
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Van Rijn proposed an alternative formula after an experimental investigation carried
out at Delft Hydraulics. The experimental results can be presented by

{
u∗,crs

ws,gran
= 4

D∗
1 < D∗ < 10

u∗,crs

ws,gran
= 0.4 D∗ > 10

. (2.45)

Niño et al. [60] suggested a modi%cation of 2.45, which takes in account the e&ect of hiding
caused by rough beds, which preclude the entertainment in suspension of particles %ner
than rough elements. The resulting equation for critical friction velocity for suspension is

{
u∗,crs

ws,gran
= 20

D1.7
∗

1 < D∗ < 10
u∗,crs

ws,gran
= 0.4 D∗ > 10

. (2.46)

The latter formula has been chosen in the model we will describe later.
The behaviour of suspended load is described in term of volume concentration or mass

concentration. In shallow water models (depth integrated), usually depth integrated sus-
pend load for unit width is considered, de%ned as

qss =

ˆ h

a

u (z) cgran (z) dz (2.47)

where a is the reference level at which suspension begins: this is the limit of bed load layer
and under this level sediment transport is considered to have bed transport behaviour.

It is therefore important to know the vertical velocity distribution and the vertical con-
centration distribution (see Figure 2.6). Moreover, in order to solve the integral in equation
(2.47), the reference concentration ca at level a is needed.

The evaluation of suspended load can be done using alternatively an equilibrium or
a non-equilibrium approach. Equilibrium approach assumes that suspended load at each
point at every instant corresponds to the maximum suspended load supported by the water
"ow. This required, in particular, an unlimited availability of sediments in study domain
and at the boundaries. While for bed load this hypothesis can be considered easily veri%-
able, it is not always realistic for suspended load in real environments. The time scale of
suspended sediment transport is in fact greater than that of bed load and changes in hydro-
dynamic conditions give rise to slower changes in sediments dynamic. Thus, for suspended
load a more appreciate approach is the non-equilibrium approach. In this case, as previ-
ously discussed, suspended sediment is studied considering the horizontal distribution of
the averaged volume concentration, obtained by solving a proper advective-di&usive equa-
tion.

The vertical concentration distribution

Sediment concentration over the water depth can be described by di&erent analytical mod-
els, which can be divided in di&usion models, energy models and stochastic models: the
most commonly used in sediment transport are di&usion models [59].

Di&usionmodels are based on the law of Fick, which considers turbulence vertical trans-
port proportional to the vertical concentration. In this case, the equilibrium between fall
velocity and turbulence becomes

cgranws,gran + ǫs (z)
dcgran
dz

= 0 (2.48)
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Figure 2.6: Sketch of velocity, concentration and suspended load distribution [59].

where ǫs is the mixing coe#cient at height z above bed.
Several mixing coe*cient distributions are available in literature.
One of the simpler assumption is to consider mixing coe*cient distribution increasing

linearly with height (ǫs = κu∗z). In this way a power-law distribution pro%le is obtained:

cgran (z) = ca

(z
a

)−b

(2.49)

where b = wS,gran/κu∗ is the Rouse number, which determines the shape of the pro%le.
Soulsby [44] proposed, for wave-current conditions, the use of a 2-layers power law

pro%le. In particular he suggested




cgran (z) = ca

(
z
a

)−bmax
a ≤ z ≤ δw

cgran (z) = c (δw)
(

z
δw

)−bm
δw ≤ z ≤ h

(2.50)

where bm = wS,gran/κu∗m and corresponds to mean bed shear stress, bmax = wS,gran/κu∗max

and corresponds to the maximum bed shear stress, as de%ned by Soulsby, while δw is the
height of the wave boundary layer.

An alternative mixing coe*cient distribution is the parabolic. This is considered most
satisfactory from a physical point of view, because is based on logarithmic velocity pro%le
and linear shear stress distribution. The distribution is ǫs,c = κu∗z (1− z/h) and gives rise
to the Rouse pro$le:

cgran (z) = ca

[
z

a

h− a

h− z

]−b

. (2.51)

Because a similar pro%le has a 0-concentration at the water surface, which is not coherent
with experimental observations, Van Rijn suggested a parabolic-constant mixing coe*cient
distribution: {

ǫs,c = κu∗z
(
1− z

h

)
a ≤ z ≤ h

2

ǫs,c = 0.25κu∗h
h
2
≤ z ≤ h

(2.52)

In this way, he obtained the concentration pro%le

{
cgran (z) = ca

[
z
a
h−a
h−z

]−b′
a ≤ z ≤ h

2

cgran (z) = ca
(

a
h−a

)−b′
exp

(
−4b′

(
z
h
− 1

2

))
h
2
≤ z ≤ h

(2.53)
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Figure 2.7: Mixing coe*cients for waves and current in Van Rijn model [61].

where b′ is the Rouse number corrected for the e&ect of the di&erences between mixing
coe*cient and "uid eddy viscosity through βc and for the strati%cation e&ects through ψ :

b′ =
b

βc
+ ψ (2.54)

βc = min

(
1.5, 1 + 2

(
ws,gran

u∗

)2
)

(2.55)

ψ = 2.5

(
ws,gran

u∗

)0.8 (
ca

c0,gran

)0.4

(2.56)

In the presence of waves, Van Rijn proposed a wave-related mixing coe*cient, which is
constant in the very %rst layer over the bed (ǫs,w,bed) and in the upper half of the water col-
umn (ǫs,w,max), while varies linearly between the top of the near bed sediment mixing layer
and the half of the water column (see Figure 2.7). In particular, the bed and the maximum
values of mixing coe*cient are

ǫs,w,bed = 0.018βwδsUm0 (2.57)

ǫs,w,max = min

(
0.05, 0.035γbrh

Hs

Tp

)
(2.58)

where

βw = min

(
1.5, 1 + 2

(
ws

u∗,w

)2
)

(2.59)

and

δs = 2γbrδw. (2.60)

Here, γbr = 1+(Hs/Tp − 0.4)0.5 is an empirical coe*cient related to the wave breaking and
δw is the wave boundary layer height. The resulting mixing coe*cient is given by

ǫs,wc =
√
ǫ2s,c + ǫ2s,w. (2.61)
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The reference concentration and the settling velocity

Two more parameters play an important role in the evaluation of concentration distribu-
tion, as it is evident from previous equations: the reference bed concentration ca and the
granular fall velocity (or settling velocity) ws,gran.

The reference bed concentration ca is the equilibrium concentration at reference level
a. It is important to distinguish between two main conditions: "at bed and presence of bed
forms.

In %rst case, the reference concentration can be considered to coincide with the bed level
concentration cb, for which Van Rijn suggested equation (2.22). In this case, the reference
level a should coincide with the bed load layer thickness δb, given by (2.23). Other formulas
have been proposed in literature: many of them have been reviewed by Van Rijn [59] and
Soulsby [44].

While "at bed condition is easily obtained in laboratory test, studying in particular the
lower regime, in real domains it occurs rarely: generally hydraulic bed-forms, vegetation
or other rough elements prevents the bottom to be considered "at.

In the presence of bed-forms or, more generally, of macroscopical rough elements, Van
Rijn suggested an alternative formula

ca = 0.015
d50
a

T 1.5

D0.3
∗
. (2.62)

In this particular case, the value of a should be set as

a = max
(
0.01h,

ε

2

)
. (2.63)

It should be noticed that, being the reference concentration an equilibrium concentra-
tion, the vertical distribution obtained using 2.45 is an equilibrium concentration pro%le.

Finally, the velocity fall of granular particles depends on the diameter d (generally, d50
is considered), on D∗ and on the water cinematic viscosity ν. The physical behaviour of a
spherical particle falling in a "uid has been described by Stokes:

ws,gran =
(s− 1) gd

18ν
. (2.64)

Many authors proposed to modify this formula in order to adapt it to natural sands, in
particular for bigger diameter. Soulsby developed, for natural sands, a regression curve
based on the optimization of two coe*cients in a viscous environment with a drag law,
against experimental data for irregular grains. He obtained the following formula:

ws,gran =
ν

d

[(
10.362 + 1.049D3

∗
)0.5 − 10.36

]
. (2.65)

The equation is valid for all values of D∗ (Figure 2.8).

Van Rijn

Van Rijn proposed an equilibrium method for the evaluation of sediment transport, based
on the above mentioned considerations, valid in case of current-alone condition [56] and
wave-current condition [61].

The suspended load qss can be computed from depth averaged variable as

qss = qss,eq = βraggUCgranh = FUhca (2.66)
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Figure 2.8: Soulsby regression formula for sands settling velocity [44].

where Cgran is the depth-averaged concentration and βragg and F analytical correction
factors, which take into account concentration and velocity vertical distributions.

In its more general form, F = Fc + Fw, where Fc is the current component and Fw is
the wave component.

Let us consider Fc. From the logarithmic velocity pro%le (1.112) and the concentration
distribution (2.53) the correction factor is demonstrable to be

Fc =
u∗
κU

(
a

h− a

)b′

[
ˆ 0.5

a/h

(
h− z

z

)b′

ln
z

z0
d
(z
h

)
+

ˆ 1

0.5

e−4b′( z
h
−0.5) ln

z

z0
d
(z
h

)]
. (2.67)

Fc can’t be analytically solved but an approximated expression is available , valid for 0.3 ≤
b′ ≤ 3 and 0.01 ≤ a/h ≤ 0.1, given by

Fc =

(
a
h

)b′ −
(
a
h

)1.2
(
1− a

h

)b′
(1.2− b′)

. (2.68)

Similarly, correction factor Fw can be obtained by the following approximated formula

Fw =

(
a
h

)bw −
(
a
h

)1.2
(
1− a

h

)bw
(1.2− bw)

(2.69)

where bw = 4
(

h
href

)0.6 (
ws,gran

Tp

Hs

)
and hres is the reference water depth (href = 5m).
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Soulsby and Van Rijn

The suspended load component of Soulby and Van Rijn formula is analogous to the bed
load component and is based on the same assumptions. The formula reduces to

qss,eq =
0.012d50D

−0.6
∗

((s− 1) gd50)
1.2U

[(
U2 +

0.018

CD

U2
1m

)0.5

− Ucr

]2.4

. (2.70)

The total load transport is thus given by

qs,eq = AsU

[(
U2 +

0.018

CD

U2
1m

)0.5

− Ucr

]2.4

. (2.71)

where As = Asb + Ass and Asb =
0.005h( d50

h )
1.2

((s−1)gd50)
1.2 while Ass =

0.012d50D
−0.6
∗

((s−1)gd50)
1.2 .

Non-equilibrium approach

As previously discussed, non-equilibrium approach consists on the solution of solid mass
balance by solving the sediment concentration advective-di&usive equation. For the general
3D case, we can write

∂c

∂t
+ ux

∂c

∂x
+ uy

∂c

∂y
+ uz

∂c

∂z
= ws

∂c

∂z
+

∂

∂x

(
ǫx
∂c

∂x

)
+

∂

∂y

(
ǫy
∂c

∂y

)
+

∂

∂z

(
ǫz
∂c

∂z

)
(2.72)

where c is a generic volume concentration and ux uy and uz are the velocity component
in x, y and z directions, ws is the generic fall velocity and ǫx, ǫy e ǫz are the di&usivity co-
e*cients of the sediments. ǫx and ǫy are generally assumed equal: they correspond to the
horizontal sediment di&usivity ǫH . ǫz is described by a a proper vertical mixing coe*cient
distribution, as illustred above. Mixed derivatives of di&usive problem are neglected. The
solution of equation (2.72) needs adequate boundary conditions on the volume concentra-
tion. In particular, great importance is assumed by the bottom boundary condition.

If we consider the depth-averaged problem (Figure 2.9) of granular concentration, equa-
tion (2.72) reduces to

∂ [hC]

∂t
+
∂ [hUC]

∂x
+
∂ [hV C]

∂y
= h

[
∂

∂x

(
ǫH
∂C

∂x

)
+

∂

∂y

(
ǫH
∂C

∂y

)]
+ ED (2.73)

where C is the depth-averaged granular concentration and U e V the depth-averaged
velocity component in x and y directions. ED is the source-sink term, which corresponds
to the erosion or deposition rate. In case of suspended granular sediment transport, the
problem is applied to Cgran, the depth-averaged granular volume concentration, while the
erosion-deposition rate is EDgran.

One of the %rst study about depth-averaged advective-di&usive model for suspended
sediments has been presented by Galapatti [15]. He proposed an asymptotic solution of
the problem for slowly varying "ow, starting from the 0-order equilibrium solution. Under
opportune hypothesis and considering 1-order solution in steady conditions, he obtained
the following relation for the erosion-deposition rate EDgran:

EDgran = Egran −Dgran = αEDws,gran (Cgran − Cgran,eq) (2.74)
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where Egran andDgran are respectively granular erosion and deposition and Cgran,eq is the
depth-averaged equilibrium concentration, for which there are not vertical sediment "uxes
along the depth.

This approach for the computation of the erosion-deposition term is widely used in
morphodynamic models.

Lesser developed a 3-dimensional morphological model [25, 24], proposing also a depth-
integrated version. In this case, for the calculation of S, he suggested the following expres-
sion:

EDgran =
Cgran,eq − Cgran

Ts
. (2.75)

Ts is a time scale factor and is computed as

Ts =
1

ws,gran

Tsd (2.76)

with h is the water depth, ws,gran the fall velocity and Tsd is the dimensionless adaptation
time which is given (according to Galapatti numerical development ) by

Tsd = w∗ exp

(
(1.547− 20.12ur)w

3
∗ + (326.832u2.2047r − 0.2)w2

∗
+(0.1385 ln (ur)− 6.4061)w∗ + (0.5467ur + 2.1963)

)
(2.77)

where w∗ = wS,gran/u∗,c, ur = u∗,c/U and u∗,c is current-related friction velocity.
The value of Ceq,gran can be computed by the use of an equilibrium suspended load

formula, keeping in mind that Ceq,gran = qss,eq/ (Uh) .
An alternative way to calculate erosion and deposition rate is to refer it not to the depth-

averaged concentration but to the bottom concentration. We can consider the mass "ux at
the bottom as

EDgran = ws,gran (ca − cgran (a)) (2.78)

where a is the reference height for the suspended concentration and ca the reference con-
centration. FollowingVan Rijnmethod, they are calculated using equations (2.62) and (2.63).
cgran (a) is computed by the depth-averaged concentration Cgran, choosing an opportune
concentration pro%le:

cgran (a) =
Cgran

βd
. (2.79)

βd depends on the concentration pro%le and, for a power law pro%le in presence of current
and waves (equation (2.50)), have an analytical solution which is

βd =

1

(h− a)

[
1

1− bmax

(
δ
(1−bmax)
w

a−bmax
− a

)
+

(zw
a

)−bmax 1

1− bm

(
h(1−bm)

δ−bm
w

− δw

)]
. (2.80)

In case of current-alone condition, equation (2.80) reduces to

βd =
1

(h− a)

1

1− b

(
h(1−b)

a−b
− a

)
. (2.81)

Considering Van Rijn concentration distribution, βd coe*cient becomes

βd =
1

h− a

ǫs,wc

ws,gran

[
1− exp

(
−ws,gran

ǫs,wc

(h− a)

)]
(2.82)
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Figure 2.9: Scheme of shallow water advective-di&usive problem.

where ǫs,wc is depth-averaged value of ǫs,wc, as in equation (2.61).

Finally, a really simple method for the calculation of cgran (a) has been proposed by
Canestrelli [48] who, citing Parker et al. [32], proposed

ca = r0Cgran (2.83)

with r0 ≈ 1.4.

In literature, a total load non-equilibrium sediment transport model has been presented
too. The approach is absolutely analogous to that described here. In this case, a %ctitious
depth-averaged total load equivalent concentration is considered, while equilibrium depth
averaged concentration is carried out by a total load equilibrium formula as

Ctot,gran,eq =
qs,eq
Uh

. (2.84)

The erosion and deposition rates are obtained by equation (2.75) or similar formulations.

2.3 Cohesive sediment transport

The physics of cohesive sediment transport is more complex than that of granular sediment
transport, and a model able to describe all its parts would result really heavy to be applied.

For cohesive sediments, bed sediment transport characterized by salting and rolling of
sediment does not exist and, therefore, the distinction between bed load and suspended
load loses his sense. Cohesive sediment transport is here assumed to be suspended and
no further distinctions are considered. However, behaviour of cohesive sediments is close
related to the suspended concentration: in literature, di&erent classi%cations for mud have
been proposed [64].
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Basing on european research project COSINUS and considering in particular suspended
mud,Winterwerp proposed threemain categories: low-concentratedmud suspension (LCMS),
high-concentrated mud suspension (HCMS) and "uid mud.

Low-concentratedmud suspension is characterized by amass concentration of the order
of 0.01-0.1 kg/m3 and a newtonian rheology. It does not modify signi%cantly the turbulent
"ow %eld.

High concentrated mud suspension have a mass concentration of about 0.1-1 kg/m3:
the "uid is newtonian and suspension is transported with the main "ow, but interactions
between mud and the turbulent "ow %eld take place.

Finally, mud "ow is characterized by a concentration above the gelling point (10-100
kg/m3) and exhibits an important non-newtonian behaviour. It can be stationary ormoving,
with a dynamics fairly independent of the water main "ow.

An alternative classi%cation has been proposed by Soulsby, who considered un"occu-

lated suspension, "occulated suspension and mud "ow.

Un"occulated suspension, known also as wash load, is characterized by concentration
low enough not to let the "ocks collide (mass concentration < 0.01 kg/m3), while in case of
"occulated suspension (up to mass concentration of about 3 kg/m3) grains collide thought
di&erential settling and turbulent shear. In the latter case, settling velocity can be deeply
di&erent with respect to the %rst case.

Fluidmud (CM> 3 kg/m3) has a concentration large enough that the gaps between "ocks
have dimension similar to the "ocks and, thus, the "ocks interact with each other. Settling
velocity increases until a maximum value in the range of 1-10 mm/s (for 3kg/m3 < CM <
10kg/m3), decreasing then until zero (CM = 50− 100kg/m3) The viscosity is much higher
than that of pure water, but su*ciently low to permit the mud to be mobilized.

A very %rst approach for the solution of cohesive transport problem is to analyse it
by solving of a proper advective-di&usion equation, similarly to the non-equilibrium ap-
proach for granular suspended sediment transport. The main di&erence between cohesive
sediment transport and non-equilibrium granular suspended load study is the source-sink
term, which represents the erosion and deposition rate. Thus, the problem is analysed by
solving equation (2.73) for the cohesive depth-averaged concentration Ccoes and consider-
ing the correspondent erosion and deposition rate EDcoes. The problem is here considered
totally independent from granular sediment transport and, if both classes are considered,
they should be solved with two di&erent advective di&usive equations.

In case of cohesive sediment transport, a unique critical state at which both erosion
and deposition take place is not generally de%ned. In fact, due to the presence of cohe-
sion as additional resistance factor, the bed shear stress needed for threshold of motion is
signi%cantly higher than that at which sediment deposition begins.

Under this assumption two critical shear stress are considered, erosion shear stress and
deposition shear stress, and two di&erent equations are used for erosion and deposition rates:
in this way, no simultaneous erosion and deposition can take place.

Alternative approaches are considered in literature: for example, Winterwerp [65] pro-
posed a continuous sedimentation "ux model, which seems to describe better certain ex-
perimental results. In the present study, however, only the classic approach of mutually
exclusive erosion-deposition model is illustrated and discussed.

Mud "ow phenomena, which can take place in the lowest part of water depth, can’t be
studied with a depth averaged method and won’t be analysed in the model we are going to
describe.
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2.3.1 Settling velocity for cohesive sediments

As discussed above, settling velocity in case of cohesive sediments is mainly related to the
concentration of the suspension and to the e&ect of the "ocks.

Generally, settling velocity function can be divided in three main regions.
For very low concentrations, grains do not collide and do not interact signi%cantly each

other. In this case, settling velocity is related to the fall of single grains (free settling) and,
from a theoretical point of view, it can be computed by the use of the Stokes formula, valid
for spherical particles in the lower regime and in stationary conditions:

ws,coes =
(ρcoes − ρ) gd250,coes

18µ
(2.85)

where ws,coes is the settling velocity of the mud.
As suggested byWinterwerp et al. [65] andMehta [26], the same formula can be applied

in presence of "ocks ("occulating settling) for concentration not enough high to let "ocks
hinder each other. In this case, it is assumed that there is no "ow through the "ocks, which
is not consider a trivial hypothesis, as described by the authors. Considering "ocks with a
fractal structure, the excess of density with respect to the water can be computed as

∆ρf = ρf − ρ = (ρcoes − ρ)

(
dp
df

)3−nf

(2.86)

where ρf is the "ock density, dp and df the diameters of primary particles (equals to d50,coes
in our case) and of the "ocks, and nf the fractal dimension.

From the balance between gravitational and drag force it is possible to write

ws,coes =
αws

18βws

(ρcoes − ρ) g

µ
d
3−nf
p

d
nf−1

f

1 + 0.15Re0.687f

(2.87)

where Ref = ws,coesdf/ν, while αws and βws are shape function.
For spherical (αws = βws = 1), euclidian (nf = 3) particles in lower Regime (Ref ≪ 1),

equation 2.87 reduces to 2.85 in the form

ws,coes =
(ρcoes − ρ) gd2f

18µ
. (2.88)

An alternative quite simple approach for the calculation of "occulating settling for low
concentrations (CM < 5− 10 kg/m3), is the use of an empirical exponential formula:

ws,coes = kwsC
mws

M (2.89)

where kws andmws are empirical coe*cients. Whitehouse [64] suggested the values kws =
0.001 andmws = 1.0, with CM in kg/m3.

For high value of concentration, settling "ocks interfere with their surrounding "ow
and with other "ocks. In this case, the hindered settling takes place.

In this case the fall velocity tends to decrease for the hindering process of the "ocks.
One of the %rst formulas discussed in literature has been presented by Richardson and Zaki
[36]: they suggested for the hindered settling velocity the formula:

ws,coes = ws,r (1− Cf )
nws (2.90)
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where ws,r is the reference settling velocity, calculated by the use of equation (2.88), Cf =(
ρcoes−ρ
ρf−ρ

)
Ccoes = CM/CGEL is "ocks volume concentration and nws = f (Rep), with 2.5 <

n < 5.5 and a default value nws = 4.65.
An alternative approach, suggested by Winterwerp, takes into account the e&ects of

increased viscosity, particle buoyancy and return-"ow of the "uid due to continuity as par-
ticle settle. In this case, the settling velocity is computed as

ws,coes = ws,r
(1− Cf ) (1− Cs)

1 + 2.5Cf

(2.91)

where Cs = CM/ρcoes is particles volume concentration. CGEL is the mass concentration at
gelling point, at which φf = 1 and "ocks form a space-%lling network.

A general scheme, able to compute settling velocity for every concentration and, thus,
able to take into account both "occulating and hindered settling, has been proposed by
Soulsby [64]. Considering a regression totally analogous to equation (2.65), he proposed
the following formula:

ws,coes =
ν

Df

{[
10.36 + 1.049 (1− Cf )

4.7D3
∗
]1/2 − 10.36

}
(2.92)

where D∗ = df

[
g(ρf−ρ)

ρν2

]
. For the computation of df , he suggested

df = lC
mws/2
coes (2.93)

wheremws, is the power of equation 2.89 and l a length scale given by

l =

[
19.8ρνρmws

coes kws

g (ρf − ρ)

]1/2

. (2.94)

kws is the coe*cient of equation 2.89.
The formula of the equation 2.92 is plotted in Figure 2.10.

2.3.2 Erosion

Erosion shear stress

Di&erent empirical formulas have been presented in literature for the calculation of erosion
shear stress. Generally, it is strictly related to the bed consolidation. Because of their greatly
experimental nature, such type of formulas needs an accurate calibration process.

In 1980, Thorn and Parsons suggested to relate the erosion shear stress to the bed dry
density (see [64]), proposing for recently formed, partially consolidated cohesive-sediment
beds the following formula

τe = E1C
E2
M,b (2.95)

where CM,b is the bed dry density, or mass concentration. They obtained for freshly de-
posited bed in saline water, with a range of 30 < CM,b < 200, the values E1 = 5.42× 10−6

and E2 = 2.28.
Alternative values for coe*cients have been proposed by Delo and Ockenden [9]. They

considered a largest dataset and obtain E1 = 0.0012 and E2 = 1.2, valid for a range of
30 < CM,b < 400.



2.3. COHESIVE SEDIMENT TRANSPORT 61

Figure 2.10: Souslby settling velocity formula for cohesive sediments [64].

In order to extend relation (2.95) considering a wider range of cohesive beds such as
mixed beds and consolidated beds, Mitchener et al. [27] proposed a new relation, based on
bulk density ρB . In particular,

τe = E3 (ρB − 1000)E4 (2.96)

where, from data %tting, they obtained E3 = 0.015 and E4 = 0.71, as showed in Figure
2.11.

Erosion rate

Once known the critical shear stress, erosion rate can be computed. In literature, the %rst
to carry out experiments about erosion on marine cohesive sediments was Partheniades:
the most commonly used formulas for computation of erosion rate, proposed by several
authors, are based on his studies [26, 65].

In his %rst experiments, Partheniades [33] observed that, also for the smallest bed shear
stresses applied, a non-zero erosion toke place. For this reason, he assumed that no crit-
ical shear stress for erosion exists. Choosing a gaussian bed shear stress distribution, he
obtained the following formula for mass erosion rate EM,coes:

EM,coes =
AEd50,coesρcoes

t(τb)

[
1− 1√

2π

ˆ
co

kEηbτ̄b
− 1

ηb

− co
kEηbτ̄b

− 1
ηb

exp

(
−ω

2

2

)
dω

]
(2.97)

where AE and kE are experimental parameters, d50,coes is the mean diameter for cohesive
sediments, t(τb) the time that the bed shear stress exceeds cohesive forces at the bed, co the
cohesion, τ̄b the mean bed shear stress and ηbτ̄b its variance.
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Figure 2.11: Critical shear stress for erosion: Mitchener et al. formula [64].

The simplest parametrization of Partheniades’ formula has been carried out by Ariathu-
rai, who proposed

EM,coes =Mpar

(
τb − τe
τe

)
. (2.98)

The formula considers the existence of a threshold stress for erosion, neglecting the rate
of erosion for smallest bed shear stresses (Figure 2.12).

Equation 2.98 has been generalized by di&erent authors in the form

EM,coes =Mpar

(
τb − τe (z, t)

τe (z, t)

)npar

(2.99)

where τe depends on the depth and on the time, considering thus the consolidation process
of the bed. npar is generally unity while the erosion parameter Mpar is generally taken
constant, in a range between 0.01 · 10−3 kg/(m2s) < Mpar < 0.5 · 10−3 kg/(m2s).

Equations (2.98) and (2.99) are generally applied to well-consolidated beds and describe
an unlimited erosion. For very soft beds instead an alternative formula has been proposed
by Partheniades and Mehta:

EM,coes = Ef exp

{
αpar

[
τb − τe (z, t)

τe (z, t)

]βpar

}
(2.100)

where Ef , αpar and βpar are experimental parameters. This formula is said depth-limited,
because describes an important decreasing of erosion increasing the depth. In the present
work, only %rst approach has been implemented in the numerical model.

2.3.3 Deposition

Deposition rate

The most widely used model for deposition has been presented by Krone 1962 (see for
details [26, 65]). He observed the settling of a suspension of %ne sediments from S. Francisco
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Figure 2.12: Partheniades erosion rate formula [65].

bay, mixed with sodium-chloride, in a 33m long "ume. In the %rst phase of the experiment,
a high velocity "ow has been carried out in order to mix sediments, salt and fresh water.
Afterwards, the "ow velocity has been reduced letting the sediments settle.

The mass sediment concentration cM,coes showed a logarithmic decay for cM,coes <
300 mg/L (Figure 2.13), which takes placewhen the bed shear stress is lower than the critical
deposition value τd. In this case, the decay is %tted by

cM,coes

cM0,coes

= exp

{
− (1− pdep)

ws,coest

h

}
= exp

{
−
w′

s,coest

h

}
(2.101)

where cM0,coes is the initial concentration and pdep is considered to be the overall probability
of resuspension of the material. Krone considered pdep linearly depending on the bed shear
stress τb:

pdep =
τb
τd

(2.102)

where τd is the critical bed shear stress for deposition.
Hence, Krone proposed the following law for deposition rate:

−Dcoes = −w′
s,coescb,coes = −ws,coes

(
1− τb

τd

)
cb,coes (2.103)

where cb,coes is the bottom bed volume (or mass) concentration.
At present, no law for the calculation of τd has been presented in literature, although

Whitehouse suggested to use a value of about 0.06 − 0.1 Pa, and typically about half the
value of critical shear stress for erosion.

Vertical concentration distribution

For the computation of cb,coes, a vertical concentration distribution valid for cohesive sedi-
ments is needed. The widely known Rouse distribution (equation (2.51)), is based on equi-
librium between fall velocity and turbulence. Considering cohesive sediments, however,
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Figure 2.13: Concentration decay in Krone experiments [65].

fall velocity is generally vanishing with respect to the turbulence e&ect, and Rouse number
b = wS,coes/κu∗ is close to 0.

Developing in Taylor series equation (2.51) for b ≪ 1, we obtain the concentration
ccoes (z) as a function of the depth-averaged concentration Ccoes. In particular, at height z,
we have

ccoes (z) = Ccoes
sin (πb)

πb

(
1− z/h

z/h

)b

b≪ 1 (2.104)

When deposition and erosion rates become large, an alternative pro%le, described by
Teeter [49], should be considered more accurate.

In order to take into account the vertical variation of suspensionwith a non-dimensional
approach, he de%ned the variables Z = z/h, non-dimensional depth, Ta = ws,coes/h, advective
time scale and Td = ǫZ t/h2, di%usive time scale, where h is the water depth and ǫz is the
eddy di&usivity. The ratio between advective and di&usive time scale is de%ned as Peclet
Number :

Pe =
Ta
Td

=
ws,coesh

ǫz
(2.105)

In this way, the vertical transport equation can be written as

∂ccoes (z)

∂Ta
=

∂

∂Z

(
ccoes (z) +

1

Pe

∂ccoes (z)

∂Z

)
(2.106)

or
∂ccoes (z)

∂Td
=

∂

∂Z

(
ccoes (z)Pe+

∂ccoes (z)

∂Z

)
. (2.107)

Considering equilibrium condition, Teeter observed that, being δccoes the concentration
di&erence between bottom and surface and considering the depth-averaged concentration
Ccoes as a characteristic concentration, the following expression is obtained

Pe =
δccoes
Ccoes

(2.108)

and, thus, Peclet Number becomes a suspension strati%cation parameter.
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The solution of either (2.106) and (2.107) needs appropriate boundary conditions. With
regard to the surface, no "ux condition is imposed

[
ws,coesccoes (z) + ǫz

∂ccoes (z)

∂z

]∣∣∣∣
z=h

= 0. (2.109)

Finally, at the bottom, deposition or erosion condition is considered. In the %rst case, the
turbulence term is set to 0 and the particle settle is computed as

[ws,coesccoes (z)]|z=0 = pdepws,coescb,coes

where pdep is the probability of deposition (e.g. in the Krone theory, described above in this
subsection) (probability that a particle reaching the bed will deposit and remain in the bed).
For p = 1 we have free settling, while for p = 0 no sediment enter or left the suspension.

In case of erosion, the bottom boundary condition is

ws,coescb,coes + ǫz
∂cb,coes
∂z

= −Ecoes (2.110)

where E is the erosion rate per unit area.

Teeter solved numerically the problem, considering di&erent values of Pe and di&erent
bed boundary conditions, in particular free settling and equilibrium conditions (Figure 2.14).

He carried out, from sensitivity analyses, also a relation able to correlate bottom con-
centration to the depth-averaged concentration, bed "uxes and Pe, which is

cb,coes
Ccoes

= 1 +

(
Pe

1.25 + 4.75p5/2

)
. (2.111)

Finally, Soulsby [64] proposed an alternative di&usional concentration pro%le valid for
steady currents. He considered a eddy di&usivity ǫz constant with height, given by ǫz =
0.0025Uh, and a settling velocity given by equation (2.89). He obtain the following ratio
between bottom and depth-averaged mass concentrations, valid for bottom mass concen-
tration cMb < 3 kg/m3:

cMb

CM,coes

=
[
1 + Bcoes

(z
h

)]− 1
mws

where Bcoes = mwswb

0.025U
, wb = kwsc

mws

bM is the settling velocity at the bottom and CM,coes is
cohesive depth-averaged mass concentration.

A simple alternative suggested by Soulsby is to consider the concentration varying lin-
early with depth. In absence of speci%c data, he proposed as the ration between surface and
bottom concentration the value Rc = 3.

2.4 Bottom morphological evolution

The analysis of sediment transport is fundamental for the comprehension of morphological
evolution of the studied domain: this is in fact one of the main scopes of morphodynamic
modeling. Thus, it is important to understand the correlation between sediment trans-
port and bottom evolution, which are strictly related by the sediment continuity equation.
Coherently with previous considerations, morphological change is split in two di&erent
contributes given respectively by granular and cohesive sediment transport.
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Figure 2.14: Teeter pro%les in settling conditions for TA = 0, 0.2, 0.8, 2 [49].

Consider the 1D control volume in Figure 2.15. For the mass conservation, it is possible
to write

∂ms

∂t
= ms,e −ms,u (2.112)

wherems = ρsCAsds is the total solid mass,ms,e = ρsqs,e is the mass sediment in"ow and
ms,u = ρsqs,u is the mass sediment out"ow. In particular, As = Bh is the cross section and
B is the volume control width and qs = qss + qst is the total sediment transport rate.

The time derivative at %rst term of equation (2.112) can be developed as

∂ms

∂t
= ρs

∂ (CAs)

∂t
ds+ (1− npor) ρs

∂zb
∂t
Bds (2.113)

where npor is the bed porosity (valid for granular sediments) and zb is the bottom level.
Substituting in equation (2.112), we obtain

ρs
∂ (CAs)

∂t
ds+ (1− npor) ρs

∂zb
∂t
Bds = ρsqs,e − ρsqs,u = ρsqs,e −

(
ρsqs,e +

∂ (ρsqs)

∂s
ds

)
.

(2.114)
With regards to granular sediment transport, the equilibrium approach considers iner-

tial term of sediment transport vanishing with respect to other terms. Thus, we can write

O

(
∂ (CgranAs)

∂t

)
≪ O

(
∂qs
∂s

)
∼ O

(
∂zf
∂t

Bw

)

gran

(2.115)

obtaining the widely known Exner Equation:
(
∂zb
∂t

)

gran

= − 1

B (1− npor)

(
∂qs
∂s

)
(2.116)
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Figure 2.15: Vertical schematisation of sediment exchange at the bottom (modi%ed from
[59]).

which is valid if equilibrium approach is used for both suspended and bed loads.
If non-equilibrium approach for suspended load is considered, the control volume should

be reduced to the lowest layer of the water volume, where bed sediment transport takes
place, and to the bottom. In fact, suspended sediment conservation on the upper water
volume is described by the advective di&usive equation (e.g. Section 2.2.3). In this case,

the inertial term
∂(CgranAs)

∂t
corresponds to the EDgran term of suspended sediment A-D

equation. Thus, the mass continuity equation can be rewritten as

(
∂zb
∂t

)

gran

= − 1

B (1− npor)

(
∂qsb
∂s

+ EDgran

)
. (2.117)

where qsbis the bed sediment transport load (computed with an equilibrium approach).
For cohesive sediments, porosity loses its meaning. In this case, erosion and deposition

rates take into account implicitly bed sediment density. Moreover, no bed load is considered.
Thus bottom continuity equation reduces to

(
∂zb
∂t

)

coes

= − 1

B
(EDcoes) . (2.118)

Finally, assuming granular and cohesive contributes independent, it is possible to solve
the global morphological problem:

∂zb
∂t

=

(
∂zb
∂t

)

gran

+

(
∂zb
∂t

)

coes

. (2.119)
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Chapter 3

The morphodynamic model

Morphodynamic models are numerical models able to couple the hydrodynamic problem to
the sediment transport analysis (how sediments are transported by the water "ow) and to
the morphological evolution (how bresolution of theottom changes due to sediment trans-
port). They are considered among the most powerful instruments available in hydraulic
and morphological studies, resulting particularly useful in comprehending and predicting
the sediment movement and the morphological response in rivers, estuaries or coastal en-
vironments. For this reason, their use is becoming more common in support of water en-
vironments management and decision-making.

In the literature, a great number of di&erent models have been presented and discussed,
which di&er for example in the number of problem dimensions, in the used equations and
in their discretization technique (numerical scheme).

Models which seem to be more suited for application in coastal areas are 2DH models
(2-dimensional horizontal models). In this case, hydrodynamic problem is generally based
on De Saint Venant Equations, which describe depth-average conservations of mass and
momentum into a bi-dimensional domain. De Saint venant equation are not analytically
solvable, except for very simple theoretical cases.

For this reason, they require to be adequately discretised and can be solved on a %nite
number of points into the domain, which is generally divided into simple polygonal sub-
volumes, called cells. Cells are characterized by a plane bottom and here the problem is
assumed to be uniform or uniformly varied: equations can be applied to cells and a cell-
centred solution is obtained. Alternative approaches give the solution at vertex nodes of
the cells.

With regard to sediment transport problem, as previously described di&erent approaches
are available.

In case non-equilibrium transport is analysed (e.g. for suspended load or for cohesive
sediments), a depth-averaged advective-di&usive equation must be associated to De Saint
Venant Equations and similarly disctretised. Moreover, when di&erent non-equilibrium
problems are simultaneously considered (e.g. di&erent sediment classes or both granular
and cohesive sediment transport), more independent depth-averaged advective-di&usive
equations are generally imposed.

If the equilibrium approach is chosen, otherwise, sediment loads are directly computed
on cells with simple empirical formulas, as described in chapter 2.

Once solved hydrodynamic and sediment transport problem, bottom continuity equa-
tion permits to solve the morphological evolution.

In last years, 3D modelling has been deeply developed too, but generally 3D-models are
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computationally heavy and thus they can di*cultly be applied in complex wide domains.

Themost used numerical schemes inmorphodynamicmodelling are$nite volumemethod

(FVM) and $nite element method (FEM), which guaranteemore stability than $nite di%erence
method (FDM).

Here, a new FVM 2DH morphodynamic model, called DAM_SED, is presented: it based
on the hydrodynamic model developed by University of Udine Hydraulics Laboratory, of
which I am a member. In particular, sediment transport and morphological modules will be
deeply described and discussed.

DAM_SED is able to take into account the e&ect of the wave %eld, which can be alter-
natively imposed by the user (e.g. for easy laboratory tests) or obtained by coupling the
morphodynamic model with SWAN, an open-source spectral model edited by TU Delft: in
this way, both wave motion and morphological evolution can in"uence each other.

A very simple "owchart of DAM_SED is illustrated in Figure 3.1. The model is divide
into three main modules: hydrodynamic module, sediment transport module and morpho-
logical module. As previously discussed, in case of non-equilibrium granular transport
or cohesive transport, the corrisponding advective-di&usive equations are solved together
with the hydrodynamic system, as scalar transport equations.

The development of a new morphodynamic model has three main purposes.

At %rst, the model has been studied in order to reduce, as much as possible, the number
of calibration parameters. Indeed, the model should be suited to applications in real cases,
where the availability of experimental data and monitoring networks is generally poor.

Secondly, a large number of di&erent theories and approaches has been implemented,
in order to compare them and focus on that which seems to be more appropriate in each
single study-case.

Finally, the present morphodynamic model is based on an accurate shock-capturing
scheme, able to describe properly phenomena like dam break or wet-dry propagation in
complex areas. The latter is typical of coastal environments like lagoons, where saltmarshes
are regularly "ooded by tides. Many of the most commonly used open-source and commer-
cial models are in fact based on gradually varied hypothesis and, thus, are not easily suited
to similar situations.

3.1 The hydrodynamic module

The hydrodynamicmodel here used is called DAM_HYD: it is a Finite Volume shallowwater
model, able to solve the problem on a quadrangular irregular mesh. The scheme is I-order
in space and in time and is shock capturing, being mathematical and physical conservative.
Moreover, it respects the C-property, as we will discuss later.

A number of physical parameters and modelling options are required, which involve
water physical properties, turbulence characteristics, bottom roughness and the bed shear
stress computation, boundary and initial conditions and external forcing, like Coriolis force,
wind or waves. Most of them are imposed in a proper modelling setting %le, which will be
described in Appendix.

3.1.1 The mathematical scheme

The hydrodynamic module is a 2D %nite volume shallow water model based on De Saint
Venant equations. In particular, three equations are involved: continuity equation, momen-
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Figure 3.1: Flowchart of the model DAM_SED.
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tum equation in x-direction and momentum equation in y-direction. It can be useful write
them in matrix notation:

∂U

∂t
+
∂ (F c + F v)

∂x
+
∂ (Gc +Gv)

∂y
= S (3.1)

where, in particular,

U =




h
Uh
V h


 (3.2)

F c =




Uh

U2h+ g h2

2

UV h


 F v =




0
2νTh

∂U
∂x

νTh
(

∂U
∂y

+ ∂V
∂x

)


 , (3.3)

Gc =




V h
UV h

V 2h+ g h2

2


 Gv =




0

νTh
(

∂U
∂y

+ ∂V
∂x

)

2νTh
∂V
∂y


 (3.4)

and

S =




0

−gh∂zb
∂x

− τbx
ρ
+ frsx

ρ
+ S ′

x

−gh∂zb
∂y

− τby
ρ
+ frsy

ρ
+ S ′

y


 . (3.5)

Here, U and V are the x- and y- components of depth-averaged velocity vector, h is the
water depth, νT is the eddy viscosity, which is considered horizontally isotropic and con-
stant in each cell, zb the bottom elevation while τbi and frsi , with i = x, y, are respectively
the bed shear stress and the wave radiation stress forcing components. S ′

i take %nally into
account the e&ect of wind and Coriolis force. In this notation,U is the variables vector, F c

and Gc are convective "ux terms vector, F v and Gv are viscous and turbulent "ux terms
vector and S is the source terms vector.

Under current-alone condition, the bed shear stress τb corresponds to the current bed
shear stress τc and is here computed using the Manning formula (1.96) as

τbx = τbcx = ρgn2U
√
U2 + V 2

h1/3
(3.6)

τby = τbcy = ρgn2V
√
U2 + V 2

h1/3
. (3.7)

If wave motion e&ect are taken into account (e.g. coupling DAM_HYD with SWAN),
wave %eld characteristics are provided in each cell. In particular signi%cant wave height
Hs, signi%cant wave period Tws, maximum bottom orbital velocity Um0 and wave direction
φ are required. Moreover, radiation stress gradient e&ect can be considered and, in case, its
forcing should be imposed.

From an hydrodynamic point of view, wave-current bed shear stress and stress due to
radiation stress can be thus taken into account.

In case of presence of waves, Soulsby approach is here implemented for the calculation
of bed shear stress. Hydrodynamics is considered to be in"uenced by mean bed shear stress
value τm, which is characterized by the same direction of "ow velocity. The maximum bed
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shear stress is instead important for sediment dynamics. Thus, by the use of equations
(1.170), wave-current mean bed shear stress components become

τbx = τmx = τbcx

(
1 + bs

(
τbc

τbc + τbw

)ps ( τbw
τc + τw

)qs)
(3.8)

τby = τmy = τbcy

(
1 + bs

(
τbc

τbc + τbw

)ps ( τbw
τbc + τbw

)qs)
(3.9)

Where bs, ps ans qs are Soulsby parameters, described in Subsection 1.3.5.
Maximum bed shear stress is %nally computed using equation (1.171):

τmax = (τbc + τbw)

[
1 + as

(
τbc

τbc + τbw

)ms
(

τbw
τbc + τbw

)ns
]

(3.10)

where as, ms ans ns are are Soulsby parameters, described in Subsection 1.3.5. In the par-
ticular cases of DATA2 or DATA13 Soulsby formulations, the maximum bed shear stress is
computed as the vectorial addition between τm and τbw.

In ths way, the following theories can be chosen:

• Bijker

• Grant and Madsen

• Fredsøe

• Huyngh-Thahn and Temperville

• Myrhaug and Slaattelid

• Soulsby DATA 13

• Soulsby DATA 2.

Coherently with Soulsby approach, the wave friction factor used for wave bed shear stress
computation depends on the chosen wave-current bed shear stress model (further details in
[45, 44]). As discussed in Subsection 1.2.2, this is anyway related to the global roughness ε,
which can be either computed from Manning coe*cient or imposed by the operator after
a calibration process.

In the %rst case, from current bed shear stress a drag coe*cient CD is obtained using
equation (1.91):

CD =
τc

ρ (U2 + V 2)
=
gn2

h1/3
(3.11)

The correspondent bed roughness is hence obtained inverting equation (1.92):

ε = 30h exp

(
κ√
CD

− 1

)
(3.12)

where κ is the Von Karman constant. The maximum wave bed shear stress τbw is thus
obtained as

τbw =
1

2
fwρU

2
1m (3.13)

where the wave friction factor fw = fw (ε, h).
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Considering radiation stress e&ects, SWAN is able to compute in each cell the radiation
stress forcing frsx and frsy as:

frsx = −∂Srs,xx

∂x
− ∂Srs,xy

∂y
(3.14)

frsy = −∂Srs,xy

∂x
− ∂Srs,yy

∂y
. (3.15)

Here, Srs,ij , with i, j = x, y, z, are the radiation stress tensor components (see [19] for
details).

With regard to the computation of the eddy viscosity, four main approches have been
implemented:

• No turbulence: in this case turbulence terms are not considered;

• Elder model [12]: this is a depth averaged parabolic eddy viscosity model. The
expression chosen for νT is:

νT = αTu∗h (3.16)

where αT is an empirical coe*cient and u∗ the friction velocity. It is generally as-
sumed that αT is related to the ratio between "owwidth and depth and typical values
are in the range αT = 0.3÷ 1;

• Smagorinskymodel: themodel considers the eddy viscosity dependent on the rate of
strain and supposes to represent subgrid turbulence [42]. In particular Smagorinsky
proposed

νT =
(
C2

Sl
2
S

)
√(

∂U

∂x

)2

+
1

2

(
∂U

∂y

)(
∂V

∂x

)
+

(
∂V

∂y

)2

(3.17)

where CS is Smagorinsky coe*cient and lS is the grid elements length scale. In
the presente model, this latter parameter is imposed by the user, although a good
approximation of it is [10]

lS =
√
Ω (3.18)

whereΩ is the horizontal area of considered cell. More generally, lS can be considered
as the turbulent legth scale that the model considers.

• Constant eddy viscosity, can be is imposed by the operator. In this case it is thus
independent from hydrodynamic conditions.

Manning coe*cient n, eddy viscosity vT and, if used, wave-related bed roughness ε, are
unique hydrodynamic calibration coe*cients and are thus used to suite the model to real
hydraulics data, for example mareometer records.

3.1.2 The numerical solution

DAM_HYD is a %nite volume model, able to solve the hydrodynamic problem on irregular
meshes with quadrangular elements. The model satis%es C-property.

The aim of %nite volume technique is to discretise the di&erential equation system at
each cell directly in the physical space. For this reason, particular importance is given to
the computation of the so called intercell "uxes.
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Consider the Euler 1D problem on horizontal bottom

∂U ′

∂t
+
∂F ′

∂x
= 0 (3.19)

with U ′ =

(
h
Uh

)
, F ′ =

(
Uh

U2h+ gh2/2

)
.

Given a domain i with a control volume Li =
[
xi− 1

2
, xi+ 1

2

]
(cell i, see Figure 3.2), equa-

tion (3.19) can be integrated in the cell as

ˆ i+ 1
2

1− 1
2

∂U ′

∂t
dx+

ˆ i+ 1
2

i− 1
2

∂F ′

∂x
dx = 0 (3.20)

Let us de%ne the integral averaged quantities

U i = Ŭ i =
1

xi+ 1
2
− xi− 1

2

ˆ i+ 1
2

1− 1
2

∂U ′

∂t
dx

where in particular �̆ operator is the space integral average into the domain.

Equation (3.20) can thus be rewritten as

∂U i

∂t
+

1(
x1+ 1

2
− x1− 1

2

)
(
F ′

i+ 1
2
− F ′

i− 1
2

)
= 0 (3.21)

where F ′

i+ 1
2
and F ′

i− 1
2
are "uxes vectors at intercells i+ 1

2
and i− 1

2
.

Knowing variables at time tn, time derivative in equation (3.21) can be discretised by
the use a Taylor series. In this way, the equation becomes for example

Un+1
i = Un

i −
∆t(

x1+ 1
2
− x1− 1

2

)
(
F ′n

i+ 1
2
− F ′n

i− 1
2

)
(3.22)

where Un+1
i is the averaged variables vector in the cell i at instant tn+1 = tn +∆t.

Equation (3.22) represents a typical example of I-order discretisation by %nite volume
method. Known the variables vectorUn

i at time tn, the main problem is the computation of
intercell "uxes F ′

i+ 1
2
and F ′

i− 1
2
: afterwards solution at instant tn+1 is immediately avail-

able.

Advective intercell "uxes computation can be done solving the so called Riemann Prob-

lem. In particular, Riemann problem let to study discontinuity propagation between two
di&erent steady states for inviscid "uid on an horizontal bottom. The problem has an an-
alytical solution but, in numerical modelling, approximated method are often preferred
because computationally lighter.

Source terms and viscosity e&ects, which cannot be taken into account in Riemann prob-
lem, are computed separately. For this reason, the time derivative in the 1D hydrodynamic
problem (3.1) is solved splitting the resolution of the homogeneous system (3.19) and the
e&ect of viscous "uxes and source terms.



76 CHAPTER 3. THE MORPHODYNAMIC MODEL

ii-1 i+1

U
i
,h

i

U
i-1

,h
i-1 U

i+1
,h

i+1

i-1/2 i+1/2 x

Figure 3.2: 1D Scheme for Finite Volume Method.

The 2-dimensional problem

In order to solve the 2D hydrodynamic problem with Finite Volume Method, we consider
two dimensional Euler equation on horizontal bottom

∂U

∂t
+
∂ (Fc)

∂x
+
∂ (Gc)

∂y
= 0 (3.23)

Let us integrate equation (3.23) in a 2D domain Ω (Figure 3.3):
ˆ

Ω

∂U

∂t
dΩ+

ˆ

Ω

∂ (Fc)

∂x
dΩ+

ˆ

Ω

∂ (Gc)

∂y
dΩ = 0 (3.24)

De%ning H = [Fc Gc], by the use of divergence theorem, second and third terms of
equation (3.24) can be computed as a linear integral of the "ux over the boundary of the
cell. In particular, we obtain

ˆ

Ω

∂U

∂t
dΩ+

˛

∂Ω

(H · ~n) ds = 0 (3.25)

where ~n = (nx, ny) = (cos θn, sin θn). As discussed by Toro [51], equation 3.23 satis%es the
rotational invariance. Thus, de%ning the rotation matrix T as

T =




1 0 0
0 cos θn sin θn
0 − sin θn cos θn


 (3.26)

and its inverse T−1

T−1 =




1 0 0
0 cos θn − sin θn
0 sin θn cos θn


 , (3.27)

for each angleθ and variables vector U we can write

H · ~n = T−1Fc (TU ) = T−1Fc

(
Û
)
. (3.28)

Let us note that if Ω is a N -sided polygon, integral at second term of (3.25) can be thus
replaced by the sum

˛

∂Ω

(H · ~n) ds =
N∑

k=1

ˆ

∆lk

T−1

k
dlFc

(
Ûk

)
=

N∑

k=1

T−1

k
Fck∆lk (3.29)
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Figure 3.3: 2D generic domain.

where

Fck = F̆c

(
Ûk

)
=

1

∆lk

ˆ

∆lk

Fc

(
Ûk

)
dl (3.30)

2-dimensional problem is thus reduced to the computation of 1-dimensional "uxes term
Fck. Because the system is composed by three equations (and for this reason it is not a real
1D problem), it is said 1D-augmented, while the approach here described is said x-splitting.

Consider a quadrangular cell Ωi (Figure 3.4). Using previously discussed concepts, a
simple FVM discretisation of equation (3.23), is thus:

Un+1
i = Un

i −∆t

(
4∑

k=1

T−1

i,k
[Fc

n
k ] ∆lk,i

)
. (3.31)

Viscous "ux contribution Fv can be treated in a similar way: in fact, viscous terms
do not remove rotational invariance. Similarly to the 1D case, this term and the source
terms are split from the homogeneus problem and treated separately for the time derivative
computation.

Computation of intercell advective !uxes: the solution of Riemann problem

The Riemann problem is an initial value problem based on a linear advective equation and
on an initial condition with a single discontinuity. In this particular case, we refer to Euler
equation.

Let us write Riemann problem for the 1D-augmented case. We have





∂U
∂t

+ ∂Fc

∂x
= 0

U (x, 0) = U0 =

{
UL x < 0

UR x > 0

(3.32)

where UL and UR are constant values (Figure 3.5). Euler equation can be rewritten in the
form

∂U

∂t
+
∂Fc

∂U

∂U

∂x
= 0 (3.33)
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Figure 3.4: Quadrangular cell scheme.

where Jacobian matrix ∂Fc

∂U
is easily demonstrable to be

∂Fc

∂U
=




0 1 0
gh− U2 2U 0
−UV V U


 . (3.34)

In order to reduce (3.33) to a linear form, we consider the system evolution in a limited
interval close to the instant t0: in particular we consider the time domain t0 ≤ t ≤ t0+∆t.
In this way, general Jacobian matrix can be substituted with its value at time t = t0:

∂U

∂t
+
∂Fc

∂U

∣∣∣∣
t=t0

∂U

∂x
= 0. (3.35)

For t > t0, this equation is quasi-linear.
Equation (3.35) is hyperbolic: in fact, it is characterized by three real eigenvalues, which

are

λ1 = U −
√
gh

λ2 = U
λ3 = U +

√
gh

(3.36)

where λi, i = 1, 2, 3 are the eigenvalues of the jacobian matrix ∂Fc

∂U

∣∣
t=t0

.
Eigenvalues λi are demonstrable to be the characteristic speeds of the problem, which

are the speeds of informations (and small perturbations) propagation .
On (x, t) plane, Riemann problem is schematised in Figure 3.6. Three waves, associated

to characteristic speeds λi, are generated by the propagation of initial condition in (3.32).
These can be of three di&erent type: shock waves, rarefaction waves or shear waves.

Shock and rarefaction waves are associated to eigenvalues λ=U±
√
gh. In the %rst case,

discontinuity is concentrated into a single jump, while in the second case two di&erent
states are connected through a smooth transition. Shock and rarefaction waves always
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Figure 3.5: Riemann Problem.

corresponds to the physical limits of perturbation propagation. Their analytical solution
can be easily obtained using the characteristic method.

Shear waves are shear discontinuities across which tangential velocity V jumps discon-
tinuously. They are associated to the eigenvalue λ = U . Shear waves are of particular
interest in case of passive scalar transport like, for example, sediment concentration, which
behaves as a tangential velocity. All waves are characterized by their celerity, which are
respectively called SL and/or SR for shock and rarefaction waves and S̃ for shear waves.

Finally, considering hyperbolic systemwith a discontinuous solution between two states
L and R, Rankine-Hugoniot condition can be demonstrated. In particular, the following re-
lation is valid:

Fc (UR)− Fc (U L) = Scel (UR −U L) (3.37)

where Scel is the propagation celerity of the considered wave.

Riemann analitycal solution has been presented by Godunov and is widely discussed in
literature (see [18, 51, 52]: an example of Riemann solution is illustrated in Figure 3.7). In
particular, considering waves associated to λ=U ±

√
gh, several combinations are possible,

depending on initial right and left states: there can be two rarefactions, two shock or a
rarefaction and a shock waves, alternatively at right or at left. Computation of intercell
"uxes corresponds to the solution of Riemann problem at x = 0.

Godunov solution is generally considered computationally heavy because of its in"u-
ence on computational time, in particular for wide domains.

Thus, alternative Riemann solutors have been proposed in literature, which give an
approximated solution of the intercell "uxes. They result to be more e*cient and their
solution is considered acceptable in hydrodynamic modelling.

In the present model, Riemann problem is solved with HLLC solver.

Consider the Riemann problem in Figure 3.6. HLLC solver considers on (x, t) plane
four main regions, divided by discontinuity waves: left region and right region, (where the
discontinuity has not yet in"uence), and star-left and star-right regions (which are involved
in the discontinuity propagation).

We consider left wave moving with celerity SL, right wave moving with celerity SR

and the shear wave moving with celerity S̃. HLLC considers a constant state inside each
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region. In particular, intecell "ux can be alternatively

Uhllc =





UL 0 ≤ SL

Uhllc
∗L SL ≤ 0 ≤ S̃

Uhllc
∗R S̃ ≤ 0 ≤ SR

UR 0 ≥ SR.

(3.38)

It should be noted that star-left and star-right regions are separated by a shear waves
and fpr this reason their state di&ers only for the third component: shear velocity V can be
thus either VL or VR. We can write

Uhllc
∗L =




h∗
U∗h∗
VLh∗


 (3.39)

and

Uhllc
∗R =




h∗
U∗h∗
VRh∗


 (3.40)

Therefore, intercell "ux can be alternatively

Fc
hllc =





F L 0 ≤ SL

F hllc
∗L SL ≤ 0 ≤ S̃

F hllc
∗R S̃ ≤ 0 ≤ SR

F R 0 ≥ SR

(3.41)

The solution proposed by HLLC method is obtained by integration Euler equation in
(x, t) plane.

From equation (3.37), Fluxes in left-star and right-star regions are written as

{
F hllc

∗L = F L + SL

(
Uhllc

∗L −UL

)

F hllc
∗R = F R + SR

(
Uhllc

∗R −UR

) . (3.42)

We consider for hypothesis S̃ = U∗ and we develop %rst component of equations (3.42).
In this way, h∗ is obtained and for eachK = L,R the variable vector Uhllc

∗K becomes:

Uhllc
∗K =




h∗ = hK
(SK−UK)

SK−S̃

U∗h∗ = hK
(SK−UK)

SK−S̃
S̃

VKh∗ = hK
(SK−UK)

SK−S̃
VK

.


 (3.43)

Fluxes F hllc
∗K are thus computed substituting (3.43) into 3.42.

An approximated formula has been proposed for the calculation of S̃:

S̃ =
SLhR (UR − SR)− SRhL (UL − SL)

hR (UR − SR)− hL (UL − SL)
. (3.44)

SL and SR propagation velocities are %nally computed using Godunov analitical theory.
In particular, he demonstrated that

SR =

{
UR +

√
gh

√
h∗(hR+h∗)

2h2
R

h∗ > hR (shock)

UR +
√
gh h∗ < hR (rarefaction)

(3.45)
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and

SL =

{
UL −

√
gh

√
h∗(hL+h∗)

2h2
L

h∗ > hL (shock)

UL −
√
gh h∗ < hL (rarefaction)

. (3.46)

In case of dry-bed Riemann problem (said Ritter problem), a rarefactionwave propagates
upstream with typical rarefaction celerity, while a so called contact discontinuity moves
along the dry bed with celerity S0K . We distinguish right and left dry-bed. In case of right
dry-bed, cerities are demonstrated to be

SL = UL −
√
ghL

SR = UL + 2
√
ghL

. (3.47)

Otherwise, in case of left dry-bed propagation we have

S0L = UR − 2
√
ghR

SR = UR +
√
ghR

. (3.48)

The Riemann problem is solved for each side of the considered cell. Left state cor-
responds to the cell state, while Right state corresponds, for each side, to the respective
adjacent cell state at a considered time-step.

Correction scheme for the Conservation-property

A scheme satis%es the Conservation-property (C-property) regarding the stationary solution
of a "uid at rest if it is able to describe it exactly (or with a proper accuracy) when applied
[63].

As previously discussed, Riemann problem considers inviscid "uid on horizontal bot-
tom: thus, both the presence of resistance and the bottom slope causes the solution not to
be exact. In particular, in presence of bed slope the classic approach to the Riemann prob-
lem gives rise to spurious "ows which are not compensated by the slope e&ect component
in the source term. Thus, bed slope does not allow the scheme to respect the C-property.

Consider the problem in Figure 3.8. The water is at rest and the solution of the problem
in each cell is given in term of h (while Uh = V h = 0). The bed slope is interpreted by the
numerical scheme as a step between region L and region R: cell-averaged data are in fact
considered.

Solving the Riemann problem between L and R states comparing water depths, the dif-
ference between hL and hR is interpreted as a di&erence in water level, causing the propa-
gation of a wave rightward: this is of course meaningless because for hypothesis we have

ηL = ηR = η (3.49)

and the water level is horizontal.
Thus, a %ctitious "ux is generated from cell L to cell R. The numerical scheme corrects

this analytical solution by the e&ect of the source term gh∂zb
∂x

, which is however not able to
totally o&set the e&ect of such "ux. The balance is thus guaranteed by a consequent water
level increase in R and the solution of the water at rest is not respected.

In order to solve this particular problem, Audusse et al. proposed an alternative scheme
which considers an interface hydrostatic reconstruction [2].

Let us focus on the intercell between L and R in Figure 3.9. We consider the bottom at
intercell (zi+ 1

2
) to be

zi+ 1
2
= max (zL, zR) . (3.50)
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Figure 3.8: Riemann problem at rest on non-horizontal bottom.
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Figure 3.9: C-property correction scheme in case of non-horizontal bottom.

The water depth is then calculated from the water level. In particular for L and R states we
have

h∗L = max
(
ηL − z1+ 1

2
, 0

)
(3.51)

h∗R = max
(
ηR − z1+ 1

2
, 0

)
(3.52)

where ηL = zL + hL and ηR = zR + hR. Thus, "uxes become Uh∗L and Uh∗R.
The Riemann problem is hence solved using corrected left and right states

L∗ = (ηL, h
∗
L, UL, Uh

∗
L, VL) (3.53)

and

R∗ = (ηR, h
∗
R, UR, Uh

∗
R, VR) . (3.54)

The "uxes F ∗

c i+ 1
2
are thus obtained by L∗ and R∗ using HLLC solutor as discussed

above.

In order to guarantee coherence with this approach, the slope e&ect should be consid-
ered in intercell "uxes computation. Thus, Audusse et al. proposed to correct them with a
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proper correction of the "ux term which takes into account the hydrostatic pressure on the
bottom step. The second term of Fci+ 1

2
becomes

Fci+ 1
2
,2 = F ∗

c i+ 1
2
,2
− g

2

(
h∗2L − h2L

)
. (3.55)

Applying the scheme to the stationary solution at rest in Figure 3.8, the left and right
water depth h∗ at intercell become

h∗L = h∗R = hR. (3.56)

The advective "ux at intercell is thus

F ∗

c i+ 1
2
=




0

g
h2
R

2

0


 (3.57)

and, considering the slope e&ect, it is corrected as

Fci+ 1
2
=




0

g
h2
L

2

0


 (3.58)

Computing the advective "ux in a similar way at each intercell of L, the hydrostatic

pressure results at each side equal to g
h2
L

2
and the water at rest condition is thus respected.

Computation of intercell viscous !uxes

As written above, the viscous "uxes are charachterised by rotational invariance. Thus, also
turbulence terms can be studied using the 1D-augmented approach. In particular, given a
quadrangular cell, integrating the x and y derivatives of viscous "uxes we obtain:

ˆ

Ω

∂ (Fv)

∂x
dΩ+

ˆ

Ω

∂ (Gv)

∂y
dΩ =

˛

∂Ω

(Hv · ~n) ds =
N∑

k=1

T−1

k
Fvk∆lk (3.59)

where Hv = [F v,Gv] and Fvk = F̆vk

(
Ûk

)
is the integral averaged viscous "ux on

side k in local coordinates:

Fvk =




0

2νTh
∂Ûk

∂x̂

νTh
(

∂Ûk

∂ŷ
+ ∂V̂k

∂x̂

)


 (3.60)

where (x̂, ŷ, ẑ) = T k (x, y, z) is the local coordinates system andT k is the rotational matrix
relative to side k of the considered cell. Ûk and V̂k are then x̂ and ŷ components of the
depth-averaged velocity vector. Finally, the eddy viscosity νT is constant on the cell.

The computation of derivatives in viscous "uxes vector in here obtained with a %nite
di&erence scheme. In particular, let us consider the simpli%ed problem in Figure 3.10. The
ŷ-derivative is assumed vanish, being particularly di*cult to be evaluated at cell sides.
The x̂-derivatives are computed by I-order %nite di&erence scheme, involving the adjacent
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cell along k side. Considering cell i and the adjacent k-sided cell i+1, the derivative at
correspondent intercell is:

∂Ûk

∂x̂i,k
=
Ûi+1,k − Ûi,k

∆xi,k
(3.61)

∂V̂k
∂x̂i,k

=
V̂i+1,k − V̂i,k

∆xi,k
(3.62)

where Ûi,k and V̂i,k are local-system components of the "ow on cell i, Ûi,k and V̂i,k are local
system components of the "ow on cell i+1 and ∆xi,k is the distance between i and i+1 cell
centres.

The depth-averaged h is computed as the average value between hi and hi+1.
The eddy viscosity is %nally computed for each cell as discussed above.
In case Smagorinsky model is used for the computation of νT , a simpli%ed scheme has

been implemented for the computation of central velocity vector derivatives is here used.
Consider a cell i. We assume i and its neighbouring cells to be rectangular. In this way, two
orthogonal axis can be de%ned connecting cell centres (Figure 3.11). Thus, a local Cartesian
system, cell-oriented, is obtained. In particular, if sides of cell i are numbered from 1 to
4, let us consider as x̌-axis, the line which connects the centre of cell i with centres of
adjacent cells at %rst and third sides, and as y̌-axis, the line which connects the centre of
cell i with centres of adjacent cells at second and fourth sides. Velocity vector U i is thus
rotate becoming

ˇU i = T ′

i
U i (3.63)

where T ′ is the correspondent rotation matrix. Being i-1 and i+1 neighbour cells along x̌,
j+1 and j-1 neighbour cells along y̌ and dli,k the distances between centers of cells i and k,

derivatives of Û can be computed as

∂Ǔ

∂x

∣∣∣∣
i

= 0.5

(
Ǔi+1 − Ǔi

dli,i+1

+
Ǔi − Ǔi−1

dli,i−1

)
(3.64)

∂Ǔ

∂y

∣∣∣∣
i

= 0.5

(
Ǔj+1 − Ǔi

dli,j+1

+
Ǔi − Ǔj−1

dli,j−1

)
(3.65)

∂V̌

∂x

∣∣∣∣
i

= 0.5

(
V̌i+1 − V̌i
dli,i+1

+
V̌i − V̌i−1

dli,i−1

)
(3.66)

∂V̌

∂y

∣∣∣∣
i

= 0.5

(
V̌j+1 − V̌i
dli,j+1

+
V̌i − V̌j−1

dli,j−1

)
(3.67)

In case of rectangular cells, this scheme is II-order accurate in space.
In case of irregular quadrangular cells, a di&erent rotation matrix T ′ is used for each

considered side, correspondent to the k-sided rotation matrix T i,k (as de%ned in equation
(3.26)): we thus approximate the local coordinate velocity vector as

ˇU i = 0.5
(
T i,1U i − T i,3U i

)
= 0.5

(
ˆU i,1 − ˆU i,3

)
(3.68)

for computation of x̌-derivatives and as

ˇU i = 0.5
(
T i,2U i − T i,4U i

)
= 0.5

(
ˆU i,2 − ˆU i,4

)
(3.69)

for y̌-derivatives.
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Figure 3.10: Viscous "uxes computation sketch.

Velocity derivatives are %nally computed as

∂Ǔ

∂x

∣∣∣∣
i

= 0.5

(
Ûi+1,1 − Ûi,1

dli,i+1

+
Ûi−1,3 − Ûi,3

dli,i−1

)
(3.70)

∂Ǔ

∂y

∣∣∣∣
i

= 0.5

(
V̂j+1,2 − V̂i,2
dli,j+1

+
V̂j−1,4 − V̂j,4

dli,j−1

)
(3.71)

∂V̌

∂x

∣∣∣∣
i

= 0.5

(
V̂i+1,1 − V̂i,1
dli,i+1

+
V̂i−1,3 − V̂i,3
dli,i−1

)
(3.72)

∂V̌

∂y

∣∣∣∣
i

= 0.5

(
Ûj+1,2 − Ûi,2

dli,j+1

+
Ûj−1,4 − Ûj,4

dli,j−1

)
(3.73)

where ˆU i,k = Ti,kU i. In should here be noticed that verse of ˆU i,k, for de%nition of Ti,k, is
outgoing respect to the cell.

Although this scheme is not rigorous, it seems to give good results, as we will observe
in validation tests. The same scheme here described is used for the computation of velocity
vector derivatives for the calculation of Smagorinskii eddy viscosity.

Secondary "ow e&ects on suspended sediments are here not considered: in fact, they
are strictly related to the secondary "ow vertical velocity distribution, which can’t be ap-
proximated by a depth-averaged value.

The time derivative and the source term

Riemann problem does not involve source terms, which are computed separately and in-
serted in the solution of time derivative.
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Figure 3.11: Simpli%ed scheme for the computation of velocity derivatives in secondary
currents algorithm.

In the present model Strang Splitting technique is used, with a I-order in time accurate
scheme. The following steps are done:

1. {
∂Ŭ
∂t

+ ∂F̆
∂x

= 0

Ŭ (x, tn) = Un

∆t
=⇒ U adv (3.74)

2. {
dŬ
dt

= S̆
(
Ŭ
)

Ŭ (x, tn) = U adv

∆t
=⇒ Ŭ

n+1
. (3.75)

Let us consider a cell i with solutionUn
i at time-step n. We consider cell-averaged variables

Un
i = Ŭ (Ωi, tn).
The solution of DAM_HYD model in cell i at time-step n+1 is then:

U adv
i = Un

i −∆t

{
4∑

k=1

T−1

k,i
[Fv

n
k + Fv

n
k ] ∆lk,i

}
(3.76)

Un+1
i = U adv

i +∆tS
(
U adv

i

)

where ∆t is the time-step.
The scheme here proposed is explicit, and, from stability analysis of Riemann problem,

it is demonstrated to be stable only if Courant Friedrichs Lewy condition is satis%ed [18].
Courant Friedrichs Lewy condition (CFL) requires that, in each cell, the wave propa-

gation speed is lower than so called grid speed (l/∆t). In particular, we refers to Courant
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number CCFL, de%ned as

CCFL =
λCFL∆t

lc
(3.77)

where λCFL is the maximum wave propagation speed and l is the characteristic length of
the cell (for example, lc =

√
Ω). CFL condition is respected if

CCFL ≤ 1. (3.78)

A more adequate range for the Courant number, able to guarantee stability in presence
of turbulence or in case of morphodynamic computations, is CCFL = 0.4÷ 0.8.

Initial and boundary Conditions

In order to solve the hydrodynamic problem, initial and boundary conditions have to be
set.

Initial conditions have to be imposed in the whole domain. Hydrodynamic initial con-
ditions corresponds to the values of hi, Ui and Vi in each i-cell at initial instant.

Boundary conditions are needed at the boundaries of the domain. Boundary conditions
work as ghost cells bounded to the boundary cells. Ghost cells behave as normal cells and
permits the computation of intercell "uxes at the boundary. Di&erent conditions have been
developed in the DAM_HYD, which are suited for coastal areas. In particular they are:

• Wall condition: no "ux across the boundary is permitted;

• Cinematic condition: the water level and the velocity of the ghost cell are equal to
those of correspondent boundary cell. In this way, free out"ow is guaranteed;

• Imposed water flow condition: the water "ow (q = [qx, qy] = [Uh, V h]) is im-
posed in the ghost cell. Water level is obtained by uniform "ow law;

• Tidal boundary condition: tidal e&ect are simulated at the boundary. Water level
is imposed, while "ow is obtained by characteristics method, as proposed by Sleigh
et al. [41].

Moreover, all forcing terms must be set at each cell at each time-step: in particular, in the
more general case, the following data are given:

• The wind field and the correspondent drag factor (if wind is considered);

• The wave field (if waves are considered);

• The wave radiation stress field (if waves and radiation stress are considered).

They can be alternatively constant or variable in time.

3.2 The sediment transport module

In the sediment transport module, bed and suspended granular sediment transport and
cohesive sediment transport are computed.

As widely discussed in Chapter 2, two main approaches can be chosen: the use of equi-
librium formulas, which are available for granular bed and suspended load, and the solution
of an advective-di&usive equation, which is needed for cohesive sediment transport and is
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preferred for granular suspended load too. Finally, morphological evolution is obtained by
the solution of the sediment balance at the bottom in each cell.

The module is based on FVM scheme, coherently with hydrodynamic solution: in each
time-step, sediment transport andmorphological computations are based on hydrodynamic
solution at previous time-step.

Cohesive and granular sediment transport are considered totally independent either in
the advective-di&usive problem and in the bottom evolution problem.

In order to compute both equilibrium sediment transport load and erosion and depo-
sition terms in advective-di&usive equations at cell i and time-step n+1, the vector Un

i is
required: sediment load and erosion-deposition rates are cell-centred and are considered
constant in each cell. In presence of waves, for each cell four more variables are taken
into account: the bottom orbital wave velocity Un

1m,i, the (signi%cant) wave heightH
n
i , the

(signi%cant) wave period T n
w,i and the wave direction Θn

i .

The module is divided in three stages:

• computation of granular sediment transport;

• computation of cohesive sediment transport;

• solution of bed continuity equation.

As we will discuss later, a proper morphological factor is available, which ampli%es mor-
phological evolution and let to preview middle and long term evolution with short-period
simulations.

Moreover, secondary "ow and avalanching e&ects can be taken into account.

Secondary "ows are given by the vortex motion of water in circular motion. Secondary
"ow can have great in"uence in presence of bents and meanders. Because of their nature,
depth averaged models can’t describe the 3-dimensional structure of a vortex motion, how-
ever theories about resulting bed shear stress have been presented in literature and can be
useful, in particular for bed load computation.

Avalanching is a geotechnical phenomena related to the slope instability. Generally,
lateral slopes can’t have an excessive steepness and sediments begin to avalanche when the
slope is grater than sediment repose angle, as de%ned in Section 2.1. For cohesive sediments,
presence of cohesion causes the process to be more complicate, and deep studies about
slope stability should be required. However, a simple avalanching algorithm, based on an
equivalent repose angle, is here presented.

In next subsections, equilibrium and non-equilibrium sediment loads computation and
morphological evolution computations are described, with particular regard to the numer-
ical implementation.

3.2.1 Computation of granular sediment transport

Granular sediment transport modelling is divided into bed load and suspend load compu-
tation. For bed load several equilibrium formulas are available, while for suspended load
alternatively equilibrium formulas use or advective-di&usion equation resolution can be
used.

A little data are required for the description of considered granular sediments, regarding
the grains property ( grain diameterd50 and grain density ρs) and the bed characteristics (
bed friction angleΦi and bed porosity npor).
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In order to solve granular sediment transport problem, particular attention is given to
the computation of bed shear stress. In fact, as discussed in Chapter 2, granular sediment
transport is not associated to the global bed shear stress, computed in hydrodynamic mod-
ule, but to grain-related bed shear stress. Thus, both current-alone and wave-alone bed
shear stresses are here computed from the grain-related roughness ε′, which is considered
to be equal to 2.5 d50, as proposed by Nielsen (see Subsection 2.2.1). Grain-related bed shear
stress does not require a new Manning coe*cient: τ ′bc is in fact computed using equation

τ
′

bc = ρC ′
D

√
U2 + V 2 (3.79)

where drag coe*cient C ′
D is obtained by ε′ as

C ′
D =

[
κ

1 + ln (ε′/ (30h))

]2
. (3.80)

Moreover, in presence of waves, Soulsby method is applied for the computation of grain-
related wave-current bed shear stress, using the same theory applied in the hydrodynamic
module.

Critical Shields parameter is obtained in each cell by equation (2.13), proposed by Souslby
and Whitehouse, and slope in"uence is taken into account considering Schoktlitsch and
Leiner factors (equations (2.15) and (2.16)), respectively for slopes parallel and perpendicu-
lar to the "ow.

Grain-related fall velocity is dependent on grain diameter and is thus constant for the
whole domain and simulation duration. In the present model, Soulsby fall velocity formula
(2.65) is implemented.

The use of equilibrium formulas in 2Dmodels needs some considerations. Such theories,
in fact, have been generally carried out from "ume experiments and, thus, are essentially
1D. In the present model, they are considered to represent the sediment load towards the
"ow velocity direction. The resulting load is thus decomposed in x and y directions using
"ow velocity versors.

Bed load

Considering bed load, 7 di&erent theories have been implemented. Particular attention is
given to approaches which consider both current and wave e&ects, as discussed in Subsec-
tion 2.2.2. Theories considered are:

• No bed load: in this case the term is not taken into account.

• Meyer-Peter andMüller. The theory is the result of one of %rst studies on current-
alone sediment transport and generally imposes the value of critical Shields parame-
ter (θcrit = 0.047, see equation (2.21)). Here, the possibility of using computed Shields
parameter is also given.

• Van Rijn for current (1984). The original formula proposed by Van Rijn. As for
Meyer-Peter andMüller formula, no waves are considered (see equation (2.25)). How-
ever, mean bed shear stress τm is used for computation of the dimensionless bed-shear
stress parameter T and, thus, wave e&ect is anyway taken into account.

• Van Rijn for wave and current (1993). The second Van Rijn’s formula is derived
from the previous one and is considered valid also in presence of waves (equation
(2.28)).
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• Van Rijn approximated methods (2001). Two more formulas proposed from Van
Rijn are available, valid respectively for instantaneous and mean wave-current bed
load (equations (2.29) and (2.30)). In the present model, only mean wave %eld is con-
sidered and both these formulas are applied to the mean bed shear stress.

• Van Rijn and Soulsby (1997). One more considered criterion is that of Van Rijn and
Soulsby, which is derived fromGrass original approach and pretends to consider both
wave and current e&ects (equation (2.38)).

• Soulsby (1997). The last criterion uses Soulsby formula for bed load transport (equa-
tions (2.33) and (2.35)).

Bed load, as discussed in previous chapter, involves mainly heavy sediments and it is im-
portant for large diameter sediment class. In coastal areas, d50 is generally quite small
(0.060 ÷ 0.300 mm) and the bed load have small in"uence on general sediment transport
dynamics. However, the choice of criterion can have a signi%cant in"uence on the %nal re-
sult of simulations, as evident in the test illustrated in Figure 3.12. Here, di&erent bed load
formulas are compared in describing the evolution of a trench under an imposed current
(U = 0.5 m/s, h = 0.39 m, d50 = 0.3 mm) after 5 hours of simulation. Changing methods,
the migration e&ect of upstream slope results to be quite di&erent: Soulsby formula, for ex-
ample, appears to magnify the migration of the trench and the erosion of the downstream
slope with respect to Meyer-Peter and Müller and Van Rijn formulas.

Suspended load

Computation of suspended load can be done using alternatively an equilibrium approach
or a non-equilibrium approach.

In the %rst case, two methods are here implemented. As for bed load formulas, such
theories are generally 1D and are considered valid for "ow-directed suspended load.

In the second case, an advective-di&usive equation is coupled to the hydrodynamic
problem.

All models here cited are illustrated in Chapter 2: the following possibilities are thus
available:

• No suspended load: in this case the term is not taken into account;

• Van Rijn formula for wave and current (2001): the formula is the adaptation
to wave and current case of the original Van Rijn criterion [56]. Equilibrium Rouse
concentration pro%le is considered, with a vertical sediment di&usivity able to com-
prehend current and wave e&ects (see equation (2.66));

• Van Rijn and Soulsby (1997): Van Rijn and Soulsby formula for suspended load is
analogous to that one for bed load, as discussed in Chapter 2 (equation (2.70));

• Non-eqilibrium approach: horizontal depth-averaged concentration distribution
is studied and di&erent methods for erosion-deposition rate computation are pro-
posed.

The choice of using an equilibrium or a non-equilibrium method for the computation of
suspended load has a great in"uence in simulation results. As previously discussed, non-
equilibriummethods are able to describe the concentration "uxes into the domain and gen-
erally are consideredmore accurate. In order to understand the di&erent behaviour between
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Figure 3.12: Comparison of di&erent bed load formulas in a trench under steady current
(Tsim = 5 h, d50 = 0.3 mm, U = 0.5 m/s, h = 0.39 m): no suspended load considered.

these approaches, consider the test illustrated in Figure 3.13, similar to the previous one.
In this graphic, Van Rijn equilibrium formula is compared with non-equilibrium approach.
You should note the di&erences in the shape of sediment deposit: because of the adaptation
length needed by advective di&usive equation to reach a concentration equilibrium, the mi-
gration e&ect seems to be less evident, while the trench has been gradually in%lled. As we
will discuss in next chapters, this is coherent with experimental results.

Reference level and reference concentration

As pointed out in Chapter 2, the reference level a is the level at which suspended sediment
volume begin. It is thus particularly important for the computation of equilibrium or non-
equilibrium suspended load.

Theoretical concentration distributions have in fact an asymptotic behaviour close to
the bottom and, changing a, the total volume of involved sediment in each cell totally
changes. In particular, the smaller is a, the quicker the morphological evolution tends to
be.

In the present model di&erent methods for the computation of a are proposed:

• a as an imposed percentile of thewater depth: a = a%hwhere a% is a percentile
imposed by the user;

• a as the global roughness: a = max (ε, 0.02), where the lower limit is suggested
by Van Rijn [61];

• a as a fraction of the bedforms height: proposed by Van Rijn in order to take
into account the e&ects of current and wave ripples. Further details in [44, 59];

• a imposed by the operator: a = aval.

The %rst three cases associate a to hydrodynamic conditions: in this way, the in"uence of
operator choice is limited. However, great attention is needed in setting a and a calibra-
tion process is often required. Consider, from a qualitatively point of view, trench test in
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Figure 3.13: Comparison of equilibrium and non-equilibrium approaches in suspended load
computation. Trench under steady current (Tsim = 5 h, d50 = 0.160 mm, U = 0.5 m/s,
h = 0.39 m, a = 0.025 m): no bed load considered.

Figure 3.14. The test compares di&erent values of a for the computation of a trench evolu-
tion under steady current: changing a, the e&ects on the trench pro%le given by the same
morphological problem is more or less magni%ed: in fact, the smallest is a, the most am-
pli%ed is morphological evolution. For this reason, a is considered one of the most sensible
calibration factors in sediment transport problems.

The reference concentration ca is here computed with the widely known Van Rijn for-
mula (equation (2.62)), with a higher limit imposed as ca = 0.05.

Advective-di$usive equation

Advective-di&usive equation is solved with the same FVM, I-order method used for hydro-
dynamicmodule (see equation (3.76)). Consider the depth-averaged concentration advective-
di&usive equation:

∂Ch

∂t
+
∂UCh

∂x
+
∂V Ch

∂y
− ǫHh

[
∂

∂x

(
∂C

∂x

)
+

∂

∂y

(
∂C

∂y

)]
+ ED. (3.81)

Here, the depth-averaged concentration is a scalar transported by water "ow. It can thus
be considered as the fourth equation of system (3.1). Considering in particular Cgran, for a
cell i at instant n, equation (2.73) is discretized as

(Cgranh)
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i −∆t
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ÛCgranh

)n+ 1
2

i,k
+ ǫH,ih

(
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)

i,k

]
∆lk,i

}

(3.82)

(Cgranh)
n+1
i = (Cgranh)

adv
i +∆tEDgran (Cgran)

where (Cgran)i is the granular depth-averaged concentration of cell i, EDgran is the granu-
lar erosion and deposition rate and ǫH,i is the concentration horizontal di&usivity. In order
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Figure 3.14: Comparison of di&erent values of reference height a in a trench test under
steady current: suspended load formula of Van Rijn [61] (Tsim = 5 h, d50 = 0.160 mm,
U = 0.5 m/s, h = 0.39 m): no bed load considered.

to obtain intercell concentration (Cgran)i,k, a proper Riemann problem is solved usingHLLC
solutor. As discussed above, propagation wave associated to scalar transport is the shear
wave and the solutor scheme is thus analogous to that used for the third equation of the hy-
drodynamic system. In particular, considering Figure 3.6, the depth-averaged concentration
at intercell is

(Cgran)i+ 1
2
=

{
CL S̃ > 0

CR S̃ < 0
(3.83)

where CL is the granular concentration in Left region, while CR is the granular concentra-
tion in Right region.

With regard to the horizontal di&usivuty ǫH , there are three di&erent options available:

• No diffusion: in this case the di&usivity is not considered;

• Diffusivity eqal to eddy viscosity: this is the default option. Generally no much
information about sediment di&usivity are available and it is assumed that it is gen-
erated mainly by turbulence.

• Diffusivity imposed by operator: in this case horizontal sediment di&usivity is
used as a calibration factor.

Finally, particular importance is given to the erosion-deposition rate and its computation.
As discussed in Chapter 2, the term is generally proportional to the di&erence between
equilibrium and instantaneous concentrations. In literature, two main approaches have
been presented. In the %rst case, bottom concentration is considered for the computation
of EDgran (equation (2.78)) while in the last case depth averaged concentration is used
(equation (2.74)).

In both cases, vertical concentration distribution has important in"uence in the %nal
result. In order to solve EDgran term, 4 possibilities have been implemented, three consid-
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ering bottom concentration and the last one considering depth averaged concentration. In
particular, the following options are available:

• Bottom Concentration with Van Rijn Distribution: in this case, the ratio βd
between depth averaged and bottom concentrations is based on Van Rijn vertical
concentration pro%le. The solution in given by equation (2.82). In order to get ǫs,wc,
each cell is divided in 40 sub-layers and ǫs,cw is computed in each of them ;

• Bottom Concentration with Power law current-alone Distribution: in this
case, βd in based on analytical solution based on power law concentration pro%le
under current alone condition. It is given by equation (2.81);

• Bottom Concentration with Power law wave and Current Distribution:
similar to the previous one, this option supposes to describe in a better way the wave
and current condition. βd is given by equation (2.80).

• Eqilibrium Depth-averaged Concentration with Van Rijn Distribution: in
the last case, equilibrium suspended load is computed solving Rouse equation along
the water depth, with an easy %nite di&erence scheme. Depth-averaged suspended
load and depth-averaged concentration are then obtained. In order to computeEDgran,
Galapatti adimensional adaptation time has been used (equation (2.77)).

Power law distributions seem to give the best results in validation tests, as we will describe
in next Chapter.

3.2.2 Computation of cohesive sediment transport

Cohesive sediment transport problem is here quite simpli%ed. Sediments are supposed
not to have in"uence on hydrodynamic and the problem is schematised by an advective-
di&usive equation on the depth-averaged cohesive concentration Ccoes, analogous to that
used for suspended load sediment in case of non-equilibrium approach. In particular, equa-
tions (3.82) and (3.83) are applied to (Ccoes)i and EDcoes is used as source term.

Thus, if cohesive sediment transport is considered, one more advective-di&usive equa-
tion is imposed, independent from that used for solving granular suspended load. As dis-
cussed in previous Chapter, the main di&erences between the two problems are the settling
velocity computation, which depends on the instantaneous depth-averaged concentration
and erosion and deposition rates. Moreover, cohesive vertical concentration distributions
have a di&erent shape. As horizontal di&usivity, the same value used for granular suspended
load is applied.

For the computation of cohesive sediment transport, the di&erent parameters are re-
quired, involving cohesive sediment properties (the sediment density ρcoes, the particle di-
ameter d50,coes and the gel-point concentrationCGEL), bed properties (the bulk density ρsoil
and the bed dry density CM ) and experimental coe*cients for the computation of settling
velocity ws,coes and erosional and depositional critical bed shear stress τe and τd.

Because of the lack of strong theories for cohesive sediment transport, an important
number of coe*cients and parameters is generally needed. It should be noted that al-
though cohesive sediment transport modelling is a useful instrument for comprehending
morphological evolution in coastal areas, the number of independent factors acting on the
phenomena is really high and similar models should be used with particular care.
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Settling velocity

Settling velocity can be computed using di&erent approaches, described in Subsection 2.3.1.
In particular, the following method have been considered:

• Settling velocity imposed by the user: ws.coes = ws,val. In this case, the user set
the cohesive settling velocity as input parameter.

• Soulsby formula for cohesive sediments: the regression formula proposed by
Soulsby [64] is here used. Refer in particular to equation (2.92).

• Stokes formula for spherical particles: classic analytical Stokes formula, valid
for free settling, is used (equation (2.85)).

Settling velocity in"uences directly deposition rate and is thus important to obtain realistic
values of it. Soulsby formula is here considered the more appropriate to describe cohe-
sive dynamics, because it is able to consider the e&ect of concentration on settling, which
has great in"uence on the phenomena. For low concentrations, a lower limit is imposed,
correspondent to free settling velocity.

Erosional critical bed shear stress and erosion rate

Erosion rate depends on two main factors: the computation of erosional critical bed shear
stress and the calibration of Partheniades formula for erosion process.

With regard to the erosional critical bed shear stress, as previously discussed, two main
formulas are here proposed, the %rst one depends on the bed dry density while the last one
on the bed bulk density. The following options are thus possible:

• Mitchener et al. formula: this formula (equation (2.96)) is valid for a wide range
of cohesive beds;

• Thorn and Parsons formula: the %rst important criterion presented in literature
(equation (2.95)), depending on bed dry density;

• Erosional critical stress imposed by the user.

In case Mitchener experimental formulas is used, values of E3 and E4 of formula (2.96) are
required. Otherwise, if Thorne and Parsons model is considered, E1 and E2 coe*cients of
formula (2.95) should be set. Although these parameters are freely imposed by an operator,
as discussed in Subsection 2.3.2 authors suggests optimized values, which are recommended
if no experimental data are available.

Because of the variability of critical bed shear stress and the lack of data for a proper
evaluation of it, the possibility of manually setting its value permits to calibrate and adapt
it to the di&erent possible situations (marsh salts, vegetation, etc).

Finally the Partheniades model is here used for erosion rate (equation (2.99)). Setting of
experimental parametersMpar and npar of equation (2.99) is thus required, and a range of
values for both of them has been suggested by the author (see Subsection 2.3.2)
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Vertical concentration distribution and deposition rate

Deposition rate depends on settling velocity, on instantaneous bed shear stress, on deposi-
tional critical bed shear stress and on bottom concentration.

Due to the absence of empirical models for the evaluation of depositional bed shear
stress, this parameter is evaluated by the operator. Several range of values are available in
literature and, as previously discussed, it is generally between 0.06 and 0.1 Pa. In order to
obtain bottom concentration, vertical concentration distribution is needed. In the present
model, three di&erent pro%les are available:

• Constant profile: in this case, the bottom concentration corresponds to depth-
averaged concentration. This assumption is not trivial because vertical pro%les for
cohesive sediments tend to be much more uniform than those valid for granular sed-
iments;

• Linear profile: in this case the ratio between surface and bottom concentration Rc

is required;

• Teeter profile: Teeter pro%le is used, as discussed in Subsection 2.3.3, which corre-
sponds to equation (2.111).

3.2.3 Some consideration about input parameters in DAM_SED

Although one of the main aim of DAM_SED is to reduce the number calibration parame-
ters with respect to other similar models, morphodynamic modelling requires a cospicous
amount of independent variables, which are not alway easily available.

By the experience of Hydraulics Laboratory group of University of Udine, not all re-
quired data or parameters have the same in"uence on %nal solution and some of them are
particularly signi%cant in model calibration. For this reason, a list of such parameters is
here reported, with some comment about their in"uence.

• n: the Manning coe*cient describes roughness in the whole studied area: it can be
constant or, more often, variable into the domain. In the present model, Manning
coe*cient should take into account of all di&erent macrological-roughness elements
present at the bottom, such as vegetation, grains, bedforms, etc. Generally, once
identi%ed di&erent roughness regions, Manning coe*cient is set in order to respect
hydraulic experimental data. A typical example is given by tide propagation, which
should be well described by the model with the proper set of Manning coe*cients.

• ε: bottom roughness, if not related to Manning coe*cient, have strong in"uence on
wave bed shear stress and on reference height. In particular, maximum bed shear
stress can signi%cantly change and both granular suspended load and cohesive sedi-
ment transport are directly a&ected.

• νT : eddy viscosity can have great in"uence where advective "uxes result to be less
important. In closed basin like lagoons, for example, an eddy viscosity change corre-
ponds to signi%cant variation on hydrodynamic %eld. Otherwise, in river hydrody-
namic eddy viscosity model is generally less important, except for the river mouth,
which is a typical example of water plane jet and is strongly in"uenced by turbulence
%eld.
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• d50: in granular sediment transport, mean grain diameter is one of themost important
input parameters. In fact, it in"uences almost all main factors, such as critical shear
stress, bed load, reference concentration and suspended load. Moreover, the bigger
is the grain diameter, the more important is bed load with respect to suspended load.
The choice of d50 should not take into account of %nest diameters, which have not a
granular behaviour.

• a: the reference level, as previously discussed, have in"uence on the magni%cation of
suspended load e&ect. It is generally suggested to relate it to the bottom roughness,
as proposed by Van Rijn. In this way, complex domains can be easily analyzed taking
implicity into account the e&ect of bed geometry on suspended load.

• βd: the ratio between depth-averaged and reference concentration have a strong in-
"uence on suspended load. Power law formulas seems to well describe laboratory
tests, as we will discuss in next chapter. However further investigations on all avail-
able concentration pro%les are suggested.

• τe: the erosional critical bed shear stress for cohesive sediments is particularly impor-
tant for the computation of the erosion rate and the source termEDcoes. In literature,
a really large range of possible values for τe is available and it is strictly related to
the bed layer geotechnical history and characteristics, often not available. Thus, its
evaluation should be done with particular care and remains a matter of judgment of
the operator.

3.3 The morphological module

Once computed in each cell the sediment transport load and/or granular and cohesive ero-
sion and deposition rates, the morphological evolution can be studied. In order to to this,
sediment continuity equation at the bottom is solved at each time-step, considering both
granular and cohesive in"uence.

In particular, bi-dimensional form of equations (2.117) and (2.118) are considered and
discretised. The two contributes are treated independently.

With regard to granular sediment transport, a FVM 1D-agumented I-order in time and
space scheme is here used. In particular, the change of the bottom level is computed as

(∆zb,gran)
n
i = − ∆tn
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fMOR

[
1
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(
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n
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]
(3.84)

where ∆zb,gran is the change of the bottom level due to granular sediment transport, q̂s
n
i,k

is the total equilibrium load (bed load and, in case, suspended load) crossing perpendicu-
larly k-side. npor is the bottom porosity and fMOR is a morphological factor, which will be
described in next Subsection. The evaluation of sediment transport load at k-side intercell
is obtained by the averaging the total load of the two involved cells (cell i and the k-sided
adjacent cell, e.g.i+ 1):
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(
qns,i + qns,i+1

2

)
(3.85)

Cohesive sediment transport model considers the following simpler scheme:

(∆zb,coes)
n
i = −∆tnfMOR (EDcoes)

n
i (3.86)
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where ∆zb,coes is the change of the bottom level for cohesive sediment transport.
The total bottom level change is thus given by

(∆zb)
n
i = (∆zb,gran)

n
i + (∆zb,coes)

n
i (3.87)

In order to guarantee sediment balance, sediment supply must be checked. In particular,
depositional rate must be less equal to the suspended sediment available in the cell

(EDgran)
n
i ≥ −Cn

gran,i∆t
n (3.88)

and
(EDcoes)

n
i ≥ −Ccoes,i∆t

n. (3.89)

At the bottom, bedrock level zbr and initial ratio between granular and cohesive sedi-
mentsRg−c must be set at each cell. Bedrock can’t be eroded and the granular and cohesive
sediment availability (respectively, ∆z,disp,gran and ∆z,disp,coes) are computed as
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and
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In order to respect non-erodibility condition, erosion rate can’t be greater than sediment
availability:
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3.3.1 The Morphological factor

One of the most relevant problems in morphodynamic and morphological modelling is the
time scale of morphological evolution.

In fact, considering coastal environments, evaluation of morphological trends needs
simulations of months or, most probably, years of morphological evolution.

This is di*cult to be done for two main reason: the computational time and the cumu-
lative error.

With regards to computational time, it should be noted that hydrodynamic and mor-
phodynamic modelings are computationally heavy. The adequate number of cells in real
environments studies, such as estuaries or lagoons, is of the order of 50.000 - 250.000, if not
higher. Moreover, as discussed above the model is explicit and Courant Friedrichs Lewy
condition is required, which limits the magnitude of time-steps.

In order to optimize the algorithm, parallel OMP technique has been used, which lets
the morphodynamic problem to be solved by all available processor cores at each time-step.
In this way, computational time is signi%cantly reduced. Despite of it, simulation time and
computational time in similar models can be of similar order of magnitude (in a single last
generationmulti-core workstation), and set up long period simulations can thus result quite
di*cult.
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The second problem regarding long period simulations is the cumulative error: a nu-
merical model is characterized by a certain accuracy order, depending on the discretisation
technique, and the mathematically exact solution can’t be reached. For this reason, for a re-
ally high time-steps number, model accuracy is reduced and a not reliable can be di*cultly
obtained.

A way of solving similar problems is to reduce the simulation time by the use of an
adequate morphodynamic evolution technique.

An interesting review over di&erent morphological updating strategies has been pre-
sented by Roelvink [37], which compares some of the most common methods.

In the present model, so called “Online approach with morphological factor” is used.
The technique corresponds to a simple increasing of depth change rates at each time-step
by the use of an ampli%er factor, which is here fMOR. The “online” method, in comparison
with other techniques which upload the bottom with less frequency, has the advantage to
reduce all "ow-morphology interactions at time-step level. In this way, ampli%ed shock
phenomena like wet-dry excursion can be taken into account more easily.

Morphological factor has been widely used in morphodynamic modelling. More appli-
cation examples are given in Lesser et al. [25], who have implemented morphological factor
in 3D-morphodynamic model Delft 3D.

As similar techniques, “Online” methods imposes limits on the morphological factor,
depending on characteristics of modelled location: in fact, the idea is that hydrodynamics
is not signi%cantly in"uenced by sediment transport in a single time-step, even if multiplied
by fMOR. For this reason, an accurate calibration of morphological factor is needed, and its
more appropriate value remains a matter of judgment of the operator, as pointed out also
by Lesser [25].

3.4 Secondary factors for morphological evolution

Depth-averaged approach for morphodynamic and morphological studies can’t be able to
describe all the morphological changes which take place in a real environment: a great
number of di&erent phenomena, whether natural or anthropogenic, have in"uence on it
and some of them are particularly important. For this reason, two more phenomena are
considered in the present model: the secondary "ows and the avalanching.

Secondary "ows take place in river bents. They are caused by an imbalance of cen-
tripetal force acting on the "uid, which generates an outwards motion near the surface and
an inwards motion at the bottom perpendicularly to the main "ow. Thus, bents are charac-
terized by a resulting helical "ow. For inertia e&ect, the helical "ow will born with a certain
lag behind the change in topography.

Avalanching is a typical slope stability phenomenon. It is related to granular sediments:
when slope angle is larger than repose angle, bed material will slide forming a new slope.
A recursive algorithm based on Larson model [22] is here used. In this way, slope steepness
is limited to repose angle, which results to be two more input parameters.

3.4.1 Secondary !ow

As widely demonstrated in literature, secondary "ows have an important in"uence on bed
topography in bends and in curved "ows. Helical "ow has obviously a 3D structure, and a
depth-averaged model can’t describe it accurately.
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However, it is relatively easy to compute the change in bed shear stress direction caused
by secondary "ow e&ects, which have important in"uence on bed load.

The algorithm here implemented is based on Rozovskii theory [39], which considers
the bed shear stress direction in presence of secondary "ow as

tan δs = −β h

Rs

(3.94)

where δs is the angle between main "ow and resulting shear stress, Rs is the radius of
curvature of "ow stream line and βsc is a parameter de%ned as

βsc = αsc
2

κ2

(
1−

√
g
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)
(3.95)

where αsc is a calibration parameter (its default value is 1), κ Von Karman coe*cient and
Cchez the Chezy coe*cient.

Secondary "ow causes thus a further bed load component transverse to the "ow given
by

qsb,sc = qsb tan δ. (3.96)

This component is thus added to the transverse component caused by the slope e&ect
(equation (2.41)).

In regions where streamline curvature changes, secondary "ow will adapt gradually,
with di&erent length scales λsf near the bed and at the surface. Such length is a function
of h and χ (a-dimensional Chezy coe*cient). Scienti%c Documentation of DHI - MIKE21
model [10], whose secondary "ow approach has been considered here as reference, suggests
the following di&erential length scale:

λsc =
1.2hχ√

g
. (3.97)

The direction of bed shear stress for continuously varied curvature is thus computed
along the streamline as

λsc
∂ (tan δs)

∂ss
+ tan δs = −βsc

h
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(3.98)

where ss is stream-wise coordinate along streamline. In Cartesian coordinates equation
(3.98) becomes
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We consider ∂x
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U2+V 2 and
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U2+V 2 . Rearranging equation (3.99) and includ-

ing the unsteady term we obtain
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The radius of curvature is de%ned as
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∣∣3 (3.101)
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where U = (U, V ) is the velocity vector and UT =
(
dU
dt
, dV

dt

)
is the acceleration vector.

Assuming quasi-steady conditions, the components of acceleration vector are computed as
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Thus, developing (3.101) Rs is obtained as
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Rs is calculated with a sign. In particular, it is positive if the "ow is bending to the left,
while is negative if the "ow is bending to the right.

The velocity derivatives in equation (3.104) are computed using the same simpli%ed
approach proposed for Smagorinky turbulence model at Subsection 3.1.2, while equation
(3.100) is solved using the same %nite volume technique adopted for the concentration
advective-di&usion equation.

3.4.2 Avalanching

Avalanching occurs if bottom slope exceeds the critical bottom slopes. In order to consider
this phenomena, the model permits to do, with a given frequency, a control of bottom slope
into the whole domain. In cells where such condition occurs, avalanching algorithm takes
place.

The present algorithm in inspired by Larson [23] which considers two di&erent limit
pro%le slopes, coherently with Allen description of concept of avalanching [1]: the angle of
repose Φi ( or angle of initial yield) and the residual angle after shearing Φr. In particular,
when slope exceeds angle of repose, the material is redistributed and a new slope is reached,
which corresponds to the residual angle.

In order to guarantee the sediment balance, the following conditions are required:

{ ∑N
i=1 Ωi∆zi = 0
∆zi = z′i − zi

(3.105)

where z′i is the bottom level after avalanching. Moreover, at the end of avalanching we
should have ∣∣∣∣

zi − zi+1

∆l

∣∣∣∣ = tan (Φr) (3.106)

where i and i + 1 are two adjacent cells for which avalanching takes place and ∆l is the
distance between cell centres.

Developing equations (3.105) and (3.106) and assuming, without losing generality, that
hi > hi+1, the following expressions for bed levels i and i+1 are obtained:

z′i+1 =
(zi+1Ωi+1 + ziΩi − tan (Φr)∆lΩi)

Ωi + Ωi+1

(3.107)

z′i = z′i+1 + tan (Φr)∆l. (3.108)
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In order to give physically correct results, cells are checked in sorted from the higher
to the lower. A merge-sort sorting algorithm is used to this purpose. In case avalanching
takes place, the level correction is recursive, until all cells adjacent to the %rst corrected
cells are stable.

This algorithm is computationally heavy and, thus, the activation of avalanching check
at each time-step is not advised. However, the time scale of morphological evolution is
much bigger than that of hydrodynamic problem, which directly limits the time-step period:
for this reason, avalanching control can be done with a lesser frequency without losing
validity.

In Figure 3.15, the "owchart of avalanching algorithm used in the presented model is
illustrated.



104 CHAPTER 3. THE MORPHODYNAMIC MODEL

 

l,zb, i, r, 
Number of Elements (Nelem) 

Maximum number of iteration (Itermax) 
START 

Element - Control = ON 
(for each element) 

Iteration =1 

MERGESORT ALGORITHM 
Element=1 

Global - Control = OFF 

Element (i) Nelem 

Yes 

No Global - Control = ON i-Element - Control = ON No 

Element= 
Element+1 

No 

side (k) 4 No Yes |zbi-zbi,k|/ l i,k i 

Yes side=side+1 

No 
AVALANCHING ALGORITHM 
between cell i and its k-sided 

i-Element - Control= ON 

k-sided Element - Control = ON 

Global - Control = ON side=side+1 

RETURN 

Iteration= 
Iteration+1 

Iteration  Itermax 

Yes 

Yes 

side (k)=1 
i-Element - Control = OFF 

Yes 

Figure 3.15: Flowchart of avalanching algorithm in DAM_SED. Global Control and Element

Control are logical variables useful to optimise the control. In this way, if somewhere, dur-
ing the %rst iteration, avalanching takes place, only involved cells are considered in the
following iterations. For each cell i, slope is checked along each of its 4 side (correponding
to k from 1 to 4).



Chapter 4

Model validation: laboratory tests

Validation process is fundamental in order to verify and ensure the reliability of a numerical
model. Considering complex real domains, the availability of environmental monitoring
networks is generally scarce and, if present, data are often inadequate or wrong. In this
case, the quality of simulation results is di*cultly veri%able: only the experience and the
judgment of modellers can guarantee their accuracy.

For this reason, application of numerical models to some analytical or experimental
tests, considered as benchmarks, is advised. These tests are generally designed for focusing
on a reduce number of the numerical model skills, and let the users to appreciate how the
model describe particular phenomena.

In morphodynamic and morphological modelling, di&erent benchmark experimental
tests are available in literature which consider mainly granular sediment transport and can
be either 1-dimensional and 2-dimensional: some of them are here described and applied.

One of the most important tests used in morphodynamics is trench migration test, a
typical 1-dimensional test proposed %rst by Van Rijn [58, 62]. As we will discuss later in
the present chapter, trench tests study the evolution of a trench, with known width and
lateral slopes, in a "ume. Several settings of this test have been proposed and studied,
which di&ers for example for sediment dimension, hydrodynamic condition (e.g. with or
without wave %eld) or slopes steepness.

Soarez-Frazão et al. [43] proposed an another test, able to check the behaviour of shock-
capturing morphological models: it consists on the study of the evolution of a mobile-bed
during a dam-break test. Experimental data have been compared with a wide number of
di&erent numerical models, as discussed in their article.

Application of Van Rijn and Soarez-Frazão tests to the presented model have been dis-
cussed also by Bosa et al. in several conferences [5, 6].

Another type of laboratory test widely used in model validation studies morphological
evolution in meanders and bend, where helicoidal "ow plays an important role. Amongst
other, two important tests are that proposed by Odgaard and Bergs [31], which consid-
ers steady-state morphological evolution, and that proposed by Yen and Lee [66], which
analyses a channel bend evolution under unsteady current. Similar tests are useful for the
evaluation secondary "ow algorithm.

In next sections, above mentioned tests will be described and discussed.
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4.1 Migration of a trench in a !ume

Trenchmigration experiments consist onmeasuring of "ow velocity pro%les, sediment con-
centration pro%les and bed level change of a trench in a "ume. The trench is excavated in
a sediment bed, which is movable. Several con%gurations of the test have been performed
and, in particular, two main conditions have been studied:

• Trench Migration under steady current;

• Trench Migration under current and waves (with parallel directions);

4.1.1 Trench Migration under steady current

Laboratory Experiment

The %rst series of tests have been carried out by Van Rijn in 1980, as discussed in [58], who
considered trench evolution under steady current. Here, a "ume 30 long, 0.5 m wide and
0.7 m deep has been used.

This test was characterized by a water depth upstream of the trench h0 = 0.39 m and
a correspondent velocity "ow U0 = 0.51 m/s, while the trench was 0.175 m deep and 5 m
long. Van Rijn studied three di&erent side slope: 1:3, 1:7 and 1:10.

The characteristic diameters of the sediment were d50 = 160 µm and d90 = 200 µm.
Finally, grain density ρs was 2650 kg/m

3.

During the experiment, an equilibrium sediment transport load has been guaranteed at
upstream of the trench: basing on velocity and concentration measurements, equilibrium
suspended load is supposed to be about 0.03 kg/(sm) (with a relative error of about 25%)
while total in"ow sediment transport rate was 0.04 kg/(sm). For this reason, a bed load
rate of about 0.01 kg/(sm) was supposed to be present. Moreover, analysis of suspended
sediment samples, performed by Van Rijn, evidenced that suspended sediment particles was
120 µmnear the water surface and 160 µmnear the bottom. During the experiment, ripples
were measured upstream of the trench, characterized by a length of about 0.10 − 0.25 m
and a height of 0.015− 0.035 m. Thus, bed roughness was evaluated to be 0.025 m .

In Figure 4.1, Van Rijn experiment geometry and hydraulic conditions are illustrated.

Numerical Settings and Results

In the numerical test, the computational domain is rectangular, 30 m long and 0.5 m wide.
This "ume is characterized by a bed slope of 0.4%\ and, centrally, a trench is inserted. The
trench has the same dimensions used in laboratory and a lateral slope of 1:3, which is con-
sidered the hardest to be modelled. The mesh has rectangular elements, which are 0.1 m
long inside the trench and along the slopes, 0.2 m close the trench (for 2 m from the trench
slopes) and 0.4 m outside this area. All cells have a width of 0.15 m.

In order to guarantee experimental hydrodynamic conditions, an in"ow of 0.1989m2/s
was set, while the Manning coe*cient was 0.02 s/m1/3. In Figure 4.2, geometry of the
domain, characteristics of the mesh and used hydrodynamic conditions for the test are
illustrated. Initial hydrodynamic conditions are illustred in Figure 4.3: in the trench, water
"ow is not able to maintain in suspension grains.

Di&erent computation methods for bed and suspended loads have been considered and
compared.
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Figure 4.1: Trench pro%le in 1987 Van Rijn’s experiment (Van Rijn [58]).

Figure 4.2: Trench migration under steady current [58]: geometry and hydrodynamic con-
ditions in the numerical model.

Suspended load has been studied analyzing both equilibrium and non equilibrium ap-
proaches (considering di&erent concentration distribution) have been used. In particular,
we used Van Rijn formula for equilibrium suspended load (equation (2.28)) and Van Rijn
(equation (2.53)) and Soulsby (equation (2.49)) vertical concentration distributions for the
resolution of advective-di&usive equation in non-equilibrium approach.

With regard to the bed load, three formulas are here considered: Van Rijn (2.28), Soulsby
(2.33) and Meyer-Peter and Müller (2.21).

As sediment in"ow boundary condition, an equilibrium suspended load was imposed,
obtained by a calibration process: in this way, no scour nor deposition occur close to the
in"ow and along the upstream channel. A mean grain diameter d50 = 160 µm is imposed
while the reference height a is imposed to be 0.0250 m, coherently with ripples height.
Results of the numerical simulation and the experimental data along central longitudinal
section have been compared after 7.5 h and 15 h.

As evident by the bed and suspended loads ratio in Van Rijn experiment, the main fac-
tor in trench evolution of this particular experiment is the suspended load. Consider Figure
4.4: here, initial suspended sediment load using the three illustrated methods has been com-
pared with Van Rijn bed load. At in"ow, Van Rijn equilibrium load and Soulsby pro%le for
non-equilibrium load give the better results, with a sediment rate of 0.024−0.025 kg/(sm),
which is comparable with experimental data. Van Rijn pro%le for non-equilibrium approach
seems to slightly overestimate suspended load (0.04 kg/(sm)). Also the ratio between sus-
pended and bed load appears to be closer to the %rst two cases than the last one.

With regard to the trend of suspended load, we can observe an important di&erence
between equilibrium and non-equilibrium approaches behaviours. In the %rst case (as for
the equilibrium bed load), a sudden change of the suspended load takes place at the lat-
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Figure 4.3: Initial hydrodynamic conditions: steady "ow on a %xed bed.

eral slopes, while it remains constant at in"ow and out"ow channel and inside the trench.
Conversely, in case of non-equilibrium approach, a gradual change of the load takes place
across the trench and along the %st part of the out"ow channel.

During the experiment, the upstream slope of the trench advances while the trench
bottom gradually %lls. Instead, the downstream slope is eroded, beginning from the upper
side. This particular morphological behaviour is better described by the non-equilibrium
approach, chosen here.

Let us consider the comparison in Figure 4.6: experimental results are compared with
numerical results using the di&ent above mentioned approaches for suspended load.

Equilibrium approach tends to overestimate trench migration, while %lling process is
actually underestimated. In this case, upstream trench slope results to be advanced much
more than that measured. Also downstream slope has advanced more than in experiment,
while out"ow channel is generally more eroded. After 15 h, the trench is thus located
downstream and results to be deeper than in experimental results.

In case of non-equilibrium approach, trench shape is not strongly in"uenced by the
chose of the concentration distribution. The slopes migration is in fact more gradual in both
considered cases, while the entire trench is progressively smoothed and %lled. The trench
morphology in these cases is in better agreement with experimental data. However, using
the Van Rijn vertical concentration pro%le, in%lling process is generally quicker. This is
coherent with Figure 4.4: suspended load is higher than in the latter case and more material
tends to be deposited in the trench due to the hydrodynamic changes.

For these reasons, the best method for suspended load computation in this particular
test appears to be the non-equilibrium approach with the use of Soulsby concentration
pro%le.

In this case, upstream slope is advanced of about 1.5 m after 7.5 h, and of about 4 m
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Figure 4.4: Comparison of bed and suspended sediment load using di&erent suspended load
computation methods: non-equilibrium approach with Van Rijn concentration distribution
(2.61), non-equilibrium approach with Soulsby concentration distribution (2.49), Van Rijn
equilibrium formula (2.66).

after 15 h, which is in agreement with experimental pro%le. The upstream steepness is
gradually reduced and simulated pro%le appears to be parallel to the experimental data.
Also the computed trench %lling process is coherent with experimental data: after 15 h the
simulated bed appears a few higher: however, this error is relatively small and the trench
lowest section is the same in both cases.

The erosion process of downstream slope is %nally adequately modeled too: the erosion
involves all the downstream channel and the two pro%les are close and parallel.

The di&erent bed load formulas cited above have been compared in Figure 4.6. In this
case, the non-equilibrium approach has been chosen for suspended load, assuming the
Soulsby’s power law concentration distribution.

The bed load has less in"uence than suspended load in trench evolution and, changing
formula, the di&erences between computed pro%les involves mainly the migration process.

Van Rijn and Meyer Peter and Müller formulas result to be in better agreement with
experimental data: in these cases both %lling process and upstream slope position are co-
herent with them. however, Van Rijn appears to describe slightly better the upstream trench
slope.

Soulsby formula gives less accurate results. In this case, the trench appears to be less
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Figure 4.5: Comparison of trench evolution using di&erent suspended load computation
methods: non-equilibrium approach with Van Rijn concentration distribution (2.61), non-
equilibrium approach with Soulsby concentration distribution (2.49), Van Rijn equilibrium
formula (2.66).
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Figure 4.6: Comparison of trench evolution using di&erent bed load equilibrium formulas:
Van Rijn (2.28), Souslby (1.170), Meyer Peter (2.21).

%lled and the upstream slope less migrated with respect to the initial condition. Thus, Van
Rijn formula for bed load seems to better describe the test.

For these reasons, the numerical model reveals a good agreementwith trench behaviour.
In particular, the use of Van Rijn formula for bed load and the chose of non-equilibrium
approach for suspended load, (considering Soulsby concentration pro%le) result to be the
best approach for the analysis of this test.

4.1.2 Trench Migration under Current and waves

Laboratory experiment

The second trench test is based on Van Rijn’s 1986’s experiment at Delft Hydraulics [62]:
it is similar to the previous one and evaluates the migration of a trench perpendicular to
a current under the in"uence of a regular wave %eld in a "ume (length 17 m, width 0.3 m,
depth 0.5 m).

Upstream of the trench, a water depth of 0.255 m and a "ow velocity of 0.18 m/s were
maintained constant. A simple wave paddle generated regular waves with a period of 1.5 s
and a height of 0.08 m (measured upstream of the trench). The trench was 1.5 m long and
0.125 m deep, with side slope of 1:10.

Bed material used was sand, with characteristic diameters d50 = 100 µm and d90 =
130 µm; grain density was 2650 kg/m3. In order to guarantee an equilibrium sediment
load at in"ow, a constant rate of 0.0167 kg/(sm) was maintained. No bed load measures
are available, however suspended load particle size was in the range of 80−110 µm. During
the test, ripples were generated, with a height of 0.01-0.02 m and a length of about 0.05-0.08
m. In Figure 4.7, Van Rijn experiment set-up is shown.
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Figure 4.7: Trench migration under waves and current [62]: experiment set-up.

Numerical Settings and Results

The computational grid is characterized by uniform square cells of side 0.05 m long. The
"ume has a global slope of about 0.018%\, with a Manning coe*cient of 0.025 s/m1/3: in
this way, experimental current-alone "ow characteristics are respected.

The trench is positioned at the centre of the "ume, with a geometry analogous to that
designed by Van Rijn. In"ow and out"ow sections are located about 6.25m from the trench.

At in"ow section, a steady "ow of 0.0459m2/s is set, while a cinematic out"ow bound-
ary condition is imposed.

With regard to wave %eld, a regular wave with period Tw = 1.5 s and height H =
0.08 m is imposed on the domain. Soulsby DATA2 formulas (1.174) and (1.175) are used
for the calculation of mean and maximum wave-current bed shear stresses. Mean grain
diameter is d50 = 100 µm, while bottom porosity is 0.4, as declared by Van Rijn for the
experimental conditions. The reference height a is set equal to 0.01 m, coherently with
ripples heigth.

Considering sediment transport computation, three approaches for suspended sediment
transport have been compared: non-equilibrium approach with Van Rijn concentrarion
distribution (equation (2.53)), non-equilibrium approach with Soulsby concentrarion dis-
tribution for waves and current (equation (2.50)) and equilibrium approach using Van Rijn
formula (equation (2.28)).

Bed load Van Rijn equilibrium formula is here considered (equation (2.28)), although no
bed load takes place during simulation under considered hydrodynamic conditions (mean
bed shear stress is not strong enough to let the current move grains on the bottom).

As morphodynamic boundary conditions, equilibrium suspended load at in"ow and
cinematic condition at out"ow are imposed.

In Figure 4.8, test geometry and setup are shown.

The evolution of the trench, using the above mentioned di&erent theories, has been
compared with experimental data after 10 h (Figure 4.9).

With regard to non-equilibrium approach, the two considered concentration pro%les
give similar results: di&erences aremuch less evident than in trenchmigration under steady
current experiment. In this test, sediment suspension is guaranteed only by wave %eld and
the e&ects of di&erent hypothesis for current vertical mixing coe*cient are thus negligible.
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Figure 4.8: Trench migration under waves and current [62]: geometry and hydrodynamic
conditions in the numerical model.

Figure 4.9: Trench migration under waves and current [62]: experimental and computed
data after 10 h.
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Model In"ow Suspended Sediment [kg/m3]
Bijker (1967) 0.017
Fredøe (1984) 0.008

Grant and Madsen (1979) 0.012
Myrhaug and Slaattelid (1990) 0.009

Huyngh-Thahn and Temperville (1991) 0.009
Soulsby DATA2 (1997) 0.009

Table 4.1: Equilibrium in"ow suspended load for each bed shear stress theory.

The migration of upstream trench slope results less evident in numerical simulation than
in experimental data. This fact is probably caused by the absence of bed load in"uence
on the numerical simulation, which is generally one of the main responsible for trench
migration. Anyway, Van Rijn gave no informations about bed load in his experiment: if
present, probably the declared mean diameter d50 would result to be no representative for
the bed load. The %lling process is adequately simulated by the model: the pro%le is close to
experimental data in central part of the trench and at the downstream slope. Downstream to
the trench, the "ume in numerical model is slightly more eroded, but the pro%le is anyway
parallel to experimental data and coherent with them.

The equilibrium suspended load at in"ow has been obtained by a calibration process: it
corresponds to 0.0113 kg/(sm) for Van Rijn concentration distribution and to 0.0093 kg/(sm)
for Soulsby concentration distribution. In both cases sediment load is slightly inferior to
experimental data, although Van Rijn did not declare the measurement error. Anyway, sus-
pended sediment rate at in"ow can be considered comparable with experimental data using
both hypothesis on concentration distribution.

Considering variations of suspended load in Figure 4.9, it seems to represent adequately
laboratory test, except for the downstream slope, where suspended load appears to be
slightly underestimated. The trend is anyway coherent with the original test.

Also in this case, trench evolution is not well described by equlibrium approach. In fact,
in this case trench migration is really overestimated, while the trench results to be less %lled
than in experimental measurements.

In"ow suspended load is closer to the value declared by Van Rijn. Otherwise, across
the trench, suspended load fall quickly down, being reduced by about 80%, which is not
coherent with the test.

For these reasons, trenchmigration test under waves and current can be considered well
simulated by the numerical model using non equilibrium approach (with both considered
concentration distribution), while equilibrium approach seems to give less accurate results.

Comparison of di$erent wave-current bed shear stress theories

Soulsby scheme for bed shear stress permits to choose between di&erent wave-current bed
shear stress theories. In order to better understand, from a practical point of view, the
di&erences between them, Van Rijn trench test under waves and current has been simulated
using di&erent approaches. In this case, a unique sediment transport computation method
has been considered. In particular, for suspended load, non-equilibrium approach, using
Soulsby concentration pro%le, is here used.

The following mathematical models for the computation of wave current bed shear
stress has been compared:
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Figure 4.10: Trench migration under waves and current[62]: comparison of di&erent wave-
current bed shear stress theories.

• Bijker;

• Fredsøe;

• Grant and Madsen;

• Myrhaug and Slaattelid;

• Huyngh-Thahn and Temperville;

• Soulsby (DATA2).

Using all these theories, hydrodynamics (measurd under current-alone conditions) and
wave %eld are coherent with experimental data illustrated above. Moreover, for each the-
ory the equilibrium in"ow concentration has been carried out by a calibration process. In
Table 4.1, equilibrium suspended load at in"ow for each theory is summarized.

All models, with exception of Bijker, are characterized by a similar equilibrium in"ow
load. Bijker model seems to overestimate, with respect to the others, suspended load, but
it anyway results comparable with experimental data.

The trench pro%le after 10h using di&erent mathematical theories is illustrated in Figure
4.10.

Considering %lling process, Bijker model results to be the less accurate than others
with respect to experimental data: after the simulation, in fact, the trench has not been
successfully %lled and, in its lower level, %lled layer results less than half thick than that
observed. Also in Fredsøe, Myrhaug and Slaattelid and Huyngh-Thahn and Temperville
models the simulated trench appears to be slightly less %lled than experimental data. Con-
versely, Grant and Madsen model overestimates the process: the trench bottom in this case
is slightly higher.

With regard to the migration process, all models underestimate the upstream trench
slope progression, while trench bottom is a bit ahead with respect to experimental results.

The downstream channel appears slightly more eroded, but anyway coherent with ex-
perimental data, for each model.

From the present comparison, DATA2 formula seems to better describe the physical
process. However, all formulas give results in fairly agreement with experimental data.
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Figure 4.11: Bi-dimensional dam-break over an erodible bed [43]: experiment set up.

4.2 Bi-dimensional dam-break over an erodible bed

Laboratory experiment

In order to compare di&erent morphodynamic numerical models on fast transient "ow,
Soares-Frazão et al. [43] developed a new benchmark laboratory test. It consisted in a two-
dimensional dam-break "ow over a sand bed in a 3.6 m wide and 36 m long laboratory
channel. A localized obstruction of the "ume section, with a 1 m wide gate, created an
upstream reservoir that gave rise to a dam-break as soon as the gate was removed.

The "ume had a %xed bed, which was covered by an 85-mm thick layer of sand for 9 m
downstream of the gate and 1.5 m upstream of it, as illustrated in Figure 4.11.

Manning coe*cients for the sand and the %xed bedwere declared as0.0165 and 0.010 s/m1/3

respectively. Grain size (d50) was 1.61 mm, speci%c density and porosity were 2.63 and 0.42,
respectively.

As physical boundary conditions, a closed wall limits upstream the reservoir, while a
sediment trapping has been disposed at downstream channel end.

Two di&erent test conditions has been considered, Case 1 and Case 2: in the %rst case,
water level corresponds to the bottom level while in the latter it corresponds to a water
depth of 0.15 m. In both cases, the initial sand layer thickness was saturated.

Considering in particular Case 1, which has been studied and discussed in the present
work, the general hydrodynamic behaviour is similar to that of a dam-break over a dry-bed.
The initial water depth upstream the gate was set to 0.47 m.

The opening time of the gate has been found to be 0.23 s and the process can be consid-
ered instantaneous. Further details on the experimental set-up are provided in the original
paper [43].

In Figure 4.12, %nal bed topography for Case 1 is reconstructed [43]: as study domain,
the dotted area of Figure 4.11 has been considered.

Numerical Settings and Results

The mesh adopted is square shaped, with a cell side of 0.1 m. The same initial condition il-
lustrated for physical Case 1 test has been applied, i.e. water depth of 0.47 m in the reservoir
and water level corresponding to the bottom height downstream of the gate.

Because of the dimension of sand grains, bed load is absolutely predominant in the
test, while suspended load has not great in"uence. For this reason, the latter has not been
considered. A uniform Manning coe*cient of 0.0165.

The test has been carried out using three di&erent bed sediment transport formulations:
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Figure 4.12: Bi-dimensional dam-break over an erodible bed [43]: experimental bottom level
after 20 s.

Van Rijn (equation (2.25)), Soulsby (equation(2.32)) and Meyer-Peter and Müller (equa-
tion(2.21)).

The results after 20 s are shown in Figure 4.13 as bed elevation in the whole domain
and in Figure 4.14 as a comparison between numerical and experimental bottom height
on the longitudinal pro%les depicted in Figure 4.11. The models describes accurately the
scour process at the "ume enlargement, and the development of a sandbar along the study
domain, with its typical ogival shape.

The model seems to describe the phenomenon in a proper way, even if the results ob-
tained byMeyer-Peter andMüller formulation are less accurate in predicting the occurrence
of both the central scour and the deposition area, with less accentuate erosion and deposi-
tion. On the other hand, the results obtained by the Van Rijn and Soulsby formulations are
almost in agreement with each other. The agreement with the experimental data is better
in the central part of the "ume (longitudinal pro%le located at y = 0.20 m, section a of Fig-
ure 4.14) and it di&ers more when moving apart (longitudinal pro%le located at y = 1.45 m,
section c of Figs. 7-9). Nevertheless, Soares-Frazão et al. [43] show that this is a di*culty
common among numerical models.
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Figure 4.13: Bi-dimensional dam-break over an erodible bed [43]: bed elevation after 20 s
using di&erent bed load equilibrium formulas.
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Figure 4.14: Bi-dimensional dam-break over an erodible bed [43]: bed elevation after 20
s on the longitudinal pro%les in Figure (4.11). Bed load formula of Van Rijn, Soulsby and
Meyer-Peter and Müller.
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4.3 Hydrodynamics of a curved channel under

steady !ow

Due to the e&ect of secondary "ow, the sediment dynamics of a channel bend results to
be much more complex than that of a straight channel. In particular, as discussed in sub-
section 3.4.1, the presence of an helicoidal "ow generates an additional component to the
bed load, normal to the water "ow, which transports grain material to the inner channel
bank (or wall). In this way, the bottom results to be higher in the inner part and lower in
the outer part. Consequently, a transverse slope takes place and a more bed load transverse
component is generated by the slope e&ects. Thus, if the bed load plays an important role in
morphodynamics, bend morphology is the result of mutual e&ects of longitudinal current,
transverse slope and secondary "ow.

Laboratory Experiment

The %rst test proposed here has been presented in literature by Odgaard and Bergs [31].
They used an U-channel, 80 m long and 2.44 m wide: it is composed by an in"ow and
an out"ow straight channels, 20 m long, and a 180° bend. The mean radius was 13.11 m.
The channel had trapezoidal section and a 23-cm-thick layer of sand formed the bed, as
illustrated in Figure 4.15. Sand had a mean diameter d50 of 0.3 mm and a standard deviation
of 1.45.

An in"ow discharge of 0.153m3/s has been maintained constant during the test: under
this condition, authors measured a centre line average "ow velocity of 0.45m/s, water depth
of 0.15 m and longitudinal free surface slope of 0.00116. With regard to sediment transport,
a bed load rate of about 0.006 kg/m3 has been measured at in"ow and out"ow.

In their article, steady-state morphodynamic evolution is studied, with particular atten-
tion to hydrodynamic %eld (in terms of velocity and water depth).

The test, considered a benchmark test, has been used by several authors for the evalu-
ation of their morphodynamic models. Among others, Duc et al. [11] and Begnudelli et al.
[3] validated their numerical models studying the present experiment: both of them take
into account secondary "ow e&ects in their algorithms.

Numerical Settings and Results

Themesh reproducesOdgaard’s U-channelwith 25020 approximately rectangular elements.
In particular, they are perfectly rectangular in in"ow and out"ow straight channels, about
0.1 m long and 0.076 m wide, while in the bend they are lightly trapezoidal, with similar di-
mension. In this way, they %t the bend remaining parallel to the water "ow. The initial lon-
gitudinal slope corresponds to the free surface slope measured in laboratory (if = 0.00116,
Figure 4.15). The section is characterized by a trapezoidal bedrock with a 23 cm mobile bed
layer, as describe for the laboratory experiment. An in"ow, a constant discharge of 0.153
m3/s is imposed, while free "ow cinematic boundary condition has been set at out"ow
section. Lateral boundaries are treated as wall boundary condition.

The model takes into account turbulence e&ects using Smagorinsky approach. Coher-
ently with Petti et al. [35], imposed turbulent length scale lS is the half width of the channel
(about 0.72 m), while the empirical coe*cient CS is set to 0.3.

The Manning coe*cient is 0.0214m1/3s−1, as suggested by Begnudelli et al. [3], which
corresponds to laboratory conditions described above. The morphodynamic model starts
from steady-"ow hydrodynamic conditions on %xed bed.



120 CHAPTER 4. MODEL VALIDATION: LABORATORY TESTS

Figure 4.15: Odgaard and Bergs U-"ume laboratory geometry [31] and model geometry.
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In order to reach morphodynamic steady-state conditions, the model simulates 5 h of
bed evolution using a morphological factor of 10: in this way, the evolution after 50 h is
described, which corresponds to an equilibrium morphology. Moreover, equilibrium ap-
proach has been used for describing both bed and suspended load. Van Rijn formulas are
here chosen.

In Figure 4.16, the bottom evolution without taking into account secondary "ow e&ect
is compared with an analogous simulation which considers them. Under the e&ects of
secondary "ows, bend bottom evolution change signi%cantly: due to the transverse bed
load, in fact, in the inner part of the bend an important deposition area takes place, while
the erosion process, limited by %xed bed presence, in"uences the outer bend slope.

Laboratory test and numerical model steady solutions are illustrated in Figure 4.17,
where velocity and water depth %elds are compared. General behaviour of the model is
in agreement with laboratory test. Water depth is maximum at the beginning and at the
end of the bend, close to the outer slope. Moreover, velocity is higher at the outer bend side
too, in particular in the %nal part of the bend.

However, there are some relevant di&erences between numerical results and laboratory
test: considering velocity, maximum velocity in the central part of the bend is lower in
numerical simulation that in laboratory experiment. At the end of the bend, moreover,
simulated velocity appears to be higher than experimental data. Finally, maximum water
depth is lower in numerical model than in laboratory test.

Such di&erences are caused by sediment transport approach chosen for the bed load in
this test and, more generally, in the presented numerical model : the equilibrium approach.

Generally, hypothesis of equilibrium load is coherent with bed load dynamics, but the
hypothesis of unlimited sediment availability is required. In this particular case, %xed bed
plays an important role, limiting erosion at the outer lateral slope. For this reasons, this is
a typical non-equilibrium problem and the use of equilibrium load for the transverse bed
load, which is responsible of bend evolution, loses its sense. Other authors who consider
the present test use non-equilibrium approach (Duc et al. [11]) or consider exclusively the
central part of the channel, treating lateral slope as wall (Begnudelli et al. [3]). Further
development of the numerical model are thus required for a better description of similar
non-equilibrium situations.

Anyway, it should be noticed that, despite these model limitations, the secondary "ow
e&ects are globallywell described. Considering bends ormeanders, their evolution is strictly
related to the behaviour of such phenomenon, particularly for granular sediment transport.
Thus, if secondary "ow problem is not properly considered in numerical modelling, %nal
results can signi%cantly di&er from real measurements.

4.4 Channel bend evolution under unsteady !ow

Laboratory Experiment

The second test proposed here for the evaluation of secondary "ow e&ects has been devel-
oped by Yen and Lee [66]. In particular, they studied the e&ect of an unsteady "ow on the
morphological evolution of a laboratory channel bend. Di&erent hydrodynamic conditions
have been considered and studied. The aim of this test is thus the evaluation of morphody-
namic model ability to describe bottom evolution in presence of a varied curvilinear "ow,
where, another time, secondary "ow and transverse slope play an important role.

Yen and Lee proposed a set of experiments in a 180° channel bend, with a mean radius
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Figure 4.16: Odgaard and Bergs test: bottom evolution not considering and considering
secondary "ow e&ects.

Figure 4.17: Odgaard and Bergs test [31]: comparison between experimental (above) and
numerical (below) results.
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Run Peak "ow Qp (m
3/s) Peak "ow depth hp (m) Duration td (s)

1 0.0750 0.129 180
2 0.0685 0.121 204
3 0.0613 0.113 240
4 0.0530 0.103 300
5 0.0436 0.091 420

Table 4.2: Characteristics of hydrographs employed (Yen and Lee [66]).

rc = 4 m and a width B = 1 m. Upstream and downstream the bend, two straight channel
11.5 m long guaranteed, respectively, in"ow and out"ow. The longitudinal slope if was
0.002.

A layer of sand around 20 cm thick, with a mean grain diameter of d50 = 1 mm and a
variance of 2.5 mm, has been placed on the bed before each experiment began.

The base "ow Q0 was set at 0.02m
3/s, which corresponds to the incipient motion con-

dition for a grain diameter of 1.0 mm: under this condition, a meanwater depth h0 = 0.0544
cm characterized the in"ow strain channel. Five experiments, with di&erent in"ow hydro-
graphs, have been analysed: each hydrograph was triangular, with the peak imposed at the
%rst third of each test duration.

The tests, numbered from Run 1 to Run 5, are characterized by a gradually increased
duration and decreased peak "ow. Run 1 hydrograph has thus the maximum peak "ow,
0.075m3/s, which corresponds to the maximum possible value to avoid the generation of
undesirable cross waves.

In Table 4.2 are summarized hydrodynamic conditions of each test.
In the %rst part of their article, Yen and Lee studied the morphological evolution of the

bend considering in particular the adimensional variable∆zb/h0, which is here considered
for the comparison between experimental and numerical results.

Numerical Settings and Results

The same geometry for the U-shape channel used by Yen and Lee has been considered and
discretized in the model. The mesh is characterized by square elements with cell side of 0.1
m in the straight in"ow and out"ow channels, and by approximately square element of the
same dimension in the bend. The same longitudinal slope has been used and, coherently
with hydrodynamic conditions measured for initial in"ow, Manning coe*cient n has been
set at 0.0174.

At in"ow, the hydrograph of the corresponding Run has been imposed: the same %ve
di&erent Runs, with hydrographs summarized in Table 4.2, have been studied. As out"ow
boundary condition, free "ow (cinematic condition) has been set.

Channel lateral walls have been modelled using wall boundary conditions: the e&ect
of the wall roughness on the "ow is not here considered. The model has not considered
horizontal turbulence.

Coherently with the mean diameter, only bed load has been studied: suspended load
is in fact not relevant under these hydrodynamic conditions. As a %rst approach, Van Rijn
bed load formula of equation (2.28) is here used.

Finally, the model takes into account the e&ect of secondary "ow on the bed load, as
discussed in Chapter 3.

During simulations, typical evolution of bend channel takes place. Due to the bed load
deviation under the combined e&ect of secondary "ow and consequent transverse slope,
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Figure 4.18: Comparison in bed evolution of the channel bend: Run1.

deposition is concentrated at the inner wall, being maximum in the %rst part of the bend.
Similarly, scour phenomena is concentrated at the outer wall, where bed material is gradu-
ally eroded and transported in the inner areas. Maximum scour is located in the %nal part
of the bend. At the end of each simulation, the bend is characterized by a transverse slope
fairly constant, which however increases in maximum scour areas.

In Figures from 4.18 to 4.22 ∆zb/h0 contours of numerical simulation and isolines of
experimental data are compared: maximum erosion, maximum deposition and the general
morphology obtained by numerical simulation are in fairly agreement with experimental
data.

Yen and Lee observed that maximum deposition occurred near the inner bank at 75°
section from the beginning of the bend, while maximum scour took place near the out-
let bank at 165° section from the bend beginning. In Figure 4.23, the comparison between
experimental data and numerical result at these sections is illustrated for each Run. In the
%rst section, the transverse slope appears to be less sensible to the hydrograph in numerical
model than in physical experiment. In particular for Run 1, transverse slope seems to be
slightly underestimated. However, mean transverse slope (of the %ve Runs) seems to be in
good agreement with experimental data. In section 2, deposition rate in Run 1, Run 2 and
Run 3 is well described by the numerical model, although erosion rate is underestimated. In
Run 4 and Run 5, both scour end deposition rates are higher in numerical simulations than
in measured data. It should be considered that Yen and Lee used a sand mixture with a sig-
ni%cant variance, which has probably a relevant e&ect on the bend morphology. Moreover,
in the numerical model no turbulence e&ect and wall roughness in"uence are considered.

In order to obtain a comparison of di&erent bed load formulas for the description of bend
morphodynamics, some more simulations have been considered using Soulby (equation
(2.33)) and Meyer-Peter and Müller (equation (2.21)) formulas.

In particular, two Runs are here reported, the %rst one (Run 1) and the last one (Run 5):
they are in fact considered to represent the two extreme con%gurations.

In Figure 4.24, maximum deposition and scour sections, using di&erent bed load com-
putation methods, are compared in terms of adimensional variable ∆zb/h0 with measured
data.

Van Rijn and Meyer-Peter and Müller formulas give similar results: in Run 1, scour
is slightly underestimated while in Run 5 both scour and deposition seem to be more ac-
centuate. Anyway, in both sections the transverse slope is in fairly good agreement with
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Figure 4.19: Comparison in bed evolution of the channel bend: Run2.

Figure 4.20: Comparison in bed evolution of the channel bend: Run3.

Figure 4.21: Comparison in bed evolution of the channel bend: Run4.
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Figure 4.22: Comparison in bed evolution of the channel bend: Run5.
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Figure 4.24: Maximum scour and erosion sections: comparison between di&erent bed load
formulas.

measured data.
Conversely, Soulsby formula gets less accurate results. In fact, although in Run 5∆zb/h0

is coherent with other simulations, in Run 1 maximum scour section is charachterized by
numerical instabilities, as evident in Figure 4.24.

For these reasons, the model can be considered to describe adequately the morphologi-
cal evolution of the bend under unsteady conditions. Van Rin and Meyer-Peter and Müller
formulas for bed load computation seem to give better results than Soulsby method.
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Conclusions

In the present thesis bed shear stress computation and sediment transport problem have
been discussed and a new 2-dimensional depth-averaged morphodynamic model has been
presented and validated.

With regard to bed shear stress, current-alone and waves-alone bed shear stress is based
on a few analytical theories, generally shared, while many analytical and practical theories
are available for wave-current bed shear stress.

Soulsby DATA2 formula has been compared with other mathematical models, result-
ing to be in good agreement with them for mean bed shear stress. However, such match
evidenced as it tends to underestimate maximum bed shear stress. Anyway, due to its
simplicity, Soulsby formula DATA2 has been here considered as the reference technique,
coherently with many other morphodynamic models.

With regard to sediment transport problem, granular and cohesive sediments dynamic
have been distinguished.

Dynamics of granular sediments depends on grains characteristics and hydrodynamic
conditions. Grains can be transported either rolling and jumping on the bed (bed load) or
they can involve all the water volume, maintained in suspension by the water "ow (sus-
pended load). Two main approaches, available for their computation, have been presented:
equilibrium and non equilibrium approach.

Equilibrium approach is generally valid for bed load, where length and time scales of
sediment dynamics are small enough and transient terms can be considered negligible. In
this case, equilibrium experimental formulas are thus applied.

Conversely, suspended load is characterized by greater time and length scales: here
non-equilibrium approach gives generally more accurate results. Such approach has been
obtained by solving a proper advective-di&usion equation.

Considering cohesive sediments, single grains are small enough to interact each other
by electrochemical forces (cohesion), forming "ocks. In this case, sediment transportmainly
depends on sediment concentration and mud bed soil properties.

For computation of cohesive sediment transport, one more advective-di&usive equation
has been here used, as proposed in literature.

The morphodynamic model presented here is a depth-average 2D %nite volume model.

The hydrodynamic module solves Saint Venant equations, taking in account Coriolis
forces, wind forces, radiation stress forcing and turbulence e&ect. With regard to bed shear
stress, in presence of waves, mean wave-current bed shear stress has been adopted.

The hydrodynamic model, previously developed by Hydraulics Laboratory of Univer-
sity of Udine, is based on 1D augmented scheme and HLLC Riemann solver has been used.
The model guarantees C-property.

Sediment transport model has been coupled with hydrodynamic model and treats in-
dependently granular and cohesive problems. The advective-di&usive equation needed for
the non-equilibrium approach for granular sediment transport has been solved using the
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same %nite volume scheme proposed for hydrodynamic problem. In an analogous manner
cohesive sediment transport has been treated.

The morphological evolution has been obtained by solving sediment continuity equa-
tion at the bottom, taking into account bed load, erosion and deposition rates due to sus-
pended load and erosion and deposition rates due to cohesive sediment transport.

In order to reduce computational time, which is bonded to Courant Friedrichs Lewy
condition, a morphological factor has been implemented: in this way, at each time-step
morphological changes are ampli%ed by such factor, accelerating evolution process.

Finally, the model is able to take into account two secondary factors: avalanching pro-
cess, which occurs if lateral slope steepness exceeds critical value, and secondary currents,
which take place in meander or bends and give rise to an additional bed load component
normal to the "ow.

Validation process has been done and has been presented in this thesis: it proves that
morphodynamic model is in good agreement with experimental data.

In particular, validation considered di&erent tests: trench migration under steady cur-
rent, trench migration under waves parallel to the current, dam-break over erodible bed,
steady-state hydrodynamic in a channel bend and bottom evolution of a channel bend un-
der unsteady current.

All tests have been properly described by the model. Considering trench evolution,
non-equilibrium approach evidences a better behaviour than equilibrium approach. More-
over, using Soulby vertical concentration pro%le numerical results %t better experimental
data than using Van Rijn vertical concentration pro%le. In presence of waves, di&erent
wave-current bed shear stress computation models, simulated using Soulsby technique,
have been compared. Results evidence that DATA2 Soulsby model suites better than others
the experimental data.

With regard to dam-break over erodible bed, the test has demonstrated that the model is
able towell reproduce shock problems. The solution is coherentwith othermorphodynamic
models, whose results are presented and discussed in [43]. The several bed load formulas
used here have given similar morphological results.

The model has described in a proper manner also the two tests proposed here for bend
morphodynamics. However, the %rst test has evidenced major di&erences with respect to
experimental data. In this case, bedrock interacts signi%cantly with morphological evolu-
tion and, thus, hypothesis of unlimited sediment availability, required by the use of equi-
librium approach, is not guaranteed. For this reason, the model tends to underestimates
erosional process. The use of non-equilibrium approach for bed load would probably solve
such problem.

Finally, in all tests Van Rijn formula for bed load computation gives good results. For this
reason, it demonstrates to be adequate for the description of bed load dynamic in di&erent
morphological and morphodynamic situations. Conversely, other formulas, like Soulsby
formula, demonstred to describe less accurately several tests.

The presented model has to be considered as a “work in progress” project. As discussed
above, the development of a non-equilibrium algorithm for bed load can be useful under
particular situations, which however can occur in real study cases. Moreover, cohesive
sediment transport is here very simpli%ed: in particular, it does not consider several factors
such as mud "ow or soil consolidation, which play a fundamental role in erosion process.

Also model e*ciency needs to be improved. At present, the model requires important
computation power in real applications. This is mainly caused by the explicit approach,
which signi%cantly reduces time-step dimension. Further developments are thus necessary
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in order to optimize the present code, reducing time cost and improving model applicability
in long period morphological studies.
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Symbols

(x, y, z) Cartesian space

(x̂, ŷ, ẑ) Local cartesian system: T (x, y, z)

−→a Generic vectorial variable a

ai i-component of vector −→a

< a > Moving average of variable a

a′ Fluctuanting component of variable a

∆lk length of k-side of considered polygon

á Phase average of variable a

ă Space integral average into the domain of variable a

â Vector a in local reference system

aL Left solution of variable a

ani Variable a in cell i at instant n

ã Periodic component of variable a

α Generic integrating constant

α1, α2 Numerical coe*cients

αED Erosion and deposition parameter

αlon Longitudinal slope bed load correction coe*cient

αsc, βsc secondary "ow parameters

αtrans Transverse slope bed load correction coe*cient

αT Elder empirical coe*cient

133
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αws, βws Shape functions for cohesive settling velocity

τ̄b Mean bed shear stress

βM Ratio between depth-averaged square velocity and integral averaged square velocity

β Generic integrating constant

β [Chapter 2] Longitudinal slope angle

βc, ψ Van Rijn coe*cients for the correction of b

βd Ratio between depth a level and depth-averaged concentration

βF Fredsøe parameter

βragg Correction factor

βw, δs, γbr Van Rijn’s parameters for the wave mixing coe*cient computation

χ Adimensional Chezy coe*cient

δccoes Concentration di&erence between bottom and surface

∆t Timestep

δ Bounday layer thickness

δb Bed layer thickness

δm Mean boundary layer thickness

δs Secondary "ow deviation angle

δw Wave boundary layer thickness

∆z,disp,coes Bottom cohesive sediment availability

∆z,disp,gran Bottom granular sediment availability

γ̇ Shear strain angle

ǫH Horizontal di&usivity coe*cients

ǫs,c Sediment mixing coe*cient due to current

ǫs,w,bed Sediment mixing coe*cient due to waves at the bed

ǫs,w,max Maximum sediment mixing coe*cient due to waves

ǫs,w Sediment mixing coe*cient due to waves

ǫx, ǫy, ǫz x, y, z di&usivity coe*cients

η Water level

ηa Adimensional variable z/h
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ηbτ̄b Bed shear stress variance

γ Resulting bed shear stress direction with respect to the current (Fredsøe)

γ [Chapter 2] Transverse slope angle

γw Water volume weigth

κ Von Karaman constant

Λ Darcy-Weissbach friction factor

λ1, λ2, λ3 Eigenvalues of Riemann problem

λCFL Maximum wave propagation speed

λsc Secondary "ow di&erential length scale

λwc Wave-current Darcy-Weissbach-form friction factor

µ Water dynamic viscosity

ν Water cinematic viscosity

νT Eddy cinematic viscosity

Ω Volume control horizontal area

ω Wave frequency

ǫs,wc Depth-averaged wave-current mixing coe*cient

φ Wave direction with respect to the current

φ′ Wave front direction with respect to the current

φb Bed shear stress adimensional function

Φi Angle of repose

Φr Residual angle

ρ Water density

ρb Bulk desity

ρcoes Density of cohesive particles

ρf Flock density

ρs Granular sediment density

σij Normal stress generic component, i,j=x,y,z

τb,cr,o Critical bed shear stress on horizontal bed

τb,cr Critical bed shear stress
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τbc Current bed shear stress

τ ′bc Skin-friction current bed shear stress

τbw Maximum wave bed shear stress

τb Bed shear stress

τ ′′b Form-related bed shear stress

τ ′b Skin-friction (grain-related) bed shear stress

τd Critical bed shear stress for deposition (cohesive sediments)

τe ritical bed shear stress for erosion (cohesive sediments)

τij Shear stress generic component, i,j=x,y,z

τRe
ij Reynold stress generic component, i,j=x,y,z

τlam Laminar shear stress

τmax Maximum bed shear stress

τm Mean bed shear stress

τpar Enforcing component of "ow-parallel bed shear stress due to τw

τper Enforcing component of "ow-perpendicular bed shear stress due to τw

τthreshold Threshold shear stress for "uid strain (rheology)

τwc Wave-current bed shear stress

τ ′wc Grain-related wave current bed shear stress

θ Mobility Shields parameter

θcr Critical mobility Shields parameter

θmax Maximum mobility Shields parameter

θm Mean mobility Shields parameter

θn Outgoing surface-normal versor direction

θw Wave mobility Shields parameter

υ′ Order of magnitude of "uctuating velocity

ε Roughness height

ε′′ Form-related roughness

ε′ Grain-related roughness
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εa Apparent roughness

~n Outgoing surface-normal versor

ξ Bijker model parameter

a Reference level at which suspension begins

A1m Bottom semi-orbital excursion for regular wave

a1, a2, a3, a4, as, I, ps, qs [Chapter1] Soulsby parameters for mean bed shear stress

a1, a2, a3, b1, b2, α1, α2, α3, α4 [Chapter 2] Shields theory parameters

a%, aval Imposed percentil and value of reference level a

ab, bb, cb Bijker model parameters

AE, kE Experimental parameters for cohesive erosion rate

AG Empirical coe*cient

As Cross section area

As.Asb, Ass Soulsby and Van Rijn Total load coe*cients

B Wetted perimeter

b Rouse number

b′ Corrected Rouse number

b1, b2, b3, b4, bs, J,ms, ns [Chapter 1] Soulsby parameters for maximum bed shear stress

Bcoes Analitical coe*cient for Soulsby cohesive concentration pro%le

bmax Maximum wave-current Rouse number

bm Mean wave-current Rouse number

bw Wave-related Rouse number

c0,gran Maximum volume concentration

ca Reference concentration

cb,coes Cohesive bottom bed volume concentration

cb,eq Bottom equilibrium volume concentration

cb,gran Granular bottom volume concentration

cb Bottom volume concentration

Cchez Dimensional Chezy coe*cient
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CCLF Courant Friedrichs Lewy Number

ccoes Cohesive volume concentration

CD Drag coe*cient

C ′
D Skin-friction drag coe*cient

Cf Flock volume concentration

CGEL Mass concentration at gelling point

Cgran,eq Granular depth-averaged equilibrium concentration

Cgran Granular depth-averaged volume concentration

cgran Granular volume concentration

CM,b Bed dry density

cM,coes Cohesive mass concentration

cM,gran Granular mass concentration

cM0,coes Initial cohesive mass concentration

cMb Bottom mass concentration

CM Depth-averaged mass concentration

CS Smagorinsky coe*cient

Cs Particle volume concentration

cxz Correlation coe*cient between u′x and u
′
z

d Sediment diameter

D∗ Dimensionless particle diameter

d50,coes Cohesive mean particle diameter

d50 50-percentile sediment diameter

d90 90-percentile grain diameter

Dcoes Cohesive deposition rate

df Flock diameter

Dgran Granular deposition rate

dn n-percentile grain diameter

E1, E2, E3, E4 Empirical coe*cients for cohesive critical bed shear stress

Ef , αpar, βpar Experimental parameters for cohesive erosion rate
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Egran Granular erosion rate

EM,coes Cohesive mass erosion rate

ED Erosion and deposition rate

EDcoes Cohesive erosion and deposition rate

EDgran Granular erosion and deposition rate

F Correction factor

Fc Current-related component of F

fc Current friction factor

FD,cr,β Drag force on sloping bed

FD,cr,γ Drag force on transversely sloping bed

FD,cr,o Drag force on horizontal bed

FD Drag force

fi Generic function, i=1-5

FL Lift force

fMOR Morphological factor

frs Wave radiation stress forcing

FR Friction force

fwc Wave-current friction factor

Fw Wave-related component of F

fw Wave friction factor

G [Chapter 2] Submerged wight

g Gravity acceleration

gx, gy, G, V2, K, αgm, lgm, ξ0 Grant and Madsen model functions and parameters

H Wave height

h Water depth

h∗ C-property corrected water depth

h∗, U∗ Water depth and depth-averaged velocity in the star region

hp Piezometric load

Hs Signi%cant wave height
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if Bed slope

j Grade of total load

k Wave number

kβ Scholitsch factor

kγ Leiner factor

ks Gauckler-Strickler roughness parameter

kws,mws Empirical coe*cients for cohesive settling velocity computation

l Mixing length

L∗, R∗ C-property corrected left and right states

lc Cell charchteristic length

lS Turbulence length scale

M Momentum per unit volume

Mpar, npar Erosion power and erosion parameter for cohesive erosion rate

ms,e Mass sediment in"ow

ms,u Mass sediment out"ow

ms Solid mass

n Manning coe*cient

nf Fractal dimension

npor Bed porosity

nsr Empirical coe*cient

nws Power for hindering settling velocity law

O Order of magnitude

p Isotropic pressure

pb Ratio between U1m and Ubw

pdep Probability of material resuspension

Pe Peclet number

qs,eq Equilibrium sediment transport load

qsb,eq Equilibrium bed transport load
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qsb,lon Longitudinal resulting bed load component

qsb,sc Bed load transverse componenent due to secondary "ow

qsb,trans Transverse resulting bed load component

qsb Bed transport load

qss,eq Equilibrium suspended transport load

qss Suspended transport load

qs Sediment transport load

R Hydraulic radius

r0 Parker proportional coe*cient

Rc Ratio between surface and bottom concentrarion

Rs Flow radius of curvature

Re Reynolds number

Re∗ Friction velocity Reynolds number

Rel l-referred Reynolds number

s Relative density (ρs
ρ
)

Sij ij-component of strain tensor

SL, SR, S̃, Scel Propagation celerities

Srs Radiation stress tensor

S ′
x Generic source terms in x direction

S ′
y Generic source terms in y direction

T Dimensionless bed shear stress parameter

t Time

tτb Time that the bed shear stress exceeds cohesive forces at the bed

Ta Advective time scale

Td Di&usive time scale

Tm Moving average period

Tsd Dimensionless adaptation time

Ts Galapatti time scale factor

Tturb Fluctuations time scale
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Tws Signi%cant wave period

Tw Oscillatory (wave) period

U Depth-averaged x-velocity

u∗,crs Critical friction velocity for suspension

u∗,cr Critical friction velocity

u∗0 Boundary layer friction velocity (Fredsøe)

u∗c Current related friction velocity

u∗res Fictitious friction velocity (Fredsøe)

u∗wc Wave-current related friction velocity

u∗ Friction velocity

u∗ Friction velocity

u′∗ Skin-friction (grain-related) friction velocity

u0max Maximum bottom velocity outside boundary layer

u0 Bottom velocity outside boundary layer

U1m Maximum bottom velocity amplitude for regular wave

Ubc Current velocity at z = z′

Ubw Wave velocity at z = z′

Ub Velocity at z = z′

ub Bottom particles velocity

Ucr Critical depth-averaged velocity

Ueff E&ective velocity due to waves and current

ui i-component of velocity, i=x,y,z

Uon Onshore near peak orbital velocity

uxc x-direction current velocity in

uxh Mean velocity at the free surface in x-direction

u′irm i-direction root main square "uctuating velocity, i=x,y,z

V Depth-averaged y-velocity
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w Scaling velocity for Reynolds stresses

w∗, ur Galapatti parameters

ws,coes Cohesive settling velocity

ws,gran Granular fall velocity

ws,val Imposed value of cohesive settling velocity

Z non-dimensional depth

z+ Adimensional variable u∗z
ν

z′ Limit between viscous sublayer and turbulent core

z0 0-velocity level

zb Bottom level

ZF Adimensional Fredsøe function

F ′ 1D advective "ux terms vector

F ∗

c
C-property corrected convective "uxes vector

Fc Convective "ux term vector [x-direction]

Fv Viscous "ux term vector [x-direction]

F ∗L,F ∗R HLLC "uxes in left-star and right-star regions

Gc Convective "ux term vector [y-direction]

Gv Viscous "ux term vector [y-direction]

Hv [F v,Gv]

H [Fc,Gc]

S Source terms vector

T ′ Simpli%ed derivative computation rotation matrix

Ti,k Rotational matrix relative to side k of cell i

T Rotational matrix relative to the local outgoing surface-normal versor

U ′ 1D variable vector

U Variable vector

U adv Advanced solution in Strang splitting

U ∗L,U ∗R HLLC solution for variables vector in the star region

U Depth-avergaed velocity vector
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