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Abstract

There is a growing consensus in the electron device community that the 32nm node could
be the last technology node based on the conventional silicon planar MOSFET, due to

the physical limitations of this technology. Several new approaches are under investigation in
order to reach the requirement of the International Technology Roadmap for Semiconductors
beyond the 32nm technology node; some studies are focused on new device architectures that
allow a better control of the gate over the channel, while other ones propose to substitute
silicon in the channel with high-mobility materials. The physics-based modeling of these new
devices is extremely important because it is supposed to guide the electron device industry in
the choice of the best device structures for the future technology nodes. In this context, the
aim of this PhD thesis is to investigate two of these innovative technology options: the FinFET
and the nanowires device architectures and the graphene based transistors. To this purpose,
we developed several TCAD simulation tools based on advanced modeling techniques.

In the first part of the thesis we developed a solver for the simulation of the electrostatics
in the channel section of nanowires and FinFETs with realistic shape, based on an innovative
numerical approach, the Pseudospectral method. Thanks to the remarkable accuracy of this
approach (i.e. an exponential decrease of the approximating error with the number of dis-
cretization points), we were able to develop a very efficient simulator, which vastly outperforms
solvers based on standard numerical approaches such as the finite differences. Moreover, we
compared our approach with another innovative method, the Discrete Geometric Approach, in
the simulation of the electrostatics of realistic devices.

The second part of the PhD was focused on the simulation of graphene, the innovative
material with very interesting physical properties discovered in 2004. First we developed a novel
and general approach for the exact solution of the linearized Boltzmann transport equation; we
applied the proposed method to the calculation of the graphene bilayer low-field mobility: the
obtained results are quite consistent with the experimental values found in the literature. We
also demonstrate that the most common approach used in the literature for the estimation of
the low-field mobility (i.e. the Momentum Relaxation Time approach) introduces non negligible
errors in the considered case. We thus developed also a semi-classical transport simulator based
on the Monte Carlo approach for the modeling of the uniform transport in bilayer graphene.
Our simulations showed that the saturation velocity in this material is much higher than in
silicon; moreover, with respect to monolayer graphene, the saturation velocity is higher in
bilayer graphene only at high carrier densities.

Finally, we developed a semi-classical model for RF graphene FETs based on the Monte
Carlo approach including a novel local model for band-to-band tunneling. The simulator, that
was validated by comparison with full quantum results, improves the range of applications of
semi-classical Monte Carlo models for graphene based transistors. Using this simulator we
found that the band-to-band tunneling is responsible for the poor saturation of the current in
GFETs transistors; moreover, we studied the effect of the scattering and of the gate length on
the performance of this device and we found that the scattering has a non negligible influence
on the main RF figures of merit even in short channel devices.
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New Materials for CMOS and
Beyond CMOS Transistors
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Novel Device Architectures and New Materials for CMOS and Beyond CMOS

Transistors

1.1 The Moore’s law and the MOSFETs scaling

In 1965 Gordon Moore, one of the Intel Corporation co-founder, tried to predict the evolution
of the computing hardware by analyzing the trend of the electronic industry in the period

1958-1965. He found a doubling of the number of transistors per integrated circuit every two
years [1]; he predicted that the trend would continue “for at least ten years”. This is the famous
Moore’s law, that has been valid over the last 50 years and used by the electronic industry as a
guide for the planning of the long term research and development of new products. Indeed, as
can be seen in Fig.1.1, the number of transistors per chip has increased exponentially making
the Moore’s predictions incredibly accurate. This huge increase in the number of transistors

Figure 1.1: Semilogarithmic plot of the number of transistors per microprocessor versus the
year of introduction: a doubling of the transistors count every two years is observed.

per chip translated approximately in a doubling of the chip performance every 18 months. This
amazing growth of the chips computation capabilities allowed digital electronics to have an
impact on nearly every segment of the world economy.

The exponential growth predicted by the Moore’s law has been possible thanks to the scaling
capabilities of the basic building block of the CMOS digital electronics: the planar Metal Oxide
Semiconductor Field Effect Transistor (MOSFET). The on current (Ion) of nanoscale MOSFETs
(that is the IDS per unit device width for VGS=VDS=VDD) can be expressed as [2, 3, 4]

Ion = CG,eff (VDD − VT)vV S , (1.1)

where VT is the threshold voltage, CG,eff is an effective gate capacitance (accounting for the
finite capacitance of the inversion layer) and vV S is the carriers velocity at the virtual source
for VGS=VDS=VDD. A very simple metric for the switching delay of a digital gate is given by

tp =
Qsw
Ion

, (1.2)
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where Qsw is the switched charge at the output node. As it can be seen in Eqs.1.1 and 1.2, an
increase of vV S improves the performance of the transistor by enhancing the Ion and reducing the
tp. The geometrical scaling has been the main enabler of the enhancement of the performance
of silicon CMOS technologies down to the 130nm technology node, as can be seen in Fig.1.2,
reporting the evolution along the technology nodes of the gate length (LG) and the Equivalent
Oxide Thickness (EOT) of the gate dielectric, that are two of the most important geometrical
parameters of the MOS transistor.
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Figure 1.2: Evolution of the gate dielectric Equivalent Oxide Thickness (EOT) and of the gate
length LG with the technology nodes (data from [5]).

However, further scaling of the device dimensions is today very challenging because it may
result in an unacceptable degradation of the device performance, due to the so-called Short
Channel Effects (SCE) [6]. A lot of studies have been carried out both by the main players of
the silicon industry and by the academic community in order to find new ways to improve the
device performance that may complement or take the place of the geometrical scaling. These
studies led to the introduction of new solutions into the device fabrication, called technology
boosters. One of the most effective technology boosters has been the strain engineering. In fact
by introducing appropriate strain conditions it was possible to improve the mobility and vV S of
silicon MOSFETs very remarkably. Thanks to the improvements given by the strained silicon,
the manufacturers were able to meet the requirements set by the International Technology
Roadmap for Semiconductors (ITRS) down to the 45nm technology node without any physical
scaling (see Fig.1.2).

Since the mobility and carriers velocity enhancements provided by the strain tend to saturate
above 3GPa, new technology boosters were needed to track the ITRS projections for the 32nm
node. Hence, two other technology boosters were introduced: firstly, the standard silicon dioxide
gate dielectric was replaced with high-k materials; secondly, a metal gate was employed. These
innovations allowed to reduce the equivalent oxide thickness while keeping the gate leakage
under control, which resulted in an improved electrostatic integrity of the device. Thanks to
these solutions, a scaling of the device gate length was possible for the 32nm technology node.

It is a common belief in the electron device community that the 32nm node will be the
last technology node based on the conventional silicon planar MOSFET, due to the physical
limitations of this technology. Several new approaches are under investigation in order to reach
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the requirement of the ITRS beyond the 32nm technology node (see for example [7]); some
studies are focused on new device architectures that allow a better control of the gate over
the channel, while other ones propose to substitute silicon in the channel with high-mobility
materials. In the next sections we will introduce briefly these two different approaches.

1.2 Alternative device architectures

As mentioned in the previous section, in the last decade the electron device community made
a strong effort in developing new device architectures able to fulfill the requirements of the
ITRS beyond the 32nm technology node. The most promising alternatives to the standard
planar MOSFET architecture are the so-called fin shaped transistor (FinFET) and the Gate-
All-Around nanowire transistor (GAA). Fig.1.3 and Fig.1.4 show respectively a Transmission
Electron Microscopy (TEM) photo and a sketch of the channel section of a FinFET and of a
GAA transistor. As it can be seen, in these devices the channel is partly (in the FinFET)

Figure 1.3: (a) TEM photo (courtesy of NXP Semiconductors, Leuven, Belgium) and (b) sketch
of a section of the channel of a FinFET.

or completely (in the GAA) surrounded by the gate. The effect of this particular structure is
twofold: firstly, it significantly improves the electrostatic integrity with respect to the planar
devices, thus reducing the SCEs; secondly, it allows high on-currents [9, 10, 11]. The perfor-
mance reached in the experiments by these type of devices have convinced some of the major
players in the nano-electronic industry to invest on them. Indeed, in spring 2011, after 10
years of development, Intel announced the introduction of FinFET transistors (called by Intel
Tri-Gate or 3D Transistors) for the 22nm technology node [7]. Moreover, the Intel Ivy Bridge
processor that reached the market in April 2012 is already based on FinFETs transistors. The
compatibility of FinFETs with the standard CMOS fabrication process has been one of the
most important reasons that lead Intel to significantly invest in their development.

It is clear now that the FinFET will become the device architecture allowing for a further
scaling of the transistor dimensions. Thus, it is very important to develop novel simulators
able to model the behavior of this kind of devices, in order to give to the device designers
appropriate tools to optimize the performance. Moreover, accurate and yet computationally
efficient simulators of nanoscale FinFETs are an important target, also for the modeling of
the electron device variability, which typically demands the simulation of large sets of devices
with slightly modified physical or geometric parameters. However, a lot of problems for the
device modeling community arise with the introduction of new architectures. First of all,
there is an increase of the dimension of the quantization problem with respect to the standard
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Figure 1.4: (a) TEM photo (adapted from [8]) and (b) sketch of a section of the channel of a
GAA transistor.

transistor. Indeed, in the planar devices, the carriers are confined near the gate dielectric along
the direction perpendicular to the transport (the z direction in figure Fig.1.5) by the electric
field imposed by the gate stack, thus resulting in one-dimensional quantization. The carriers
form a so-called two-dimensional gas. In nanowires and FinFETs with a narrow fin, instead, the

Figure 1.5: Sketch of a traditional planar n-MOSFET; the carriers are confined along the z
direction and form a two-dimensional gas in the (x, y) plane.

carriers are confined in a two-dimensional well both by the electrostatics and by the geometry
of the device (see the sketches in Figs.1.3 and 1.4) and form a one-dimensional gas. In the
electron device community, the numerical solution of the eigenvalue problems related to the
quantization of the carriers is most frequently tackled by using the Finite-Difference (FD) or
Finite-Element (FE) methods, which are robust and easy to implement but feature a fixed
(and usually low) order convergence of the approximation error with respect to the size of the
discretization grid. For example, the FD method applied to a one-dimensional problem allows
a convergence of the error that goes as O(N−2FD), where NFD is the number of discretization
points used. This low order of convergence of the approximation error is not a problem when
simple one-dimensional equations have to be solved. On the contrary, when the equations are
defined on multi-dimensional domains, the low order of convergence translates into a very high
and often unacceptable number of discretization points to be used in order to obtain a sufficient
accuracy. Thus, it is very important to find novel numerical methods to accurately solve in a
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computationally efficient way the quantization problems related to the new device architectures.

1.3 Alternative channel materials

As already mentioned in Sec.1.1, an innovative route to continue the progress of the integrated
circuit technology is the replacement of silicon with Alternative Channel Materials (ACM).
Indeed, new channel materials with large carrier mobility and carriers velocity vV S can reduce
significantly the gate delays for a given VDD, offering potential advantages for highly energy
efficient signal processing. The interest of the research community and of the semiconductor
industries for ACM CMOS transistors has increased substantially in the recent years. SiGe
and Ge are probably the strongest competitor of silicon for p-type MOSFETs [12, 13], whereas
III-V semiconductors, such as InGaAs and GaSb, are being seriously investigated for n-type
transistors (High Electron Mobility Transistors, HEMTs) [14, 15, 16, 17, 18, 19, 20]. As it can
be seen in Fig.1.6, the vV S is much larger in transistors based on III-V materials with respect
to the silicon and strained silicon ones. However, up to now it is not clear if these materials

Figure 1.6: Experimentally extracted carrier velocity at the virtual source vV S in silicon and
strained silicon MOSFETs versus the channel length for VDS ranging from 1.1V to 1.3V, and
for III-V HEMTs at smaller VDS=0.5V. The corresponding mobility values are also reported.
Data from [21] and references therein.

will lead to an effective improvement of the performance for the technology nodes below 32nm,
because the large carrier velocities are coupled with very small density of states that contribute
negatively on the current (see for example the theoretical work [22]).

Besides III-V, SiGe and Ge, a new high mobility material came into the scene a few years
ago. Indeed, in 2004 a breakthrough in solid state physics was achieved thanks to a discovery
made at the Manchester University by Konstantin Novoselov and Andre Geim: the isolation of
nearly perfect two-dimensional graphene monolayers. We will describe graphene in more details
in Chap.3; in the next section we want just to briefly present its astounding properties, that
make graphene a possible candidate as high mobility channel material in transistors beyond the
32nm technology node, and also list the potential limitations.
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1.4 Graphene

1.4.1 Graphene: why is it so remarkable?

Graphene has been first isolated in its freestanding form by Konstantin Novoselov and Andre
Geim in 2004 at the Manchester University [23]. Thanks to this discovery, they have been
awarded the Nobel Prize in physics in 2010 [24]. Geim gives the following definition of graphene
[25]:
Graphene is a flat monolayer of carbon atoms tightly packed into a two-dimensional honeycomb
lattice, and is a basic building block for graphitic materials of all other dimensionalities.

Its particular atomic structure, reported in Fig.1.7, translates into a unique combination of

Figure 1.7: Atomic structure of the monolayer graphene: the carbon atoms are placed according
to a two-dimensional honeycomb lattice.

exceptional properties:

• it is an excellent conductor, because its holes and electron mobilities can reach 106cm2/(Vs)
[26] (for suspended monolayer graphene in vacuum); moreover, its saturation velocity is
about 5 × 107cm/s, twice the one of GaAs and five times higher than that of silicon;
finally, it can sustain a maximum current density greater than 108A/cm2 [27];

• it is the first two-dimensional material ever created;

• it is the thinnest and lightest object ever created;

• it is “the strongest material ever created” (300 times stronger than steel); its Young’s
modulus is about 1.1TPa, one order of magnitude higher than silicon;

• it is extremely bendable; it can sustain a reversable strain up to 25%;

• it is transparent; but, actually, its opacity can be controlled;

• it has a very high thermal conductivity: about 5000W/(mK) at room temperature, that
is ten times higher than in Cu and Al, and twice than in diamond.

This list helps to understand why graphene is so studied both by the academic community
and by the industry. Some of the possible practical applications of graphene are summarized
in Fig.1.8. In electronics, a graphene based transistor (GFETs) should benefit from the huge
mobility and group velocity of graphene sheets. For example, one of the possible and most
promising applications of graphene is using it as the channel material of radio-frequency (RF)
transistors. In the last years a lot of work has been carried out by the scientific community to
boost the performance of this kind of devices; this effort translated in a very fast improvement
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Figure 1.8: Possible applications of graphene. Adapted from [28].

of the performance of RF GFETs with respect to other technologies, as can be seen in Fig.1.9,
where the evolution of the RF transistors based on graphene and on Carbon NanoTube (CNT) is
compared. Indeed, in less then 5 years the scientific community was able to develop a transistor

Figure 1.9: Progress in graphene RF MOSFET development compared with the evolution of
nanotube FETs. Adapted from [29].

with a cut off frequency above the GHz limit, starting from scratch; in comparison, the same
result was obtained for the CNT technology in more then 12 years. This fast growth is still
continuing today, as can be seen in Fig.1.10, that compares the best cut-off frequencies obtained
by GFETs in 2010 and 2011 versus the best performance given by other technologies. As can
be seen, the growth is impressive: in only one year the record cut-off frequency tripled, passing
from 100GHz [30] to 300GHz [31]. Moreover, in 2012 the record cut-off frequency has been
further improved to 427 GHz [32]; thanks to these results GFETs have almost reached the best



1.4 Graphene 9

perfomance given by more well-established technologies.

Figure 1.10: Comparison between the best unity current gain cut-off frequencies reached by
GFETs transistors in 2010 (left, adapted from [29]) and 2011 (right, adapted from [33]) versus
the best performance obtained by using other technologies.

However, besides all these amazing properties, graphene has also strong drawbacks and
issues that have to be addressed in order to allow GFETs to outperform transistors based on
other materials and technologies. The next section analyzes these critical issues.

1.4.2 Graphene: critical issues

As previously mentioned, there are some critical issues that must be solved in order to make
GFETs competitive with transistors based on conventional semiconductors. The main issues
are:

• graphene is gapless thus resulting in GFETs with very low Ion/Ioff ratios and poor
current saturation;

• there is a strong mobility reduction due to the influences of the substrate and the top
gate dielectric on graphene; moreover, the mobility strongly depends on the fabrication
process;

• GFETs have very high contact resistance (hundreds of Ω · µm).

In the next subsections we will discuss these issues one by one.

Graphene is gapless

As can be seen in Fig.1.11, the huge mobility measured in suspended monolayer graphene
(which is orders of magnitude higher with respect to all the other semiconductors considered
in electronics) is coupled with a gapless energy dispersion relation. A gapless energy dispersion
relation results in ambipolar FETs with very low Ion/Ioff ratios and no current saturation, as
can be seen in Fig.1.12. In order to solve this issue, ways to induce an energy gap have to be
devised. Different techniques have been proposed to open a gap in graphene, among which we
here recall:

• Graphene NanoRibbons (GNRs): an energy gap is created by size-induced quantization
when graphene is cut in nanoribbons. Indeed, experiments show that this approach is able
to induce a bandgap and thus increase the Ion/Ioff ratio (see Fig.1.13-(a)), but at the
cost of a strong reduction of the mobility (see Fig.1.13-(b)). Due to the strong decrease
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Figure 1.11: Electron low-field mobility and bandgap of several bulk semiconductors at 300K.
Adapted from [28]. The graphene data is taken from [26].

Figure 1.12: Experimental transcharacteristics (a) and output characteristics (b) of transistors
based on a large graphene sheet: the Ion/Ioff ratios are very low due to the ambipolar behavior;
moreover, the devices do not exhibit a current saturation region. Adapted from [34].

of the mobility shown in Fig.1.13, today GNRs do not seem to be a convenient solution
to induce a bandgap in graphene.

• Strained graphene: according to several theoretical studies, the stress can modify graphene
bandstructure, making the transport anisotropic, changing the resistivity of the graphene
sheet and inducing a bandgap [37, 38]. Only the first two effects have been already
observed in experiments [39, 40, 41] and have been exploited for practical applications,
like pressure sensors [42, 43]; regarding the bandgap opening, even theoretical calcula-
tions estimate a huge amount of suitable-directed strain in order to induce a bandgap in
graphene: 23% in the zig-zag direction in [37], see Fig.1.14, and a combination of a 15%
shear and uniaxial strains in [38]. Thus also strain seems to be an unpractical solution
for the problem of the gapless bandstructure of graphene.
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Figure 1.13: Experimental Ion/Ioff ratio (a) and low-field mobility (b) versus the GNR width.
Adapted from [35] and [36].

Figure 1.14: Theoretical estimation of the dependence on the strain of the bandstructure along
the direction kx (for ky = 0m−1) (left) and induced energy gap (right). Adapted from [37].

• Graphene BiLayer (GBL): the GBL consists of two interacting sheets of graphene arranged
according to the Bernal stacking [44, 45, 46] (see Fig.1.15), and it is a very interesting
material because the potential difference V between the two layers controls the energy
bandgap [44, 45, 46]. An energy gap has been already measured in several experiments
[47, 48, 49, 50, 51, 52]; moreover, large Ion/Ioff ratios [53] and very good current satura-
tions have been observed [54] in GFETs based on GBL. Hence, GBL is a very promising
approach that can be used in order to induce a bandgap in graphene.

Mobility dependence on the process, on the substrate and on the top gate dielectric

In 2004, Novoselov and Geim were able to peel graphene flakes off a graphite crystal using
simple scotch tape. Indeed, graphite is made by a huge number of graphene monolayers bonded
by the weak Van der Waals force. The removal of the tape breaks the Van der Waals bonds:
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Figure 1.15: Structure of a double gate transistor based on GBL: an energy gap is induced by
the electric field between the two graphene layers, that is controlled by biasing the gate stack;
the inset on the right shows the four atoms unit cell of the material: the atoms A1 and A2 are
aligned, according to the Bernal stacking.

by repeating several times the procedure, there is a chance that few or even a single layer of
graphene remain isolated (see Fig.1.16). This procedure is called Micromechanical Exfoliation
(MME): if it is applied to other sample materials, other two-dimensional crystals different from
graphene can be obtained [55]. Moreover, different two-dimensional materials can be taylored
together in order to obtain novel artificial structures with unique physical properties [56], thus
opening a novel and extremely interesting field of physics and material science. However, the
MME procedure is well suited only for scientific purposes, because it cannot be efficiently scaled
for mass production.

Several alternative approaches have been developed in the recent years in order to overcome
these difficulties; for example, it is possible to produce graphene by thermal decomposition
of SiC (epitaxial graphene) [57] or by the Chemical Vapor Deposition (CVD) on a metal (for
example, on copper) [58, 59, 60]. The former approach has a limited scalability, requires high
temperatures (≈ 1500◦C) and it is expensive. The latter instead is highly scalable, has high
potential for large areas (thanks to the roll-to-roll production, see [61]) and allows for graphene
transfer to arbitrary substrates: hence, it is much more attractive for the industry with respect
to the other approaches. The problem is that CVD typically induces a high defect density in the
crystal, that drastically degrades the quality and the physical properties of the CVD graphene
samples with respect to the sheets obtained by MME. Up to now, the CVD graphene samples
have a record low-field mobility at room temperature that is about 4000cm2/(Vs) [28], that is
much smaller with respect to that of the MME graphene.

Moreover, even the substrate and the top gate dielectric have a strong influence on the
graphene mobility. For example, when graphene is placed on SiO2 the mobility at room tem-
perature decreases to 40000 cm2/(Vs) for MME graphene due to the remote phonons [62, 63, 64].
The effect is stronger if the top gate dielectric is an high-k material [65]. Also the charged im-
purities have a strong influence, reducing the mobility of MME graphene to 10000 cm2/(Vs)
[23, 62].

Very high contact resistance

The contact resistance is a crucial parameter that has to be minimized in order to have good
performing devices. Indeed, a high contact resistance degrades both the digital performance
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Figure 1.16: Mechanical exfoliation of graphene monolayer: Highly Oriented Pyrolytic Graphite
(HOPG) are exfoliated using a simple scotch tape. The repetition of the process allows to isolate
few or even single layer graphene. Adapted from [28].

(by reducing the Ion current) and the analog performance (by reducing important parameters
as the cut-off frequency [29]) of the transistor. The ITRS sets the contact resistivity maximum
limit to 10−8Ωcm2 for graphene devices; however, the resistivity measured in the experiments
is in the range of 10−7 < ρ < 6 × 10−6Ωcm2 [66, 67], well above the ITRS limit. These huge
values of the contact resistivity are due to the weak interaction that exists between metals and
graphene; indeed, it seems that all metals favor sites on the omnipresent hydrocarbon surface
contamination rather than on the clean graphene surface and present nonuniform distributions,
which never result in continuous films but instead in clusters or nanocrystals [68], thus resulting
in a very high contact resistivity.

1.5 Purpose of this work

As mentioned in Sec.1.2, it is very important to develop novel numerical methods for a com-
putationally efficient solution of the quantization problems related to new device architectures
like FinFET and GAA transistors. To this purpose, during my PhD course we studied the
application of the so-called PseudoSpectral (PS) approach to the solution of quantization prob-
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lems relevant to nanodevice simulations. In a one-dimensional case, PS method approximates
the unknown function using an appropriate polynomial. The decay of the approximation er-
ror of this approach with respect to the degree N of the polynomial depends on the degree
of smoothness of the unknown function: the more regular the unknown function is, the more
rapidly the error decreases. In particular for analytical functions, the PS method can achieve
the so-called spectral accuracy, that is an exponential decrease of the error that goes as cN ,
with c ∈ (0, 1). This behavior is expected to yield a remarkable reduction of the CPU time with
respect to the conventional FD and FE approaches that result in a fixed order accuracy (e.g.
N−2FD for the FD), because the convergence is attained by decreasing the mesh size while keep-
ing the approximating polynomial degree constant. Chap. 2 presents a detailed explanation on
how PS methods can be applied to the simulation of the carrier quantization in the channel of
nanowires and FinFETs with arbitrary geometry.

Moreover, in the second part of the PhD program, we developed several models to study dif-
ferent transport properties and applications of graphene. Firstly, we developed a new approach
for an exact solution of the Linearized Boltzmann Transport Equation (LBTE) (see Chap.4).
Using this novel approach we studied the low field mobility of graphene bilayer, considering both
the intrinsic graphene phonons and the remote phonons stemming from the top gate and sub-
strate dielectrics (see Sec.4.4).Secondly, we developed a novel Monte Carlo (MC) model for the
simulation of uniform transport in bilayer graphene (see Chap.5). With this tool we estimated
the saturation velocity of this material. Finally, we developed a self-consistent MC model able
to simulate long as well as short channel transistors based on wide sheets of graphene, including
the Band-To-Band Tunneling (BTBT) and the main scattering mechanisms (see Chap.6). We
first validated our model by comparison with the full quantum simulator NanoTCAD ViDES
[69]; then we used our MC model to estimate the effect of the BTBT and scattering mechanisms
on the output characteristics and RF figures of merit of GFETs with different channel lengths
and source/drain (S/D) to channel underlaps.
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2.1 Introduction

As already mentioned in Sec.1.2, the nanowire GAA FET and the FinFET architectures
can improve significantly the electrostatic integrity of the planar devices and have good

potentials for high on currents [1, 2, 3]. Moreover, the transport in silicon transistors can be
improved also by optimizing the crystallographic orientation [4, 5].

The above engineering options affect the characteristics of the MOSFETs mainly through
the band-structure of the carriers, which form a two-dimensional (2D) gas in planar MOSFETs
and a one-dimensional (1D) gas in nanowire FETs or in very narrow FinFETs. Thus an accurate
and yet computationally efficient description of the carrier quantization in nanoscale transistors
is an important modeling target, also in the viewpoint of the modeling of the electron device
variability which typically demands the simulation of large sets of devices with slightly modified
physical or geometrical parameters.

In the electron device community the numerical solution of the eigenvalue problems is most
frequently tackled by using the finite difference (FD) or the finite element (FE) method, which
are robust and easy to implement, but feature a fixed (and usually low) order convergence of
the approximation error with respect to the size of the discretization grid.

In this latter respect, it should be also emphasized that, when dealing with transport mod-
eling, the refinement of the discretization grid for the quantization model is frequently imposed
not much by the precision of the calculation of the eigenvalues but rather by the accuracy
needed for some relevant features of the wave-functions. As an example, the matrix elements
for the surface roughness scattering are related to the first derivative of the wave-functions at
the semiconductor-oxide interface [6, 7]. Thus, a dense discretization grid must be used close
to such interface to reduce the approximation error.

Recent investigations of numerical methods alternative to the standard FD approach for
electron device applications include the combined use of frequency domain Fourier series and
real space domain polynomial expansions for high-frequency devices [8], the pseudo-spectral
(PS) method for the 1D effective mass Schrödinger equation in electron inversion layers [9], as
well as the spectral element method for 3D effective mass Schrödinger equations [10, 11]; the
reader may also refer to [9] for an excellent review of analytical and numerical methods for the
solution of the effective mass Schrödinger equation.

This chapter gives a brief introduction to PS methods; then, it presents a systematic compar-
ison between the numerical efficiency of the PS versus the FD method obtained by implementing
with both approaches self-consistent Schrödinger-Poisson solvers for the 2D quantization prob-
lem in polar coordinates for a circular cylindrical nanowire FET (see Fig.2.1-(a)).

Then, we compare PS method with another innovative numerical method, the Discrete
Geometric Approach (DGA), for the simulation of the 2D quantization problem in domains
with more complex geometries, i.e. (a) a squared with rounded corner nanowire FET (see
Fig.2.1-(b)) and (b) a FinFET with a realistic shape obtained from a TEM photo (see Fig.2.1-
(c)). DGA is based on the geometrical structure behind a physical theory [12, 13, 14, 15];
thanks to this theoretical basis, it allows both a fast convergence of the approximating error
and a strong flexibility concerning the geometry of the problem. Thus, DGA can be a very
good reference in order to study the computational efficiency of the PS approach. The DGA
simulations have been carried out by using the GAME software [16].

The three methods (PS, FD and DGA) are benchmarked in terms of discretization points
and CPU time by inspecting the accuracy of not only the subband energies and wave-functions
in the low dimensional carrier gas, but also the calculation of some scattering matrix elements
that are crucially important for the transport modeling in the considered device structures. In
all the cases considered in this study the PS method offers remarkable advantages in terms of
CPU time with respect to the FD method; the difference in the CPU time between the PS and
the FD approach increases with the accuracy required for the numerical solution.

Regarding the comparison between the PS and DGA approaches, we demonstrate that both
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Figure 2.1: DCS (x, y, z) for different MOS transistors: (a) cylindrical nanowire; (b) cylindrical
nanowire with a squared section with rounded corners; (c) SOI FinFET. (r, θ) are the polar
coordinates used in the device section normal to the transport direction x. In all the considered
geometries, an inner silicon core Dch is surrounded by the gate dielectric Dox.
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methods can be used for the efficient solution of the Schrödinger–Poisson problem. On the
one hand, the PS method is more effective when the domain is convex, smooth and simply
connected; on the other hand, DGA can handle complicated geometries like those of the real
devices, and may be thus suitable for the study of the device variability produced by process
induced variations of the geometrical dimensions.

2.2 Pseudospectral approach

The PS approach for a differential equation or a differential eigenvalue problem approximates
the unknown function by using algebraic polynomials or trigonometric polynomials. The decay
of the approximation error of this approach with respect to the degree N of the polynomial
depends on the degree of smoothness of the unknown function: the more regular the unknown
function is, the more rapidly the error decreases. In particular, the PS method can achieve the
so-called spectral accuracy, that consists in a decreasing of the approximation error according
to [17]:

• cN , with c ∈ (0, 1) for analytic functions1, as it is the case of the eigenfunctions of the
Schrödinger problem (see Sec.2.5.1);

• N−m for every m if the unknown function is infinitely-differentiable;

• N−(q+1) if the unknown function has q continuous derivatives.

Hence, the regularity of the unknown function is very important, as can be seen in Fig.2.2,
that shows an exponential decrease of the approximating error for the infinitely-differentiable
α1 function, and a linear decrease (in logarithmic scales) for the function |y|, which has a
derivative that is not continuous.

The spectral accuracy is expected to yield a remarkable reduction of CPU time with respect
to the conventional FD and FE methods that result in a fixed order accuracy (typically second
order in the one-dimensional case, see Sec.2.5.3), since the convergence is attained by decreasing
the mesh size while keeping the polynomial degree constant (see Fig.2.3).

2.3 PS approach in one-dimensional domains

2.3.1 Non periodic unknown function

The main features of the PS method can be introduced by considering first a one-dimensional
case, where α(y), with y ∈ [a, b], is the unknown solution of the differential equation

dα

dy
(y) = v(y), (2.1)

with appropriate boundary conditions at y=a and y=b; v(y) is an appropriate known function
defined in [a, b]; both α(y) and v(y) can in general take complex values. Let {y0, y1, . . . , yN}
be a grid of distinct nodes in [a, b], with a = y0 < y1 < · · · < yN = b, and let αN =

(α0, α1, . . . , αN )
T ∈ CN+1 be the vector of entries αi = α(yi), i = 0, . . . , N . The N -degree

polynomial pN interpolating the values of αN can be represented in the Lagrange form as

pN (y) =

N∑
j=0

`j(y)αj , (2.2)

1An analytic function α(y) is an infinitely differentiable function such that the Taylor series at any point y0
in its domain converges to α(y) for y in a neighborhood of y0



2.3 PS approach in one-dimensional domains 25

Figure 2.2: Approximating polynomial of the function α1(y) = ey sin (5y) (a) and α2(y) = |y|
(c) in the domain [−1, 1] using the PS method. The spectral accuracy is achieved only in the
former case, as can be seen in (b), that shows an exponential decrease of the approximating
error versus the order N of the approximating polynomial. Conversely, the approximating error
decreases very slowly (i.e. a linear decrease in logarithmic scales) for the function α2(y) (d).

Figure 2.3: The main difference between PS (left) and FD (right) approaches are that the
former approximates the unknown function α(y) using a single global polynomial with an order
N dependent on the number of discretization points, while the latter uses fixed (and generally
low) order local polynomials linked together.

where the set of

`j(y) =

N∏
i=0
i 6=j

y − yi
yj − yi

j = 0, . . . , N (2.3)
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are the Lagrange basis polynomials [18]; each `j(y) fulfills the condition

`j(yi) = δij =

{
1, i = j
0, i 6= j.

(2.4)

An example of Lagrange basis polynomial is shown in Fig.2.4: as can be seen, `6(y) is equal to
1 in y6 and is zero in the other yi points, with i 6= 6 (indicated in the figure by the red circles)
as prescribed by Eq.2.4. In virtue of Eq.2.4, the value taken by the unknown function in the

Figure 2.4: Lagrange basis polynomial defined on the set of points yi indicated by the filled red
circles, on the domain [−1, 1].

node yj is the coefficient αj of the pN (y) written in Eq.2.2.
The idea at the base of PS approach is to approximate the derivative of the unknown

function α at yi with the derivative of pN as

α′(yi) ≈ p′N (yi) =

N∑
j=0

`′j(yi)αj , i = 0, . . . , N. (2.5)

If we let now α′N = (α′0, α
′
1, . . . , α

′
N )

T ∈ CN+1 be the vector of values α′i = p′N (yi), i = 0, . . . , N ,
we can write

α′N = DN,yαN , (2.6)

where DN,y ∈ R(1+N)×(1+N) is the so-called differentiation matrix, which has entries

[DN,y]ij = `′j(yi), i, j = 0, . . . , N, (2.7)

and represents the PS discretization of the first derivative operator. The choice of Chebyshev
extremal nodes

yi =
b+ a

2
− b− a

2
cos

(
iπ

N

)
, i = 0, . . . , N, (2.8)

is usually appropriate [18] and the differentiation matrix can be explicitly and efficiently com-
puted [17]. The Chebyshev extremal nodes are the points in which the N -degree Chebyshev
polynomial defined in the interval [a, b] assumes its maximum and minimum values. As re-
ported in Fig.2.5, they can be seen as the projections on the real axis of N + 1 equally spaced
points defined on a semi-circle centered in (b + a)/2 and with radius (b − a)/2. Fig.2.5 shows
also that the resulting discretization is more dense at the edges of the considered domain. The
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Figure 2.5: The Chebyshev extremal nodes are the projections on the real axis of equally spaced
points along a semi-circle with radius (b− a)/2 and centered in (b+ a)/2.

Chebyshev points have to be used because polynomial interpolations based on sets of equally
spaced points lead to very high interpolation error near the boundaries of the domain, as can
be seen in Fig.2.6; the error increases with the degree N of the interpolating polynomial, due
to the so-called Runge’s phenomenon [17]. It is possible to demonstrate that the interpolating

Figure 2.6: A polynomial interpolation (in this case the interpolated function is α(y) = 1/(1 +
16y2)) based on an equally spaced grid results in a very high interpolating error near the
boundaries of the domain; this error increases with the degreeN of the interpolating polynomial,
due to the Runge’s phenomenon (left); conversely, the error decreases with N when a grid based
on the Chebyshev extremal nodes is employed.

error decreases with N if the discretization points are distributed according to the following
density [17]

g ∼ N

π

√
1−

(
2y−b−a
b−a

)2 , (2.9)

depicted in Fig.2.7. The polynomial interpolation based on the Chebyshev extremal nodes is
not affected by the Runge’s phenomenon since this particular set of points satisfy the condition
expressed by Eq.2.9 [17].

Using Eq.2.5 it is possible to approximate the first derivative of the unknown function and
higher order derivatives can be approximated using similar expressions; moreover, the associated
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Figure 2.7: Density of the discretization points given by Eq.2.9 calculated in [−1, 1] withN = 10.
The resulting discretization grid is more dense at the edges of the domain.

differentiation matrix of k-th order can be calculated as2

D
(k)
N,y = (DN,y)

k
, k < N. (2.10)

Therefore, in a one-dimensional domain Eq.2.1 is discretized as

DN,yαN = vN , (2.11)

where vN = (v0, v1, . . . , vN )
T ∈ CN+1.

2.3.2 Approximation of a definite integral

The PS principle of substituting the unknown function α with pN can be also used to approxi-
mate the definite integral of α

b∫
a

α(y)dy ≈
b∫
a

pN (y)dy =

N∑
j=0

hjαj , (2.12)

where hj =
b∫
a

`j(y)dy are the weights of the quadrature, known as Clenshaw–Curtis formula

[17]. This may result extremely useful because the same vector αN can be employed for different
computational purposes.

2.3.3 Treatment of boundary conditions

The PS discretization leads to an easy treatment of the boundary conditions of differential
problems. Consider for example the following one-dimensional boundary value problem:

d2w

dy2
(y) = −β(y), (2.13)

2For the second order derivative:

α′′(yi) ≈
N∑
j=0

`′j(yi)α
′(yj) =

N∑
j=0

N∑
m=0

`′j(yi)`
′
m(yj)αm ⇒ D

(2)
N,y =

(
DN,y

)2
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with general Robin-type condition{
ξ0w(a) + µ0w

′(a) = γ0
ξNw(b) + µNw

′(b) = γN .
(2.14)

Eq.2.13 is discretized as
D2
N,ywN = −βN (2.15)

with wN = (w0, w1, . . . , wN )
T ∈ CN+1 and βN = (β0, β1, . . . , βN )

T ∈ CN+1. By substituting
Eq.2.2 for w in Eq.2.14, we get the discretized boundary conditions

ξ0w0 + µ0

N∑
j=0

`′j(a)wj = γ0

ξNwN + µN
N∑
j=0

`′j(b)wj = γN .

(2.16)

Therefore, in order to take into account for the boundary conditions, it is enough to substitute
the first and last row of D2

N,y accordingly and consider the modified right-hand side vector to
eventually get the linear system

ξ0 + µ0`
′
0(a) µ0`

′
1(a) · · · µ0`

′
N (a)

[D2
N,y]1,0 · · · · · · [D2

N,y]1,N
...

...
[D2

N,y]N−1,0 · · · · · · [D2
N,y]N−1,N

µN `
′
0(b) · · · µN `

′
N−1(b) ξN + µN`

′
N (b)




w0

w1

...
wN−1
wN

 =


γ0

−β(y1)
...

−β(yN−1)
γN

 . (2.17)

It should be noticed that for homogeneous Dirichlet boundary conditions, the first and last rows
and the first and last columns can be simply omitted and the number of unknowns reduces to
N − 1 since w0 = wN = 0.

2.3.4 Treatment of media discontinuities

In general, PS methods assure a fast decay of the approximating error in domain D with
homogeneous media properties. However in the case of discontinuities between different media
in D, PS method yields solutions with low-order of convergence (see Sec.2.2). In order to
preserve all the advantages of the PS approach also in a non homogeneous domain D, it is
necessary to revisit PS approach in a piecewise point formulation, taking into account the
continuity conditions to be imposed at the boundaries between the different domains. Let
us consider, for example, the Poisson’s problem over one-dimensional non-homogeneous multi-
domains

d

dy

(
−m(y)

dα(y)

dy

)
= β(y) (2.18)

with m(y) = m− for y ∈ [a, c[ and m(y) = m+ for y ∈]c, b] being the dielectric permettivity
that is different in the two sub-domains (see Fig.2.8). We require the functions α and mα′ to
be continuous over the entire interval [a, b], which imposes the conditions{

α(c−) = α(c+)
m− α

′(c−) = m+ α′(c+).
(2.19)

Then we consider one interpolating polynomial for each semi-interval, namely pN,− built on the
nodes a = yN,− < · · · < y0,− = c and pN,+ built on the nodes c = y0,+ < · · · < yN,+ = b3 (see
Fig.2.8).

3In general the number of nodes in each semi-interval can be different.
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Figure 2.8: Sketch of the domain with non homogeneous media properties considered in
Sec.2.3.4: two approximating polynomials are employed, one for each domain, and appropriate
continuity conditions are imposed at the point c (see Eq.2.19).

The conditions in Eq.2.19 are discretized as{
α0,− = α0,+

m− (DN,y−)1 αN,− = m+ (DN,y+)1 αN,+,
(2.20)

where αN,− = (αN,−, . . . , α0,−)
T ∈ CN+1, αN,+ = (α0,+, . . . , αN,+)

T ∈ CN+1 and (DN,y−)1
and (DN,y+)1 are the first rows of the differentiation matrices defined in the two sub-domains.
Therefore, the original 2N + 2 unknowns are reduced to 2N by using the above relation. In
such a way, the continuity constraints along the discontinuity surfaces are implicitly included
into the scheme, leading to modified differentiation matrices.

2.3.5 Periodic unknown function

For a sufficiently smooth periodic function α(θ) ∈ C defined in the domain [0, 2π], the PS
approach considers trigonometric interpolating polynomial tM (θ) defined on the uniform pe-
riodic grid θj = j2π

M , j = 1, ...,M. We assume for simplicity that M is even and that αM =

(α1, . . . , αM )
T ∈ CM is the vector of entries αj = α(θj), j = 1, . . . ,M . A trigonometric polyno-

mial of degree M/2 is obtained by a linear combination of 1, sin(θ), cos(θ), . . . , sin [(M/2− 1) θ],
cos [(M/2− 1) θ], cos [(M/2) θ]. The interpolating trigonometric polynomial tM of degree M/2
can be rewritten in analogy to Eq.2.2 as

tM (θ) =

M∑
j=1

S(θ − θj)αj , (2.21)

where S(θ) = sin(Mθ/2)
Mtan(θ/2) . Similarly to the property of the Lagrange basis polynomials, also in

this case S(θi− θj) = δij . The differentiation matrix can be explicitly and efficiently computed
by

[DM,θ]ij = S′(θi − θj), i, j = 1, . . . ,M. (2.22)

Similar to the case of Sec.2.3.1, the differentiation matrix of any order smaller then M can be
calculated by further differentiation of S. It is important to observe that the derivatives of the
interpolating trigonometric polynomial can be also calculated by FFT in O(M logM) floating
point operations [17].

The periodic rectangular method can be used to approximate the definite integral of α(θ):

2π∫
0

α(θ)dθ ≈ 2π

M

M∑
j=1

αj . (2.23)
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For smooth periodic integrands the error related to this approach decreases very rapidly as M
increases.

2.4 PS approach in two-dimensional domains

2.4.1 PS approach for a rectangle

The basic definitions and properties of the PS method are extended quite naturally to the two-
dimensional case (or even to more dimensions). The unknown solution α(y, z) of a differential
equation or an eigenvalue differential problem (with y and z belonging to [ay, by] and [az, bz],
respectively), is expressed as

α(y, z) ≈
N∑
n=0

M∑
m=0

`y,n(y) `z,m(z)αn,m, (2.24)

where `y,n(y) and `z,m(z) are respectively the N and M-degree Lagrange basis polynomials
defined in the y and z directions (see Eq.2.3) and αn,m are in general complex numbers.

Since the y and z dependence of α(y, z) in Eq.2.24 is separately given by `y,n(y) and `z,m(z),
the matrices representative of the partial differential equations can be expressed in terms of the
differentiation matrices with respect to y and z, which is very useful for implementation. As an
example, if the discretization points are sorted according to the lexicographical order, so that
the column vector αN,M of the unknown function values reads [17]

αN,M = (α0,0 . . . α0,M , α1,0 . . . α1,M . . . αN,1 . . . αN,M )
T

(2.25)

where aT is the transpose of a, then the differentiation matrix D
(2)
NM for the first mixed derivative

∂2α(y,z)
∂y∂z reads

D
(2)
NM = D

(1)
N ⊗D

(1)
M , (2.26)

where the ⊗ sign denotes the Kronecker product [17].
All the results concerning the quadrature for the integrals are readily extended to the two-

dimensional case.

2.4.2 PS approach for a disk

The PS method can be successfully applied to a disk of radius R by using polar coordinates
(r, θ) [19], with r ∈ [0, R], θ ∈ [0, 2π], by combining a Chebyshev expansion in r (Sec.2.3.1)
with a periodic Fourier expansion in θ (Sec.2.3.5). Hence, the unknown function α(r, θ) is
approximated by the interpolating polynomial QN,M (r, θ) defined as

QN,M (r, θ) =

N∑
n=0

M∑
m=1

`n(r)S(θ − θm)αnm, (2.27)

where αnm = α(rn, θm), i = 0, ...N, j = 1, ...M . As an example, the lowest order mixed deriva-
tive in (ri, θj) can be approximated as:

∂2α

∂r∂θ
(ri, θj) ≈

∂2QN,M
∂r∂θ

(ri, θj) =

N∑
n=0

M∑
m=1

d`n
dr

(ri)
dS

dθ
(θj − θm)αnm (2.28)

for i = 0, . . . , N, j = 1, . . . ,M . This latter can be conveniently represented by resorting to the
lexicographical order of the grid values αnm [17]:

αN,M = (α0,1, . . . , α0,M , α1,1, . . . , α1,M , . . . , αN,1, . . . , αN,M )
T ∈ C(1+N)M . (2.29)
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We can thus write

∂2α

∂r∂θ
(ri, θj) ≈ [(DN,r ⊗DM,θ)αN,M ]ij , i = 0, . . . , N, j = 1, . . . ,M, (2.30)

where

[DN,r]ij =
`j(r)

dr

∣∣∣∣
ri

(2.31)

and

[DM,θ]ij =
dS(θ − θj)

dθ

∣∣∣∣
θi

. (2.32)

Moreover, also the integral on the disk can be approximated by combining two quadrature rules:
periodic trapezoid rule in θ and Clenshaw-Curtis formula in r.

The transformation in polar coordinates of the Schrödinger–Poisson problem leads to a
singularity at r = 0 [19] (see Sec.2.5.1). Different approaches can be found in the literature to
overcome this difficulty [17]: here we follow the so called diameter approach. The idea is to
take r ∈ [−R,R] and θ ∈ [0, 2π] and to use the symmetry condition

α(r, θ) = α(−r, θ + π) (2.33)

to eliminate the redundant information. The discretization {(ri, θj), i = 0, . . . , N , j = 1, . . . ,M}
of the disk of radius R is obtained by choosing the Chebyshev grid in r, and the periodic uniform
grid in θ. The difficulty at r = 0 is circumvented by taking an even number of discretization
points in the radial direction so that r = 0 is avoided (see Fig.2.9). Moreover, the number
of discretization points in the angular direction must be even. The resulting grid is highly
clustered near ∂D yielding to a finer description of the solution α(r, θ) close to the boundary
of the domain.

Figure 2.9: The origin of the axis r=0 is avoided employing an even number of discretization
points in the radial direction. The resulting grid is highly clustered near the boundary.

2.4.3 PS approach for two-dimensional convex domains

We have also applied PS method to convex, two-dimensional domains with smooth boundaries
following the approach presented in [20]. Fig.2.10 shows the considered geometry: an inner
domain Dch, described by the function dint(θ), is surrounded by the domain Dox, whose external
limit is defined by dext(θ); dint(θ) and dext(θ) are respectively the distances of the inner and
the outer contours from the origin. The approximation of the solution of differential equations
defined on these type of domains has been obtained using appropriate mappings based on polar
coordinates.

To this purpose we mapped the inner domain Dch onto a unitary disk{
y = [rh(θ) + k(θ)] cos(θ)

z = [rh(θ) + k(θ)] sin(θ),
(2.34)

where r ∈ [−1, 1], θ ∈ [0, 2π], and

h(θ) =
dint(θ) + dint(θ + π)

2
(2.35)
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Figure 2.10: Two-dimensional domain with smooth boundaries. The functions dint(θ) and
dext(θ) define the limits of the two regions: an inner core Dch surrounded by the the region
Dox.

k(θ) =
dint(θ)− dint(θ + π)

2
. (2.36)

The outer domain Dox was mapped onto an annulus with the internal and external radii 1 and
R respectively 

y =

[
dint(θ) +

r − 1

R− 1
(dext(θ)− dint(θ))

]
cos(θ)

z =

[
dint(θ) +

r − 1

R− 1
(dext(θ)− dint(θ))

]
sin(θ),

(2.37)

where r ∈ [1, R], and θ ∈ [0, 2π]. Eqs.2.34 and 2.37 transform the original differential problem
expressed in Cartesian coordinates and defined on a complex domain into a differential problem
based on polar coordinates, defined on a disk, that can be very efficiently solved using PS
methods [17] when the functions dint(θ) and dext(θ) are smooth. The same transformations must
be applied to the continuity conditions between subdomains and to the boundary conditions.
A similar approach applies also to the calculation of definite integrals.
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2.5 Application of the PS approach to the simulation of
FinFETs and GAA nanowires

2.5.1 Electron quantization in nanowire FETs and FinFETs

In order to introduce the quantization problems investigated in this section and their math-
ematical formulation, we have illustrated in Fig.2.11 the devices and the relevant coordinate
systems. In particular, (x, y, z) denotes the device coordinate system (DCS), where x is the

Figure 2.11: DCS (x, y, z) for different MOS transistors: (a) cylindrical nanowire; (b) cylindrical
nanowire with a squared section with rounded corners; (c) SOI FinFET. (r, θ) are the polar
coordinates used in the device section normal to the transport direction x. In all the considered
geometries, an inner silicon core Dch is surrounded by the gate dielectric Dox.

transport direction. Furthermore, we will hereafter make use also of the crystal coordinate
system (CCS), where kc,x, kc,y and kc,z lie along the three equivalent 〈100〉 crystallographic
directions [21].

The ellipsoid coordinate system (ECS, (kl, kt1 , kt2)) for a given conduction band minimum
is identified by the principal axes of the ellipsoid describing the electron energy close to such
minimum according to the parabolic EMA [22, 21]. In the ECS the electron energy close to the
minimum ν can be written as

Eν(kl, kt1 , kt2) = Eν0 +
~2

2

[
k2l
ml

+
k2t1 + k2t2
mt

]
, (2.38)

where ml and mt are the effective masses respectively in the longitudinal and in the transverse
direction and Eν0 is the reference energy of the valley ν. In the DCS, where x is the transport
direction (see Fig.2.11), Eν(kx, ky, kz) can be written as

Eν(kx, ky, kz) = Eν0 +
~2

2
(kx, ky, kz) Wν (kx, ky, kz)

T
, (2.39)

where Wν is the matrix of the inverse masses in the DCS, that can be written as

Wν =

wxx wxy wxz
wyx wyy wyz
wzx wzy wzz

 = RT
DE

 1
ml

0 0

0 1
mt

0

0 0 1
mt

RDE , (2.40)

with RDE being the unitary rotation matrix from the DCS to the ECS. Eq.2.40 allows one
to calculate the elements of Wν directly from the longitudinal and transverse masses ml and
mt. According to the EMA quantization model [23, 24], the Schrödinger-like equation for an
electron gas confined in the plane normal to the transport direction x is obtained, for each
valley ν, by using the standard prescription (K→−i∇R) in the Eν(kx, ky, kz) given by Eq.2.39,
where K=(kx, ky, kz) and ∇R denotes the gradient with respect to R=(x, y, z). Eq.2.40 shows

that in general the matrix Wν is not diagonal, consequently the operator Êν(−i∇R) obtained
by the prescription above contains mixed derivatives.
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Table 2.1: Expression for the terms wyy, wzz and wyz of the matrix Wν entering Eqs.2.43, 2.46
and 2.47 as well as for the corresponding effective mass mx in the transport direction defined in
Eq.2.45. The expressions are given for the [100] and the [110] transport direction and in terms
of the longitudinal ml and transverse mass mt of the silicon ∆ minima. The index ν denotes
the different valleys.

x y z ν wyy wzz wyz mx gν

[110] [110] [001]
1 1

mt

1
ml

0 mt 2

2 mt+ml
2mtml

1
mt

0 mt+ml
2

4

[100] [010] [001]

1 1
ml

1
mt

0 mt 2

2 1
mt

1
ml

0 mt 2

3 1
mt

1
mt

0 ml 2

The Schrödinger-like equation governed by Êν(−i∇R) can be solved by following the ap-
proach proposed in [25], namely by introducing the ansatz for the unknown wave-function
Ψν,j(x, y, z):

Ψν,j(x, y, z) = σν,j(y, z)
eikx(ανy+βνz+x)√

Lx
. (2.41)

In Eq.2.41 Lx is a normalization length in the transport direction, αν and βν are expressed as

αν =
wyzwxz − wxywzz
wyywzz − w2

yz

, βν =
wyzwxy − wyywxz
wyywzz − w2

yz

(2.42)

and σν,j(y, z) is obtained solving the eigenvalue problem

− ~2

2

[
wyy

∂2σν,j(y, z)

∂y2
+ 2wyz

∂2σν,j(y, z)

∂y∂z
+ wzz

∂2σν,j(y, z)

∂z2

]
+

+ U(y, z) σν,j(y, z) = εν,j σν,j(y, z).

(2.43)

Thanks to the ansatz in Eq.2.41 the eigenvalue problem in Eq.2.43 is independent of the wave-
vector kx in the transport direction. The electron energy Eν,j(kx) in the subband j of the valley
ν is then given by

Eν,j(kx) = Eν0 + εν,j +
~2k2x
2mx

, (2.44)

where

mx =
wyywzz − w2

yz

w2
twl

(2.45)

is the effective mass in the transport direction. Tab.2.1 reports the effective masses related to
the silicon devices considered in the following of this section.

The continuity equations for the wave-function Ψ(x, y, z) at an interface ∂D between silicon
and the gate oxide can be set according to the Ben Daniel-Duke condition [26], which prescribes
the continuity of Ψ(x, y, z) and of the component in the direction normal to ∂D of the vector
[W∇Ψ(x, y, z)], where W is the inverse mass matrix defined in Eq.2.40 and ∇Ψ(x, y, z) is the
gradient of Ψ(x, y, z).
By recalling the Ψ(x, y, z) expression in Eq.2.41, we see that the continuity of the normal com-
ponent of W∇Ψ(x, y, z) is in general problematic, because, for arbitrary crystal orientations,
the W in silicon has off-diagonal terms, thus the αν and βν coefficients in Eq.2.41 are not null
and, consequently, the component kx of the wave-vector in the transport direction enters the
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Table 2.2: Expression for the terms wi,j (with i, j being r or θ) of Eq.2.46 and for the [100]
transport direction. The index ν denotes the different valleys.

ν=1 ν=2 ν=3

wrr
cos2(θ)
ml

+ sin2(θ)
mt

cos2(θ)
mt

+ sin2(θ)
ml

1
mt

wr
1
r

(
sin2(θ)
ml

+ cos2(θ)
mt

)
1
r

(
sin2(θ)
mt

+ cos2(θ)
ml

)
1

rmt

wrθ
2 cos(θ) sin(θ)(ml−mt)

rmtml

2 cos(θ) sin(θ)(mt−ml)
rmtml

0

wθ
2 cos(θ) sin(θ)(mt−ml)

r2mtml

2 cos(θ) sin(θ)(ml−mt)
r2mtml

0

wθθ
1
r2

(
sin2(θ)
ml

+ cos2(θ)
mt

)
1
r2

(
sin2(θ)
mt

+ cos2(θ)
ml

)
1

r2mt

continuity equations. Strictly speaking this results in a kx dependent σ(y, z) which increases
dramatically the complexity of the problem.
To circumvent this issue, in our work we adopted a single material approximation and used
the silicon effective masses also in the oxide domain. By doing so the continuity conditions for
Ψ(x, y, z) and for the component in the direction normal to ∂D of the vector [W∇Ψ(x, y, z)]
result in simple continuity conditions for σ(y, z) and its first derivatives.

For the device sketched in Fig.2.11-(a) it is convenient to use the polar coordinates (r, θ)
in the quantization plane by setting y=r cos(θ) and z=r sin(θ). The Schrödinger equation is
readily obtained by introducing in Eq.2.43 the appropriate transformations of the differential
operators and it reads

− ~2

2

[
wrr

∂2σ̃ν,j(r, θ)

∂r2
+ wr

∂σ̃ν,j(r, θ)

∂r
+ wrθ

∂2σ̃ν,j(r, θ)

∂r∂θ
+ wθ

∂σ̃ν,j(r, θ)

∂θ
+

+ wθθ
∂2σ̃ν,j(r, θ)

∂θ2

]
+ Ũ(r, θ) σ̃ν,j(r, θ) = ε̃ν,j σ̃ν,j(r, θ),

(2.46)

where wrr, wr, wrθ, wθ and wθθ are r and θ dependent coefficients defined as

wrr = wyy cos
2(θ) + 2wyz sin(θ) cos(θ) + wzz sin

2(θ),

wr =
1

r

(
wyy sin

2(θ)− 2wyz sin(θ) cos(θ) + wzz cos
2(θ)

)
,

wrθ =
1

r

[
2 cos(θ) sin(θ)(wzz − wyy) + 2(cos2(θ)− sin2(θ))wyz

]
,

wθ = −
wrθ
r
, wθθ =

wr
r
.

(2.47)

Tab.2.2 reports the terms wi,j (with i, j being r and θ) of Eq.2.46 for a [100] transport
orientation and in terms of the effective masses mt and ml of the bulk material ellipsoids.
Eqs.2.46 and 2.47 show that the Schrödinger equation for the 1D electron gas has a radial
symmetry only if wyz is null and, furthermore, wyy and wzz are equal. Tabs.2.1 and 2.2 show
that, for a [100] transport direction, this is the case for the valley ν=3. As it can be seen, in
general the Schrödinger equation and the corresponding wave-functions do not have a radial
symmetry, in fact the Schrödinger equation cannot be simply expressed in terms of the Laplacian
of the unknown wave-function σ. We will return to this point in Sec.2.5.3.

For the devices of Figs.2.11-(b) and (c) we have transformed the Schrödinger’s equation in
Cartesian coordinate expressed by Eq.2.43 using the approach based on the mappings presented
in Sec.2.4.3 (see [20] for further details). Since it is impossible to obtain a simple analytic
expression in this case, all the equations used in our simulators were numerically calculated.
Here we want just to underline that the resulting transformed Schrödinger’s equation depends
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also on the first and second derivatives of the functions dint(θ) and dext(θ) defined in Sec.2.4.3.
Since the functions dint(θ) and dext(θ) describing the considered geometries are not smooth, in
order to preserve the spectral accuracy given by the PS method, we have approximated them
using a smoothing spline (calculated using the MATLAB function spaps). The approximated
contours are high-order differentiable functions while their values are still very close to the exact
ones (see Fig.2.12).

Figure 2.12: (a) Comparison between the function dint(θ) defined for the geometry shown in
figure 2.11-(b) and its smoothed approximation: the approximated function is very close to
the exact one. (b,c) Comparisons between the exact and the approximated first and second
derivatives of dint(θ) with respect to the angular direction θ: in the approximated case the
contour is more regular, allowing the PS method to achieve the spectral accuracy.

2.5.2 Self-consistent Schrödinger-Poisson solution

The electrostatic behavior of the devices in Fig.2.11 was simulated solving the Schrödinger prob-
lems self-consistently with the Poisson equation [27]. The latter equation is solved considering
two different materials and imposing the fulfillment of the Gauss’s theorem on the separation
surface. Moreover the Poisson’s equation is solved using the Newton-Raphson’s method. The
loop is built as follow: a potential energy is chosen as an initial guess; then a Schrödinger’s
equation is solved. The obtained wave-functions have been used into the calculation of the
charge density. The link between the Schrödinger and the Poisson equations is given by the
expressions of the carrier densities.
For the n-type nanowire FETs and FinFETs at the equilibrium the electron concentration in a
device section is given by

n(y, z) =
∑
ν

∑
i

Nν,i|σν,i(y, z)|2, (2.48)

with

Nν,i = gν

√
2mxKBT

π~2
F− 1

2

(
EF − εν,i
KBT

)
, (2.49)

where gν is the valley degeneracy (see Tab.2.1), EF is the Fermy energy and F− 1
2

is the com-

plete Fermi-Dirac’s integral of order -1/2 into the Dingle notation [28]. In order to obtain an
efficient convergence of the Schrödinger-Poisson loop we have employed the so called non-linear
formulation of the Poisson equation [27, 29].
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Figure 2.13: Solution of the two-dimensional Schrödinger problem in the ideal circular well
presented in Sec.2.5.3: maximum relative error calculated with respect to the analytic solutions
of Eqs.2.43 and 2.46 over the 10 lowest eigenvalues for the PS (open symbols) and the FD
methods (closed symbols) versus the CPU time in (a) two squared (x=[110]) and (b) two circular
(x=[100]) well confining potentials; the exact eigenvalues used to calculate the approximation
errors are expressed by Eq.2.50. The speed-up obtained at a relative error of 0.1% using PS
method with respect to FD method is remarkable in both cases.

2.5.3 Numerical results and comparison with other approaches

In this section, the computational efficiency of the PS method is compared with that of the FD
and DGA approaches for the devices shown in Fig.2.11.

Circular nanowire (Fig.2.11-(a))

Firstly, the computational efficiency of the PS method is compared to the one of the FD
approach in an ideal circular well, that is with Ũ(r, θ) = 0 in Eq.2.46, with wyz=0 and
wyy=wzz=w, for which the analytical expression for the eigenvalues of the Schrödinger equation
is known. In fact, Eq.2.46 results in eigenvalues of the form

ε̃ν(m,n) =
~2w

2

(
2µm,n
d

)2

, (2.50)

where d is the diameter of the device section and µm,n is the n-th zero of the Bessel function
of the first kind and order m, with m=0,±1,±2,±3, . . . . The exact solutions of the problem
have been used as the reference to evaluate the accuracy of the numerical methods.

We have compared the PS and FD methods considering the maximum relative error over
the lowest 10 eigenvalues versus the number of discretization points and average CPU time4.
Fig.2.13-(a) shows the percentage error as a function of the number of grid points for the PS
and the FD methods. As it can be seen by the comparison of the PS curves to the dashed
lines proportional to cN , the PS method can achieve the spectral accuracy, which results in
a dramatic improvement of the numerical efficiency with respect to the FD method, whose
error decreases only linearly in logarithmic scales (see the dot-dashed line in Fig.2.13-(a)). It
should be noticed that the machine precision is reached by the PS method using about 600
grid points. Fig.2.13-(b) reports the percentage error as a function of the CPU time: the PS

4The simulations were run on a notebook with an Intel Core2 Duo P9500 (2.53GHz) processor and a 4GB
DDR2-667 RAM
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Figure 2.14: Self-consistent Schrödinger-Poisson solution of the cylindrical nanowire sketched
in Fig.2.11-(a), with a [100] channel orientation, d=8.4nm, EOT=0.8nm and a gate potential
VG=0.5V. Intra-subband phonon scattering form factors defined in Eq.2.51 for the first and
the fourth wave-functions of the valley ν=3 (see Tab.2.2) versus the CPU time calculated with
either the PS (open symbols) or the FD methods (closed symbols). The number of discretization
points varies respectively between 70 and 1480 for the PS method and between 70 and 270000
for the FD method.

method gives a remarkable speed-up over the FD approach for all the considered percentage
errors. In particular, an amazing speed-up of about 900 is obtained for a percentage error of
0.1%; moreover, the gap between the two methods increases significantly for decreasing relative
errors, namely for a higher accuracy.

In the practice of the electron device modeling the quantization problems are solved self-
consistently with the Poisson equation and the refinement of the grid is frequently imposed by
the precision necessary to describe some physically relevant quantities. An accurate calculation
of the matrix elements for the surface roughness scattering, for example, may be challenging
for the self-consistent numerical procedure, because it is related to the first derivative of the
wave-functions at the semiconductor-oxide interface [23, 6, 7]. As a second example related
to physical quantities relevant for the transport modeling, we have analyzed the form factors
of the acoustic and optical phonon scattering, which, for a 1D electron gas in a FinFET or a
nanowire transistor, are defined as [30]:

I
(ν,ν′)
i,j =

∫∫
D

dydz |Ψν,i(y, z)|2 |Ψν′,j(y, z)|2 , (2.51)

where D is the device section normal to the transport direction x. Fig.2.14 reports the I
(ν,ν′)
i,j

for a circular nanowire versus the CPU time. As expected the PS and FD methods tend to

the same I
(ν,ν′)
i,j values with the increase of the CPU time (hence of the discretization points),

however the PS method reaches an acceptable accuracy with a much shorter CPU time.
To introduce the last case study we reconsider the Schrödinger Eq.2.46 for cylindrical

nanowires. As already said in Sec.2.5.1 the equation has a radial symmetry only if wyz is null and
wyy=wzz (as for the valley ν=3 of Tab.2.2). This observation suggested to use an approximated
formulation of the Schrödinger equation based on an isotropic effective mass meff , because the
solution of such an isotropic Schrödinger equation is computationally very efficient when the
separation of the radial and angular variables is used [31, 32]. We have used the self-consistent
Schrödinger-Poisson solver based on the PS approach to compare the exact solution of Eq.2.46
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Figure 2.15: Self-consistent Schrödinger-Poisson solution for the cylindrical nanowire sketched
in Fig.2.11-(a), with d=10nm and a [100] transport orientation: electron concentration n(y, z)
simulated with the PS method (a) using and (b) non using the isotropic effective mass approx-
imation. In the non-approximated case (b), the electron concentration is clearly anisotropic,
reflecting the anisotropy of the electron energy dispersion. A doping density NA=1×1015cm−3,
a SiO2 oxide thickness Tox=0.7nm, a gate work function φm=4.05eV and a Ninv≈3.1×107cm−1

have been considered in both cases.

with the approximated solution obtained imposing wyy=wzz=m
−1
eff . For the valleys ν=1, 2 of

the [100] transport direction (see Tab.2.1), the approximation is meff=(2mtml)/(mt +ml).

Fig.2.15 shows the electron concentration at the equilibrium in the section of a nanowire
with a diameter d=10nm and a [100] transport orientation, obtained with a self-consistent
Schrödinger-Poisson solution, by using (Fig.2.15-(a)) and by non using (Fig.2.15-(b)) the isotropic
effective mass approximation. As it can be seen, the electron concentration is appreciably
anisotropic in the latter case (see Fig.2.15-(b)), because the squared magnitude of the wave-
functions is strongly anisotropic for the lowest valleys featuring my=0.92m0 and mz=0.19m0

(or my=0.19m0 and mz=0.92m0). For smaller diameters, however, the effects induced by the
anisotropy of the energy relation become progressively smaller.

In order to further investigate the effects of the isotropic approximation, Fig.2.16 compares
the subband minima for the lowest subbands versus VG for a d=4nm nanowire with a [100]
transport direction: filled symbols show the results obtained by the exact formulation of the
Schrödinger problem and open symbols are the results corresponding to the isotropic effective
mass approximation (the valley indexes ν are consistent with the ones of Tab.2.1). Note that
the eigenvalues ε1,i associated with the valley ν=1 are equal to the corresponding ε2,i. Fig.2.17
reports the corresponding contribution Nν,i of the subbands to the total inversion density Ninv
in the nanowire (see Eq.2.49). As it can be seen in Fig.2.16, the second lowest eigenvalue
ε1,2 of the valley ν=1 is heavily overestimated by the approximated method for all VG values
(compare the open triangles with the filled ones). At low VG the other eigenvalues are, instead,
well approximated by the isotropic model. When the contribution of the subband related to
ε1,2 becomes appreciable in the results of the non-approximated solution (for Vg > 0.4V, see the
filled triangles in Fig.2.17), all the subband minima εi,j of the approximated case start to deviate
from their exact counterparts, because the self-consistent Schrödinger-Poisson solution forces
somewhat different electrostatic potentials in the isotropic with respect to the exact model. We
verified that for a diameter of 3nm or smaller, only the lowest subbands of each valley contribute
significantly to the inversion density and the results of the approximated isotropic model are in
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Figure 2.16: Self-consistent Schrödinger-Poisson solution for a cylindrical nanowire sketched in
Fig.2.11-(a), with d=4nm and a [100] transport orientation: minimum of the subbands that
give an appreciable contribution to the Ninv as a function of VG, using (open symbols) and
non-using (closed symbols) the isotropic effective mass approximation. Note that the Fermi
level EF is taken as the reference energy. A doping density NA=1 × 1015cm−3, a SiO2 oxide
thickness Tox=0.7nm and a gate work function φm=4.05eV have been considered.
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Figure 2.17: Self-consistent Schrödinger-Poisson solution for the cylindrical nanowire considered
in Fig.2.16: contributions Nν,i (see Eq.2.49) of different subbands to the total inversion charge
Ninv versus the gate voltage VG. Results obtained either with the exact formulation of Eq.2.46
(closed symbols) or with the isotropic effective mass approximation (open symbols). Note that
N1,1=N2,1 and N1,2=N2,2 in both cases. The contribution (N1,2+N2,2) is negligible in the
approximated case even at high VG.
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closer agreement to the results of the exact model.

Rectangular nanowire with rounded corners (Fig.2.11-(b))

We solved the coupled Schrödinger-Poisson’s problem for the squared cylindrical nanowire with
rounded corners represented in Fig.2.11-(b) using both the DGA and the PS methods. The
DGA simulations have been carried out by using the GAME software [16]. A doping density
NA = 1× 1018cm−3 and an equivalent oxide thickness (EOT) of 1 nm have been considered in
this simulation. We have considered a [100] transport orientation as described in Tab.2.1.

Fig. 2.18 compares the convergence of the maximum error of the three smallest eigenvalues
of the first and second valley for an increasing number of discretization points computed by
means of the DGA and PS approaches respectively for a gate voltage VG = 1V. Since the
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Figure 2.18: Error on the three smallest eigenvalues for each valley for the nanowire FET
sketched in Fig.2.11-(b). VG = 1V.

analytical solution of the problem is not available, the error has been calculated taking as the
reference solution the one obtained by the PS method with a huge number of discretization
points. The results obtained by the two methods are in good agreement; moreover, we note
that the PS method converges at a much faster rate when the number of discretization points
is increased. The convergence of the total charge concentration n + NA with respect to an
increasing number of discretization points is shown in Fig.2.19.

Fig.2.20 shows the total charge concentration n + NA variation with respect to the gate
voltage VG: as can be seen the two methods give the same results over a wide range of gate
voltages.

Finally, Fig.2.21 shows a 3D view of the charge density distribution in the cylindrical
nanowire shown in Fig.2.11-(b), calculated by the PS method. We can conclude that the
results obtained with the PS or DGA methods are in very good agreement.
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Figure 2.19: Total charge concentration n+NA in the nanowire FET sketched in Fig.2.11-(b).
VG =1V.
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Figure 2.20: Total charge concentration n+NA for the nanowire FET sketched in Fig.2.11-(b)
for increasing gate voltages.

FinFET transistor (Figs.2.11-(c) and 2.22)

We solved the coupled Schrödinger-Poisson’s problem for the FinFET presented in Fig.2.11-(c)
using both the DGA and the PS methods. The DGA simulations have been carried out by
using the GAME software [16]. A doping density NA = 1× 1015cm−3 and an equivalent oxide
thickness of about 2 nm have been considered in this simulation. It is worth noting that the
geometry of the FinFET has been obtained by tracing the TEM image shown in Fig.2.22-(c).
A [1̄10] transport orientation (see Tab.2.1) and a gate voltage VG =1V have been considered.
Fig.2.23 compares the convergence of the lowest eigenvalue of the first and second valley for an
increasing number of discretization points computed for both the DGA and the PS approaches.
Fig.2.24 illustrates the total charge concentration (n + NA) with respect to the gate voltage
VG. The results obtained with the PS or DGA methods are similar but not exactly the same
due to the difference in the simulated domain, as shown in Fig. 2.22.
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Figure 2.21: A 3D view of the electron concentration n in the nanowire FET sketched in
Fig.2.11-(b) computed by the PS method, VG =1V.

(a) (b) (c)

Figure 2.22: Simulation domains used for the FinFET problem (a) with DGA method (b)
with PS method. The domains are different since PS method is not able to handle non-convex
domains. The reference FinFET structure is illustrated in (c), that is a picture obtained with
the TEM technique (courtesy of NXP Semiconductors, Leuven, Belgium).

2.6 Conclusions

This chapter has studied the possible advantages of the PS method compared to the FD and
DGA approaches for the modeling of quantization in nanoscale devices. We have implemented,
by using the FD, the PS and the DGA methods, self-consistent Schrödinger-Poisson solvers
for a 1D electron gas based on the effective mass approximation model (suitable for FinFETs
and nanowire FETs). We have systematically compared the errors obtained with the different
approaches by varying the discretization points and, furthermore, we have benchmarked the
methods for the calculation of some relevant scattering matrix elements.
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Figure 2.24: Total charge concentration (n+NA) for the FinFET transistor for increasing gate
voltages.

All the figures of merit show a remarkable reduction in the CPU time for the PS with respect
to the FD method, which makes the PS method very attractive for the electron device modeling.
Moreover, thanks to the comparison with the DGA approach, we have demonstrated that also
devices with a complex shape can be efficiently simulated by the PS method. Our results show
that the PS method is more effective when the domain is convex, smooth and simply connected
while DGA can handle complicated geometries (like those of real devices), and may be thus
suitable for the study of the device variability produced by the process induced variations of
the geometrical features.
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3.1 Introduction

As already mentioned in Sec.1.4, thanks to its amazing physical properties the number of
potential applications of graphene is huge. For example, it is possible to exploit the excellent
mobility and saturation velocity of monolayer graphene by using it as channel material in field
effect transistors. Moreover, the low Ion/Ioff ratio and poor saturation behavior observed in
gapless monolayer graphene FETs can be improved by using bilayer graphene; indeed, in this
material it is possible to induce an energy gap by applying a potential difference between the
two layers; this energy gap is expected to improve both Ion/Ioff and the output conductance
in saturation.

In this chapter we will give a theoretical presentation of monolayer and bilayer graphene
by describing their atomic structure, bandstructure, and Density Of States (DOS) and by
presenting the main scattering mechanisms that limit the low-field mobility in these materials.
We will also present the main Generation/Recombination (G/R) mechanisms in monolayer
graphene, that are essential in the GFETs simulation.

3.2 Monolayer wide graphene sheet

3.2.1 Atomic structure

As already mentioned in Sec.1.4, a monolayer graphene sheet is made by carbon atoms displaced
according to a two-dimensional honeycomb lattice, bonded together by very strong covalent
bonds (see Fig.3.1). The two atoms unit cell of graphene monolayer is shown in Fig.3.2. The

Figure 3.1: Atomic structure of the monolayer graphene: the carbon atoms are placed according
to a two-dimensional honeycomb lattice.

carbon-carbon bond length a0 is 1.43Å [1], while the direct lattice vectors are

a1 = ax̂+ bŷ

a2 = ax̂− bŷ,
(3.1)

where

a =
3a0
2

b =

√
3a0
2

.

(3.2)

Starting from the real space lattice vectors, it is possible to calculate the reciprocal space
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Figure 3.2: Real space lattice of monolayer graphene. The real space lattice vectors and the
two atoms unit cell are highlighted.

lattice vectors A1 and A2 and the First Brillouin Zone (FBZ). A1 and A2 can be calculated
as

A1 =
2π(a2 × ẑ)

a1 · (a2 × ẑ)
=
π

a
k̂′x +

π

b
k̂′y

A2 =
2π(ẑ × a1)

a2 · (ẑ × a1)
=
π

a
k̂′x −

π

b
k̂′y

(3.3)

where ẑ is the direction perpendicular to the plane (x, y) and (k′x, k
′
y) is the reciprocal space.

The FBZ is hexagonal and is identified by the following vertices (called K points):(
0,+

2π

3b

) (
+
π

a
,+

π

3b

) (
+
π

a
,− π

3b

)
(

0,−2π

3b

) (
−π
a
,− π

3b

) (
−π
a
,+

π

3b

) (3.4)

The vectors A1 and A2 and the hexagonal FBZ are shown in Fig.3.3.

3.2.2 Calculation of the bandstructure

The bandstructure can be calculated by solving the Schödinger equation using a tight-binding
(TB) approach

E(k′)Ψk′ = [h(k′)]Ψk′ (3.5)

where [h(k′)] is the matrix form of the Hamiltonian operator. The obtained energy dispersion
relation have s branches, where s is the rank of the matrix [h(k′)]. The rank of the matrix
depends on the number of atoms of the unit cell (2 in the case of graphene, see Sec.3.2.1) and on
the number of the considered orbitals. In graphene there are 4 valence orbital for each carbon
atom: 2s, 2px , 2py and 2pz. The orbitals 2s, 2px , 2py can be neglected since their energetic
levels are very far from the Fermi energy. Hence, since it is possible to calculate the energy
dispersion relation just by considering the effect of the 2pz orbital, the rank s of the matrix
[h(k′)] is 2. When only the effect of the nearest-neighbors are considered, the matrix [h(k′)]
takes the form:

[h(k′)] =

(
0 h∗0
h0 0

)
(3.6)
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Figure 3.3: Hexagonal first Brillouin zone of monolayer graphene and the related reciprocal
space lattice vectors.

where

h0 = −t
[
1 + 2 exp (ik′xa) cos(k′yb)

]
, (3.7)

where t = 2.7eV is the hopping integral between two nearest neighbors [2]. The branches of
the energy dispersion relation, obtained by calculating the eigenvalues of the matrix [h(k′)], are
expressed by

E(k′x, k
′
y) = ±t

√
1 + 4 cos

(
k′yb
)

cos (k′xa) + 4 cos2
(
k′yb
)
. (3.8)

The conduction and the valence band edges in the FBZ are shown in Fig.3.4-(a) respectively
by the red and the blue surface, while a contour of the conduction band is shown in Fig.3.4-(b).
Two very important characteristics of the graphene bandstructure can be observed: firstly, the
conduction band touches the valence band in the six vertices of the hexagonal FBZ (i.e. the
six K points), thus the monolayer graphene energy dispersion relation is gapless. These points
of the k space are called Dirac points. The energy at which the bands touch is always taken as
the energy reference in this work and it is called Dirac energy. Secondly, the conduction and
the valence bands are symmetric with respect to the Dirac energy.

Another important feature of monolayer graphene is the linearity of its bandstructure with
respect to the magnitude of the wave-vector near the edges of the conduction and valence bands.
Indeed, near the Dirac energy the energy dispersion relation can be approximated as

E(kx, ky) ≈ ±~vf
√
k2x + k2y = ±~vfk (3.9)

where kx and ky are the components of the wave-vectors referred to one of the six Dirac points,
and

vf =
3a0t

2~
≈ 8.8 · 105

[m
s

]
(3.10)

is the Fermi velocity. Fig.3.5 compares the isotropic energy relation of Eq.3.9 with the one
given by Eq.3.8 close to a K point: as can be seen, the linearized approximation holds up to
∼ 1eV. Thus, it is correct to say that the energy dispersion relation near the Dirac energy is
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Figure 3.4: Conduction (red) and valence (blue) band edges in the FBZ for a monolayer
graphene large sheet (a). Contour of the conduction band: the minima are located at the
6 vertices of the FBZ, i.e. the 6 K points (b).
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Figure 3.5: Comparison between the energy dispersion relations calculated along ky for kx =
0m−1 and given by Eq.3.8 (black curve) and Eq.3.9 (red curve).

linear and isotropic. Thanks to this feature, close to the Dirac energy the group velocity of
graphene is isotropic, constant and equal to vf :

vg =
1

~
∂E

∂k
= vf . (3.11)

Moreover, the effective masses of electrons and holes are very low, and are even null if calculated
at the Dirac point (massless Dirac fermions). This peculiar characteristic, joined to the very
high quality of the graphene samples obtained by mechanical exfoliation (see Sec.1.4.2), are the
main factors responsible for the huge low-field mobility values measured in monolayer graphene
(up to 106cm2/(Vs) in suspended samples [3]).

Finally, the eigenvectors obtained by the solution of Eq.3.5 close to the K points are ex-
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pressed by [4]:

Ψk =
1√
2

(
exp

(
−iαk

2

)
± exp

(
iαk

2

)) (3.12)

where k = (kx, ky), αk = ky/kx and the upper and minus signs stands for the conduction and
the valence bands respectively. The spinor-overlap Fk,k′ between two states k and k′ both
belonging to the conduction band is expressed by:

Fk,k′ = Ψ†k ·Ψk′ =
1 + cos θ

2
(3.13)

where θ is the angle between k and k′ and † is the conjugate transpose.
In summary, the graphene bandstructure is very different with respect to the one of silicon,

because near the Dirac energy it is linear, isotropic, gapless and the conduction and the valence
bands are symmetric. Similar results are obtained by employing more accurate TB models (for
example, by considering also the effects of the next-nearest-neighbor atoms as in [4]).

3.2.3 Density of states, carrier statistics and ambipolarity

The DOS of the conduction band at low energies can be calculated as

DOS(E) =
nsnv
(2π)2

∫
k

dkδ [E − E′(k)] =
2

π

(
e

~vf

)2

E (3.14)

where e is the modulus of the electron charge, ns = 2 is given by the spin and nv is the number
of the valleys; nv = 2 because, as can be seen in Fig.3.6, the 6 minimum of the FBZ can be
grouped in two degenerate valleys. As it can be seen from Eq.3.14, the monolayer graphene
DOS close to the band edge is linear in energy. Due to the symmetric energy dispersion relation,
the DOS in the valence band is the same as in the conduction band.

Figure 3.6: In monolayer graphene, the 6 minimum of the FBZ can be grouped in two degenerate
valleys, highlighted in the figure by the green and red circles.

The electron and hole densities can be calculated as [5]

n =

∫ ∞
0

dEDOS(E)f(E) =
2

π

(
KBT

~vf

)2

F1(η) (3.15)

p =

∫ 0

−∞
dEDOS(E) [1− f(E)] =

2

π

(
KBT

~vf

)2

F1(−η) (3.16)
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where

f(E) =
1

1 + exp
[
e(E−EF )
KBT

] (3.17)

is the Fermi-Dirac distribution, EF is the Fermi energy, KB is the Boltzmann constant, T is
the temperature, F is the complete Fermi-Dirac integral of order 1 [6], and

η =
eEF
KBT

. (3.18)

When EF = 0eV, the electron and hole densities are equal to the so-called intrinsic density:

ni = pi =
π

6

(
KBT

~vf

)2

≈ 1011cm−2@T = 300K. (3.19)

Now it is possible to understand the ambipolar behavior of GFETs. Fig.3.7 shows on the left
an experimental transcharacteristic ID(VG) of one of the GFETs reported in [7]. The very low

Figure 3.7: Typical experimental transcharacteristic of a GFET based on a large graphene sheet
(adapted from [7]). The gapless energy dispersion relation results in unacceptable Ion/Ioff
ratios. A sketch explaining the origin of the ambipolarity of GFETs is reported on the right.

Ion/Ioff ratio (≈ 7) limits the digital performance of this transistor. The gate voltage that
corresponds to the minimum output current is called Dirac voltage (VDirac). When VG < VDirac
(case A) the Fermi level is below 0, thus resulting in a high hole and a negligible electron
densities. The channel in this case is completely populated by holes. When VG = VDirac
instead (case B), if we neglect the effect of the defects, since the considered VDS is very low the
concentrations of electrons and holes in the channel are approximately equal to the intrinsic
concentration (see Eq.3.19), that is low but not zero, thus resulting in a high off-current. The
final case (VG > VDirac, case C) is dual with respect to case A and the current is completely
due to electrons. Hence, the gapless graphene energy dispersion relation results into devices
that cannot be efficiently turned off, thus limiting the possible application to digital electronics
of FETs based on large sheets of monolayer graphene.
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3.2.4 Scattering mechanisms

According to the literature, different mechanisms appear to limit the mobility in monolayer
graphene sheets depending on the temperature and on the sample preparation conditions. At
low temperature the mobility is typically limited by scattering with ionized impurities in the
dielectric and with neutral defects in the graphene [8, 9]; however at room temperature intrinsic
as well as remote phonons (RP) still play an important role [10].

In this work we have considered both the phonons intrinsic to graphene and the RP stem-
ming from the gate dielectrics. In the next subsections we will describe the calculation of the
scattering rates related to these mechanisms.

Intrinsic graphene phonons

Due to the two valley nature of graphene (i.e. 6 K -valleys each contributing for 1/3, see Fig.3.6),
phonons can assist intra-valley as well as inter-valley transitions. However, selection rules [11]
reduce the number of allowed transitions. In particular we consider elastic transitions due to
acoustic phonons and inelastic transitions due to zone boundary phonons. Flexural phonon
modes are not expected to play an important role when the graphene sheets are sandwiched
between two oxide layers as it is the case of GFETs [12, 13]. The scattering rate for the elastic
intra-valley acoustic phonons is expressed by [6, 2]

SAP (ki,kf ) =
2πKBTD

2
ac

ρA~v2s
|Fki,kf

|2 δ[E(ki)− E(kf )] (3.20)

where ki and kf are respectively the initial and the final wave-vectors, A is the normalization
area, Dac=14eV is the deformation potential [14], ρ=7.6kg/m2 and vs=2×106cm/s are respec-
tively the density of monolayer graphene [15] and the sound velocity in graphene [16, 17], and
Fki,kf

is the spinor-overlap defined in Eq.3.13.

The scattering rate for inelastic phonons is [6, 2]

SOP (ki,kf ) =
πD2

op

ωOP ρA
|Fki,kf

|2
(
nop +

1

2
∓ 1

2

)
δ[E(ki)− E(kf )± ~ωOP ] (3.21)

where Dop=1011eV/m is the deformation potential [14], ~ωOP=0.152eV is the energy of the
phonon [14], and nop is the phonon occupation [6], i.e.:

nop =
1

exp
(

~ωOP
KBT

)
− 1

. (3.22)

The upper and lower signs in Eq.3.21 are related respectively to phonon absorption and phonon
emission. We simplify the treatment of in-plane phonons by considering only the associated
scalar perturbation potential and not the vector potential contribution [4]. The deformation
potentials used in the elastic and in the inelastic zone boundary phonon should be considered
as effective values that collectively describe both longitudinal and transverse phonons as well
as acoustic phonon screening [14]. The results shown in the next chapters (see for example
Sec.5.3.1) show that the scattering with remote phonons is way dominant with respect to
local graphene phonons for the determination of the overall mobility, hence the undeniable
uncertainties in the values of the deformation potentials Dac and Dop are not expected to affect
critically the main results for mobility calculations.

Finally, since in all the forthcoming simulations we consider wide graphene sheets, we consis-
tently neglect edge roughness scattering.
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Figure 3.8: Structure considered in the calculation of the remote phonons scattering rate: the
graphene monolayer is sandwiched between an high-k top gate dielectric (in this case HfO2)
and a SiO2 substrate. We have supposed for both the dielectrics an infinite thickness.

Remote phonons

Let us start by considering a sheet of graphene between two dielectrics with an infinite thickness
(see Fig.3.8). Following [6, 18], it is possible to demonstrate that the scattering rates of the
remote phonons originating in each of the two dielectrics reported in Fig.3.8 are expressed by
[10]:

SRPm
(ki,kf ) =

2π

~A
|Fki,kf

|2 e2
(
nRPm +

1

2
∓ 1

2

)
~ωRPm
2qε̂m

exp (−2qd) δ[E(ki)− E(kf )± ~ωRPm ]

(3.23)
where θ is the angle between the initial ki and the final kf wave-vectors, m indicates the material
originating the phonon (i.e. m = SiO2 or HfO2, see Fig.3.8), q2 = (k2 + k2f − 2kkf cos θ) is the
magnitude of the exchanged wave-vector q = (kf − ki) (see Fig.3.9). Furthermore, nRP is the
phonon occupation given by [6]

nRPm =
1

exp
(

~ωRPm
KBT

)
− 1

; (3.24)

~ωRPm is the energy of the m-th remote phonon, and the upper and lower signs stand for
absorption and emission, respectively. Finally, d is the distance between the dielectric and the
graphene sheet. In the calculations we set d=0 because we verified that d up to a few Å does

Figure 3.9: Exchanged wave-vector q between the initial state ki and the final state kf .

not change the results. The phonon energies ~ωRPm have been obtained by setting to zero the
sum of the frequency dependent oxide polarizabilities [6]:

εHfO2(ω) + εSiO2(ω) = 0. (3.25)
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It should be noted that the graphene polarizability and thus the possible phonon to plasmon
coupling have been neglected [19, 20]. The phonon-plasmon coupling is a delicate matter
whose quantitative investigation demands an accurate determination of both the real and the
imaginary part of the graphene polarizability. In this respect, the analytical results for the
graphene polarizability reported in [20, 21] (and derived for T = 0K) show that the imaginary
part of the polarizability is non null in a wide region of the energy versus wave-vector plane.
This implies that a large part of the coupled phonon-plasmon modes undergo strong Landau
damping and cease to be collective excitations [19, 22]. In the region of Landau damping not
only the phonon-plasmon coupling is suppressed but also the screening of the RP modes due
to the electronic polarizability of the graphene layer should not be included in the calculation,
so that it is questionable to describe the screening by simply dividing the RP matrix elements
by the graphene static dielectric function [23, 24]. In this complicated theoretical framework
we embraced a relatively simple picture and did not include the graphene polarization in our
calculations, thus neglecting the phonon-plasmon coupling. A recent publication [22] has shown
that phonon-plasmon coupling is essentially negligible in silicon devices with SiO2 or high-
k dielectrics in all cases of practical interest. While the same conclusion is not granted for
graphene devices, still it suggests that using the static dielectric function for the screening of
RP most likely leads to a significant overestimation of the screening effect.
We included in the calculations only the dominant remote phonon mode with the lowest energy
and we neglected the possible coupling with the phonons of the other dielectric by assuming
SiO2 working at low-frequency when computing the mode originating from HfO2, and HfO2 at
intermediate-frequency when computing the mode originating from the substrate. To be more
explicit, in order to calculate the energy and the effective dielectric constants related to the
remote phonon originating in the HfO2 top gate dielectric, we have solved

εiHfO2
+

ε0HfO2
− εiHfO2

1−
(
ωRPHfO2

ωTOHfO2

)2 = −ε0SiO2
. (3.26)

Using simple mathematical operations, we obtained:

~ωRPSiO2
= ~ωTOSiO2

√
εiHfO2

+ ε0SiO2

εiHfO2
+ εiSiO2

. (3.27)

A similar expression has been obtained for the remote phonon originating in the SiO2 substrate:

~ωRPHfO2
= ~ωTOHfO2

√
ε0SiO2

+ ε0HfO2

ε0SiO2
+ εiHfO2

. (3.28)

Using the values of the phonon energies expressed by Eqs.3.27 and 3.28, it is possible to calculate
the effective dielectric constants ε̂SiO2

and ε̂HfO2
to be used in Eq.3.23, that are

1

ε̂SiO2

=
1

εiHfO2
+ εiSiO2

− 1

εiHfO2
+ ε0SiO2

(3.29a)

1

ε̂HfO2

=
1

ε0SiO2
+ εiHfO2

− 1

ε0SiO2
+ ε0HfO2

(3.29b)

where the values of ωTOm , εim, and ε0m have been taken from [19] and are reported in Tab.3.1.

3.3 Generation/Recombination mechanisms

The G/R mechanisms have a very strong impact on the performance of FETs based on a large
sheet of graphene due to the gapless energy dispersion relation of this material. Hence, in
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Table 3.1: Values of the parameters used for the calculation of the scattering rates due to
remote phonons.

Parameter Value [19]

~ωTOSiO2
55.6meV

ε0SiO2
3.9

εiSiO2
3.05

~ωTOHfO2
12.43meV

ε0HfO2
22

εiHfO2
6.58

order to estimate the performance of graphene FETs we modeled two of the main phenomena
responsible of these mechanisms: the band-to-band tunneling and the interband recombination
assisted by phonons.

3.3.1 Band-to-band tunneling

Concerning the BTBT, since wide graphene sheets have zero bandgap, we have employed a
local model described in terms of generation-recombination [25]. The tunneling current density
of electrons from the valence band to the conduction band is expressed by:

J =
nvns
A

e
∑
ky

∑
kx>0

[fv(E)− fc(E)] vx(E)T (E) (3.30)

where E = ~vf |k| is the energy related to the state k = (kx, ky), fc(E) and fv(E) are the occu-
pation probabilities in the conduction and in the valence bands at E, vx(E) is the component
of the electron velocity in the x direction, i.e.

vx(E) =
1

~
dE

dkx
, (3.31)

and T (E) is the tunneling probability calculated according to the WKB approximation, i.e.

T (E) = exp

(
−2

∫ +∞

−∞
Im {kx} dx

)
. (3.32)

By converting the sums over kx and ky in integrals according to the standard prescriptions [6],
we obtained:

J =
nvns
(2π)2

e

∫ +∞

−∞
dky

∫ +∞

0

[fs(E)− fd(E)]
1

~
dE

dkx
T (E)dkx. (3.33)

At this point, in order to simplify the calculation and obtain an analytic expression for the
BTBT rate, we assume an infinite device and employ the following approximation:

fv(E)− fc(E) = 1 (3.34)

hence we consider the case of maximum generation due to the BTBT (the valence band is full
of electrons while the conduction band is completely empty). Thanks to these hypothesis and
under the assumption of a constant local electric field Fx, the current density is independent of
the energy E and it is possible to obtain

J

∆E
=
nvns
(2π)2

e

∫ +∞

−∞
dkyT (ky). (3.35)
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The maximum BTBT generation rate can be calculated as

GBTBTmax = Fx
J

∆E
= Fx

nvns
(2π)2

e

∫ +∞

−∞
dkyT (ky). (3.36)

Let us now consider the situation sketched in Fig.3.10: we have a constant electric field Fx, and
we take x = 0 as the point where the energy of the electron Etot crosses the Dirac point. We

Figure 3.10: Sketch of the considered situation: under a constant electric field Fx, an electron
with a total energy Etot tunnels from the valence band on the left to the conduction band on
the right.

can express the electron total energy as

Etot = −eFx+ ~vf
√
k2x + k2y (3.37)

By setting Etot = 0eV , after some calculations we obtain:

kx = i

√
k2y −

(
eFx

~vf

)2

(3.38)

Thanks to Eq.3.38, we can say that

Im{kx} 6= 0⇔ |x| <
∣∣∣∣ky~vfeF

∣∣∣∣ . (3.39)

Thus, the integral in equation 3.32 has an analytic solution, i.e.

T (E) = T (ky) = exp

−2

∫ +
ky~vf
eF

−
ky~vf
eF

√
k2y −

(
eFx

~vf

)2

dx

 = exp

(
−
k2y~vfπ
eF

)
. (3.40)

By substituting Eq.3.40 in Eq.3.36 we obtain the analytic expression for the maximum1 gener-
ation rate due to BTBT:

GBTBTmax = Fx
nvns
(2π)2

e

∫ +∞

−∞
exp

(
−
k2y~vfπ
eF

)
dky =

1

π2√vf

(
eFx
~

)3/2

(3.41)

with nv = 2 and ns = 2 (see Sec.3.2.3). The obtained expression, that is consistent with
previous works found in the literature [26, 27], has been validated against the result obtained
using a state-of-the-art NEGF simulator based on a TB description of the graphene layer,
NanoTCAD ViDES [28]. A brief description of this simulator can be found in Appx.A. We
have compared Eq.3.41 with the results calculated by NanoTCAD ViDES in a simple uniform
device characterized by a constant electric field and boundary conditions such that fv = 1 and
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Figure 3.11: BTBT generation rate calculated by the semi-classical (closed symbols, Eq.3.41)
and NEGF (open symbols) models under a uniform electric field Fx.

fc = 0. Fig.3.11 shows that the maximum generation rate of Eq.3.41 is in excellent agreement
with the NEGF results over a wide range of electric fields.

As already mentioned, Eq.3.41 represents the maximum generation rate due to BTBT ob-
tained when the valence band is completely filled of electrons while the conduction band is
empty. However, in general the occupations of the initial and the final states limit the BTBT
phenomena. In order to take this effect into account, we multiply Eq.3.41 by the term (fv−fc)
without considering its dependence on k, thus obtaining:

GBTBT −RBTBT ≈
fv − fc
π2√vf

(
eF

~

)3/2

(3.42)

where fv and fc are, respectively, the local occupation probabilities of the particles impinging
on the classical turning points in the valence and in the conduction bands. Here we want to
remark that the formulation of the net BTBT rate reported in Eq.3.42 naturally includes the
generation as well as the recombination, that are both important in GFETs.

Compared to more accurate models for chiral tunneling in graphene [29, 30] this model
does not account for wave-functions mismatch [29], considers ky ranging from −∞ to +∞2

and averages the dependence on the carriers angle of the term (fv − fc). However, the good
agreement with the NEGF simulations reported in Chap.6 suggests that these effects are of
small relevance in practical, wide channel, GFETs designs.

As a final remark, our approach for the BTBT is similar to that of a recent paper [31],
although the expression of the net generation rate appears to differ by a factor of 1/4 in the
argument of the exponential in Eq.3.41. However, the consistency with [26, 27] and the good
agreement with NEGF results shown in Fig.3.11 and in Chap.6 support the validity of Eq.3.42
of this work.

1It is the maximum value of the generation rate because we have set fv(E)− fc(E) = 1 (see Eq.3.34).
2In the case of finite barriers a limited ky range should be considered.
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3.3.2 Interband recombination assisted by phonons

In the model used in the rest of the thesis, we also consider interband recombination assisted by
phonons. We neglect the effect of the generation due to the same phenomena since in GFETs
we expect always high carriers densities. The recombination rate is given by the following
simplified expression, taken from [32]

RIR =
min(n,p)

τr
(3.43)

where n and p are respectively the electron and hole densities and τr is the recombination time.
The recombination time strongly depends on the temperature and on the densities of electrons
and holes, as can be seen in Fig.3.12.

Figure 3.12: (a) Sketch illustrating the recombination assisted by optical phonons in mono-
layer graphene. (b) Minority carrier (electron) average recombination times assisted by optical
phonons are plotted as a function of the minority carrier density for different temperatures.
The majority carrier (hole) density is assumed to be 1012cm−2. Adapted from [32].
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3.4 Graphene bilayer

As already mentioned in Sec.1.4.2, in order to improve the Ion/Ioff ratio and the current
saturation behavior of GFETs a bandgap has to be induced in graphene [33]. A method to
induce an energy gap is to insert a Graphene BiLayer (GBL) in a double-gate structure (see
Fig.3.13), and apply an electric field across it [34, 35, 1]. This is a very promising approach,

Figure 3.13: It is possible to induce a bandgap by applying an electric field to a graphene bilayer
inserted in a double-gate structure (in this example an ideally flat SiO2 substrate and HfO2

top dielectric). The inset illustrates the GBL four-atoms unit cell and the alignment between
atoms A1 and A2 (Bernal stacking); the hopping energies t and t⊥ are also shown.

and improvements in the current saturation and an increase of the Ion/Ioff ratio in GFETs
based on GBL have been already observed in many experiments [36, 37, 38, 39, 40, 41, 42, 43].

3.4.1 Atomic structure and bandstructure calculation

The graphene bilayer is modeled as two coupled hexagonal lattices with inequivalent sites A1, B1
and A2, B2 respectively in the first and in the second layer (see Fig.3.13), arranged according to
a Bernal stacking, where atoms A1 are aligned with atoms A2. We consider ideally flat interfaces
and the graphene bilayer band structure unaffected by the top and the bottom dielectrics.
Under these assumptions and in the absence of an external electric field such a lattice results
in gapless valleys located at the six K corners of the hexagonal Brillouin zone (similarly to
monolayer graphene, see Sec.3.2).

Complete tight-binding Hamiltonian

The TB Hamiltonian close to each of the K points can be written as [1]
e V/2 vfπ

+ t⊥ −ν4vfπ−
vfπ

− e V/2 −ν4vfπ− ν3vfπ
+

t⊥ −ν4vfπ+ −e V/2 vfπ
−

−ν4vfπ+ ν3vfπ
− vfπ

+ −e V/2

Ψk = E(k)Ψk (3.44)

where k=(kx,ky) is the wave-vector referred to the K point, π+=~(kx+iky) (π− being its
complex conjugate), t⊥=0.35eV, ν3=0.1, ν4=0.05 [1], and V is the voltage difference between
the two graphene layers. This Hamiltonian is complete in the sense that it accounts for the
interactions between all the four atoms of the unit cell; indeed, t⊥ is associated to the hopping
from the site A1 to the site A2 (and vice versa), while ν3vfπ and ν4vfπ are related to the
hoppings from B1 to B2 (and vice versa) and from B1 to A2 (and vice versa), respectively.
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Finally, the hopping between atoms belonging to the same sheet are taken into account by the
term vfπ.
This 4× 4 TB Hamiltonian operates in the space of the column vectors Ψk=[ΨA1(k), ΨB1(k),
ΨA2(k), ΨB2(k)]T , which are the normalized coefficients of the tight-binding expansion inside
the reference unit cell [1]. The Hamiltonian provides four branches of the energy dispersion
and the two branches in the valence band are simply a mirroring of the ones of the conduction
band; hence all the transport properties are symmetric in the two bands. Eq.3.44 leads to an
energy relation that is anisotropic, as illustrated in Fig.3.14, reporting the lowest branch of the
conduction band in the k space. It is very important to note that the linearity of the energy
dispersion relation, that is one of the peculiar characteristics of monolayer graphene, is not
present in bilayer graphene.

Figure 3.14: (Left) Contour of the bottom of the conduction band calculated using the TB
Hamiltonian in Eq.3.44 and for V=0.2V. The three minima of the conduction band near the
K point (placed at (kx, ky)=(0, 0)m−1) are labeled by the small, white circles. (Right) Plot of
the lowest branch of the conduction band along the directions α=0 (continuous line with filled
circles) and α=2π/9 (continuous line with filled squares).

Simplified Hamiltonian

In the literature a simplified tight binding Hamiltonian is widely used, where the only in-
teractions accounted for between the atoms of the different layers are those between atoms
which are aligned according to the Bernal stacking (A1 and A2 in Fig.3.13). The tight binding
Hamiltonian close to the K points in this case can be written as [35, 1, 44]

e V/2 vfπ
+ t⊥ 0

vfπ
− e V/2 0 0

t⊥ 0 −e V/2 vfπ
−

0 0 vfπ
+ −e V/2

Ψk = E(k)Ψk (3.45)

where, similarly to Eq.3.44, k=(kx,ky) is still the wave-vector referred to the K point. The
Hamiltonian in Eq.3.45 provides four branches of the energy dispersion and operates in the
same space of the column vectors as the Hamiltonian reported in Eq.3.44; moreover, also in
this case the conduction and the valence bands are symmetric with respect to the midgap
energy. The two branches E1 and E2 in the conduction band are expressed by the following
analytic expression:

E1,2(k) = ±
√
~2v2fk2 +

e2V 2

4
+
t2⊥
2
∓ 1

2

√
L, (3.46)
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with

L = 4
[
e2V 2 + t2⊥

]
~2v2fk2 + t4⊥,

where k2=(k2x+k2y). The two branches in the conduction and in the valence bands can be
obtained just by considering respectively the plus or the minus in front of Eq.3.46. As it can be
seen, thanks to the simplifications used in the formulation of the TB Hamiltonian, the energy
dispersion relation depends only on the modulus of the wave vector k, thus the energy dispersion
relation is isotropic. From Eq.3.46 it is possible to calculate the value of the energy gap EG as
a function of the applied voltage V , i.e.:

EG =
t⊥√

1 +
t2⊥
e2V 2

. (3.47)

As can be seen (see also Fig.3.15), the maximux EG that can be induced is limited to t⊥ =
0.35eV. Hence, it is not possible to induce a bandgap large as the one of silicon in bilayer

Figure 3.15: Energy gap EG induce in bilayer graphene versus the applied voltage V calculated
using Eq.3.47, derived from the simplified Hamiltonian reported in Eq.3.45.

graphene using an external electric field. Moreover, it should be noted that energy gaps larger
than EG ∼ 0.25eV may not be achievable in a real device because they demand too high electric
fields both between the layers (see Fig.3.16) and in the dielectrics, probably above what oxides
can reliably withstand. However, according to recent theoretical studies [33] this energy gap
value is sufficient for GFETs in order to outperform silicon MOSFETs in RF applications.

Fig.3.17-(a) shows E1(k) and E2(k) as a function of the modulus of the wave-vector k, for
different values of EG, which is in turn set by the voltage V (see Eq.3.47) [35]. Fig.3.17-(b)
reports a comparison between the bottom of the conduction band calculated by the Hamiltonian
of Eq.3.44 and the isotropic one given by Eq.3.46: as can be seen, the simplified approach
estimates with a sufficient accuracy the value of the bandgap but, since it is isotropic, is not
able to describe the so-called trigonal distortion (that is the particular shape of the bilayer
graphene bands clearly shown in Fig.3.14).

According to both the complete (Eq.3.44) and to the simplified (Eq.3.45) Hamiltonians, the
edge of the conduction band of bilayer graphene is non-monotonic close to one of the K points
of the FBZ (see Figs.3.17-(b)). For example, starting from Eq.3.46, it is possible to calculate
the value of the wave-vector kmin where the minimum of the conduction band occurs:

kmin =
e V

2~vf

√√√√1 + 2
t2⊥
e2V 2

1 +
t2⊥
e2V 2

(3.48)
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Figure 3.16: Electric field Fbi between the two layers of a GBL as a function of the induced
energy gap EG calculated using Eq.3.47.

Figure 3.17: (a) Profiles of the energy dispersion relations E1 and E2 of the graphene bilayer
according to the simplified Hamiltonian of Eq.3.45 for different energy gaps EG controlled by
the applied voltage V . The mid-gap is taken as the reference for the energy. (b) Comparison
between the bottom of the conduction bands calculated by the Hamiltonian reported in Eq.3.44
and the simplified Hamiltonian of Eq.3.45.

As can be seen, kmin differs from zero, thus leading to a non monotonic conduction band. This
peculiar conformation of the bandstructure, called Mexican hat shape, is not common in the
materials studied in electronics and results in a group velocity vg = 1

~
∂E
∂k that can assume

negative values for positive k, as can be easily seen in Fig.3.18. Moreover, as sketched in
Fig.3.19, all the energies Ei between Ecr and Emin correspond to two different wave-vectors,
ki,l and ki,r. Hence, it is impossible to define the inverse function of the energy dispersion
relation of bilayer graphene; this limitation has a strong impact on the calculation of the DOS
(see Sec.3.4.2) and of the scattering rates (see Sec.3.4.3). In Chap.5 we will give a hint on
how this non-monotonic energy relation has been handled into a Monte Carlo solver of the
Boltzmann Transport Equation in bilayer graphene.

Finally, the eigenvectors close to the bottom of the conduction band obtained by the solution
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Figure 3.18: GBL group velocity vg calculated using the isotropic energy dispersion relation of
Eq.3.46 as a function of the modulus of the wave-vector k for V = 0.2V.

e V
2=

min

min

Figure 3.19: Sketch of the isotropic non monotonic energy dispersion given by Eq.3.45: all the
energies Ei below Ecr correspond to two wave-vectors, here indicated with ki,l and ki,r.

of Eq.3.45 are expressed by [44]:

Ψk =
1

C


[
eV2 − E1(k)

] [
(E1(k) + eV2 )2 − (~vfk)2

]
−~vfk exp (−iθ)

[
(E1(k) + eV2 )2 − (~vfk)2

]2
t⊥

[(
eV2
)2 − (E1(k))2

]
t⊥~vfk exp (iθ)

[
eV2 − E1(k)

]
 (3.49)

with k = (k, θ) and

C2 =

[(
E1(k) + e

V

2

)2

− (~vfk)
2

]2 [(
E1(k)− eV

2

)2

+ (~vfk)
2

]

+ t2⊥

(
E1(k)− eV

2

)2
[(

E1(k) + e
V

2

)2

+ (~vfk)
2

] (3.50)
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3.4.2 Density of states

Let us consider the anisotropic energy dispersion relation obtained from the complete Hamil-
tonian reported in Eq.3.44. It is possible to write [6]:

DOS(E′) =
nvns
(2π)2

∫
k

dkδ
(
E′ − E(k)

)
(3.51)

where, similarly to monolayer graphene, nv = 2. By using polar coordinates (k, θ) and a change
of variable, we obtain:

DOS(E′) =
nvns
(2π)2

∫ 2π

0

dθ

[∫ Emin

Ecr

k(E, θ)
1
dE
dk

δ
(
E′ − E(θ)

)
dE+

∫ ∞
Emin

k(E, θ)
1
dE
dk

δ
(
E′ − E(θ)

)
dE

]
,

(3.52)

where Ecr and Emin are defined in Fig.3.19. Thanks to the Dirac function δ we can write

DOS(E′) =
nvns
(2π)2

∫ 2π

0

∑
k′:E(k′,θ)=E′

k′
1∣∣dE

dk

∣∣
(k′,θ)

dθ. (3.53)

If we consider the simplified isotropic energy relation reported in Eq.3.46, we obtain:

DOS(E′) =
nvns
2π

∑
k′:E(k′)=E′

k′
1∣∣dE

dk

∣∣
k′

. (3.54)

As a direct consequence of the Mexican hat shape of the energy relation, there are two different
wave-vectors that contribute to the total DOS for all the energies between Ecr and Emin (see
Fig.3.19). Fig.3.20 shows the GBL DOS calculated with Eq.3.54 for different energy gaps: as it
can be seen, the DOS tends to infinite at Emin (indeed, at the bottom of the band the derivative
of the energy dispersion is equal to zero) and has a discontinuity at Ecr.
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Figure 3.20: GBL DOS as a function of the energy for different energy gaps calculated using
Eq.3.54, that has been obtained by employing the isotropic energy dispersion relation of Eq.3.46.
Each dotted line represents the Ecr = e(V/2) associated to the considered EG.
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Figure 3.21: The non-monotonic behavior of the energy dispersion relation implies that all the
energies smaller than Ecr = eV/2 correspond to two possible values of the wave vector k. In
the figure on the left, a phonon emission brings an electron from an initial state with the wave
vector ki to two different possible final states characterized by the wave vectors kf1 and kf2 . In
contrary, a phonon absorption brings the electron to a final energy that corresponds only to a
single wave-vector (see the figure on the right).

3.4.3 Scattering mechanisms

We have adapted the expressions obtained for the monolayer graphene scattering rates presented
in Sec.3.2.4 to bilayer graphene, i.e.:

SAP (ki,kf ) =
2πKBTD

2
ac

ρGBLA~v2s
|Fki,kf

|2 δ[E(ki)− E(kf )], (3.55)

SOP (ki,kf ) =
πD2

op

ωOP ρGBLA
|Fki,kf

|2
(
nop +

1

2
∓ 1

2

)
δ[E(ki)− E(kf )± ~ωOP ], (3.56)

and

SRPm
(ki,kf ) =

2π

~A
|Fki,kf

|2 e2
(
nRPm +

1

2
∓ 1

2

)
~ωRPm
2qε̂m

exp (−2qd) δ[E(ki)−E(kf )± ~ωRPm ].

(3.57)
Note that in Eqs.3.55 and 3.56 we have used the density of bilayer graphene ρGBL, that is twice
the density of monolayer graphene ρ used in Eqs.3.20 and 3.21. Moreover, in all the expressions
the spinor-overlaps have been calculated by employing the eigenvectors stemming from the
considered GBL Hamiltonian (reported in Eqs.3.44 and 3.45). All the other parameters are the
same as defined in Sec.3.2.4.

The non-monotonic behavior of the GBL energy dispersion relation has an impact on the
calculation of the total scattering rates. Let us consider for example the expression of the
total scattering rate related to remote phonons, that can be obtained from Eq.3.57 just by
summing together the scattering rates related to all the possible final states kf . If we consider
for simplicity the isotropic energy dispersion relation reported in Eq.3.46, the total scattering
rate is expressed by

SRPm(ki) =
1

π~
∑

kf :E(kf )=E(ki)+~ωRPm

kf

∣∣∣∣∣ 1
dE
dk

∣∣
kf

∣∣∣∣∣
∫ π

0

|Fki,kf
|2 SφSφS (q) dθ (3.58)

where

SφSφS (q) = e2
(
nRPm +

1

2
∓ 1

2

)
~ωRPm

2q

1

ε̂m
e−2qd, (3.59)
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q is the magnitude of the exchanged wave-vector (see Sec.3.2.4) and the upper and lower signs
stand for absorption and emission, respectively. It should be noted that in Eq.3.58 we have a
sum over the possible values of kf , namely over the kf values identified by the energy after the
scattering Ef = E(ki) ± ~ωRPm . In fact, as illustrated in Fig.3.21, depending on Ef we can
have either one or two corresponding kf values, both of which contribute to the scattering rate
of the initial state.

3.5 Conclusions

In this chapter we have reviewed the band structure, the density of states, and the scattering
mechanisms considered in the PhD work for both monolayer and bilayer graphene. More-
over, we have presented two models for the simulation of the main generation/recombination
mechanisms in monolayer graphene, the band to band tunneling generation/recombination and
the recombination assisted by phonons. The inclusion of these phenomena in the simulation of
graphene based transistors is crucial because they are the responsible of the ambipolar behavior
and the consequent very poor Ion/Ioff ratio and current saturation of these devices.
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4.1 Introduction

The low field mobility is a very important transport property for a large number of physical
systems and electron devices with different carrier dimensionality. In particular, for MOS

transistors mobility has been studied starting from the first fabricated samples [1] to the most
advanced and recent nanoscale CMOS technologies [2]. This is justified by the fact that a
correlation exists between the low field mobility of long devices and the IDS of nanoscale
MOSFETs, as predicted by simple flux-theory arguments [3], observed in numerical simulations
[4, 5, 6, 7], and confirmed by experimental data [8, 9, 10, 11].

The low field mobility is an equilibrium property for the carrier gas, in fact it is defined for a
vanishing small electron field. Hence, even if a general purpose approach to solve the Boltzmann
transport equation (BTE) (e.g. the Monte Carlo method) can be used to calculate the mobility,
a linearized BTE (LBTE) is also adequate to calculate the mobility exactly, provided that both
the formulation and the solution of the LBTE involves no simplifying assumptions. Although
the linearization of the BTE and its formulation in terms of momentum relaxation time (MRT)
is a topic studied since a very long time [12, 13, 14], new approaches to tackle the problem have
been proposed and discussed until very recently [15, 16], and, furthermore, the LBTE is still
today practically employed by introducing quite drastic simplifications [17], whose impact on
the final results is difficult to estimate a priori.

As a matter of fact not so many efforts have been devoted to develop a general method for
the solution of the LBTE, while several contributions tackled special cases of practical interest
dealing with circular or elliptic parabolic bands (possibly featuring non parabolic corrections)
[18, 19, 20, 15]. For complex, anisotropic band-structures, as those occurring, for example,
in hole inversion layers, the LBTE has been always solved by using simplifying assumptions
[21, 22, 23, 24, 25, 26].

This chapter revisits the problem of the LBTE and we argue that since the scattering rates
in the kernel of the integral equation include Dirac functions enforcing the energy conservation,
then for the numerical solution of the LBTE it is convenient to use an energy driven discretiza-
tion of the wave-vector. By using such a discretization approach the LBTE can be cast in the
form of a linear algebraic problem, that allows for a robust and numerically efficient solution
of the equation with no a priori simplifying assumptions. The exact solution of the LBTE is
applied to the case of a bilayer graphene sheet and then used to critically analyze the possi-
ble errors stemming from the simplifications most often embraced in the mobility calculations,
such as the Matthiessen’s rule typically used to calculate the total momentum relaxation time
in terms of the relaxation time of the single scattering mechanism. Our numerical results also
show that, for a non monotonic energy relation, the momentum relaxation time can legitimately
take negative values, and that this seemingly puzzling result has no unphysical implications.

The chapter is organized as follows. In Sec.4.2 we present a concise derivation of the LBTE
and of its formulation in terms of the momentum relaxation time. Sec.4.3 introduces the
energy driven discretization scheme for the solution of the LBTE and discusses some relevant
simplifications for the case of isotropic bands and isotropic scattering rates. In Sec.4.4 we
present the results for the numerical solution of the LBTE and the corresponding mobility
calculations for a graphene bilayer and in Sec.4.5 we draw the conclusions of the chapter.

4.2 Linearization of the BTE

We hereafter discuss the linearization of the BTE for a 2D carrier gas, which is representative
of the inversion layer in an MOS transistor and also of the carrier gas in a relatively wide
mono-layer or bilayer graphene sheet. An electronic state is thus identified by (i,k) (except for
spin), where i is the subband index and k=(kx,ky) is the wave-vector. The application of the
treatment discussed in this section to a 3D or a 1D carrier gas is conceptually straightforward.
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Let us denote with x the transport direction and with Fx an arbitrarily small component of
the electric field along x. Without any loss of generality we can write the out of equilibrium
occupation function fi(k) for the subband i as

fi(k) = f0(Ei(k))∓ eFx gi(k) (4.1)

where Ei(k) is the energy for state (i,k), f0(E) is the equilibrium Fermi-Dirac occupation
function and e is the positive electron charge. The minus sign applies to electrons and the
plus sign to holes. Eq.4.1 is an implicit definition of the function gi(k), which is the unknown
function of the LBTE problem.

For a constant electric field Fx along the x direction the steady state BTE can be written
as [27, 28]

∓e Fx
~

∂

∂kx
fi(k) = Sin,i − Sout,i (4.2)

where Sin,i and Sout,i are respectively the in and out scattering integrals for the subband i,
whose form will be discussed below.

From Eq.4.1 we have

∂

∂kx
fi(k) = ~ vx,i(k)

∂f0(Ei(k))

∂E
∓ eFx

∂

∂kx
gi(k) (4.3)

where vx,i is the x component of the group velocity in the subband i. We now observe that
we are here interested to the occupation function of the states (i,k) having a non null velocity
component vx,i(k), in fact the states with a null vx,i(k) do not contribute to the current (see
also Sec.4.2.2). For a non null vx,i(k) the second term in Eq.4.3 is negligible with respect to
the first one for a small enough Fx, hence from Eqs.4.2 and 4.3 we have

∓eFxvx,i(k)
∂f0(Ei(k))

∂E
= Sin,i − Sout,i . (4.4)

The scattering integral in the r.h.s. of Eq.4.4 has the well known form [27, 28]

Sin,i − Sout,i =
∑
j,k′

fj(k
′)Sj,i(k

′,k)[1− fi(k)]− fi(k)
∑
j,k′

Si,j(k,k
′)[1− fj(k′)] (4.5)

where Si,j(k,k′) is the total scattering rate from state (i,k) to state (j,k′) and [Sin,i−Sout,i]
evaluates to zero when the occupation is given by the equilibrium Fermi-Dirac function. At the
equilibrium, moreover, not only the sum over (j,k′) in the r.h.s. of Eq.4.5 is null, but every
single term in this sum is null, which represents the so called detailed balance

f0(Ej(k
′))Sj,i(k

′,k)[1− f0(Ei(k))] = f0(Ei(k))Si,j(k,k
′)[1− f0(Ej(k

′))] . (4.6)

If we now introduce Eq.4.1 in Eq.4.5, keep only the first order terms with respect to Fx, cancel
out the terms containing only the equilibrium occupation function and then use Eq.4.6 to
express Sj,i(k

′,k) in terms of Si,j(k,k
′), the scattering integral can be finally rewritten in the

form [28]

Sin,i − Sout,i = (∓eFx)
∑
j,k′

Si,j (k,k′)

[
gj(k

′)
f0(Ei(k))

f0(Ej(k′))
− gi(k)

1− f0(Ej(k
′))

1− f0(Ei(k))

]
(4.7)

We now substitute Eq.4.7 in Eq.4.4 and exploit the well know identity

∂f0(E)

∂E
= − f0(E) [1− f0 (E)]

KBT
(4.8)
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where KB is the Boltzmann constant and T is the absolute temperature, so that the LBTE can
be finally written as

vx,i(k)f0(Ei(k)) [1− f0 (Ei(k))] =

KBT
∑
j,k′

Si,j (k,k′)

[
gi(k)

1− f0(Ej(k
′))

1− f0(Ei(k))
− gj(k′)

f0(Ei(k))

f0(Ej(k′))

]
. (4.9)

When the appropriate expressions for the scattering rates are inserted in Eq.4.9 and the sum
over k′ is converted to an integral over k′ according to the standard prescriptions [28] Eq.4.9
takes the form of a linear integral equation for the unknown functions gi(k).

4.2.1 Formulation based on the momentum relaxation time

The LBTE is very frequently cast in a form where the unknown function is a MRT. Such a
formulation is readily obtained by introducing the MRT τi(k) as

gi(k) = − τi(k) vx,i(k)
∂f0(Ei(k))

∂E
=
τi(k) vx,i(k)

KBT
f0(Ei(k)) [1− f0 (Ei(k))] . (4.10)

When Eq.4.10 is introduced in Eq.4.9 we obtain

vx,i(k) =
∑
j,k′

Si,j (k,k′)

[
1− f0(Ej(k

′))

1− f0(Ei(k))

]
[τi(k) vx,i(k)− τj(k′) vx,j(k′)] (4.11)

which is equivalent to Eq.4.9 and corresponds to the LBTE written in terms of the momentum
relaxation time τi(k).

In the r.h.s. of Eq.4.11 the term [τi(k) vx,i(k)] is independent of (j,k′), hence both sides of
Eq.4.11 may be divided by [τi(k) vx,i(k)], to reach the most frequently quoted form of the MRT
problem [29, 21, 30, 28]

1

τi(k)
=
∑
j,k′

Si,j (k,k′)

[
1− f0(Ej(k

′))

1− f0(Ei(k))

] [
1− τj(k

′) vx,j(k
′)

τi(k) vx,i(k)

]
. (4.12)

4.2.2 Mobility calculation

The calculation of the mobility is quite straightforward after the unknown functions of the
LBTE, namely gi(k) or τi(k), have been determined. In fact the current per unit device width
can be written

Jx,i = ∓ e
A

∑
k

vx,i(k)fi(k) = ∓ e
A

∑
k

vx,i(k) [∓eFx gi(k)] =
e2Fx
A

∑
k

vx,i(k) gi(k) (4.13)

where A is the normalization area, fi(k) has been expressed as in Eq.4.1 and, furthermore, we
have exploited the fact that the sum over k vanishes for the term including the equilibrium
Fermi-Dirac occupation function. Then the mobility can be calculated by definition as

µx,i =
Jx,i

eNi Fx
=

e

ANi

∑
k

vx,i(k) gi(k) =
e

ANi

∑
k

v2x,i(k) τi(k)

∣∣∣∣df0(E)

dE

∣∣∣∣ . (4.14)

Eq.4.14 gives µx,i in terms of either gi(k) or τi(k) to reiterate that it is conceptually equivalent
to solve the LBTE using any of the two unknown functions.
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4.3 Numerically efficient solution of the linearized BTE

This broad section deals with the numerical solution of the LBTE. Sec.4.3.1 presents a method-
ology valid in the most general case, whereas Secs.4.3.2 and 4.3.3 address simplified cases of
practical relevance. Sec.4.3.4 discusses the calculation of the relaxation time in the presence of
multiple scattering mechanisms and Sec.4.3.5 reports a few summarizing remarks.

4.3.1 Anisotropic bands and scattering rates

In order to tackle the solution of Eq.4.9 or, equivalently, Eq.4.11, we start by writing Si,j(k,k′)
as the rate of a generic, inelastic scattering mechanism according to the Fermi’s golden rule

Si,j(k,k
′) =

2π

~
|Mi,j(k,k

′)|2 δ[Ej(k′)− Ei(k)∓ Eph(q)] (4.15)

where Eph(q)=~ω(q) is the phonon energy, possibly dependent on the phonon wave-vector
q=±(k′−k). The upper and lower sign correspond respectively to phonon absorption and
phonon emission. Eq.4.15 is written in terms of a single scattering mechanism; we will return
to the calculation of the MRT in the presence of multiple scattering mechanisms in Sec.4.3.4.

If we now convert the sum over k′ in Eq.4.11 to an integral and express Si,j(k,k
′) with

Eq.4.15, then Eq.4.11 can be re-written as

vi,x(k) τi(k)

 1

2π~
∑
j

∫
k′

Λi,j(k,k
′) δ[Ej(k

′)− Ei(k)∓ Eph(q)] dk′


− 1

2π~
∑
j

∫
k′

Λi,j(k,k
′) vj,x(k′) τj(k

′) δ[Ej(k
′)− Ei(k)∓ Eph(q)] dk′ = vi,x(k) (4.16)

where, for convenience of notation, we have introduced the quantity

Λi,j(k,k
′) = |Mi,j(k,k

′)|2
[

1− f0(Ej(k
′))

1− f0(Ei(k))

]
. (4.17)

We first make a merely mathematical passage and change the integration variables first by
writing the wave-vector in polar coordinates k=(k,θ), and then by further changing, for any
given subband i and direction θ, the integration variable from the magnitude k of the wave-
vector to the energy Ei(k, θ) along the θ direction. By doing so and if the energy dispersion
relation is stricly monotonic, Eq.4.16 becomes

vi,x(k) τi(k)

 1

2π~
∑
j

∫ π

−π
dθ′
∫ +∞

−∞
dEj Θi,j(k,k

′) δ[Ej − Ei(k)∓ Eph(q)]


− 1

2π~
∑
j

∫ π

−π
dθ′
∫ +∞

−∞
dEj Θi,j(k,k

′)vj,x(k′) τj(k
′) δ[Ej − Ei(k)∓ Eph(q)] = vi,x(k) (4.18)

where the new auxiliary quantity Θi,j(k,k
′) is defined as

Θi,j(k,k
′) = k′(Ej , θ

′)

[
dEj(k

′, θ′)

dk

]−1
|Mi,j(k,k

′)|2
[

1− f0(Ej(k
′))

1− f0(Ei(k))

]
. (4.19)

Eq.4.18 can be generalized to non-monotonic energy dispersion relations by splitting the integral
in k′ of Eq.4.16 in sub-integrals defined on domains in which the dispersion relation is monotonic,
and then by applying the same approach shown above to each sub-domain. Eqs.4.16 and 4.18
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Figure 4.1: (a) Sketch of the energy driven discretization of the wave-vector for an anisotropic
band-structure model. ∆E is the energy step, ∆θ is the angular step and Emin denotes the
smallest discrete energy value. The figure illustrates the discretization for a given subband i
along two angular directions d1∆θ and d2∆θ. The discrete value of the wave-vector magnitude
along a generic direction d∆θ is denoted by the symbol ki,r,d. The energy to k relation may
be non monotonic, as illustrated by the direction θ1=d1∆θ, in which case more values of ki,r,d
correspond to a single energy value. (b) Energy driven discretization of the phonon wave-vector;
energy Eph(q) is here assumed to depend only on the magnitude q of the phonon wave-vector.
∆E is the same energy step used also for the electron band-structure. The uniform energy
discretization p∆E results in corresponding, non uniform intervals ∆qp for the magnitude q of
the phonon wave-vector.

show that the linear integral equation providing τi(k) has a kernel that consists of Dirac func-
tions restricting the integrals over k′ to curves fulfilling the condition Ej(k

′)=[Ei(k)±Eph(q)].
In particular, in Eq.4.18 the Dirac function reduces the integral over Ej (for any given θ′).

In order to tackle the numerical solution of Eq.4.18, a discussion about the discretization
scheme is necessary. In fact, if we use the most natural k discretization consisting in taking, for
instance, a uniform step in the angle θ and a possibly non uniform step for k, then it is impossible
to satisfy exactly the constraint Ej(k

′)=[Ei(k)±Eph(q)] when k takes only the discrete values.
It is now important to notice that if, instead, an energy driven k discretization is employed,
then Eq.4.18 can be cast in a discretized form suitable for a computationally efficient solution,
and without introducing any simplifying assumption.

The basic idea is illustrated by Fig.4.1(a) showing the energy driven discretization of the
wave-vector for an anisotropic electron energy relation. The sketch exemplifies the k discretiza-
tion for a generic subband i, along two angular directions d1∆θ, d2∆θ, and for a uniform energy
step ∆E (with ∆θ being the step of the angular discretization). The crucial point here is that,
for each subband i and discretized angular direction d∆θ, the discrete values ki,r,d of the wave-
vector magnitude are in general different, but they correspond to one of the discrete energy
values reported on the y axis of Fig.4.1(a), which are the same for all subbands and all angular
directions.

The energy driven discretization of the electron wave-vector guaranties that all the discrete
wave-vectors correspond to energies that differ simply by a multiple of the energy step ∆E.
The procedure is completed by the discretization of the phonon energy Eph, that is illustrated
in Fig.4.1(b). The discrete Eph values are taken as multiple of ∆E, and each energy bin p∆E
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identifies one interval ∆qp of the phonon wave-vector magnitude q1.
By considering Figs.4.1(a) and (b) it can be understood that, if the electron and phonon

energy dispersion are discretized as prescribed by these figures, then for both elastic and in-
elastic phonon assisted transitions the discrete k values satisfy exactly the energy conservation
constraint. This is more clearly explained by noting that for a generic discrete wave-vector
ki,r,d=(ki,r,d,d∆θ) identified by its magnitude ki,r,d and its angle d∆θ, a positive integer num-
ber ni,r,d exists such that

Ei(ki,r,d) = Emin + ni,r,d ∆E . (4.20)

The initial ki,r,d and final kj,r′,d′ wave-vectors also set q=|kj,r′,d′−ki,r,d|, and the condition
q∈∆qp identifies in turn the interval ∆qp to which q belongs (see Fig.4.1(b)), that finally sets
the discrete value p∆E of the phonon energy.

The above discussion allows us to state that, according to the energy driven discretization
illustrated in Figs.4.1(a) and (b), the energy conservation for a phonon assisted transition
between an initial state (i,ki,r,d) and a final state (j,kj,r′,d′) is simply expressed as

[nj,r′,d′ − ni,r,d ∓ p] = 0 (4.21)

where p∆E is the discrete phonon energy value corresponding to the interval ∆qp identified by
the condition q=|kj,r′,d′−ki,r,d|∈∆qp.

The above discussion demonstrates that, when the energy driven discretization scheme is
employed, then the discrete version of Eq.4.18 takes the form

vi,x(ki,r,d)

 ∆θ

2π~
∑
j,r′,d′

Aj,r
′,d′

i,r,d δj,r
′,d′

i,r,d

 τi,r,d −
− ∆θ

2π~
∑
j,r′,d′

Aj,r
′,d′

i,r,d vj,x(kj,r′,d′) δ
j,r′,d′

i,r,d τj,r′,d′ = vi,x(ki,r,d) (4.22)

where the integral over θ′ in Eq.4.18 has been approximated by the sum over the index d′ and

with an angular step ∆θ, and, furthermore, we have introduced the coefficients Aj,r
′,d′

i,r,d defined
as

Aj,r
′,d′

i,r,d = kj,r′,d′

[
dEj(kj,r′,d′)

dk

]−1
|Mi,j(ki,r,d,kj,r′,d′)|2

[
1− f0(Ej(kj,r′,d′))

1− f0(Ei(ki,r,d))

]
. (4.23)

Eq.4.22 is a linear algebraic system for the unknowns τi,r,d, where the non null entries of the

matrix representing the system are governed by the Kronecker symbols δj,r
′,d′

i,r,d . The discussion

leading to Eq.4.21 allows us to define δj,r
′,d′

i,r,d as

δj,r
′,d′

i,r,d

 1 for [nj,r′,d′ − ni,r,d ∓ p] = 0

0 otherwise
(4.24)

where p∆E is the discrete phonon energy value corresponding to the interval ∆qp, with ∆qp
such that q=|kj,r′,d′−ki,r,d|∈∆qp.

Eq.4.22 is a discrete version of Eq.4.18 obtained by introducing no simplifying approxima-
tions except for the discretization itself, namely the finite values of ∆E and ∆θ. Thus the
solution of the LBTE has been cast in the form of a linear algebraic problem.

1Fig.4.1(b) assumes for simplicity that Eph depends only on the magnitude q of the phonon wave-vector and
not on the q direction. This is a reasonable approximation in very many practical cases and the extension to
an energy Eph that depends on the q direction is also possible.
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4.3.2 Isotropic scattering mechanisms

For isotropic scattering mechanisms a drastic simplification of the problem is possible and
Appx.B.1 shows that τi(k) depends on k only through the energy, namely we have τi(k)=τi(Ei(k)).
An explicit expression for τi(Ei(k)) is obtained by converting the sum over k′ in Eq.B.4 to an
integral, which leads to

1

τi[Ei(k)]
=

1

2π~
∑
j

|M (0)
i,j |

2

∫
k′

[
1− f0(Ej(k

′)

1− f0(Ei(k))

]
δ[Ej(k

′)− Ei(k)∓ ~ω0] dk′ (4.25)

where M
(0)
i,j is the isotropic scattering matrix element introduced in Eq.B.1. Eq.4.25 shows

that, as it is well known, for isotropic scattering mechanisms it is not necessary to solve any
problem to determine the MRT, in fact Eq.4.25 provides an explicit expression for τi(Ei(k)).

4.3.3 Isotropic bands

Let us now consider a band-structure where the energy depends only on the magnitude k of
the wave-vector, namely Ei(k)=Ei(k). We also assume that the scattering rate has a moderate
anisotropy, such that it can be written as

Si,j(k,k
′) =

2π

~
|Mi,j(q)|2 δ[Ej(k′)− Ei(k)∓ ~ω0] (4.26)

where q=|k′−k| is the magnitude of the phonon wave-vector and the phonon energy ~ω0 is
independent of q.

Circular parabolic bands are isotropic, for example, and some of the most often used Hamil-
tonians for monolayer and bilayer graphene also lead to isotropic bands (see Sec.4.4). As for
the form of the scattering rate, Eq.4.26 is an acceptable approximation for most phonon scat-
tering mechanisms and, by setting ~ω0=0, also for surface roughness or Coulomb scattering2.
Consequently the case discussed in this section is of remarkable practical interest.

Appx.B.2 shows that, for isotropic bands and a scattering rate expressed by Eq.4.26, the
momentum relaxation time τ(k) depends only on the magnitude of the wave-vector, and it is
obtained by solving Eq.B.11, that we rewrite here for convenience

dEi(k)

dk
τi(k)

 1

2π~
∑
j

∫ +∞

−∞
dEj Γi,j(k, k

′)

[∫ π

−π
|Mi,j(q)|2dβ

]
δ[Ej − Ei(k)∓ ~ω0]


− 1

2π~
∑
j

∫ +∞

−∞
dEj Γi,j(k, k

′)
dEj(k

′)

dk

[∫ π

−π
|Mi,j(q)|2 cos(β)dβ

]
τj(k

′) δ[Ej − Ei(k)∓ ~ω0]

=
dEi(k)

dk
(4.27)

where β is the angle between k’ and k and Γi,j(k, k
′) is defined in Eq.B.9.

Before we describe the discretization of Eq.4.27 we notice that τi(k) depends on the magni-
tude k of the wave-vector a not on the energy. This is a relevant distinction because when the
energy relation is non monotonic (see Fig.4.1(a)), then different momentum relaxation times
may be associated to the same energy, as the numerical results of Sec.4.4 will clearly show.

Eq.4.27 is an integral equation where the Dirac functions reduce the integral over Ej and,
as discussed in Appx.B.2, impose that the integrals over β are taken along circles with a fixed
k′. If we embrace the energy driven discretization discussed for the derivation of Eq.4.18, we
see that the angular discretization is not necessary for the case considered in this section, so

2In an inversion layer Eq.4.26 neglects the possible k dependence of the envelope wave-functions, which exists,
for example, in a hole inversion layer described with a quantized k · p Hamiltonian [21, 28].
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that the discrete k values can be denoted ki,r and are in fact identified only by the subband
index i and the index r for the wave-vector magnitude; the corresponding unknown values of
the MRT problem can be also denoted τi,r.
By using the energy driven discretization, Eq.4.27 can be discretized in the form

dEi(ki,r)

dk

 1

2π~
∑
j,r′

Bj,r
′

i,r δj,r
′

i,r

 τi,r − 1

2π~
∑
j,r′

Cj,r
′

i,r δj,r
′

i,r τj,r′ =
dEi(ki,r)

dk
(4.28)

where we have introduced the coefficients Bj,r
′

i,r and Cj,r
′

i,r defined as

Bj,r
′

i,r = kj,r′

[
dEj(kj,r′)

dk

]−1 [
1− f0(Ej(kj,r′))

1− f0(Ei(ki,r))

] ∫ π

−π
|Mi,j(q

j,r′

i,r )|2dβ (4.29)

Cj,r
′

i,r = kj,r′

[
1− f0(Ej(kj,r′))

1− f0(Ei(ki,r))

] ∫ π

−π
|Mi,j(q

j,r′

i,r )|2 cos(β)dβ (4.30)

with qj,r
′

i,r =|kj,r′−ki,r| being the magnitude of the wave-vector variation

(qj,r
′

i,r )2 = k2i,r + (kj,r′)
2 − 2ki,rkj,r′ cos(β) (4.31)

A discussion similar to the one leading to Eq.4.24 allows us to define the new Kronecker symbol

δj,r
′

i,r as

δj,r
′

i,r

 1 for [nj,r′ − ni,r ∓ p] = 0

0 otherwise
(4.32)

where we have set ~0ω0'p∆E, with p being a positive integer number.

The analysis in Secs.4.3.2 and 4.3.3 show that the introduction of the MRT τi(k) as the
unknown of the LBTE is practically useful for either isotropic scattering mechanisms or isotropic
bands. In fact, while τi(k) depends only on the energy Ei(k) for an isotropic scattering and
only on the wave-vector magnitude k under the assumptions of Sec.4.3.3, this is not the case
for the original unknown function gi(k), because the gi(k) maintains an angular dependence
through the group velocity vi,x(k) (see Eq.4.10). In the most general case of anisotropic bands
and scattering rates, however, there is no particular point in changing the unknown from gi(k)
to τi(k).

4.3.4 Multiple scattering mechanisms and Matthiessen’s rule

Eqs.4.22 and 4.28 have been derived by considering a single scattering mechanism, but the
extension to multiple scattering mechanisms is quite straightforward. To this purpose, we first
rewrite Eqs.4.22 and 4.28 for the single scattering mechanism s in the concise matrix notation
M(s)τ (s) =v, where τ (s) is the vector of the unknown MRT values, v is the vector of the
group velocities and M(s) is the matrix representative of the linear problem (whose elements
are given by Eqs.4.23, 4.24 or 4.29, 4.30, 4.32). For a case where several scattering mechanisms
are present, we see that the total momentum relaxation time τ is obtained by solving[

Nsc∑
s=1

M (s)

]
τ = v (4.33)

with Nsc being the number of mechanisms. Eq.4.33 clarifies that adding a scattering mechanism
to the LBTE implies to add the corresponding matrix M (s) to the linear algebraic problem;
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this point was already recognized many years ago in [18]. As can be seen it is in general
impossible to establish any relation between the relaxation τ (s) of the single mechanisms and
the overall relaxation time τ . An exception occurs for isotropic scattering mechanisms, in
fact Eq.4.25 shows that the relaxation times of more isotropic mechanisms simply follow the so
called Matthiessen’s rule, and no equation has to be solved to calculate the MRT. Consequently,
strictly speaking the Matthiessen’s rule is not even valid for the relaxation times if at least
one of the scattering mechanisms is anisotropic. Despite its shaky theoretical foundation, the
Matthiessen’s rule is still routinely used to interpret both experimental and simulated mobility
data and to separate the contribution of the different scattering mechanisms; a quantitative
analysis of the errors produced by the use of the Matthiessen’s rule has been recently presented
in [31], that also refers to a number of previous contributions dealing with similar topics.

4.3.5 Some remarks about the numerical solution

Before we move to some results about relaxation time and mobility calculations, a few remarks
about the energy driven discretization proposed in Figs.4.1(a) and (b) may be useful.

The k discretization of Fig.4.1(a) implies to calculate the wave-vector magnitude along each
direction and for fixed values of the energy. This is easy if we are using a parabolic effective mass
energy model (possibly with non parabolic corrections), because in this case the relation between
the wave-vector magnitude and the energy can be expressed analytically [28]. Furthermore, if
at least the energy versus k relation is known analytically, then it is still quite easy to obtain
a numerical inversion of such a relation, as it is shown in Sec.4.4 for a bilayer graphene sheet.
Finally, when the band structure is determined numerically, as in the case, for example, of an
inversion layer described by a k·p Hamiltonian [21, 28], the energy driven discretization can
be implemented by solving the so called inverse problem, that is the eigenvalue problem that,
for a given energy and in plane direction θ, solves for the values of the wave-vector magnitude
[21, 28]. As can be seen, the energy driven discretization is a feasible discretization scheme in
very many cases of practical interest.

A second remark is that Eq.4.22 has been derived for an inelastic phonon scattering with a q
dependent phonon energy, as shown by Eq.4.15. When the phonon energy can be approximately
taken as a constant (i.e. Eph(q)'~0ω0), then the energy driven discretization simply prescribes
that ~0ω0 is rounded to a multiple of ∆E, namely we have to set ~0ω0'p∆E (with p being a
positive integer number). Also an elastic scattering mechanism can be considered as a simplified
case of Eq.4.15.

We also note, in passing, that the energy driven k discretization makes it easy to obtain
a set of discrete k points such that the corresponding energies belong to a prescribed range,
that for low field mobility calculations can be up to a few KBT above the Fermi level. In the
presence of a significant energy anisotropy, using a fixed energy range for all k directions is more
physically meaningful and computationally efficient than enforcing the same k range along all k
directions, this latter option possibly resulting in vastly different energy values along different
directions.

Another point to be briefly discussed is given by the closing conditions. In fact, if we
suppose to restrict the energy range to Emax=Emin+nmax∆E, then the unknown relaxation
times τ corresponding to Emax are linked to the τ values at larger energies by phonon absorption
transitions, so that we need closing conditions to solve the linear problem in Eq.4.22 or Eq.4.28.
In this work we simply set the relaxation time constant for energies larger than Emax. This
condition has no physical meaning and in fact it is only a computational choice. In order to
verify that the closing conditions do not affect the results, we verified that mobility calculations
are independent of the exact value of the maximum energy Emax, as long as Emax is larger
than the Fermi level by about 6KBT ; this is because the τ values are sensitive to Emax in only
a small energy range below Emax.

As a final remark, we notice that, since the matrix representative of the linear problems
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in Eq.4.22 and Eq.4.28 are sparse with many non null entries, then the CPU time for the
solution of the linear problem is typically negligible with respect to the time for the calculation
of the entries of the matrix. The calculation of the matrix entries, however, can be easily and
effectively parallelized, which leads to acceptable CPU times even for relatively fine energy and
angle discretizations 3.

4.4 Numerical Results for mobility in graphene bilayers

We have applied our approach to solve the LBTE to the calculation of low-field mobility in
a graphene bilayer (GBL). As already mentioned in Secs.1.4.2 and 3.4, the GBL consists of
two interacting sheets of graphene arranged according to the Bernal stacking [32, 33, 34] (see
Fig.4.2(a)), and it is a very interesting material because the potential difference V between the
two layers controls the energy bandgap [32, 33, 34].

4.4.1 An isotropic energy relation

Most of the results of this section were obtained by using the bandstructure for bilayer graphene
stemming from the simplified Tight-Binding (TB) approach reported in Eq.3.45 (see Sec.3.4.1),
where the only interactions accounted for between the atoms of the different layers are those
between atoms which are aligned according to the Bernal stacking [33, 34] (see Fig.4.2(a)).
Here we want just to remind that this simplified 4× 4 Hamiltonian leads to a conduction band
that is isotropic near the 6 K-points of the first Brillouin zone; its two branches are expressed
by Eq.3.46 and depends on the voltage V between the two layers. It is important to note that
a bandgap is induced when V is not equal to zero; moreover, the edges of the bands are non-
monotonic (“Mexican-hat” shape, see Fig.4.2(b)). The two branches of the conduction band
E1 and E2 calculated for different values of the energy gap EG are shown in Fig.4.2(b).

Since we are interested in studying uniform transport in graphene bilayer transistors, we
consider both V and the electron density Ns as independent inputs of the model, namely we have
not solved the self-consistent loop coupling the bandstructure with the electrostatic problem
that allows to calculate the dependence of V and the carrier density Ns on the gate voltages
VTG and VBG.

4.4.2 Relaxation time and mobility for the isotropic energy relation

In the mobility calculations for the graphene bilayer we have considered only the lowest branch
of the conduction band (i.e. E1 in Fig.4.2(b)), since E2 is very high in energy with respect
to the Fermi level for all the considered inversion densities. Hence in this section the subband
index will be dropped in the notation of scattering rates and relaxation times.

We have considered the intrinsic graphene phonons and the remote phonons stemming from
the gate dielectrics (see Fig.4.2(a)) and we have used the expressions for the scattering rates
reported in Eqs.3.55, 3.56, and 3.57 (see Sec.3.4.3). Hence, we are analyzing the transport
for an isotropic and non-monotonic energy dispersion relation (see Fig.4.2(b)) and we account
for several anisotropic scattering mechanisms. The momentum relaxation time was calculated
either by solving directly Eq.4.33 (with the matrix M(s) for each scattering mechanism given by
Eq.4.28), or by using a simplified, approximated formulation that can be explained as follows.
The approximated determination of the MRT corresponds to an approach very frequently em-
ployed in the literature, that is obtained by simplifying the term (τj(k

′) vx,j(k
′))/(vx,j(k

′)τi(k))
in Eq.4.12 and substituting it with cos(β), where β is the angle between k′ and k [29, 21, 30, 28].
As discussed in details in [28], this simplification is only justified for elastic, intra-subband tran-
sitions and for isotropic bands. However, since it allows one to circumvent the solution of the

3In our simulations, thanks to the parallelization, the CPU time goes roughly as 1
N

, where N is the number
of CPUs used.
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Figure 4.2: (a) Sketch of the simulated graphene bilayer physical system: the graphene bilayer is
inserted in a double-gate structure, with ideally flat SiO2 substrate and HfO2 top dielectric. The
inset illustrates the four-atoms unit cell and the alignment between atoms A1 and A2 (Bernal
stacking); the hopping energies t and t⊥ are also shown. (b) Profiles of the two branches of the
conduction band E1 and E2 of the graphene bilayer for different energy gap EG controlled by
the applied voltage V . The mid-gap is taken as the reference for the energy.
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Figure 4.3: Graphene bilayer mobility versus the inversion density Ns for various values of the
energy gap EG calculated using the exact formulation (filled symbols), and the approximation
given by the use of Eq.4.34 plus the Matthiessen’s rule (open symbols). The error of the
approximated solution is large at high energy gaps.

LBTE and obtain an explicit expression for the relaxation time, this approach has been almost
universally used in the literature in a countless number of papers up to very recent contribu-
tions [17]. With such a simplification of Eq.4.12, the relaxation time τ (s)(k) for the scattering
mechanism s and for an isotropic energy relation can be written as [29, 21, 30, 28]

1

τ
(s)
i (k)

=
1

2π~
∑
j

∫
k′

[
1− f0(Ej(k

′))

1− f0(Ei(k))

]
|Mi,j(q)|2[1− cos(β)] δ[Ej(k

′)− Ei(k)∓ ~ω0] dk′ .

(4.34)
In this simplified approach, furthermore, the total relaxation time τi(k) is finally obtained by

summing the inverse of the τ
(s)
i (k), that is by using the Matthiessen’s rule.

Fig.4.3 shows the mobility versus inversion density for a graphene bilayer and for different
energy gaps. A physical explanation for the non monotonic behavior of calculated mobility
observed especially for small band gaps is discussed in Chap.5 and in [35]. The simulated
mobilities in Fig.4.3 are in fairly good agreement with the experimental values between 1000
and 2000[cm2/(Vs)] reported in previous publications [36, 37, 38, 39, 40, 41], and measured on
test structure similar to the system sketched in Fig.4.2(a). Moreover, our calculated mobility
increases remarkably if we switch off remote phonons (see also the results reported in Chap.5),
and is quite consistent with the value of about 60000[cm2/(Vs)] recently measured for ultra-
clean suspended bilayer graphene [42].

Fig.4.3 illustrates simulated mobility for either the exact MRT calculations (filled symbols)
or for the simplified approach consisting in the use of Eq.4.34 and the Matthiessen’s rule (open
symbols). As can be seen the discrepancy between the approximated and exact mobility calcula-
tion is significant for relatively large band gaps, that is when the energy relation is markedly non
monotonic (see Fig.4.2(b)). The percentage error of these simplified calculations is reported
in Fig.4.4 (filled symbols), where it can be seen that the approximated MRT determination
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Figure 4.4: Error in the mobility calculations obtained by employing simplifying assumptions
in the solution of the LBTE. The continuous lines show that the absolute error can be large
when using Eq.4.34 and the Matthiessen’s rule. The dotted lines show a much smaller error
when the only approximation is the Matthiessen’s rule. The error is calculated with respect to
the results obtained using Eqs.4.28 and 4.33.

becomes inaccurate with increasing energy band gaps.

Fig.4.4 also shows the error with respect to the exact MRT calculation of a second set of
approximated results (open symbols), which were obtained by first calculating the momentum

relaxation time τ
(s)
i of each scattering mechanism by solving exactly Eq.4.28, and then deter-

mining the total relaxation time τi(k) by using the Matthiessen’s rule rather than Eq.4.33; we
thus consider the error of these calculations as representative as the inaccuracy introduced by
the Matthiessen’s rule only. As can be seen the error related to the Matthiessen’s rule only
is quite limited for the mobility calculations of Fig.4.3. This is because for graphene bilayer
the scattering due to the remote phonons of the HfO2 oxide is largely dominant, as illustrated
by the momentum relaxation time of the different scattering mechanisms reported in Fig.4.5.
By increasing artificially the scattering rates of acoustic and optical phonons we also verified
that the errors related to Matthiessen’s rule may become significantly larger than observed in
Fig.4.4 when several scattering mechanisms have comparable relaxation times (not shown).

Fig.4.6 shows the total momentum relaxation time corresponding to the mobility calculations
of Fig.4.3 and for an energy gap EG=0.17eV and an inversion density 1013cm−2, that is for
a case where the approximated mobility calculation is quite inaccurate. Consistently with the
errors in the mobility shown in Fig.4.4, the discrepancy between the exact and approximated
MRT is remarkably larger for the case when both Eq.4.34 and the Matthiessen’s rule are used
(left plot), compared to case where the Matthiessen’s rule is the only approximation (right
plot).

Fig.4.6 also shows that the exact momentum relaxation is negative for k values smaller than
about 0.25nm−1. This seemingly puzzling result can be explained by recalling that τ(k) is not
the relaxation time of a real physical process, but rather an auxiliary unknown function for the
LBTE problem, which is linked by Eq.4.10 to the original unknown function g(k) defined in
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Figure 4.5: Exact relaxation times for acoustic phonon (AC, right y-axis) and for remote
phonons (RP) originating in either the SiO2 (right y-axis) or the HfO2 (left y-axis) for
EG=0.17eV and Ns=10 × 1012cm−2 versus the magnitude k of the wave-vector; the Fermi
wave-vector kf is 0.56× 109m−1. The relaxation time related to the remote phonons stemming
from the top gate dielectric is dominant with respect to the others. The relaxation time related
to the optical phonons has been omitted because it is orders of magnitude larger.

Figure 4.6: Total relaxation times calculated for EG=0.17eV and Ns=10×1012cm−2 (kf=0.56×
109m−1) using Eqs.4.28 and 4.33 (continuous lines), employing Eq.4.34 plus the Matthiessen’s
rule (dash-dotted line in the left plot), and considering only the effect of the Matthiessen’s rule
(dashed line in the right plot).
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Eq.4.1. In this respect, Fig.4.7 reports the relaxation time τ , the x component vx of the group
velocity and the g function versus the x component kx of the wave-vector and for the energy
gap and inversion density considered in Fig.4.6. As can be seen g(kx) is a continuous function
and it is positive for kx>0 and negative for kx<0. In fact the discontinuities of τ(kx) occur
at the kx values where vx changes its sign as a consequence of the non monotonic energy to k
relation (see Fig.4.2(b) for EG=0.17eV). The behavior of τ(kx), vx(kx) and g(kx) in Fig.4.7 is
thus fully consistent with Eq.4.10.

The physical significance of the results in Fig.4.7 can be further understood if we consider,
for example, a negative electric field Fx<0 and an electron gas. In this case Eq.4.1 (with the
upper sign) states that the deviation of the electron occupation function from the equilibrium
value is given by [f(k)−f0(E(k))]=e|Fx|g(k), that is it has the same sign as g(k). Hence
the results in Fig.4.7 are consistent with the intuitive fact that, for a negative Fx, the states
with positive kx are repopulated and those with negative kx are depopulated with respect to
the equilibrium condition. We thus conclude this discussion by reiterating that the momentum
relaxation time τ defined in Eq.4.10 can legitimately take negative values and that this has
no unphysical implications. Quite interestingly, however, the simplified solution for τi(k) in
Eq.4.34 implies that the corresponding approximated τi(k) takes only positive values (see also
the dash-dotted line in Fig.4.6 left).

4.4.3 Results for an anisotropic energy relation

In order to validate the feasibility of the method proposed in this work for the solution of the
LBTE also for an anisotropic energy dispersion, we considered the energy relation of graphene
bilayer obtained from the ”complete” tight binding Hamiltonian already presented in Sec.3.4.1
(see Eq.3.44) [33]. This tight binding Hamiltonian is ”complete” in the sense that it accounts
for the interactions between all the four atoms of the unit cell [33] and leads to an energy
relation that is anisotropic (differently from the one in Eq.3.45), as it is illustrated in Fig.3.14
reporting the lowest conduction band in the k space (see also Sec.3.4.1).

Relaxation times and mobility were calculated by solving Eq.4.33 (with the matrix M(s)

for each scattering mechanism given by Eq.4.28), and by using the scattering rates formula-
tion presented in Sec.3.4.3, with energy and spinor-overlaps calculated consistently with the
Hamiltonian in Eq.3.44. Note that, as already mentioned in Sec.3.4.2, due to the symmetries
of the energy relation and similarly to monolayer graphene (see Fig.3.6), the six minima can
be grouped in two inequivalent valleys: as it can be seen in Fig.4.8, a valley is obtained just
by mirroring the other valley with respect to the axes k′x = 0m−1. Thanks to this particular
feature of the GBL energy relation, when the electric field is applied along the x direction (see
Fig.4.8), the mobility calculated for the two inequivalent valleys is the same.

Figs.4.9(a) and (b) show respectively the momentum relaxation time along different di-
rections in the k plane and the contour of the function g(k) calculated for V=0.2V and
Ns=10 × 1012cm−2. As expected the τ is anisotropic, which reflects the anisotropic energy
relation in Fig.3.14. Moreover, the calculated g(k) function is not null only for k values close to
the Fermi wave-vectors (indicated by the white line in Fig.4.9(b)), and it is even with respect
to the angle α defined in Fig.3.14, as prescribed by the symmetries of the energy relation and
by the fact that the electric field is along the x direction. Moreover g(k) is vanishing along the
ky direction, that is for wave-vectors normal to the electric field.

Fig.4.10 finally shows a comparison between the mobility calculated employing the isotropic
(filled symbols) and the complete Hamiltonian (open symbols). As can be seen, all the qualita-
tive mobility trends are the same for the two Hamiltonians, however discrepancies as large as
30% are observed in the absolute values of the calculated mobility. As a final remark, we have
also verified that the dependence of the mobility on the direction of the external electric field
is negligible (see Fig.4.11).
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Figure 4.7: (a) Total relaxation time, (b) x component vx of the group velocity and (c) function
g versus kx calculated with the approach proposed in this work for EG=0.17eV and Ns=10×
1012cm−2.
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Figure 4.8: Similarly to monolayer graphene, the 6 minimum of the FBZ of GBL can be grouped
in two degenerate valleys, highlighted in the figure by the green and red circles.

Figure 4.9: (a) Total relaxation time τ plotted along different directions (α=π/30 and 5π/3,
see Fig.3.14 left) and (b) contour of the function g(k) calculated using the TB Hamiltonian in
Eq.3.44 for V=0.2V and Ns=10 × 1012cm−2. The white line in (b) indicates the Fermi wave-
vectors. As expected, the function τ is anisotropic and the function g reflects the symmetries
of the problem.
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4.5 Conclusions

This chapter revisited the solution of the linearized Boltzmann transport equation, which is
probably the most popular approach to calculate mobility in semiconductor materials and de-
vices. We proposed an energy driven discretization of the LBTE that allows one to write the
discretized BTE in the form of a linear, algebraic problem, and we provided detailed expres-
sions in terms of scattering matrix elements for the entries of the matrix governing the linear
problem. In our approach multiple scattering mechanisms are naturally included by adding
the corresponding scattering rates before the calculation of the MRT. Hence it is not necessary
to resort to the Matthiessen’s rule to compose the inverse of the relaxation times, which is a
procedure theoretically legitimate for isotropic scattering rates, but essentially semi-empirical
for anisotropic mechanisms.

We implemented the proposed methodology to solve the LBTE and calculate the mobility
in a graphene bilayer system, and compared our exact calculations for relaxation time and
mobility with the results obtained with some of the simplifying assumptions almost universally
employed in the previous works; the error of the approximated solutions was quantified and
discussed.

Quite interestingly, our results showed that for the non monotonic energy dispersion of
graphene bilayer the momentum relaxation time can take negative values, which we explained
by the fact that the MRT is an auxiliary unknown function for the LBTE problem, so that it
is not always possible to interpret it as the relaxation time of a real physical process.
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5.1 Introduction

As already mentioned in Chap.1, the discovery of the outstanding charge transport prop-
erties in suspended graphene [1, 2] has triggered worldwide efforts aimed at exploiting

graphene sheets as the channel material for a new generation of transistors. However, the ex-
cellent mobility in monolayer graphene comes together with a zero energy bandgap EG, which
degrades the [Ion/Ioff ] ratio of graphene transistors and seriously hampers their use for digital
circuit applications (see Sec.1.4.2). As aforementioned in Chap.3, a method to induce an energy
gap is to insert a graphene bilayer (GBL) in a double-gate structure, and apply an electric field
across it [3, 4] (see Sec.3.4).

The purpose of this chapter is to study the low-field mobility and the velocity saturation
in GBL transistors by using a semiclassical Monte Carlo transport simulator. The model
includes the scattering rates with the local graphene phonons and with the remote phonons
(RP) originating in the dielectrics described in Sec.3.4.3.

5.2 Model description

We have simulated a GBL inserted in the idealized double gate structure depicted in Fig.5.1: as
can be seen, similar to many experimental devices, the GBL is sandwiched between two oxides,
the thick back SiO2 layer and the thinner high-κ dielectric at the front gate.

Figure 5.1: Sketch of the simulated structure: the graphene bilayer is inserted in a double-gate
structure, with ideally flat SiO2 substrate and HfO2 top dielectric.

5.2.1 Structure of the simulator

We have solved with a Monte Carlo (MC) approach the Boltzmann Transport Equation in
graphene bilayer under a uniform electric field in the transport direction. The structure of
the simulator is reported in Fig.5.2: given the analytical expression of the bandstructure, the
expressions of the scattering rates, the applied electric field in the direction of the transport
Fx, the voltage difference between the two layers V and the carrier density Ns as inputs, the
MC calculates the drift velocity vd (thus the low-field mobility µ when Fx is very low). As
previously mentioned in Sec.3.4, the energy gap EG in the GBL is controlled by the voltage
difference V between the two layers. In a GBL transistor the bandgap EG and the carrier
density Ns can in principle be set separately by choosing appropriately the gate biases [5, 6].
However relating V and Ns to the external gate voltages VTG and VBG (see Fig.5.1) would
require the solution of the self-consistent bandstructure and electrostatic problem. Indeed, the
voltage drop V across the two layers of the GBL, for given values of the gate biases in Fig.5.1,
is set by the solution of the Poisson equation, where the charge density in the two layers
depends in turn on the energy dispersion relation and also on the wave-vectors of the employed
Hamiltonian, that allow to calculate the local density of states in the two layers. However, since



5.2 Model description 103

Figure 5.2: Flow chart of the simulator of the uniform transport in bilayer graphene.

we were interested to study uniform transport in a GBL transistor, we assumed an idealized test
structure as in Fig.5.1 where different (VTG, VBG) pairs allow to obtain different combinations
of energy bandgap EG and carrier density Ns [4, 7, 8]; hence, we considered V and Ns as
independent inputs of the model.

In the next subsections we will present the different components of the simulator.

5.2.2 Model for the bandstructure

We have employed the analytical energy dispersion relation stemming from the simplified Hamil-
tonian reported in Eq.3.45 of Sec.3.4.1. Here we want just to remind that this Hamiltonian,
which is obtained using an expansion of the full-band Hamiltonian close to one of the six K
points of the FBZ of GBL, is simplified because, between the two layers, it considers only the
interactions related to the atoms aligned according to the Bernal stacking [4, 9, 7] (see Sec.3.4.1
for a deeper explanation). Moreover, the interfaces are assumed ideally flat and the graphene
bilayer band structure unaffected by the top and the bottom dielectrics.

As already mentioned in Sec.3.4.1, the energy dispersion reported in Eq.3.46 is isotropic and
non-monotonic. Fig.5.3 shows the two branches of the conduction band E1(k) and E2(k) for
different values of EG, which is in turn set by the voltage V (see Eq.3.47 of Sec.3.4.1) [4].

5.2.3 Scattering rates

In our transport model we considered only the lowest branch of the conduction band, namely
E1(k) in Eq.3.46. In the close to equilibrium regime corresponding to the definition of mobility
the second conduction band E2(k) is well above the Fermi level for all the Ns of practical
interest (see Fig.5.4), thus it can be safely neglected. We will further comment this point in
Sec.5.3.2.

A discussion on the relevant scattering mechanisms in GBL can be found in Sec.3.4.3. Here
we only recall that in GBL intrinsic as well as remote phonons play an important role at room
temperature [10]. Hence, in this chapter we consider both the phonons intrinsic to graphene
and the RP stemming from the SiO2 and HfO2 gate dielectrics (see Fig.5.1). In contrary, we
neglect edge roughness scattering because we assume a wide GBL sheet and flexural phonon
modes because GBL is sandwiched between two oxide layers [11, 12].

In this chapter we have employed a simplified version of the expressions of the scattering rates
related to intrinsic phonons presented in Sec.3.4.3. Indeed, we have applied an approximation
that results in isotropic total scattering rates. In particular, we have replaced the scattering
rates with the momentum relaxation rates, following [13]. This means that we multiplied the
expressions of the transition rate given by Eqs.3.55 and 3.56 by (1− cos θ) and took an average
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Figure 5.3: Profiles of the energy dispersion relations E1 and E2 of the graphene bilayer for
different energy gap EG controlled by the applied voltage V . The mid-gap is taken as the
reference for the energy.

Figure 5.4: Dependence of the Fermi level versus the charge density Ns for EG = 0.01eV (a)
and 0.3eV (b) calculated by solving the integral equation that links the Fermi level EF to the
carrier density Ns compared with the minimum of the two branches of the GBL conduction
band calculated using Eq.3.46.
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over θ, where θ is the angle between the initial and the final states1. We have finally obtained
the following isotropic expressions for the total scattering rates related to intra-valley acoustic
phonons and optical inelastic phonons:

SAP (E(ki)) =
1

2

2πKBTD
2
ac

ρGBL~v2s
DOS[E(ki)]

nsnv
(5.1)

SOP (E(ki)) =
πD2

op

ωOP ρGBL

(
nop +

1

2
∓ 1

2

)
DOS[E(ki)± ~ωOP ]

nsnv
(5.2)

The values of the parameters can be found in Sec.3.4.3. The density of states present in Eq.5.1
and 5.2 is divided by (nsnv) since acoustic and optical phonons are intra-valley and conserve
the spin.

In contrary, the scattering rate with the phonons originated in the dielectrics is calculated
using the same expression reported in Sec.3.4.3 [14, 10, 15]. Hence the employed expression of
the total scattering rate becomes

SRPm(ki) =
1

π~
∑

f=f1,f2

∣∣∣∣∣kf 1
dE
dk

∣∣
kf

∣∣∣∣∣
∫ π

0

|Mm(q, θ)|2 dθ (5.3)

where θ is the angle between the initial ki and the final wave-vector kf , q
2 = (k2i + k2f −

2kikf cos θ) is the magnitude of the exchanged wave-vector q = (kf − ki) and m indicates the
material originating the phonon (i.e. m=SiO2 or HfO2). The matrix element is:

|Mm(q, θ)|2 = e2 |Fki,kf
|2
[
nRPm +

1

2
∓ 1

2

]
~ωSOm
2qε̂m

(5.4)

where upper and lower sign stands for absorption and emission, respectively. As already dis-
cussed in Sec.3.4.3, due to the non-monotonic GBL energy relation it is possible that more than
one wave-vector kf contributes to the total scattering rate. The spinor-overlaps Fki,kf

were cal-
culated directly by using the wave-vectors of the simplified Hamiltonian reported in Eq.3.45,
that are analytically known [7]. Moreover, with respect to Eq.3.57, we set d=0 because we
verified that the d value does not affect the results as long as it is smaller than a few Å.
Finally, we want to remark that in our model all the remote phonon scattering rates were left
unscreened; we discuss the possible effects of the screening produced by the free carriers in
Sec.5.3.3.

5.2.4 Monte Carlo implementation

An introduction to the Monte Carlo approach to the solution of the BTE can be found in
Appx.C. We have extended to GBL the Monte Carlo for monolayer Graphene NanoRibbons
(GNRs) presented in [13]. This is not just a change in the energy dispersion relation, since from
Eq.3.46 we cannot obtain an analytical formulation of its inverse k(E) due to its non-monotonic
behavior (see Sec.3.4). The Mexican-hat shape of the E(k) implies that for a given energy E the
modulus of the wave-vector k is in some cases undefined (two k values have the same energy)
and this demands for a treatment of scattering as a function of k and not of as a function of
E, as for an isotropic material.
Even for a simple elastic scattering mechanisms, when determining the state after scattering
for ranges of energy smaller than a critical value Ecr=e V/2 (see Fig.5.5), we should consider
both the two equi-energy circles corresponding to the final energy the carrier will scatter to (see
Fig.5.5). We thus compute the relative contribution of each circle to the DOS at the energy
corresponding to the final state. For example, let us consider an optical phonon emission, whose

1This is the same approximation explained by Eq.4.34 in Chap.4.
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Figure 5.5: Sketch of the energy relation showing that two values of kf=|k′| are possible for
any energy E below Ecr=e V/2. Thus the phonon emission event illustrated in the figure has
two possible wave-vectors kf1 and kf2 .

total scattering rate depends on the DOS corresponding to the final energy Ef (see Eq.5.2).
When the final energy is below Ecr (as depicted in Fig.5.5), the DOS can be calculated as (see
Eq.3.54)

DOS(Ef ) =
nvns
2π

kf1 1∣∣dE
dk

∣∣
kf1

+ kf2
1∣∣dE

dk

∣∣
kf2

 (5.5)

where kf1 and kf2 are defined in Fig.5.5. In this condition, the probability for the final state to
be associated to the wave-vector kfi has been calculated as:

p[kf == kfi ] =

kfi
1

| dEdk |kfi
kf1

1

| dEdk |kf1
+ kf2

1

| dEdk |kf2

(5.6)

with i = 1, 2.
The situation is much more complicated in anisotropic and inelastic scattering mechanisms

such as remote phonons. In this case the scattering rates are calculated as a function of the
initial k rather than the initial energy. Similarly to simple elastic scattering, when the final
energy is smaller than Ecr the selection of kf is done by calculating the contribution of each
possible final k value to the total scattering rate, i.e.:

p[kf == kfi ] =

kfi
1

| dEdk |kfi

∫ π
0
|Mm(qfi , θ)|

2
dθ∑

f=f1,f2
kf

1

| dEdk |kf

∫ π
0
|Mm(qf , θ)|2 dθ

. (5.7)

Moreover, the contribution of all the possible final angles for both kf values has to be known
to select the direction of the particle after the scattering.

Regarding the treatment of carrier degeneracy, i.e. accounting for the Pauli’s exclusion prin-
ciple [16] (see Appx.C for further details), the choice of the parameters for the mesh in k-space
used to sample the occupation function f(kx,ky) is not trivial and has been carefully optimized.
If the mesh is too dense, the statistical weight of every simulated electron is high and a huge
number of particles has to be used for the simulation of highly degenerate cases. At the same
time, a too coarse discretization is not able to sample correctly the carrier distribution function.
A trade-off between these two different requirements has been identified, by discretizing the k
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space (described by polar coordinates) using a uniform mesh defined by constant steps equal to
∼ 5× 106m−1 and 4◦ in the radial and in the angular direction, respectively; with this choice,
as it can be seen in Fig.5.6, we were able to obtain accurate results using 500000 particles in
the simulations.
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Figure 5.6: The occupation function f(E) calculated by the MC is in very good agreement
with an the ideal Fermi-Dirac distribution thus validating the treatment of the Pauli’s exclusion
principle employed in our simulator and taken from [16].

5.3 Simulation results

5.3.1 Low-field mobility

Fig.5.7 shows the Monte Carlo simulations for the low-field mobility as a function of the total
inversion density Ns for a GBL, calculated for different EG values and either considering or
not the Remote Phonons (RPs) originating in the dielectrics. As it can be seen, the mobility
is largely dominated by the RPs, since it increases dramatically when switching off the RP
scattering. Hence, the uncertainties in the value of the deformation potentials discussed in
Sec.3.2.4 for intrinsic phonons are not expected to affect critically the main results of our
analysis.

Fig.5.8 is focused on the low-field mobility calculated considering the remote phonons. As
can be seen, similar to GNRs [17, 18], the mobility decreases as the bandgap increases. Moreover
it should be noted that the case with the largest gap may not be achievable in a real device
because it would require a too high electric field between the two layers (see Sec.3.4.1). In
Fig.5.8 we also notice that the mobility slightly increases for Ns ≥ 1012cm−2. This is an unusual
behavior compared to silicon MOSFETs and it is not due to the screening effect because the
screening is not included in these calculations. In order to clarify this behavior, in Fig.5.9
we analyzed the Fermi level EF corresponding for different Ns and EG values. Due to a
lower density of states close to the band minimum, the graphene bilayers with small gaps are
heavily degenerate for Ns ≥ 1012cm−2. Most importantly, EF increases remarkably with Ns
thus populating states with progressively larger wave-vectors and carrier velocities. The higher
velocities improve directly the mobility, but also the larger wave-vectors are beneficial. In fact
since the RP scattering rate is inversely proportional to q = |kf−ki|, then it produces preferably
small k changes and it becomes progressively less effective in the randomization of k when Ns
is increased. The modulation of EF with Ns is much less pronounced in bilayers with large EG
because of the larger density of states with respect to small gaps and consequently the group
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Figure 5.7: Graphene bilayer mobility versus the inversion density Ns for various values of the
energy gap EG calculated using the Monte Carlo approach considering (PH+RP curves) and
not considering (PH curves) the remote phonons originating in the gate dielectrics.
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velocity is also less sensitive to Ns. To make our argument more quantitative we calculated the
effective values vmob and kmob for the magnitude of respectively the velocity and wave-vector.
By recalling the calculation of mobility according to the MRT [19], we defined kmob as

kmob =

∑
k k f0(E(k)) [1− f0(E(k)]∑
k f0(E(k)) [1− f0(E(k)]

(5.8)

where f0(E) is the Fermi Dirac occupation function. For each EG, hence each energy relation,
the Ns univocally determines the Fermi level, which in turn allows us to calculate kmob by
converting the sums in Eq.5.8 to integrals over k according to the standard prescriptions [19].
The vmob is obtained by substituting k with |vx| in Eq.5.8. Fig.5.10 shows that both kmob and
vmob increase appreciably with Ns for EG=0.05eV and such an effect is much less pronounced
at large energy gaps, thus confirming our explanation of the mobility increase with Ns.
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Figure 5.9: Value of the Fermi level for different inversion densities Ns and corresponding energy
relation for EG=0.05eV (left) and EG=0.33eV (right).

Fig.5.11 compares the results calculated by the MC simulator (continuous curves) with the
ones obtained by solving the linearized Boltzmann Transport Equation applied to the GBL
sketched in Fig.5.1 by using the novel approach proposed in Chap.4 (dotted curves). We note
that, as it should be, the LBTE solver and MC results are in close agreement. The simulations
are also in good agreement with experiments in [20] for a device structure similar to the one in
Fig.5.1, where an average field-effect mobility of about 1400cm2/(Vs) was found (presumably
with biases inducing only a small EG).

Fig.5.12 compares the low-field mobility calculated in this chapter with the MC and reported
in Fig.5.8 with the one calculated by the LBTE solver presented in Chap.4 (see Fig.4.3): as it
can be seen, the approximations employed in this chapter on the calculation of the scattering
rates related to acoustic and optical phonons have a small but not negligible impact on the
results at low EG and high Ns.

Finally, Fig.5.13 shows the low-field mobility limited by intrinsic (dashed curves) and remote
phonons (continuous curves) for a GBL (blue curves) and a GNR (red curves) as a function of
the energy gap EG. For the GNR, the low-field mobility has been estimated using the Monte
Carlo solver presented in [10], and considering also the effect of the Edge Roughness (ER);
moreover, the energy gap has been estimated as [21]

EGGNR =
1.57

W 1.19
[eV] (5.9)

where W is the width of the GNR expressed in nm. As can be seen, for EG larger the 0.08eV,
the mobility of the bilayer is higher than for GNRs.

5.3.2 Saturation velocity

The simulated drift velocity vd versus the in-plane driving electric field Fx for a graphene bilayer
with various EG and Ns is shown in Fig.5.14. For small EG values the velocity saturates
at Fx≈5×104V/cm to the slightly Ns-dependent value of about 3×107cm/s, which is much
higher than in silicon but smaller than the saturation velocity of monolayer graphene [10, 22]
(see Fig.5.15). Moreover, the entire velocity versus Fx curve decreases when the bandgap
increases. We verified that at the largest Fx values the average carrier energy is comparable
to the minimum of the second conduction band E2 (see Fig.5.16); in such cases the second
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conduction band should be included in the calculations, so that the accuracy of the simulations
for small EG is expected to be quite modest for Fx&5×104V/cm.
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5.3.3 Screening of remote phonons

In the simulations reported in this chapter the matrix elements for the remote phonons were
left unscreened, thus implicitly assuming that the phonon energy is large enough for a complete
dynamic de-screening of the scattering potential [19]. In order to test the impact of the screening
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Figure 5.14: Simulated drift velocity vd versus the driving electrical field Fx for the graphene
bilayer (a) for different energy gaps at Ns=1× 1012cm−2 (b) for various inversion densities Ns
at EG=0.05eV: the dependence of vd on Ns is weak.
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Figure 5.15: Comparison between the GBL and GNR drift velocities calculated for EG=0.05eV,
that is obtained by applying a voltage V = 0.05V on the bilayer and by considering a 26nm
width GNR. The GNR simulations have been performed using the MC solver for GNR presented
in [10].

on our results, in Fig.5.17 we repeated some of the mobility calculations based on the solution of
the LBTE by overestimating the effect of screening, that is we used a static dielectric function
εGBL(q) to screen the remote phonons. The εGBL(q) was calculated by extending to the bilayer
graphene sheets the formulation of [23], by considering only the lowest branch of the conduction
band (E1 in Fig.5.3), and by using the spinor overlaps Fk,k+q defined in Sec.5.2.3:

εGBL(q) = 1 +
e2

(εSiO2
+ εHfO2

)q
Π(q) (5.10)
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Figure 5.16: Average carrier energy as a function of the applied electric field Fx for (a) EG =
0.18eV and (b) EG = 0.33eV calculated for different carrier densities Ns. The dashed lines
represent the bottom of the second branch of the conduction band calculated using Eq.3.46.

where

Π(q) = − nvns
(2π)2

∫
k

|Fk,k+q|2 [f0(E1(k))− f0(E1(k + q))]

E1(k)− E1(k + q)
dk. (5.11)

As expected, the effect of the screening emphasizes remarkably the mobility increase at large
inversion density, whereas its impact is only modest at small Ns. An estimate of the energies for
the plasma oscillations in the graphene bilayer shows that they are comparable to the remote
phonon energies, hence screening the remote phonons with the dynamic dielectric function
appears to be more appropriate and can be considered as a further development of the work
presented in this chapter (see also Sec.3.2.4).
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expected, the behavior of increasing mobility with Ns is enhanced when screening is introduced.
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5.4 Conclusions

We have studied the mobility and the saturation velocity of graphene bilayer using a Monte
Carlo simulator, considering the local graphene phonons and the remote phonons originated
in the dielectrics of an idealized double-gate stack. The simulations suggest that the low-field
phonon limited mobility is strongly-dependent on the energy-gap and in some cases, due to the
particular shape of the dispersion relation, increases with the inversion density. Our results are
in fairly good agreement with the data reported in [20].

According to our models the mobility in these idealized GBL double-gate transistors is
ultimately limited by the RP scattering. The velocity saturation is expected to reach a value of
about 3×107cm/s, which is much higher than in silicon; with respect to monolayer graphene,
the saturation velocity is higher in bilayer graphene only at high Ns. The model limitations
and some possible refinements are also critically discussed in Sec.5.3.3.
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6.1 Introduction

As already mentioned in Chap.1, because of its high carrier mobility graphene is being
widely investigated as alternative channel material for future MOSFETs. The lack of an

energy gap, the consequent high Band-To-Band Tunneling (BTBT) rate which eventually leads
to large off-currents strongly limit the use of Graphene FETs (GFETs) in digital applications
(see Secs.1.4.2 and 3.2.3). Patterning graphene into nanoribbons [1] or using graphene bilayers
[2, 3, 4] can open a gap, but this is associated to a much lower mobility compared to large area
monolayer flakes [1, 5, 6, 7, 8]. For these reasons, much of the attention has recently shifted to
the use of graphene in RF transistors, where the off-current is less critical and the high carrier
velocity allows to achieve large cut-off frequencies (fT ) [9, 10, 11, 12, 13]. Indeed, as can be
seen in Fig.6.1, in a few years the record performance of GFETs RF transistors have already
reached the best ft obtained by more well-established technologies.
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Figure 6.1: Best unity current gain cut-off frequencies ft reached by GFETs transistors in 2012
versus the best performance obtained by using other technologies (adapted from [14]).

Numerical models for accurate simulation of realistic, large area graphene devices are nec-
essary to understand experimental results and optimize device performance, in particular in
view of analog/RF applications [7, 15]. Semi-classical transport models are well justified to this
purpose, since they naturally incorporate the scattering mechanisms responsible for mobility
degradation [16, 5]. However, BTBT is a purely quantum mechanical effect and, as discussed in
Chap.3, it causes large output conductance, excess off current and ambipolar behavior [15, 17].
Quantum transport models based on the Non-Equilibrium Green’s Functions (NEGF) with
a tight-binding (TB) Hamiltonian [18] provide a rigorous treatment for BTBT and ballistic
transport in graphene devices; some scattering mechanisms (for instance, inelastic phonons)
have been added as well [19]. Compared to the NEGF, the semi-classical approach is compu-
tationally more efficient in the simulation of long channel devices and allows for an easier and
less computationally demanding implementation of a large variety of scattering mechanisms
[5, 20, 21]. Models based on the gradual channel approximation or on the drift-diffusion equa-
tions have also been proposed [22, 23, 24, 25, 26] but they suffer severe limitations when it
comes to describe far from equilibrium transport conditions in short channel GFETs as those
expected to yield the largest fT [12, 27].

In this chapter we firstly present (Sec.6.2) a Monte Carlo (MC) model to solve the semi-
classical transport in GFETs with large width and arbitrary gate length including the main
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Generation/Recombination (G/R) mechanisms. Secondly, in Sec.6.3 we validate our model by
comparison with the results of a state-of-the-art NEGF simulator based on a TB description of
the graphene layer. Finally, in Sec.6.4 we use the MC model to estimate the effect of the BTBT
and scattering mechanisms on the output characteristics and RF figures of merit of GFETs
with different channel lengths and source/drain (S/D) to channel underlaps.

6.2 Semi-classical Monte Carlo model

Fig.6.2 reports the flow chart of the developed simulator.

Figure 6.2: Flow chart of the developed simulator: the Boltzmann Transport Equation, solved
using a Monte Carlo technique for bipolar transport, has been coupled in a self-consistent loop
to the non-linear Poisson’s equation that describes the electrostatics of the GFET device.

The gapless energy dispersion relation E = ~vf |k| is assumed (see Sec.3.2.2), which is ade-
quate for wide devices as those considered for analog/RF applications. Translational invariance
is assumed along the width direction.

An introduction to the Monte Carlo approach to the solution of the BTE can be found in
Appx.C. We have extended to short channel GFETs the MC simulator for uniform transport
presented in [5]. In particular, we have coupled in a self consistent loop the Boltzmann Transport
Equations for electrons and holes to the non-linear Poisson equation, i.e.:

∇ ·
[
ε(r)

e
∇Φ(r)(k+1)

]
=n(r)(k) exp

(
Φ(r)(k+1) − Φ(r)(k)

KBT

)
−p(r)(k) exp

(
Φ(r)(k+1) − Φ(r)(k)

KBT

)
−ND(r) +NA(r).

(6.1)

where Φ(r)(k+1) and Φ(r)(k) are respectively the potential calculated at the current and at the
preceding iteration, n(r)(k) and p(r)(k) are the electrons and holes densities at the preceding
iteration, ND(r) and NA(r) are respectively the donor and acceptor densities, and ε(r) is the
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electric permittivity. The non-linear Poisson scheme has been employed in order to achieve a
robust coupling between transport and the electrostatics [28]. The boundary conditions for the
Poisson equation consist in fixing the potential at top and bottom gates to the gate biases VTG
and VBG (Dirichlet conditions) and setting to zero the derivative of the potential at the S/D
contacts (Neumann conditions), similarly to what is done in NEGF solvers [29]. Following [30],
carriers exiting at the contacts are removed from the simulation, while electron and hole fluxes
are steadily injected into the simulation domain according to:

Ie,i = e W

+∞∫
0

2vf
π

DOS(E)

2

1

1 + exp
(
E−eVi−EF,i

KBT

)dE (6.2)

Ih,i = e W

+∞∫
0

2vf
π

DOS(E)

2

1

1 + exp
(
E+eVi+EF,i

KBT

)dE (6.3)

where vf ≈ 8.8 × 107cm/s is the Fermi velocity (defined in Eq.3.10), i is S or D, DOS(E)
is the density of states of a wide monolayer graphene (see Eq.3.14), W is the width of the
monolayer graphene, Vi is the electrostatic potential at the source and drain contacts, and EF,i
the corresponding Fermi levels. Fig.6.3 shows a sketch resuming how the contacts are treated
in the MC simulator.

Figure 6.3: Sketch explaining the treatment of the contacts in the MC simulator: electron
(or hole) fluxes are steadily injected into the simulation domain at the drain and the source
contacts according to Eqs.6.2 and 6.3. The carriers exiting at the contacts are removed from
the simulation. Similarly to NEGF simulators, the derivative of the potential at the edges of
the domain is set to zero. Moreover, a difference equal to eVDS has been set between the Fermi
levels in the source and in the drain contacts. EF,S is set to zero.

We have modeled the acoustic and optical phonons of the graphene as in [31], i.e., we have
replaced the scattering rates with the momentum relaxation rates, averaged over the angle θ
between the initial and the final state, similarly to what we have done in Chap.5 for bilayer
graphene. The resulting isotropic expressions of the total scattering rates are:

SAP (E(ki)) =
1

2

2πKBTD
2
ac

ρ~v2s
DOS[E(ki)]

nsnv
(6.4)
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SOP (E(ki)) =
πD2

op

ρωOP

(
nop +

1

2
∓ 1

2

)
DOS[E(ki)± ~ωOP ]

nsnv
(6.5)

where we have used the same parameters reported in Sec.3.2.4. The remote phonons originating
in surrounding dielectrics have been modeled using the remote phonon model presented in
Sec.3.2.4 [5].

The degeneracy of the carriers has been taken into account with a careful and non trivial
numerical implementation of the rejection technique originally proposed in [32], whose effec-
tiveness is demonstrated in Fig.6.4 by comparison with a simple 1D model that couples the 1D
electrostatics with the calculation of the charge in the graphene layer according to the Fermi-
Dirac statistics. The agreement between the two models indicates that the degeneracy effects
(finite DOS) are well reproduced by the self-consistent Monte Carlo model.
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Figure 6.4: Inversion density Ns versus the top-gate voltage VTG for a device with a large W
biased with a VDS = 0V and a back-gate voltage VBG = 0V. V0 is the VTG yielding zero sheet
charge density.

Coming now to the G/R mechanisms, we have considered both the BTBT (see Sec.3.3.1)
and the recombination assisted by optical phonons (see Sec.3.3.2). Concerning the BTBT,
since wide graphene sheets have zero bandgap, we have employed the local model described in
Sec.3.3.1 in terms of generation-recombination [20], i.e.:

GBTBT (x)−RBTBT (x) ≈
2qFx(x)(fv(x)− fc(x))

(2π)2~

∫ +∞

−∞
dky exp

(
−
k2y~vfπ
qFx(x)

)
=
fv(x)− fc(x)

π2√vf

(
qFx(x)

~

)3/2
(6.6)

where Fx(x) is the magnitude of the local electric field in the transport direction x, ky the
wave-vector in the direction normal to the transport, and fv(x) and fc(x) are, respectively,
the local occupation probabilities of the particles impinging on the classical turning points in
the valence and in the conduction bands. Here we want to remind that this net generation
rate, derived following the WKB approximation, is consistent with previous works found in the
literature [33, 34]; moreover, the maximum net generation rate, obtained by setting (fv−fc) = 1
in Eq.6.61, is close to the results obtained with the state of the art NEGF simulator NanoTCAD

1I.e. the occupations of the initial and the final states are not limiting the BTBT phenomena.
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ViDES2 over a wide range of electric fields (see Sec.3.3.1, in particular Fig.3.11).
Fig.6.5 depicts the particle fluxes which are relevant in determining fv and fc in a GFET
device. At the drain side, due to the large and negative electric field, only holes with positive

Figure 6.5: Sketch of the potential energy profile along the channel in a ballistic GFET: EF,S
(EF,D) denotes the Fermi level at the source (drain) contact, while the gray areas represent
the regions populated by conduction band electrons injected by the contacts. The fluxes of
particles contributing to (fv − fc) at the source and at the drain are also indicated. The sketch
refers to a situation where the channel is n-type.

group velocity (with occupation f+h ) contribute to fv and only electrons with negative group
velocity (occupation probability f−e ) contribute to fc, since the other fluxes are not impinging
the classical turning points. In regions with large and positive electric field instead (as at the
source side of the channel) only the flux f−h contributes to fv and flux f+e contributes to fc.
Note that this formulation of the net BTBT rate naturally includes the generation as well as the
recombination, that are both important in GFETs. Fig.6.6 shows qualitatively how the BTBT
influences a ballistic GFET device. At the drain side there is a large and negative electric field
and a region in which there are no electrons coming from the drain; hence in this region the
occupation term is (fv − fc) = (1− f−e − f+h ) (see Fig.6.5) and it is almost equal to 1, thus we
observe a strong generation of electrons and holes. These holes move toward the source and
some of them experience BTBT recombination with electrons coming from the source. Part of
them instead are injected directly into the source contact. The presence of holes in the channel
influences the electrostatics of the system with respect to the case without BTBT (as we will
see in Sec.6.3).

In order to limit the number of the simulated particles and the discretization points, in
the calculation of the occupation probabilities f ih and f ie (with i being + and −) we have
not considered only the particles with zero kinetic energy, i.e. the ones impinging the classical
turning point. Indeed, we have also taken into account the electrons and the holes with a kinetic
energy up to Emax = 350meV, by weighting their contribution to the occupation probability
with the value of the DOS at the energy of each considered particle, i.e. for example:

f+e =
∑

ep: vx(ep)>0
E(ep)<Emax

2SWep

WdxEmaxDOS[E(ep)]
(6.7)

2The simulations were run on a uniform device characterized by a constant electric field, with the appropriate
boundary conditions such that (fv − fc) = 1 is verified. For a short introduction on the NanoTCAD ViDES
simulator see Appx.A.



6.2 Semi-classical Monte Carlo model 123

Figure 6.6: Sketch depicting the effect of the BTBT on a GFET device: electron-hole pairs are
generated at the drain contact. The generated holes, indicated by the dark gray area, move
toward the source: some of them reach the source contact while others recombine with electrons
coming from the source due to BTBT. The sketch refers to a situation where the channel is
n-type and reports also the electron fluxes injected by the contacts.

where ep indicates the considered electron, vx(ep), E(ep) and SWep are respectively the velocity
of the electron in the direction of the transport x, its kinetic energy and its statistical weigth,
W is the width of the graphene sheet, and dx is the length of the considered spatial bin in
the direction x. Similar expressions have been used for f−e , f+h and f−h . We have verified by
comparison with NEGF simulations that the 350meV energetic limit gives the best agreement
between the MC and the full-quantum results. Moreover, in order to limit the effect of the
statistical noise on the calculations, the simulator averages the obtained occupation probabilities
over a huge number of MC iterations and periodically resets them3. The particles are generated
at each time-step of the Monte Carlo procedure and their ky value is assigned according to the
distribution set by the total generation rate (see the integral over ky in Eq.6.6). As already
mentioned in Sec.3.3.1, compared to more accurate models for chiral tunneling in graphene
[35, 36] the tunneling model described in this section does not account for wave-functions
mismatch [35], considers ky ranging from −∞ to +∞ and averages the dependence on the
carriers angle. However, the good agreement with the NEGF simulations reported in Sec.3.3.1
(see Fig.3.11) and in the following section suggests that these effects are of small relevance in
practical, wide channel GFETs.

Our approach for the BTBT is similar to that of a recent paper [21], although the expression
of the net generation rate appears to differ by a factor of 1/4 in the argument of the exponential
in Eq.6.6. Moreover, in our model fv and fc are estimated and employed in a different way
compared to what is done in [21]. However, the consistency with [33, 34] and the good agreement
with NEGF results shown in the following section support the validity of Eq.6.6.

Finally, in our model we have also considered the interband recombination assisted by
phonons. The recombination rate has been modeled by employing the simplified expression
presented in [37] (see Sec.3.3.2)

RIR(x) =
min(n(x), p(x))

τ
(6.8)

where n(x) and p(x) are respectively the electron and hole densities and τ is the recombination
time; we fixed τ=1ps in all the calculations (consistently with [37] for n = p ≈ 1012cm−2 (see

3In the simulations we reset the occupation probabilities every 10000 iterations of the MC simulator, that
correspond to a 0.1ps time step.
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Fig.3.12)), hence we neglect the dependence of τ on n(x) and p(x).

6.3 Model validation

First, we compared the simulation with the experimental mobility of a graphene foil as a function
of the carrier density extracted from published data [5, 20, 38, 39, 40]: as can be seen in Fig.6.7,
our model reproduces fairly well the experiments, thus validating the transport model at low
electric field.

0.0 0.5 1.0 1.5 2.0 2.5 3.0

N
S
 [10

12
cm

-2
]

10
3

10
4

10
5

M
o
b
ili

ty
 [
c
m

2
/(

V
s
)] [Lemme, 2008]

[Dorgan, 2010]
[Shishir, 2009]
MC

Figure 6.7: Experimental (black curves) and simulated (red curve) low-field mobility for a large
sheet of graphene as a function of the electron density Ns. The experimental data are taken
respectively from [38], [39] and [40].

In contrary, we do not obtain a good agreement with the experiments when we consider the
saturation velocity; in fact, as it can be seen in Fig.6.8, where we compare the simulated drift
velocity at the maximum field for which measurements are available (Fx ≈ 2.5 × 104V/cm)
with the experiments reported in [41] and [39], a good agreement is observed only at low Ns;
the rapid decrease at high Ns is not observed in our simulations. Thus, in contrast to [41] and
[39], our numerical model suggests that the degradation of vsat with Ns is not due to remote
phonons scattering but deserves further investigation and it is due to additional mechanisms
activated at high Ns values.

We have then compared our model with the full quantum simulator NanoTCAD ViDES
[42] (see Appx.A for a brief introduction to this simulator) considering the double gate GFET
sketched in Fig.6.9, with a channel length of 30nm, two 1nm thick SiO2 layers as top and
bottom gate dielectrics, uniformly doped source and drain extensions (ND=5 × 1013cm−2)
with an abrupt doping profile. Furthermore, we have considered either a perfect alignment
between the gate and the S/D extensions or a 10nm underlap at the source and the drain
sides. The scattering mechanisms (acoustical, optical, and remote phonons) and the interband
recombination assisted by phonons have been switched off in the MC model for a fair comparison
with the ballistic NEGF results. Fig.6.10-(a) shows that the current calculated by the MC
(closed symbols) is in quite good agreement with the NEGF simulations (open symbols) over a
wide range of VDS and VTG = VBG values for the device without underlap. A similar agreement
and, as expected, essentially the same current values have been achieved for shorter gate lengths
(down to 15nm), different tox (up to 3nm) and for various temperatures (up to 100◦C). The
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Figure 6.9: Sketch of the simulated device for the comparison between the MC and the NEGF
simulators. The figure is not to scale.

output conductance is large, especially at low gate voltages, where also the transconductance
is low, thus leading to very low intrinsic gains as previously reported in [17]. The output
characteristics instead saturate to an almost constant value when the BTBT is switched off in
the MC simulator (dotted line in Fig.6.10-(a)). The currents reported in Fig.6.10-(a) are much
higher than the published experimental data, mainly because the simulations do not account for
scattering, self-heating and series resistance [16]. Regarding this latter effect, both the semi-
classical and the full quantum simulators are characterized by a simplified treatment of the
contacts. In fact it is assumed that graphene can be doped with high concentration of ions such
that the lateral electric field is essentially null in the S/D regions; also ideal ohmic contacts are
assumed, so that the applied VDS directly translates into a difference of the source and drain
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Figure 6.10: Output characteristics calculated by the MC (closed symbols) and the NEGF (open
symbols) models for the double gate GFET sketched in Fig.6.9 with no underlap (Fig.6.10-(a))
and with a 10nm underlap between the gates and the S/D extensions (Fig.6.10-(b)). The dotted
lines represent the MC current obtained by neglecting BTBT at VTG = VBG = 0.25V.

Fermi levels (see Fig.6.3). Realistic models of metal contacting graphene as in [43, 44, 45] are
at present mainly aimed to estimate the resistance at low VDS and are not straightforward to
implement in the MC simulator. Because of the simple contact model used the results should
be considered as an upper limit of the drain current in the intrinsic device with ideal contacts
and null series resistance.

Fig.6.10-(b) shows that a good agreement between the two different transport models has
been obtained also for a device with underlap. As expected the introduction of a 10nm un-
derlap strongly reduces the control of the gates over the channel and strongly degrades the
transconductance, while the output conductance remains high due to strong BTBT.

Fig.6.11 shows the electron and hole currents calculated by the two simulators at VTG =
VBG = 0.5V for the device without underlap: the semi-classical and the full quantum models
provide consistent predictions of both current components. The electron current is slightly
overestimated by the MC (possibly due to the neglect of quantum reflections for carriers above
the injection barrier) over the whole VDS range, which explains the larger MC current in
Fig.6.10.

Figs.6.12-(a) and (b) show that the potential energy profile and the net carrier density (n−p)
calculated with the MC and NEGF models are in quite good mutual agreement. Increasing VDS
leads to an increase of the hole current (Fig.6.11) and of the hole density in the channel due to
the BTBT; this in turn lowers the potential barrier height at the source side (see Fig.6.12-(c)),
thus leading to an increase of the electron concentration [15]. This is responsible for the rapid
increase of the current with VDS shown in Fig.6.10. It is also interesting to note that, as can be
seen in Fig.6.12-(a), the channel potential is almost flat in the ballistic case, thus validating the
assumption embraced in the semi-classical ballistic calculations of [46]. However, this simplified
approach overestimates the holes injection and thus the effect of the BTBT on the output
characteristics with respect to the full quantum simulator, as it can be seen in Fig.6.13.

Fig.6.14-(a) compares the transfer characteristics calculated by the two models for the GFET
with no underlap shown in Fig.6.9 for various VDS . A good agreement is observed for positive
VTG=VBG; moreover, for both the simulators the Dirac voltage, that is the voltage at which
the minimum of the current occurs, tends to be equal to VDS/2, as it is expected since we do
not have considered any fixed charge in the simulations [13]. However, for negative gate biases
the current of the MC is lower than the one provided by the NEGF, although the inversion
charges are similar (see Fig.6.14-(b)). The discrepancy shows up when the type of carriers in
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Figure 6.11: Electron and hole current per unit width calculated by semi-classical (closed
symbols) and full quantum (open symbols) models at VTG = VBG = 0.5V versus VDS for the
device of Fig.6.9 without underlap.

Figure 6.12: Simulations for the device in Fig.6.9 without underlap at VTG = VBG = 0.5V:
potential energy (a) and net carrier density (n − p) (b) along the channel calculated by the
MC (closed symbols) and NEGF (open symbols) models at VDS = 0.5V. (c) Potential energy
calculated by the MC at VDS = 0.1V (dashed) and 0.5V (solid).

the channel is not the same as in the S/D extensions. In fact, we have verified that for a p+
S/D doping and VTG < 0, the MC model provides as expected the same results calculated
with n+ S/D and VTG > 0, but with hole and electron densities essentially exchanged. The
origin of the discrepancy in Fig.6.14-(a) for VTG < 0 stems from the approximations made
in deriving Eq.6.6, where an average, effective fv and fc is taken out of the integral over
ky (see Sec.3.3.1). As a result, the hole distribution in k-space is not accurately calculated.
This simplification is adequate to compute the correct hole concentration (Fig.6.14-(b)), but
it influences the ky distribution of the generated holes yielding a current which deviates from
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Figure 6.13: Output characteristics of the device sketched in Fig.6.9 calculated for VTG =
VBG = 0.25V by the semi-classical model of [46] (closed symbols) and the NEGF simulator
NanoTCAD ViDES [42] (open symbols): the former overestimates the effect of the BTBT.

Figure 6.14: (a) Comparison between the transcharacteristics calculated by the MC (closed
symbols) and the NEGF (open symbols) models for the device of Fig.6.9 without underlap, for
VDS=0.25V and 0.5V. (b) Comparison between the average net carrier density p − n in the
channel calculated by the two models for negative gate voltages at VDS=0.25V.

the NEGF results (Fig.6.14-(a)). However, we see in Fig.6.14-(a) that the ambipolar behavior
of GFETs is qualitatively captured by the MC model and the Ion/Ioff ratio (the relevant
performance metric from a device engineer perspective) is in fairly good agreement with NEGF
calculations. For these reasons, in all the following analysis we will consider only devices in
which the charge in the channel is dominated by the same type of carriers that are present also
in the S/D extensions (i.e. in devices with n+ S/D we consider only VTG>0).
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6.4 Results

6.4.1 Effect of scattering

In this section the MC simulator, that has been previously validated against NEGF results, is
employed to analyze the effect of carrier scattering in GFETs with various gate lengths LG.

First we study the effect of the scattering mechanisms (i.e. the graphene intrinsic phonons
and the remote phonons stemming from the gates dielectrics, see Sec.6.2) on the output char-
acteristics of GFETs. We have simulated a single gate device with a 100nm channel length, a
5nm thick Al2O3 top gate dielectric and a 300nm SiO2 substrate, without any underlap between
the gate and the S/D extensions, inspired by the devices fabricated in [47]. A sketch of the
simulated device is shown in Fig.6.15. For the remote phonons originating in the Al2O3 top

Figure 6.15: Sketch of the simulated device for the study of the effects of the scattering and of
the scaling on the main RF figures of merit. The figure is not to scale.

gate dielectric we have used the parameters reported in Tab.6.1.

Table 6.1: Values of the parameters used for the calculation of the scattering rates due to
remote phonons originating in the Al2O3 top gate dielectric.

Parameter Value [48]

~ωTOAl2O3
48.18meV

ε0Al2O3
12.53

εiAl2O3
7.27

Fig.6.16 reports the output characteristics calculated for VTG=0.5V and 1V with (closed
symbols) or without (open symbols) scattering. The effect of the scattering is twofold: it
decreases the current and it broadens the regions of the output characteristics with low output
conductance. Although the former effect is obvious, the latter needs an explanation. The
scattering has an influence on the term (fv − fc) of the net tunneling generation rate (see
Eq.6.6); as explained in Sec.6.2 this term accounts for the occupation of the states impinging
the classical turning point (see also Fig.6.5). Generation takes place at the drain side and fc=f

−
e

is null above EFD in the ballistic case (see Fig.6.6), whereas it is increased (thus decreasing the
BTBT generation rate at the drain) when scattering is activated, since part of the electrons
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Figure 6.16: Simulated output characteristics for the single-gate device with LG=100nm
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entering the drain is back-scattered and hits the classical turning point. Scattering also increases
the fv=f

−
h term at the source, thus increasing the BTBT recombination. The above reasoning

helps explain why the output characteristics of GFETs are flatter in long devices, since in this
case the effect of the scattering is stronger [47], as confirmed by Fig.6.17, that shows the output
characteristics of the device sketched in Fig.6.15 with a 400nm channel length. Indeed, the

0.0 0.2 0.4 0.6

V
DS

 [V]

0.0

2.0

4.0

6.0

8.0

I D
 [

m
A

/µ
m

]

BTBT
G/R OFF

L
G
=400nm

V
TG

=1V

V
TG

=0.5V

W SCATT

Figure 6.17: Simulated output characteristics for the single-gate device depicted in Fig.6.15 with
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and 1V.

effect of the BTBT is weak in this longer device, expexially at high VTG.

Another phenomenon that could explain why the saturation behavior is better in long de-
vices is the interband recombination assisted by phonon: the longer is the device, the stronger
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is the effect of the recombination. However, we have to remark here that in our simulator
the model for this phenomenon is very simplified and the value of the recombination time is
critical, as it can be seen in Fig.6.18, that shows the output characteristic calculated for the
400nm device for different values of τ . Hence, the inclusion of the interband recombination
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Figure 6.18: Effect of the interband recombination on the simulated output characteristics for
the single-gate device depicted in Fig.6.15 with LG=400nm, for VTG=0.5V and considering
different values of the recombination time τ .

with the right value for τ is critical: first of all, neglecting this phenomenon only slightly in-
creases the output conductance, on the other hand, small τ values effectively counterbalance
the BTBT and reduce the output conductance. The exact determination of τ is not straight-
forward both experimentally [49] and from the modeling point of view, also due to the high
carrier concentrations and to other possible recombination mechanisms beside phonon assisted
interband transitions. Hence, further studies are needed in order to model more accurately this
phenomenon and understand its actual impact on the GFETs performance.

6.4.2 Effect of the scaling

We now move to the study of the dependence of the GFET performance on the channel length
LG. To this purpose, we compute the main RF figures of merit for different gate lengths. We
selected the bias by looking at the 100nm device of Fig.6.16, considering the point characterized
by the minimum output conductance in the case with the scattering, which is approximately
the point with the maximum intrinsic voltage gain: VDS=0.3V and VTG=0.5V (see Fig.6.16).
Fig.6.19 shows the dependence of the drain current ID on the channel length LG with (closed
symbols) or without (open symbols) scattering. The case without scattering provides a larger
current essentially independent of the gate length. In the case with scattering, instead, the cur-
rent is appreciably lower and decreases with the increase of the channel length. It is important
to note that, in spite of the large low-field mobility (µ ≈ 4500[cm2/(Vs)] for Ns ≈ 3×1012cm−2

as in Fig.6.19; see Fig.6.7), scattering plays a significant role even at LG=50nm.

Fig.6.20 shows the simulated unity current gain cut-off frequency fT , calculated using the
quasi-static approach, i.e.

fT =
∆ID

2π∆Q

∣∣∣∣
VDS=0.3V

(6.9)
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scattering mechanisms, for VTG=0.5V and VDS=0.3V. Device of Fig.6.15.

where ∆ID and ∆Q are, respectively, the variations of the current and of the total charge in the
entire device between two DC simulations calculated considering two different gate voltages.
We found that for LG < 100nm the variation of the charge in the S/D extensions plays a non-
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Figure 6.20: Dependence the cut-off frequency fT on the channel length LG for the same devices
and voltages as in Fig.6.19. The crosses and the stars are experimental results respectively taken
from [11] and [50].

negligible role, so that models based on 1D descriptions [13] may overestimate fT (see Fig.6.21).
This statement is confirmed by Fig.6.22, where a non-negligible variation of the electron density
is observed in the S/D extensions when passing from VTG = 0.5V to VTG = 1V in the 50nm
device.

As can be seen in Fig.6.20, in the ballistic simulations the fT is overestimated with respect
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Figure 6.22: Variation of the carrier densities ∆n and ∆p in the 50nm device of Fig.6.15 passing
from VTG = 0.5V to VTG = 1V, calculated by the MC considering the scatterings. As it can be
seen, the variation of n in the S/D extensions is not negligible.

to the case with scattering. In this latter case, the calculated fT is consistent to the best data
reported in [11, 50]. The authors of [11, 50] claimed that they were able to reach a very high
cut-off frequency thanks to the perfect alignment between the gate and the S/D extensions
obtained with their fabrication process. This statement is confirmed by our simulations, as
can be seen in Figs.6.23-(a) and (b), reporting the dependence of ID and fT on the underlap
length Lund for the 100nm device: a very strong degradation of both figures of merit with the
underlap length is observed.

We then study the effect of LG on the transconductance gm, output conductance gds and
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for the device with LG=100nm (Fig.6.15) considering the scattering mechanisms. VTG=0.5V,
VDS=0.3V.

intrinsic voltage gain calculated as |Av| = gm/gds. As expected, the transconductance is larger
without scattering (see Fig.6.24-(a)) because the carrier velocity is higher; however, also the
output conductance is higher since the BTBT is stronger (see Figs.6.16 and 6.24-(b)), thus
resulting in a lower intrinsic gain with respect to the case with scattering (see Fig.6.25). The
intrinsic voltage gain is substantially larger in the case with scattering but not much larger
than one; hence the adoption of alternative device architectures may be necessary to achieve
adequate performance, for example using nanoribbons [15] or bilayer graphene [51].
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Figure 6.24: Trans-conductance gm (a) and output conductance gds (b) as a function of the
channel length LG for the same devices of Fig.6.19. VTG=0.5V, VDS=0.3V.

The underlap has a strong influence also on gm, gds and consequently on Av, which, as
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Figure 6.25: Intrinsic voltage gain versus LG calculated for the same devices of Fig.6.19, con-
sidering and not considering the scattering mechanisms. VTG=0.5V, VDS=0.3V.

can be seen in Fig.6.23-(c), is degraded as the underlap length Lund increases thus confirming
the importance of an excellent alignment and small gap between the gate edge and the S/D
contacts.

6.5 Conclusions

We have presented a semi-classical model for graphene FETs including a simple local model for
band-to-band tunneling. The model is based on an appropriate expression of the occupancy
terms in the conduction and valence bands and has been carefully validated by comparison
with ballistic NEGF calculations. The simulator improves the range of applications of semi-
classical MC models for GFETs, and makes them more accurate and generally applicable to
graphene devices where scattering still plays a relevant role in determining the performance
[19, 20]. We found that scattering has a non negligible influence on fT , gm, gds and |Av| even in
50nm long devices. In particular, the gds is lower when including scattering partly explaining
why experimental data [47] show output characteristics flatter than the predictions of ballistic
simulations. Simulated fT are in fairly good agreement with the best reported experimental
data.
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During the course of the PhD program we have explored the potentials of two different new
approaches proposed in the electron device community to reach the requirements imposed

by the ITRS for the future technology nodes. To do so, we developed several TCAD simulation
tools based on advanced numerical techniques to describe the electrostatics and the transport
in the devices.

In Chap.2 we have demonstrated the applicability of the Pseudospectral method to the
simulation of the electrostatic of the channel section of FinFETs and nanowires with realistic
shapes. In all the considered cases we observed a significant speed up given by this approach
with respect to more standard methods such as the finite differences. However, here it should be
noted that, due to its intrinsic limits, this approach can be applied only to convex geometries;
another innovative approach, the Spectral Element Method, is not affected by this limitation
since it is based on an element based formulation of the problem (similarly to the finite element
approach) [1, 2]. Hence, it would be very interesting trying to apply this approach that embodies
the extreme computational efficiency of Pseudospectral method to the flexibility given by the
element-based approach to problems relevant in nanoelectronics.

Regarding the modeling of the transport in graphene, in order to extend the applicability
of the model proposed in Chap.3 to CVD graphene, two very important phenomena must be
added to the actual simulator: the effect of the charged impurities and of the crystal defects.
Moreover, a deeper understanding of the screening of the remote phonons modes (hence a study
of the phonon to plasmon coupling) is needed.

Regarding the novel approach for the solution of the linearized Boltzmann transport equation
presented in Chap.4, it would be very interesting employing such an approach to the calculation
of the low-field mobility dependence on the strain in graphene sheets. Indeed, experiments show
that the resistivity change with the strain is very high and can be exploited in the production
of high-sensitivity pressure sensors [3, 4, 5]: hence an accurate physics-based modeling of this
property would be very useful.

Regarding the simulator for the uniform transport in bilayer graphene presented in Chap.5,
a very useful improvement would be the inclusion of the higher branch of the conduction band
in the calculation of the saturation velocity.

Finally, in order to obtain results more close to the available experiments, the simulator for
RF GFETs presented in Chap.6 needs a more physical treatment of the contacts (based for
example on the model presented in [6]) and of the self-heating. Moreover, the development of
a similar simulation tool for graphene bilayer based transistors would be extremely interesting
since recent studies suggest that the bandgap induced in this material may improve both the
digital and the analog performance of these devices with respect to the wide sheet graphene
based transistors [7, 8, 9].
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In this appendix we briefly present the full-quantum transport simulator NanoTCAD ViDES
[1], that has been used as the reference in Chapts.3 and 6.

The two-dimensional Poisson equation is solved self-consistently with the open-boundary
Schrödinger equation and implemented in the open-source code NanoTCAD ViDES [1]. In
particular, the graphene Hamiltonian is expressed by means of a real-space pz orbitals basis set
[2]. The elementary cell is repeated periodically along the longitudinal (x) and transversal (y)
directions. Bloch periodic boundary conditions are imposed along the y direction with period
equal to

√
3acc, where acc = 0.144 nm is the carbon-carbon bonding distance. Semi-infinite

contacts have been instead modeled along the x direction by means of self-energies. Assuming
a point charge approximation and a ballistic transport regime, the electron concentration can
be expressed as

p(~r)− n(~r) = 1 + 2

∫
BZ

dky

∫ +∞

−∞
dE ×

×
[
|ψS(E, ky, ~r)|2f(E − EFS )

+|ψD(E, ky, ~r)|2f(E − EFD )
]

(A.1)

where ~r is the coordinate of the carbon site, f is the Fermi-Dirac occupation factor, |ψS |2
(|ψD|2) is the probability that states injected by the source (drain) reach the carbon site ~r, EFS
(EFD ) is the Fermi level of the source (drain), and the +1 term accounts for C atom ionization.
The ky integral is performed over the Brillouin zone (BZ).

The ballistic current is expressed as

I =
2e

h

∫
BZ

dky

∫ +∞

−∞
dE ×

×T (E, ky) [f(E − EFS )− f(E − EFD )] , (A.2)

where h is Planck’s constant and T (E, ky) is the transmission coefficient.
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B.1 Isotropic scattering mechanisms

In this appendix we discuss the simplification of the MRT problem implied by an isotropic
scattering mechanism. Let us consider a mechanism with a rate given by

Si,j(k,k
′) =

2π

~
|M (0)

i,j |
2 δ[Ej(k

′)− Ei(k)∓ ~ω0] (B.1)

where the matrix element is independent of k, k′ and the phonon energy ~ω0 is independent of
q. We now substitute Eq.B.1 in Eq.4.11 and, furthermore, make the following ansatz

τi(k) = τi[Ei(k)] . (B.2)

By doing so the second term in the r.h.s. of Eq.4.11, that is the sum involving [τj(k
′) vx,j(k

′)],
becomes

2π

~
∑
j,k′

|M (0)
i,j |

2

[
1− f0(Ej(k

′)

1− f0(Ei(k))

]
τi[Ej(k

′)] vx,j(k
′) δ[Ej(k

′)− Ei(k)∓ ~ω0] . (B.3)

The sum over k′ in Eq.B.3 is restricted by the Dirac function to a curve corresponding to a
fixed Ej(k

′) equal to [Ei(k)∓~ω0]. Since along such a curve Ej(k
′) is constant whereas we have

vx,j(−k′)=−vx,j(k′), then the sum over k′ in Eq.B.3 is null.
We now notice that in the r.h.s. of Eq.4.11 the term [τi(Ei(k)) vx,i(k)] can exit the sum

over k′, so that we can readily obtain an explicit expression for the momentum relaxation time
τi(Ei(k)) that reads

1

τi[Ei(k)]
=

2π

~
∑
j,k′

|M (0)
i,j |

2

[
1− f0(Ej(k

′)

1− f0(Ei(k))

]
δ[Ej(k

′)− Ei(k)∓ ~ω0] . (B.4)

Since the expression for the momentum relaxation time provided by Eq.B.4 is consistent with
the ansatz in Eq.B.2, then it is an acceptable solution of the MRT problem.

B.2 Isotropic bands

This appendix discusses the MRT for an isotropic electron energy dispersion and shows that,
even for fairly anisotropic scattering mechanisms, the momentum relaxation time is isotropic.
We thus assume an isotropic band-structure (i.e. Ei(k)=Ei(k)) and a scattering rate written as
in Eq.4.26. Under such assumptions, we make the ansatz that the momentum relaxation time
depends only on the magnitude k of the electron wave-vector, namely we write

τi(k) = τi(k) . (B.5)

We now consider the MRT problem in Eq.4.18, where the wave-vector has been expressed in
polar coordinates as k=(k,θ). For isotropic bands Ei(k)=Ei(k), the x component of the group
velocities can be written as

vi,x(k) =
1

~
dEi(k)

dk
cos(θ)

vj,x(k′) =
1

~
dEj(k

′)

dk
cos(θ′) =

1

~
dEj(k

′)

dk
[cos(θ) cos(β)− sin(θ) sin(β)] (B.6)

where we have introduced the angle β=(θ′−θ) between k′ and k, which also allows us to write

q2 = |k′ − k|2 = k2 + (k′)2 − 2kk′ cos(β) . (B.7)
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Furthermore, since ~ω0 is independent of q, then the Dirac function in Eq.4.18 restricts the
integrals over θ′ along curves with a fixed energy Ej(k

′)=Ei(k)±~ω0, which for isotropic bands
are circles with fixed k′ values. Along one of such circles all the terms of the Θi,j(k,k

′) defined
in Eq.4.19 are constant, except for the matrix element which, according to Eq.4.26, depends on
θ′ (or on β) through q. Furthermore, according to the ansatz in Eq.B.5, τj(k

′) is also constant
along a circle in k space.

If we now rewrite the integral over θ′ in Eq.4.18 by changing the integration variable from
θ′ to β=(θ′−θ), then Eq.4.18 becomes

vi,x(k) τi(k)

 1

2π~
∑
j

∫ +∞

−∞
dEj Γi,j(k, k

′)

[∫ π

−π
|Mi,j(q)|2dβ

]
δ[Ej − Ei(k)∓ ~ω0]


− 1

2π~
∑
j

∫ +∞

−∞
dEj Γi,j(k, k

′) τj(k
′)

[∫ π

−π
vj,x(k′)|Mi,j(q)|2dβ

]
δ[Ej − Ei(k)∓ ~ω0]

= vi,x(k) (B.8)

where we have introduced the auxiliary quantity

Γi,j(k, k
′) = k′(Ej)

[
dEj(k

′)

dk

]−1 [
1− f0(Ej(k

′))

1− f0(Ei(k))

]
. (B.9)

We now consider in Eq.B.8 the integral over β involving vj,x(k′) and rewrite it according to
Eq.B.6 as

1

~
dEj(k

′)

dk

∫ π

−π

[
|Mi,j(q)|2 cos(θ) cos(β)− |Mi,j(q)|2 sin(θ) sin(β)

]
dβ =

=
1

~
dEj(k

′)

dk
cos(θ)

∫ π

−π
|Mi,j(q)|2 cos(β)dβ (B.10)

where the integral involving sin(β) evaluates to zero because sin(β) is odd while q is even with
respect to β (see Eq.B.7).

It is now important to notice that according to Eq.B.10 and the expression of vi,x(k) in
Eq.B.6, the term cos(θ) simplifies in Eq.B.8, which can be thus rewritten

1

~
dEi(k)

dk
τi(k)

 1

2π~
∑
j

∫ +∞

−∞
dEj Γi,j(k, k

′)

[∫ π

−π
|Mi,j(q)|2dβ

]
δ[Ej − Ei(k)∓ ~ω0]


− 1

2π~
∑
j

∫ +∞

−∞
dEj Γi,j(k, k

′)
1

~
dEj(k

′)

dk

[∫ π

−π
|Mi,j(q)|2 cos(β)dβ

]
τj(k

′) δ[Ej − Ei(k)∓ ~ω0]

=
1

~
dEi(k)

dk
. (B.11)

Eq.B.11 reveals an important point, namely the fact that the angle θ identifying the direction
of k is no longer present in the equation determining the momentum relaxation time. This is
consistent with the ansatz τi(k)=τi(k) made in Eq.B.5, and thus validates our derivation.
It is probably useful to reiterate that, for any k, the integrals over β in Eq.B.11 are actually
integrals along circles with a fixed k′ value set by the condition Ej(k

′)=Ei(k) ± ~ω0. Such
integrals do not involve the unknowns of the equation (i.e. the relaxation times τi(k)), but are
instead just part of the kernel of the integral equation, as it is more explicitly shown in Sec.4.3.3
where we discuss the numerical solution of Eq.B.11.
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The Monte Carlo approach is a direct statistical method for the exact solution of an integral-
differential equation such as the BTE [1]. Since we want to simulate transport in large graphene
sheets (see Chaps.5 and 6) we have considered the particles moving in a two-dimensional space
described by the position vector r = (x, y). The motion of each simulated particle can be

Figure C.1: Sketch of the motion of a particle in the MC simulator: free-flights governed
by the classical mechanics are interspersed by scattering events calculated using the quantum
mechanics.

divided in two phases (see Fig.C.1): in the first phase, the so-called free-flight, the particle is
free to move according to the Newton law, i.e.:

∆kx = ±eFxt
~

(C.1)

where ∆kx is the variation of the component of the particle wave-vector in the direction of the
transport x during the free-flight, Fx is the value of the external electric field (we suppose a
null Fy), t is the time-length of the free-flight and the upper and lower signs are associated
respectively to holes and electrons. The velocity of the particles can be calculated from the
energy dispersion relation E(k) according to

v =
1

~

(
∂E(k)

∂kx
x̂+

∂E(k)

∂ky
ŷ

)
. (C.2)

In contrast, in the second phase, that happens at the end of each free-flight, the motion of
the particle can be modified by a scattering event. The scattering events are described by the
scattering rates Si(r,k,k

′), that are defined as the probability that a carrier in the position r
and with wave-vector k scatters to a state with wave-vector k′ due to the mechanism i.

In summary, the motion of the particles in a MC simulation can be represented by free-flights
governed by the classical mechanics interspersed by scattering events calculated using the quan-
tum mechanics (see Fig.C.1): this is the reason why the MC approach is called semi-classical.
Moreover, the method is statistical because the duration of the free-flights, the scattering events
and the state-after-scattering are selected using random-generated numbers.

In our simulator we have employed a synchronous ensemble MC, in which the statistics
regarding all the particles are collected at the same time (see Fig.C.2). Thanks to the collected
data we are able to calculate the occupation function f(r,k) and thus solve the BTE.

Another important aspect is the treatment of carrier degeneracy, i.e. accounting for the
Pauli’s exclusion principle. We have employed here the technique presented in [2] in which
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Figure C.2: Synchronous ensemble MC: the statistics of the entire set of particles pi are collected
at the same time.

the exclusion principle is taken into account by rejecting scattering events according to the
occupation of the final state k′.

As a final remark regarding the MC solver presented in Chap.5, since in this case we consider
a uniform electric field, the occupation function f(k) solution of the BTE is independent of the
position vector r.
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