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Abstract

In this Thesis, two attractive and challenging topics connected to heat transfer are illus-
trated, that is Optimization and Inverse Problems. While the essence of an optimization
task is well established, probably the connotation of an inverse problem is less known:
the aim of an inverse analysis is the estimation of unknown quantities starting from
temperature measurements recorded inside a domain.
For both topics, at first some theoretical fundamentals are provided and, afterwards, two
practical applications are illustrated.
Owing to their vital role in several industries and applications, optimization of heat
exchangers has attracted a lot of interest in the last years, since the necessity of improving
their performances is particularly recognized. The coupling of optimization techniques
with Computational Fluid Dynamics has demonstrated to be a valid methodology for
easily explore and detect a large number of different configurations. In this work, a CFD-
coupled shape optimization of a tube bundle in crossflow is presented. The innovative
feature lies in the fact that also the flow inside the tubes has been simulated.
The application proposed for the inverse analysis is inspired by a practical problem in the
steel industry, and concerns the estimation of the heat flux transferred by the solidifying
steel to the mould wall in a continuous casting process. This topic is particularly attractive,
not only for the relevance in the steel industry, but also for the fact that the inverse
analysis is applied to a real world problem. In fact, it is worth pointing out that most
of the published works deal with simple test cases and, usually, make use of simulated
measurements.
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Introduction

Optimization can be denoted as the procedure used to make a system as effective as
possible or, quoting the definition provided by Rao [1], as the act of obtaining the best
solution under given circumstances. Optimization does not belong to any particular
discipline but has applications in almost every branch of science and technology.
Even though mathematical optimization methods allowing to identify the best possible
solution have been known for a long time, serious studies on practical optimization began
with the Second World War. The trial and error methodology is the oldest practice,
and no further contributions to optimization techniques have been provided until the
advent of digital computers, which have made implementation of optimization procedures
a feasible task. Moreover, in recent years, with the increasing use of Computer-Aided
Engineering (CAE) and Computational Fluid Dynamics (CFD) software, the interest in
engineering optimization has registered a steep rise. Therefore, a great variety of new
algorithms have been developed in order to make the search as efficient as possible, and
to use the allowable computational resources in a functional way.
Real optimization problems generally involve several input parameters and several ob-
jectives (multi-objective optimization). In general, these objectives are furthermore
concurrent, meaning that it is impossible to identify a single set of parameters that
would be best for all objectives simultaneously. This characteristic is encountered, as
an example, in the optimization of heat exchangers, where the desired objectives might
be the maximization of the heat transfer rate per unit volume, the minimization of the
pumping power, cost and weight, or the minimization of the performance degradation
due to fouling. These goals are clearly conflicting and, therefore, no single optimum can
be found, but a set of possible solutions of equivalent quality, the Pareto frontier, will
appear.
It is worth pointing out that there does not exist an universal algorithm valid for all the
optimization problems: therefore, in the years, a great variety of techniques have been
developed. Classical optimization techniques, like gradient-based methods, are known for
their lack of robustness and for their tendency to fall into local optima. For this reason,
a new class of algorithms has been gaining widespread use, that is the Evolutionary
Algorithms (EAs). EAs are heuristic methods that use some mechanisms inspired by
biological evolution, and can be applied to almost all types of problems (they can also
handle multiple objective simultaneously). EAs offer several attractive features and have
been used widely for design shape optimization.
With reference to fluid dynamics problems, the first applications of optimization are
encountered in aeronautical problems, in particular to improve wing profile and flight
properties (typically, reduce drag). Computational Fluid Dynamics is becoming an impor-
tant research technique in many engineering fields, since it is an inexpensive prediction
method which avoids the execution of many practical tests. At the planning stage, CFD
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has a high potential to easily explore a large number of different configurations and,
therefore, is an effective method for detecting optimal solutions. Anyway, the use of a
fully automatic evolutionary procedure coupled with CFD for a multi-objective problem
still remains limited by the computing time and is up to now far from being a practical
tool for all engineering applications. For cases for which the evaluation of the objective
function is costly, a convenient approach could be the employment, in the optimization
phase, of a surrogate model, or meta-model, of the objective function, built from a sample
of solutions previously computed.
Designing optimal shapes or configurations, or improving the performance of an existing
configuration for practical engineering applications, has been the subject of numerous
publications during the last decade. In particular, the optimization of various kinds of
heat exchangers, owing to their vital role in various industries, has attracted a lot of
interests: any attempt to improve the performance would be desirable. Moreover, the
increasing cost of energy and materials imposes the production of more and more efficient
equipments. High effectiveness, small volume (hence low weight) and low cost are the
common objectives in heat exchangers design.
In this work, after an introduction to optimization and a review of the most common
optimization algorithms, in Chapter 2 a practical multi-objective optimization of a heat
exchanger is presented. The attention is focused on the shape optimization of a tube
bundle with crossflow forced convection. The activity was partially performed during a
period at the Institut für Strömungstechnik & Thermodynamik (ISUT) of the “University
of Magdeburg” Otto von Guericke. The project was the prosecution of a previous work
performed at ISUT by Hilbert et al. [2]. In most optimization works published in the
literature, included [2], only the flow outside the tube array is simulated: the innovative
feature of the present work lies in the concurrent simulation of the flow field inside the tube.
Therefore, the optimization problem presents three objectives, that is the maximization
of the heat transfer rate outside the tubes, and the minimization of the pressure loss both
for the external and the internal flow. The numerical simulations were performed with
the CFD package ANSYS CFX 13.0, while for the optimization the commercial software
modeFRONTIER 4.3.1 was employed, testing two evolutionary techniques. The former is
the NSGA-II algorithm developed by K. Deb et al. [3]. The latter is the fast optimizer
FMOGA-II, which employs meta-models to speed up the optimization process.
While for the numerical simulation of the flow inside the tube a periodic domain was
employed, for the simulations of the external flow two different computational domains
were used. The former is similar to that employed in [2]; it is constituted by a single
channel of four cylinders, in which an inlet and outlet region are also provided, thus to
prevent any influence of the boundaries on the inter-tube flow. Afterwards, since it is
well known that the analysis of the flow and temperature fields in streamwise-periodic
geometries can be confined to a single isolated module, a reduced computational domain
corresponding to one repeating unit was adopted, and periodic boundary conditions
were enforced. This choice allowed a significant saving in computational resources and
demonstrated to be the preferable approach. In ANSYS CFX the setting of periodic
conditions on the temperature field is not provided but can be applied by implementing
user subroutines.While in most optimization-related works employing a periodic domain
a constant heat flux boundary condition is applied, in this work a constant temperature
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boundary condition has been implemented.
The results of the optimization confirmed the importance of taking into account also
the flow motion inside the tubes: a geometry which is aerodynamically efficient for the
external flow, is not effective at all not only regarding the heat transfer, but also relatively
to the pressure drop inside the tube. Therefore, as for any multi-objective optimization
problem, the choice of the best configuration will necessary be a trade-off solution.

The second topic addressed in this Thesis is related to Inverse Problems. While in
Standard Heat Transfer Problems (also named as Direct Problems), the boundary condi-
tions, the initial state and the heat generations are known and, therefore, the task is the
computation of the temperature field inside a domain, Inverse Heat Transfer Problems
(IHTPs) rely on temperature measurements to estimate unknown quantities (e.g., heat
sources, heal fluxes, thermophysical properties). Even though inverse and optimization
problems are conceptually different, for the solution of the inverse problems it is common
practice to make use of minimization techniques that are of the same kind of those used
in optimization problems.
The space program has played a significant role in the advancement of solution techniques
for the IHTPs in late 50’s and early 60’s. In recent years, interest has grown in the theory
and application of IHTPs since they are encountered in various branches of science and
engineering. The most common usage of the IHTP is concerned with the estimation of
the surface heat flux from a temperature history. In some practical applications, in fact, a
direct measurement of the heat flux is a difficult or even prohibitive task, but can however
be overcome by using an inverse technique combined with temperature recordings taken
beneath the heated surface.
The difficulty of solving an inverse heat transfer problem is well recognized. Inverse
problems are, in fact, mathematically classified as ill-posed, since their solution does not
satisfy the general requirement of existence, uniqueness and stability under small changes
of the input data. The solution is indeed very sensitive to possible errors in the measured
data, and may also become unstable, thus requiring special solution techniques in order
to satisfy the stability condition.
It is worth pointing out that most of the studies published in the literature deal with
simple and generally one-dimensional test cases, and, usually, make use of simulated
temperature data. The application of the inverse analysis to real word problems is still
very limited.
In addition, a thorough review of the published works revealed that most of the efforts have
been addressed to unsteady problems, since the elliptic nature of the partial differential
equation governing a steady-state problem amplifies the effects of noise in measured data.
In Chapter 3 the foundamentals of IHTPs are provided, while in Chapter 4 some examples
are instanced. The analysis starts with two simple test cases, thus to compare the
parameter estimation approach and the function estimation approach. For these two
examples, the derivation of the adjoint formulation of the Conjugate Gradient Method
will be illustrated. Since the implementation of this algorithm is not straightforward, the
corresponding MATLAB codes are provided in the Appendix.
The third example concerns a realistic application of the inverse analysis inspired by
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a practical problem in the steel industry. The goal of the analysis is the estimation
of the heat flux transferred by the solidifying steel to the mould wall in a continuous
casting process. In this case, the temperature data are not simulated measurements
but are experimental readings, recorded in an industrial plant. In most similar works
published so far, a trial and error technique is implemented for recovering the heat flux
profile. The present activity has demonstrated the applicability of the inverse analysis in
a continuous casting process, and has provided some guidelines for correctly designing
and executing future tests. The complexity of this work derives from the fact that is
nonlinear, multi-dimensional and at steady state and, moreover, highly ill-posed.
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1
Optimization techniques

1.1 Introduction

By the definition provided in [1], optimization can be denoted as the act of obtaining
the best result under given circumstances. Moreover, if a more mathematical definition
is required, optimization could be described as the process of identifying the conditions
which lead to the maximum or minimum value of a function. Indeed, without loss of
generality and noting that the maximum of f coincides with the minimum of its opposite
−f , any optimization problem can be handled as either a minimization or a maximization
one.
Optimization is an activity which does not belong to any particular discipline and is
commonly used in almost all fields of science, engineering and commerce. As an example
of optimization problems we can mention the design of aircraft and aerospace structures
having minimum weight, or the design of heat transfer devices which can enhance heat
transfer while maintaining the pumping power under a requested level.
The first serious studies on practical optimization date back to the second World War,
when the need for efficient deployment and resource allocation of military personnel and
accessories began to be felt.
Concerning fluid dynamics more specifically, the first applications of optimization are
observed in aeronautical problems, in particular to improve the efficiency of the wing
profile, due to its high potential to easily explore a large number of different configurations.
Anyway, when dealing with a CFD based optimization problem, it is necessary to abandon
the idea of an exact evaluation of the objective function [4, Chap.1] since each evaluation
is the result of an (approximate) numerical simulation, obtained typically by solving the
Navier - Stokes equations together with appropriate physical models. The CFD solution,
in fact, might be indeed quite far from the real, physical solution due to the presence of
modeling errors and numerical uncertainty, e.g., inadequacy of the mesh, insufficiently
low threshold on the residuals, computer round-off errors, and so on.
Real engineering optimization problems generally involve several input parameters and
several objectives, which can be furthermore concurrent: this means that it is impossible to
identify a single set of parameters that would be the best for all objectives simultaneously.
In these cases, a so called Pareto frontier will appear, as it will be deeply discussed later.
The Pareto frontier contains all the parameter sets that are optimal in the sense of Pareto,
that is, nondominated by any other realization.
It is worth pointing out that there does not exist an universal algorithm valid for all
the optimization problems, but a particular algorithm can be more suitable for a certain
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problem type or for a certain phase of the optimization process. In the years, a great
variety of algorithms has been developed. A common practice is to scan firstly the
whole design space and then refine the better solutions by exploring their neighborhood,
eventually focusing on a particular solution to further improve it.
Generic and robust search methods, such as Evolutionary Algorithms (EAs), offer several
attractive features for designing optimal shapes or finding optimal configurations for
practical engineering applications. The basic idea associated with the EA approach is to
search for optimal solutions by using an analogy to the evolution theory.

1.2 Statement of an optimization problem

Any engineering system can be defined by using a set of quantities, some of which can be
regarded as the variables of the design process and are, therefore, called design variables
or design parameters. These parameters are not necessary continuous, but can also
be discrete numbers, or a combination of continuous and discrete entries. The design
variables can be collectively englobed in a design vector x = {x1, x2, . . . , xn}T .
Other two definitions can be provided. The design space can be defined as the n-
dimensional Cartesian space with each coordinate axis representing a design variable xi
(i = 1, 2, . . . , n). Each point in this n-dimensional space is called a design point and can
represents either a possible or an impossible solution to the design problem.
In many practical problems, the design variables cannot be chosen arbitrarily but they
have to satisfy some restrictions to produce an acceptable design. These restraints are
called design constraints. In particular, constraints that represent physical limitations on
design variables are known as geometric constrains.
Usually a constraint is defined by using a function gj(x) < 0, whose surface gj(x) = 0
divides the solution space into two regions, the space of feasible solutions, where gj(x) < 0,
and the space of unfeasible solutions, where gj(x) > 0. Figure 1.1 depicts an hypothetical
solution space of two design variables x1 and x2, in presence of three constraints g1(x),
g2(x) and g3(x). It can be seen that the minimum point computed by the optimization
process differs from the minimum of the function in absence of constraints, which lies
in the region where the constraint g3(x) is violated. This example is very helpful to
understand how the presence of constraints can influence the results.
The aim of a conventional design procedure is the search for an acceptable or adequate
design. In general, more than one acceptable design will be produced and, therefore, the
best alternative must be selected. From this perspective it is clear that an evaluation
criterion is required, in order to compare the different acceptable designs and select the
best alternative. This criterion is the objective function. The choice of the proper objective
function is governed by the nature of the problem: as an example, in an heat exchange
problemthe objective function may be the maximization of the heat transfer rate.
The task of any optimization procedure can be summarized in the following way: starting
from one or a few random solutions in the search space, the procedure has to drive the
search towards the feasible region by using the function and constraints, and finally reach
the optimum solution by exploring the smallest set of solutions as possible.
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Figure 1.1: Effect of the constraints on the optimum solution. The real minimum of the function
can not be be reached, since it lies in the unfeasible region.

1.2.1 Single objective optimization

A single objective optimization problem can be stated in the following way:

Find x = {x1, x2, . . . , xn}T which minimizes f(x)
subject to the constraints

gj(x) ≤ 0, j = 1, . . . ,m
lj(x) = 0, j = 1, . . . , p

xmin ≤ x ≤ xmax (1.2.1)

where x is the n-length vector of the variables that are optimized, f(x) is the objective
function, gj(x) are the inequality constraints and lj(x) are the equality constraints. The
above definition refers to a minimization problem, but it worth pointing out that a
maximization problem can be converted into a minimization problem by multiplying the
objective function by -1.
Many problems also require a restriction of the search within a prescribed hypervolume
defined by lower and upper bound on each variable, that is xmin ≤ x ≤ xmax. The region
wherein the variables are allowed to vary is called the search space, while the set of all
feasible solutions is called the feasible space. Since the presence of the constraints, the
problem (1.2.1) is a constrained optimization problem: the constraints demand a solution
x to be feasible only if all the constraints are satisfied. Usually, there exists at least one
solution x∗ in the feasible space which corresponds to the minimum objective value. This
solution is called the optimum solution.
Some optimization problems do not involve any constraint and are therefore called
unconstrained optimization problems. A problem of this kind can be stated as:

Find x = {x1, x2, . . . , xn}T which minimizes f(x) (1.2.2)
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1.2.2 Multi-objective optimization
As previously said, most of real-world problems involve multiple objectives which are
often in conflict with each other, that is, the optimal solution of one objective function
is different from that of the others. In this case, no solution can be judge the best with
respect to all chosen objectives and, therefore, any effort to optimize the problem with
respect to a single objective will lead to improper results regarding the other ones. Such
optimization problems are referred as multi-objective optimization problems. In essence,
while the goal of a single objective optimization is the search of the best solution, which
corresponds to the minimum value of one objective function, in the multi-objective case
the goal is to gain the best compromise solutions among different conflicting criteria. In
fact, a multi-objective optimization produces a set of trade-off optimal solutions, none of
which can be considered the best with respect to all the objectives.
Mathematically speaking, a multi-objective optimization problem consists of optimizing
several objectives simultaneously and can be formally written as follows:

Find x such as fi(x) is a minimum, ∀i = 1, 2, . . . , Nobj
subject to the constraints

gj(x) ≤ 0, j = 1, . . . ,m
lj(x) = 0, j = 1, . . . , p

xmin ≤ x ≤ xmax (1.2.3)

where Nobj is the number of objectives. In a multi-objective optimization problem also
the objective functions constitute a multi-dimensional space, which is called the objective
space.
A common practice to solve a multi-objective optimization problem is to linearly combine
the objectives by using some fixed weights prescribed by the user, and hence perform a
single objective optimization. The weighted sum formulation can be stated as follows:

f(x) = α1f1(x) + α2f2(x) (1.2.4)

For the optimization of the resulting single objective function, a classical gradient-based
or Simplex algorithm can be used. This approach is obviously limited by the choice of the
weights associated with each objective, since bad values can lead to completely sub-optimal
results in comparison with the solution obtained by considering the interrelated objectives
in an independent manner. Moreover, this method does not allow access to all the set of
optimal solutions since the variety of the solutions is reduced to one, with a significant loss
of information. Thus, in order to find multiple optimal solutions, the chosen optimization
algorithm must to be used a number of times.
A more efficient approach to handle multi-objective optimization problems is to employ
the concept of Pareto optimality : the individual A dominates the individual B if, for
at least one of the objectives, A is strictly better adapted than B and if, for all the
other objectives, A is not worse than B. Mathematically speaking, the concept of Pareto
dominance can be formulated in the following way:

A >P B ⇔ (∀i Fi(A) ≥ Fi(B)) ∩ (∃j : Fj(A) > Fj(B)) (1.2.5)



Tesi di dottorato di Paola Ranut, discussa presso l’Università degli Studi di Udine

1.2. Statement of an optimization problem 7

Figure 1.2: Pareto frontier for an optimization problem involving the concurrent minimization of
two objective functions, f1 and f2.

A solution is said to be Pareto optimal if it is not dominated by any other solution in
the solution space. Any effort to improve a Pareto solution with respect to any objective
will lead to the deterioration of at least one other objective. All the decision vectors that
are non-dominated within the entire search space constitute the so called Pareto optimal
set, while the corresponding objective function values constitute the Pareto frontier (or
Pareto front).
Let us illustrate the concept of Pareto dominance with an hypothetical problem shown in
Fig. 1.2. The figure considers two objectives, f1 and f2, both of which to be minimized.
Point A represents a solution for which f1 is minimum but f2 is high, while point B is
representative of the opposite situation. If both objectives are important goals of the
design, one can not really say whether solution A is better than solution B or vice versa,
because one solution is better than the other in one objective but is worse in the other.
On the contrary, point C represents a solution not belonging to the Pareto frontier: this is
because there exist another solution D in the search space, which is better than solution
C in both objectives. Solutions like C are indicated as dominated solutions.
There are primary two goals that a multi-criterion optimization algorithm must establish:
driving the search towards the global Pareto-optimal region and maintaining population
diversity in the Pareto-optimal frontier. While the first task is a natural goal of any
optimization algorithm, the second one is a prerogative of a multi-objective problem: in
fact, since no one solution in the Pareto-optimal set can be said to be better than the
other, the algorithm must identify as many different Pareto-optimal solutions as possible.
Therefore, it can happen that the Pareto frontier is constituted by a large number
of designs. This is the typical situation encountered while working with evolutionary
strategies. In this case, a separate procedure fot the identification of a handful of solutions
from the large set of non-dominated solutions must be devised. One approach could be
the clustering technique, as described in [5]. At the beginning, each solution is assumed
to belong to a separate cluster; thereafter, the distance between all pairs of clusters is
calculated by first finding the centroid of each cluster and then calculating the Euclidean
distance between the centroids. Two clusters having the minimum distance are merged
together into a bigger cluster. This procedure is reiterated until the desired number of
clusters is identified. Finally, within the remaining clusters, the solution closest to the
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Figure 1.3: The clustering method of reducing the non-dominated set of solutions, as illustrated
in [5].

centroid of each cluster is retained, while all the others are deleted. The procedure is
illustrated in Fig. 1.3.
From a practical point of view, a user needs only one solution, no matter whether the
associated optimization problem is single objective or multi-objective. In the case of a
multi-objective optimization, after a set of trade-off solutions is found, some higher-level
qualitative considerations can be employed to make a choice. These considerations are
often non-technical and experience-driven. In this direction, three different approaches
can be followed, ss suggested in [6]. In the a-priori approach, the preference information
of a decision-maker is used in order to focus the search effort into a specific part of the
Pareto-optimal front, instead of examining the entire frontier. In the a-posteriori approach,
the preference information is applied after a set of representative Pareto-optimal solutions
is obtained by an EMO procedure. The last alternative is the interactive approach, in
which the decision-maker’s preference information is integrated during the optimization
run.

1.2.3 Robustness and accuracy of an optimization algorithm

From the previous paragraphs it is plain that optimization algorithms investigate the
behavior of a system, searching for the design variable combinations that yield optimal
performances. In terms of objective function values, an optimal performance means
the achievement of extrema, i.e., points wherein the value of the objective function is
either minimum or maximum. It is glaring that an algorithm must be capable of finding
the global extremum of an objective with the minimum effort. From this perspective,
three main properties can be distinguished to classify the efficiency of an optimization
algorithm, that is robustness, accuracy and convergence rate.
Robustness can be defined as the ability of the algorithm to reach the global optimum
of the objective function, without getting stuck into a local optimum. This is the most
important parameter in measuring the efficiency of an optimization technique: the more
an algorithm is robust, the higher the chance to reach a global optimum or a sub-optimal
solution, i.e., a point close to the global optimum.
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Accuracy is the ability of the algorithm to find a solution which is as close as possible to
the real extremum (either global or local) of the function.
Convergence rate is a measure of the effort needed for reaching the final solution.
Robust algorithms are usually slow; on the other hand, fast but not robust techniques
might not reach the goal at all. Usually an optimization algorithm cannot be both robust
and accurate: it means that the ability of finding the optimal solution is not accomplished
by the capacity of finding a solution close to the real solution. In this way, it is useful
to sketch out two guidelines. If an ex-novo solution is requested, then it will be useful
to use a robust method, in order to reach a solution space as close as possible to the
global optimum. Vice versa, if the optimization requires the improvement of an already
existing solution, then an accurate algorithm should be employed, just as a gradient-based
method.
From this perspective, it is interesting the employment of an hybrid strategy which uses
several algorithms in series or parallel. A common practise it to employ a robust algorithm
in the early stages of the optimization process, and then pass to a more accurate one
during the refinement phase, starting from the solutions previously computed.

1.3 Optimization algorithms

Optimization algorithms can be divided into two classes, that is classical and evolutionary
algorithms.
Most classical methods use a point-by-point approach, that is one solution gets updated
to a new solution in one iteration. Most of these point-by-point algorithms follow a
deterministic procedure for approaching the optimum solution: they start from a random
guess solution and thereafter, based on a pre-specified transition rule, a search direction
is identified, often by considering local information. A one-dimensional search is then
performed along the search direction to find the best solution. This best solution becomes
the new solution and the above procedure is reiterated for a number of times. The
different kinds of algorithms developed vary mostly in the way that the search directions
are defined at each intermediate solution.
Classical search and optimization methods can be further classified into two distinct
groups: direct and gradient-based methods [7]. While in direct methods only the objective
function and the constraints are employed to guide the search strategy, gradient-based
methods use the first and/or second-order derivatives of the objective function and/or
constraints to conduct the search process. Since derivative information is not used,
the direct search methods are usually slow, requiring many functions evaluations for
convergence [7]. For the same reason, they can be applied to a grad variety of problems
without a major change of the algorithm. On the other hand, gradient-based methods
quickly converge to an optimal solution, but are not efficient in non-differentiable or
discontinuous problems [7].
Deb [7] recognizes some difficulties common to most classical techniques:

• The algorithms are generally not robust, since the convergence to an optimal solution
depends on the chosen initial solution.
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• Most algorithms do not have the global perspective and, therefore, often tend to
get stuck into a suboptimal solution.

• Many traditional methods can not be efficiently applied to all kind of problems,
since they are properly designed to solve specific tasks.

• Classical algorithms are not efficient in handling problems with discrete variables.
To solve such problems, an usual practice is to assume that the design variables are
real-valued, and then choose the discrete solution nearest to the real-valued solution
computed by the algorithm. Of course, this way is a bit cumbersome since for each
unfeasible discrete variable two values (the nearest lower and upper available sizes)
are to be checked.

• Traditional algorithms cannot be efficiently used on a parallel machine. In fact,
since most traditional methods are serial in nature as they use a point-by-point
approach, the advantage of parallel machines cannot be exploited.

The last point is particularly perceived for CFD-based optimization problems, which
may require several hours to evaluate one solution. Another drawback connected to
a CAD-CFD-based optimization is the reasonable occurrence of failed designs. Failed
designs may arise due from the possible inconsistency of CAD geometry definition, from
the mesh generation, or from the lack of numerical convergence. The presence of failed
designs is a considerable problem in the gradient calculation and in the application of a
point-by-point approach.
Both these problems can be alleviated by using the second class of algorithms previously
cited, that is evolutionary algorithms. Evolutionary methods, in opposition to determinis-
tic methods, do not relay on a strong mathematical basis and do not make use of the
gradient of the objective function as a direction of descent [8]. They tend to mimic nature
in order to find the minimum of the objective function, by selecting, in a fashionable and
organized way, the points where such function is going to be computed.
Most biologists believe that the main driving force behind the natural evolution is the
Darwin’s survivial-of-the-fittest-principle [7]. In most situations, nature ruthlessly follows
two simple principles:

• If by genetic processing an above-average offspring is created, it usually survives
longer than an average individual and thus have more opportunities to produce
offspring having some of its traits than an average individual.

• If, on the other hand, a below-average offspring is created, it usually does not
survive longer and thus gets eliminated quickly from the population.

This feature of emphasizing good solutions to the detriment of bad ones is the guideline
behind evolutionary strategies. Evolution optimization is not as complex as the natural
genetics and selection procedures, but it is rather a robust abstraction of the complex
evolutionary process.
The idea of using evolutionary principles to constitute a computerized optimization
algorithm was suggested by a number of researchers located in geographically distant
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places across the globe. For this reason, several evolutionary techniques have been
formulated.

In the following sections we will start with a description of some deterministic methods
and then we will introduce some evolutionary techniques.

1.3.1 Classical methods
Several classical methods are available for solving an unconstrained minimization problem.
These methods can be classified into two broad categories as direct search methods and
descent methods.
The direct search methods require only the objective function value but not the partial
derivatives of the function during the optimization process. For this reason they are also
known as zeroth-order methods. These methods are most suitable for simple problems
involving a relatively small number of variables [1]. As an example of direct search
methods, we can cite the Nelder-Mead Simplex method.
The descent techniques utilize, in addition to the function values, the first and, in some
cases, the second derivatives of the objective function. Since more information about the
function being minimized is used, these methods are generally more efficient than direct
search techniques. The descent methods are also known as gradient methods and can
be further classified into first-order methods, if they require only the first derivatives of
the function, and second-order methods, if also the seconds derivatives are needed. As
examples of the descent methods we can cite the Steepest Descendt (Cauchy) Method, the
Conjugate Gradient Method, the Quasi - Newton Methods and the Levenberg -Marquardt
Method.
All unconstrained minimization methods are iterative in nature since they start from an
initial trial solution and proceed toward the minimum point in a sequential manner. The
different kinds of algorithms differ from each other only in the manner of generating the
new point and in the way of testing it for optimality.
The manifold iterative optimization methods present different rates of convergence. In
general, an optimization method is said to have convergence of order p if:∥∥xi+1 − x∗

∥∥
‖xi − x∗‖p

≤ k, k ≥ 0, p ≥ 1 (1.3.1)

where xi and xi+1 denote the points obtained at the end of iterations i and i + 1,
respectively, x∗ represents the optimum point and ‖x‖ denotes the norm of the vector x:

‖x‖ =
√
x2

1 + x2
2 + ...+ x2

n (1.3.2)

If p = 1 and 0 ≤ k ≤ 1, the method is said to be linearly convergent (corresponds to slow
convergence); if p = 2, the method is said to be quadratically convergent (corresponds
to fast convergence). An optimization method is said to be superlinear convergent
(corresponds to fast convergence) if:

lim
i→∞

∥∥xi+1 − x∗
∥∥

‖xi − x∗‖
→ 0 (1.3.3)
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Figure 1.4: Main operations applicable during the SIMPLEX optimization: (a) reflection, (b)
expansion and (c) contraction.

This section is structured in the following way: we will start with the description of the
Nelder-Mead Simplex method and then we will examine the descent methods above cited.
The Levenberg -Marquardt Method and the Conjugate Gradient Method will be further
deeply examined in Sections 3.4.1 and 3.4.2, respectively.

Direct search methods: the Nelder -Mead Simplex method

Since its publication in 1965, the Nelder -Mead Simplex algorithm [9] has become one of the
most widely used methods for nonlinear unconstrained optimization. The Nelder -Mead
algorithm should not be confused with the (probably) more famous simplex algorithm of
Dantzig for linear programming.
The Nelder -Mead method attempts to minimize a scalar-valued nonlinear function of
n real variables using only function values, without any derivative information. The
algorithm maintains at each step a nondegenerate simplex, i.e., a geometric figure in n
dimensions of nonzero volume that is the convex hull of n+ 1 vertices. In two dimensions,
the simplex is a triangle while, in three dimensions, is a tetrahedron. When the points
are equidistant, the simplex is said to be regular.
The basic idea of the Simplex method is to compare the values of the objective function
at the n + 1 vertices (x0, x1, ..., xn) of a general simplex and then move it gradually
towards the optimum point during the iterative process. At each step, the algorithm
attempts to replace the simplex vertex that yield the highest function value presenting
a lower value of the objective function. The movement of the simplex is given by three
operations: reflection, expansion and contraction, as illustrated in Fig. 1.4.
In the reflection movement, the worst vertex, denoted as xh (h stays for “high”), corre-
sponding to the worst value of the objective function among all the vertices, is reflected
in the opposite face to obtain a new point. Since the direction of this movement is always
away from the worst design, the reflection is expected to move towards the favourable
search space. If the objective function does not presentsteep valleys, repetitive reflections
will lead to the function optimum point. Mathematically speaking, the reflected point xr
is given by:

xr = (1 + α)x0 − αxh (1.3.4)
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where x0 is the centroid of all the points xi except i = h:

x0 =
1
n

n+1∑
i=1

xi i 6= h (1.3.5)

The reflection coefficient α > 0 is defined as:

α =
distance between xr and x0

distance between xh and x0
(1.3.6)

Thus xr will lie on the line joining xh and x0, on the far side of x0 from xh with
|xr − x0| = α|xh − x0|. If f(xr) lies between f(xh) and f(xl), where xl is the vertex
corresponding to the minimum function value, then xh is replaced by xr and a new
simplex is started.
When the reflection process gives a new minimum, that is f(xr) < f(xl), a further
decrease of the function value is expected by moving along the same direction (i.e., the
direction pointing from x0 to xr) and expanding the simplex. The expansion can be
performed according to:

xe = γxr + (1− γ)x0 (1.3.7)

where γ is called the expansion coefficient, defined as:

γ =
distance between xe and x0

distance between xr and x0
> 1 (1.3.8)

If f(xe) < f(xl), the point xh is replaced by xe and the reflection process is restarted.
On the other hand, if f(xe) > f(xl), the expansion process was not successful and hence
the point xh is replaced by xr and the reflection process is started again.
When the new point produced by reflection process is worse than all the other vertices
except the worst, the point xh is replaced by xr. This action corresponds to a contraction
of the simplex, which can be mathematically formulated as it follows:

xc = βxh + (1− β)x0 (1.3.9)

where β ∈ [0, 1] is the contraction coefficient, defined as:

β =
distance between xe and x0

distance between xh and x0
(1.3.10)

If f(xr) > f(xh), Eq.(1.3.9) is still used without changing the previous point xh. If the
contraction process produces a point xc for which f(xc) < min[f(xh), f(xr)], the point
xh is replaced by xc and the reflection is performed again. On the other hand, if the
contraction fails, i.e. f(xc) ≥ min[f(xh), f(xr)], all the xi are replaced by (xi + xl)/2
and the reflection process is restarted.
Since the simplex algorithm does not use derivatives, no termination criterion based on
the gradient of the objective function is available. Hence the algorithm stops when it
cannot find solution with improvements higher than some tolerance.
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Descent methods

Descent methods require the knowledge of the the first and, in some cases, the second
derivatives of the objective function. The gradient of a function is a very important
property, since is gives the direction of steepest ascent: therefore, the negative of the
gradient vector denotes the direction of steepest descent. Thus any method that makes
use of the gradient vector can be expected to give the minimum point faster than one
that does not make use of the gradient vector [1].
The iterative procedure followed by the algorithm to converge to the minimum of the
objective function can be written in the following general form:

xk+1 = xk + αkdk (1.3.11)

where x is the vector of design variables, α is the search step size, d is the direction of
descent and k is the iteration counter.
An iteration step is acceptable if it leads to a reduction of the objective function, that
is fk+1 < fk. As quoted in [8], the direction of descent d will generate an acceptable
step if and only if there exists a positive definite matrix R, such that d = −R∇f . Such
requirement results in directions of descent that form an angle greater than 90o with the
gradient direction. A minimization method in which the directions are obtained in this
manner is called an acceptable gradient method [8].
The most desired characteristic of any gradient method is its convergence to a stationary
point, where ∇f = 0. Anyway, convergence to the true minimum can be guaranteed only
if it can be proved that the objective function has no other stationary points. In practice,
however, one usually reaches the local minimum in the valley where the initial guess for
the iterative procedure was located [8].

Steepest Descent Method The basic idea of this method is to move along the
direction of highest variation of the objective function, in order to reach its minimum
value. Therefore, since the gradient direction is the one that gives the fastest increase of
the objective function, the direction of descent can be chosen as:

dk = −∇f
(
xk
)

(1.3.12)

The new point can be computed in the following way:

xk+1 = xk + αkdk = xk − αk∇f
(
xk
)

(1.3.13)

The optimum choice for the search step size αk is the one that minimizes the objective
function along the direction of descent. Thus, a univariate search method needs to
be employed in order to find the search step size at each iteration [8]: αk is found by
minimizing f(xk + αkdk) with respect to αk.
Usually, during the first iterations, the steepest-descent method produces with large
variations in the objective function, but, as the minimum value is approached, the
convergence rate becomes very low.
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Conjugate Gradient Method The Conjugate Gradient Method (CGM) improves
the convergence rate of the Steepest Descent Method by choosing a direction of descent
that is a linear combination of the gradient direction with the direction of descent of the
previous iteration. The linear combination is such that the resulting angle between the
direction of descent and the negative gradient direction is less than 90◦, in order to ensure
the minimization of the objective function.
The directions of descent at iteration k, dk, and at iteration k− 1, dk−1, are conjugated1.
It can be proved that any minimization method that makes use of the conjugate directions
is quadratically convergent [1]: therefore, a quadratic function of n variables will be
minimized in n steps or less. Since any general function can be approximated reasonably
well by a quadratic near the optimum point, any quadratically convergent method is
expected to find the optimum point in a finite number of iterations.
In a general form, the direction of descent is given by:

dk = −∇f(xk) + γkdk−1 + ψkdq (1.3.14)

where γk and ψk are the conjugation coefficients. The conjugation coefficient is chosen so
that the directions dk and dk−1 are conjugated. The superscript q in Eq.(1.3.14) denotes
the iteration number where a restarting strategy is applied to the iterative procedure of
the CGM. As reported in [8], restarting strategies were suggested in order to improve its
convergence rate. The iterative procedure for the CGM is summarized in Fig. 1.5.
Different versions of the CGM can be found in the literature depending on the form
used for the computation of the direction of descent. In the Fletcher-Reeves version, the
conjugation coefficients γk and ψk are computed from the following expressions:

γk =

∥∥∇f (xk)∥∥2

‖∇f (xk−1)‖2
, with γ0 = 0 for k = 0 (1.3.15a)

ψk = 0 for k = 0, 1, 2, . . . (1.3.15b)

where ‖·‖ denotes the Euclidian norm in the vector space.
In the Polak-Ribiere version of the Conjugate Gradient Method the conjugation coefficients
are given by:

γk =

[
∇f

(
xk
)]T [∇f (xk)−∇f (xk−1

)]
‖∇f (xk−1)‖2

, with γ0 = 0 for k = 0 (1.3.16a)

ψk = 0 for k = 0, 1, 2, . . . (1.3.16b)

1Let A be an n× n symmetrical matrix. A set of n vectors {Si} is A-conjugated if

ST
i ASj = 0 ∀i 6= j i = 1, ..., N, j = 1, ..., N

Orthogonal directions are a particular class of conjugated directions for which the matrix A is equal to
the identity matrix.



Tesi di dottorato di Paola Ranut, discussa presso l’Università degli Studi di Udine

16 1. Optimization techniques

Another version of the CGM is known as Powell-Beale’s version:

γk =

[
∇f

(
xk
)]T [∇f (xk)−∇f (xk−1

)][
dk−1

]T
[∇f (xk)−∇f (xk−1)]

, with γ0 = 0 for k = 0 (1.3.17a)

ψk =

[
∇f

(
xk
)]T [∇f (xq+1

)
−∇f (xq)

]
[dq]T [∇f (xq+1)−∇f (xq)]

, for k = 0, 1, 2, . . . (1.3.17b)

The formulaton of the CGM with the conjugation coefficients given by Eqs.(1.3.17)
requires restarting when gradients at successive iterations tend to be non-orthogonal
(which is a measure of the local non-linearity of the problem) and when the direction
of descent is not sufficiently downhill. Restarting is performed by making ψk = 0 in
Eq.(1.3.14).
The Steepest Descent Method can be recovered by setting γk = ψk = 0 for any k in
Eq.(1.3.14). Although simpler, the Stepeest Descent Method does not converge as fast as
the CGM.
For the evaluation of the search step size of the CGM, the same procedure already
indicated for the Steepest Descent Method is employed.

Quasi -Newton Methods While the Steepest Descent and the Conjugate Gradient
methods use only the gradients of the objective function in the iterative procedure,
the Quasi -Newton Methods employs also information of the second derivatives of the
objective function in order to improve the convergence rate. It is worth pointing out
that an increase of the convergence rate does not necessary mean a reduction of the
computational cost. The update of the solution vector is performed in the following
manner:

xk+1 = xk − αk
[
Hk
]−1

∇f
(
xk
)

(1.3.18)

where H is the Hessian matrix (matrix of the second-order derivatives) of the objective
function.
In Quasi - Newton methods the Hessian matrix is approximated in such a way that it does
not involve second derivatives: usually, the approximations for the Hessian are based on
the first derivatives. Since the approximations, these methods are called indirect update
methods.
Let us define a new matrix B, which is an approximation for the inverse of the Hessian,
that is:

Bk ∼=
[
Hk
]−1

(1.3.19)

The direction of descent for the Quasi-Newton methods is thus given by:

dk+1 = −Bk∇f
(
xk
)

(1.3.20)

while the matrix B is iteratively calculated as:

Bk = Bk−1 + Mk−1 + Nk−1 for k = 1, 2, . . . (1.3.21a)
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Figure 1.5: Iterative procedure for the Conjugate Gradient Method.
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Bk = I for k = 0 (1.3.21b)

where I is the identity matrix. Note that, at the first iteration, the method works as the
Steepest Descent Method.
Different Quasi - Newton methods can be found in the literature depending on the choice
of the matrices M and N. For the Broyden-Fletcher-Goldfarb-Shanno (BFGS) Method
the matrices M and N are calculated as:

Mk−1 =
1 +

(
Yk−1

)T
Bk−1Yk−1(

Yk−1
)T

dk−1

dk−1
(
dk−1

)T
(
dk−1

)T
Yk−1

(1.3.22a)

Nk−1 = −
dk−1

(
Yk−1

)T
Bk−1 + Bk−1Yk−1

(
dk−1

)T
(
Yk−1

)T
dk−1

(1.3.22b)

where:
Yk−1 = ∇f

(
xk
)
−∇f

(
xk−1

)
(1.3.23)

The Levenberg -Marquardt Method The Levenberg -Marquardt Method is an
iterative procedure first derived by Levenberg in 1944 by modifying the ordinary least
squares norm. Later, in 1963, Marquardt derived basically the same technique by using a
different approach. Marquardt’s intention was to obtain a method that would tend to the
Gauss Method in the neighborhood of the minimum of the ordinary least squares norm,
and would tend to the Steepest Descent Method in the neighborhood of the initial guess
used for the iterative procedure [10].
The method lays on the observation that if P is a positive definite matrix, then A + λP
is positive definite for sufficiently large λ. As it is stated in [8], if A is an approximation
for the Hessian, then P can be chosen as a diagonal matrix whose elements coincide with
the absolute values of the diagonal elements of A [8].
The direction of descent for the Levenberg-Marquardt method is given by:

dk = −
(
Ak + λkPk

)−1

∇f
(
xk
)

(1.3.24)

and the step size is taken as αk = 1. It is worth pointing out that, for large values of
λk, a small step is taken along the negative gradient direction. On the other hand, as
λk tends to zero, the Levenberg-Marquardt method tends to a Quasi-Newton’s method
based on the matrix A. Usually, the matrix A is taken as that for the Gauss Method [8].

1.3.2 Stochastic methods
Stochastic programming deals with situations where some or all the parameters of the
optimization problem are described by stochastic (random or probabilistic) variables
rather than deterministic quantities [1]. As quoted in [4, Chap.8], in heuristic evolutionary
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techniques no one assumption is made on the relation between objectives and design
variables, thus providing an analogy with experimental dataset analysis.
Some of these algorithms are based on analogies with natural processes; the well-known
examples are Evolutionary Algorithms and Simulated Annealing. In this section, most of
the effort is addressed to the description of Evolutionary methods.
In the past 15 years, evolutionary optimization (EO) has become a popular and promising
field of research and application. In contrast to most classical techniques, for which one
solution is updated in each iteration (point approach), evolutionary algorithms use a
population-based approach: in every iteration, more than one solution is handled and
made to evolve into a new population of solutions. This characteristic allows an EO
to find multiple optimal solutions and enable the parallelization of the computation.
Moreover, evolutionary methods are direct search procedures, since the computation
is performed without using gradient information. In addition, an EO procedure uses
stochastic operators, which tend to achieve a desired effect by using higher probabilities
towards desirable outcomes. All these traits explain why evolutionary methods are very
flexible and can be applied to a wide variety of optimization problems.
An EO starts its search from a population of solutions usually created at random within
a specified lower and upper bound on each variable. The population size required in an
evolutionary algorithm depends on a numbers of factors related to the number of designs
variables, the complexity of the problem and others.
After the initialization of the population, the EO procedure enters an iterative process,
where the current population is updated in order to create a new population. The
generation of the offspring is performed by employing four main operators: selection,
crossover, mutation and elite-preservation. The operation stops when one or more pre-
specified termination criteria are met.
In the next sections, the attention will be mostly focused on Genetic Algorithms, while
other stochastic methods will be only briefly introduced.

Genetic Algorithms

Genetic Algorithms (GAs) have been mostly developed in the 1970s as an optimization
toolbox, even though some work had already been done in the field of evolutionary
computation. As reported in [11], the first main works related to GAs are attributed to
Holland and De Jong, in 1975.
A genetic algorithm is an iterative optimization procedure, which handles in each iteration
a number of solutions instead of a single one. The set of solutions is collectively known as
a population. Each design solution x = (x1, x2, ..., xn) is indicated as an individual, and
its design parameters xi represent its genes.
A flowchart of the working principle of a GA is depicted in Fig. 1.6. In the absence of
any knowledge of the problem domain, the search begins from a random population of
solutions. If a termination criterion is not satisfied, three different operators - selection,
crossover and mutation - are applied to update the population. One iteration of these
operators is known as a generation. Therefore, the basic idea of a GA is to maintain a
population of candidate solutions that are evolved generation after generation, so that
the best individuals survive and can reproduce.



Tesi di dottorato di Paola Ranut, discussa presso l’Università degli Studi di Udine

20 1. Optimization techniques

Figure 1.6: A flowchart of the working principle of a genetic algorithm.

Since GAs operate on the entire population, they offer a good potential to explore the
whole search space and to avoid local optima. Their good robustness is mainly due to the
fact that they not need the evaluation of the objective function’s derivatives. Another
point in their favour is that the process can iterate further even if some evaluations fail.
In general, the main drawback associated to evolutionary algorithms remains their cost in
terms of CPU time. But, due to the fact that each evaluation is performed independently,
the algorithm is easily parallelizable.
The first step in a GA procedure is to choose the way to represent a solution. In fact,
each design variable can be represented as a real number (floating-point-coded GA) or a
string of bits (binary-coded GA). If a binary representation is used, a continuous variable
can only be represented by a set of discrete values.
In binary-coded GA, every design variable is coded into a fixed-length binary substring.
The substrings are then grouped together in a global string, which corresponds to
an individual. The similarity with biology is outstanding: the representation of each
individual resembles a natural chromosome, which is a collection of genes having particular
allele values.
To better clarify the idea, let us consider the following string representing an individual,
constituted by n design variables:

11010︸ ︷︷ ︸
x1

1001001︸ ︷︷ ︸
x2

010︸︷︷︸
x3

... 0010︸︷︷︸
xn

If the i-th problem variable is coded in a binary substring of length li, then the number of
alternatives allowed for that variable is 2li . The minimum substring length li depends on
the lower and upper bounds consented to the variable xi (xmini and xmaxi , respectively),
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as well as on the desired resolution εi for this variable:

li = log2

xmini − xmaxi

εi
(1.3.25)

As reported in [4, chap.6], very short substrings (l < 3) lead to a too low resolution so
that the GA may not be able to accurately locate the minimum. On the contrary, longer
substrings (3 < l < 10) enable a higher resolution but generate a larger search space,
making it difficult to find the complete optimal string.
In the binary coding, the lower bound solution is represented by the string (00...0), while
the upper bound solution is represented by the string (11...1). An l-bit string represents a
complete solution specifying all the n variables uniquely. Once the values of the variables
are known, the objective function f(x1, ..., xn) can be computed.
In a GA, a fitness must be assigned to each individual created either in the initial
population or in the subsequent generations, whose value is related to the objective
function value. The evaluation of the objective function value is typically the most
time-consuming step of the GA procedure, since it involves as many simulations as the
number of the individuals. If the variables are represented directly as real or discrete
numbers, they are already directly available for the computation of the objective function.
On the contrary, if a binary coding is used to represent some discrete variables, then the
variable has to be decoded before evaluating the objective function.
The fitness expresses the capacity of an individual of surviving. For a maximization
problem, the simplest way for defining the fitness is to take it equal to the individual’s
objective function value. In the case of a minimization problem, the fitness can be
calculated as the reciprocal of the objective function value, as reported in [7]:

Fitness(i) =
1

1 + fi(xi1, ..., xiN )
(1.3.26)

In this way, solutions with smaller objective function value get larger fitness. Equation
(1.3.26) represents the fitness of the individual i in a group of N individuals. A more
sophisticated way to define the fitness is the one suggested in [2]:

Fitness(i) =
N − rank(i) + 1

N∑
j=1

(N − rank(j) + 1)

(1.3.27)

To apply Eq.(1.3.27), at each generation the individuals must be classified as a function
of their corresponding objective values, leading to a rank within the population and
finally to a fitness. The probability for an individual to participate in the subsequent
reproduction process is determined by a probability based on its fitness value.
The rank appearing in Eq.(1.3.27) is computed for each individual according to the
number of individuals dominating it. If an individual is not dominated by any other
individual, it gets the top rank, i.e. rank(i) = 1 (of course, several non-dominated
individuals can exist at the same time). Subsequently come all the individuals dominated
by only one individual, and so on. An individual i that is dominated by j individuals
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holds rank(i) = 1 + j.
In the population three groups of individuals can be defined, two for the GA generations
and one for storing the non-dominated configurations: the parents (individuals that may
reproduce), the offspring (individuals of next generation, built from the parents) and
the elite (the currently non-dominated individuals). An individual can belong to several
groups at the same time.
In the following paragraphs, the various genetic operators that can be applied in the
evolution process will be illustated.

Selection Selection is the first operator applied on a population to pick up above-
average individuals from the current population and insert duplicates of them in the
mating pool. Different selection operators are allowable. In the proportionate selection,
the probability an individual has to be chosen is proportional to its fitness. Since the
population size is usually kept fixed, the cumulative probability for all the individuals
in the population must be one. Therefore, if the population size is equal to N , the
probability of selecting the i-th string is fi/

∑N
j=1 fj . One way of performing this kind of

selection is to use a roulette-wheel, for which the width of each slot is proportional to the
individual’s fitness. The roulette wheel is spun N times and the string selected by the
pointer is copied in the mating pool. This method is expected to make fi/f̄ copies of
the i-th individual, being f̄ is the average fitness of the population. The proportionate
selection favors individuals with a higher fitness, but at the same time leaves a chance
for the worst individuals to take part in the reproduction process, in order to maintain
diversity through the generations. Individuals with an equal rank get the same fitness
value and have thus the same probability to survive or to reproduce. As quoted in [4,
chap.6], this selection scheme is elitist2 and has larger chances to get stuck in a local
optimum.
Another selection scheme, which is getting increasingly popular because of its simplicity,
is the the tournament selection. Two individuals are chosen at random for a tournament
and the best of the two is selected, according to its objective function. Two other solutions
are picked again and another slot in the mating pool is filled, and so on. If it is performed
systematically, each solution can be made to participate in exactly two tournaments:
thus the best string in the population receives exactly two copies in the mating pool.
It is important to note that this selection operator does not require a transformation
of the objective function to calculate the fitness of a string, since the the comparison
criterion is the objective function itself. Therefore, tournament selection is much faster
than proportionate selection.
During the selection phase, good population members are emphasized at the expense of
bad population members, but no new solution is created. If the selection operator uses
too much selection pressure, meaning that it emphasizes the population-best solution too
much by assigning many copies of it, the population loses its diversity very quickly. On
the other hand, if the selection pressure is very low, the GA’s search procedure behaves
like a random search process.
After the selection phase has been completed, the new offspring have to be generated.

2The definition of elitism will be provided further on in this section.
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Two alternatives can be now outlined: the offspring can be the exact copy of one parent
(survival) or can be generated by suitably combining the genes of two parents. In the
second case, some variation operators should be employed with the aim of creating new
and, hopefully, improved solutions.

Average With the average operator, two parents are chosen and the genes of the
offspring are the average of the genes of the two parents. The application of this operator
is restricted to real-coded variables.

Crossover The crossover operator is used to increase the diversity among the popu-
lation. In this case, two individuals are picked from the mating pool at random, and
an information exchange is made between them in order to create one or more offspring
solutions. In the single-point crossover both strings are cut at an arbitrary random place
and the right-side portion of both strings are swapped among themselves to create two
new strings, as illustrated in Fig. 1.7(a).

(a) (b)

Figure 1.7: (a) Single point crossover and (b) two-points crossover.

As quoted in [12], it should not take for granted that the offspring solution thus obtained
be better than both parent solutions, but the chance of creating better solutions is far
better than random. This is because the parents being crossed are not any two arbitrary
random individuals, but have survived the selection process: they are therefore expected
to have some good bit combinations in their string representations. If good individuals are
created by crossover, there will be more copies of them in the next mating pool generated
by the selection operator. Vice versa, if good strings are not created, they will not survive

Figure 1.8: Directional crossover.
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Figure 1.9: Example of mutation for a binary string.

beyond the next generation, because their selection probability will be very scant.
Another kind of crossover is the two-points crossover : two random sites are chosen and the
contents comprised by these sites are exchanged between the two parents, as illustrated in
Fig. 1.7(b). This idea can be extended to create a multi-point crossover operator and, in
the extreme case, a uniform crossover operator. In a uniform crossover applied to binary
strings, each bit from either parent is selected with a probability of 0.5.
Another crossover operator is the directional crossover. Directional crossover works by
assuming that a direction of improvement can be detected by comparing the fitness
values of two individuals, as illustrated in Fig. 1.8. Given an individual i, let us consider
the direction vectors connecting it to two reference individuals, indicated in Fig. 1.8 as
Design 1 and Design 2. The new individual is generated by moving from the first one in
a direction given by a randomly weighted average of the direction vectors, multiplied by
the sign of the performance improvement between the first individual and the reference
individuals. As stated in [13], directional crossover is an operator which increases the
efficiency of the algorithm but decreases its robustness.
It is worthwhile noting that the purpose of the crossover operator is two-fold. The main
purpose is to search the parameter space. At the same time, the search is performed in
a way to preserve the information stored in the parents maximally, because, as already
pointed out, the parents are instances of good individuals. In the single point crossover,
the search is not extensive but the maximum information is preserved from parent to
children [7]. On the other hand, with the uniform crossover the search is very extensive
but minimum information is conserved between parents and offspring. However, in order
to preserve some of the previously-found good individuals, not all the individuals in the
population take part in the crossover operation, but a crossover probability, pc, is specified.
A value of pc = 0.8 means that 80% of the population participates in crossovers to create
new offspring, while the 20% parents are directly accepted as offspring. Usually, a value
within [0.7, 1] is chosen for this parameter.
High values of the crossover probability pc increase mixing of string parts but, at the
same time, increase the breakup of good strings parts. Low values of crossover probability
limit the search to combinations of samples in the existing design space.

Mutation The mutation operator perturbs a solution to its vicinity with a small
mutation probability, pm, with the aim of keeping the diversity in the population. During
the mutation phase, a random change in one or more string’s parameter is applied. As an
example, in a binary string of length l, a 1 is changed to a 0 and vice versa, as depicted
in Fig. 1.9.
Since the mutation rate is small and depends on length of the chromosome, the new
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chromosome produced by mutation will not be much different from the earlier one.
Furthermore, mutation is also useful for local improvement of a solution. Usually, a small
value of pm ≈ 1/l or 1/n is used (n is the number of variables).
As quoted in [12], mutation can not be classified as an entirely random process, even is it
makes use of random numbers. This is because, from a particular string, it is not possible
to move to any other string in one mutation event. Mutation uses a biased distribution
to be able to move to a solution close to the original solution [12]. The basic difference
between crossover and mutation is that, while in the former more than one parent solution
is needed, in the latter only one solution is used directly or indirectly.

After selection and variation operators are applied to the whole population, one generation
of a GA has been completed. These operators are simple and straightforward. Selection
operator picks up good strings and crossover operator recombines parts of two good
strings to hopefully produce a better string. Mutation operator alters a string locally, in
order to reintroduce genetic diversity into the population and assist the search to escape
from local optima. Even though none of these claims are guaranteed while creating a new
population of strings, it is expected that if bad strings are created they will be eliminated
by the selection operator in the next generation and, if good strings are created, they will
be retained and emphasized.
From the above description, it is clear that the stochastic nature of GAs derives from the
fact that they begin the search from a random population, the selection operator involves
sampling and the crossover and mutation operators probabilistically change strings. Due
to their probabilistic nature, the initial guess has a low incidence on the final result of
the optimization [11].
There exist a number of frequently encountered variations of the GA procedure described
so far, that is elitism, niching and micro-GA.

Elitism The elitism operator is essentially a survival operator with the aim of preserving
the best solutions during the evolution. Elitism is an important element for genetic
algorithms since it promotes convergence.
In its simplest implementation, the best ε% of the current population is directly copied
to the next generation. The remaining part of the new population is created by the usual
genetic operators applied on the entire current population (including the chosen ε% elite
members). In this way, the best solutions of the current population are not only passed
from one generation to another, but also partecipate in the creation of the offspring.
Anyway, elitism is more commonly introduced after the creation of the new offspring
in order to modify the population set. In this implementation, the old population is
combined with the newly created one, and the best solutions of this combined population
are chosen for the next generation.

Niching Niching in GAs comes directly from ecology principles. The main idea behind
it could be summarized as follows: when two very morphologically different individuals
both perform well, it is not desirable to lose the specificities of each individual by mixing
their chromosomes. Therefore, when two desirable individuals competing for a place in
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the mating pool are too “morphologically far” the second is changed for another one and
so on until the two competitors are sufficiently similar. This reduces risks of eliminating
very unique individuals through the tournament selection [11].

Micro-GA Micro-GA (µ-GA) is a quick alternative to standard GA when the compu-
tational time is a concern. It generally uses less than 10 individuals per population and
basically applies the same scheme as standard GA, with the exception of the mutation
operator. However, the choice of working with a small population can lead faster to local
optima. To preserve diversity, when convergence is declared, the algorithm restarts with
a new random populations, in which is inserted only the best individual found before
[11]. In this way, a loop of short GA procedures is set, until the total generation limit is
reached. In comparison with standard GAs, µ-GAs need to evaluate a smaller number of
individuals and, therefore, are faster [11].

In the following section, the attention will be focused on one of GAs mostly in use, that
is NSGA-II.

NSGA-II

NSGA-II is regarded as the state-of-the-art for general purpose genetic algorithm; it
was developed by prof. K. Deb et al. [3] at Kanpur Genetic Algorithms Laboratory
(KanGAL). NSGA-II is a fast and elitist non-dominated sorting genetic algorithm, which
is a multi-objective extension of the standard genetic algorithm with binary coding: with
the NSGA-II a floating point representation can also be used.
The algorithms owns the following three features:

1. it uses an elitist principle,

2. it uses an explicit diversity preserving mechanism, and

3. it emphasizes non-dominated solutions.

Iteration by iteration, two kind of sorting are applied: firstly the points are grouped in
subsets called fronts according to Pareto dominance, and then, inside each front, points
are sorted depending on the crowding distance operator which promotes individuals
located at less populated regions of the objective space.
Let us describe deeply the working strategy of the algorithm. At any generation t, the
offspring population Qt is first created by using the parent population Pt and the well
known genetic operators. Thereafter, the two populations are combined together to form
a new population Rt of size 2N : since all previous and current population members are
included in Rt, elitism is ensured [3]. During each generation, the size of the population
is kept constant; the new parent population is obtained by extracting the desired number
of highest-ranking points from Rt.
Afterwards, the population Rt is classified into different non-domination classes according
to Pareto dominance. All the solutions not dominated by any other member of the set
are called non-dominated solutions of level one and lie on the best non-dominated front.
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To quantify solutions of the first non-dominated front in a population of size N , each
solution must be compared with every other solution in the population. Therefore, for
each solution, O(MN) comparisons are needed, where M is the number of the objectives,
and the total number of comparisons for identifying all the individuals belonging to the
first front is O(MN2). By temporarily discounting the solutions of the first front, the
Pareto dominance can be applied again to the next non-dominated front, an so on.
The solutions now belonging to the best non-dominated set F1 are the best solutions
in the combined population and must be emphasized more than any other solution in
the combined population Pt ∪Qt. If the size of F1 s smaller then N , all the members of
the set F1 are chosen for the new population Pt+1. The remaining members of Pt+1 are
chosen from subsequent non-dominated fronts according to their ranking: thus solutions
from the set F2 are chosen next, followed by solutions from the set F3, and so on. The
procedure, illustrated in Fig. 1.10(a), is repeated until no more sets can be accommodated.
Let us suppose that the set Fl is the last non-dominated set being accommodated. In
general, the count of the solutions in all the sets between F1 and Fl will be larger than N :
therefore, in order that the next generation will be constituted exactly by N members,
the solution in the last front Fl must be sorted by using the crowded-comparison operator.
The crowded-sorting of the points of the last front is achieved in the descending order of
their crowding distance values, and then points from the top of the ordered list are chosen.
The crowding distance di of point i is a measure of the objective space around i which is
not occupied by any other solution in the population. The distance di can be estimated
from the perimeter of the cuboid formed by using the nearest neighbors in the objective
space as the vertices, as illustrated in Fig. 1.10(b). Therefore, the crowded-sorting makes
the diversity of the selected points as high as possible.

(a) (b)

Figure 1.10: (a) NSGA-II procedure and (b) Crowding distance calculation (points marked with
filled circles are solutions of the same non-dominated front).

As quoted in [3], in the case of constrained optimization, a tournament selection based
algorithm can be used to handle constraints in a population approach. As already
explained, in the presence of constraints, each solution can be either feasible or infeasible.
Thus, the solutions picked in a tournament selection can be (i) both feasible, (ii) one
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feasible and other not, and (iii) both infeasible. Then, for a single objective optimization,
a simple rule can be used for each of the above cases: for case (i) choose the solution with
a better objective function value, for case (ii) choose the feasible solution and for case
(iii) choose the solution with smaller overall constraint violation.
In the context of multi-objective optimization, the latter two cases can be used as they
are, while the first one can be resolved by using the crowded-comparison operator. A
solution i is said to constrained-dominate a solution j if any of the following conditions
is true: (i) solution i is feasible and solution j is not, (ii) solutions i and j are both
infeasible, but solution i has a smaller constraint violation and (iii) solutions i and j are
feasible and solution i dominates solution j.
The effect of using the above mentioned constraint-domination principle is that any
feasible solution has a better non-domination rank that any infeasible solution. However,
among two infeasible solutions, the solution with a smaller constraint violation has a
better rank [3].

Other stochastic methods

In this Section, other stochastic methods will be introduced, some of them can still be
classified as Evolutionary Techniques.
Like GAs, also Evolution Strategy (ES) belongs to the general category of Evolutionary
Algorithms; in contrast to GA, which relies heavily on recombination to explore the design
space, ES uses mutation as the main search operator. In ES the vectors of variables are
real-valued.
Differential Evolution (DE) is an evolutionary method based on Darwin’s Theory for
the Evolution of the Species. It was created in 1995 by two researchers from Berkeley,
Kenneth Price and Rainer Storn, as an alternative to the GAs. DE combines arithmetical
operators with operators of recombination, mutation and selection to evolve from a
randomly generated population to a final solution.
Another evolutionary method is Particle Swarm Optimization (PSO), also created in
1995 as an alternative to GAs. This method is based on the social behavior of various
species and tries to equilibrate the individuality and sociability of the individuals in
order to locate the optimum of interest. The original idea came from the observation of
birds looking for nesting places. When the individuality increases, also the search for
alternative places for nesting increases. However, if the individuality becomes too high,
the individual might never find the best place. On the other hand, when the sociability
is augmented, the individual learns more from its neighbors’ experience, but, if it is too
high, all the individuals might converge to the first minimum found, which could be a
local minimum. Just like the GAs, the PSO is firstly initialized with a set of randomly
generated potential solutions (particles), and then the search towards the optimum is
performed iteratively. Furthermore, the PSO is much simpler, can be easily implemented,
has fewer parameters to adjust and is computationally inexpensive since its memory and
CPU speed requirements are low [14]. Despite its various advantages, a main drawback
for the PSO is that it may not guarantee global optimum for very complex problems
with many local optima and with a large number of optimization parameters, even if can
guarantee convergence [14]. As an alternative, the Repulsive Particle Swarm Optimization
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(RPSO) method has been developed, which is particularly effective in finding out the
global optimum in very complex search spaces. In RPSO, a repulsion term is introduced,
which tends to repels the particle from the best position of a randomly chosen other
particle in order to explore new areas and to prevent the population from getting stuck
in a local optimum.
Another bio-inspired method is the Firefly Algorithm, which mimics the patterns of
short and rhythmic flashes (bioluminescence) emitted by fireflies in order to attract other
individuals to its vicinities. The solution of an optimization problem can be perceived
as agent (firefly) which “glows”proportionally to its quality. Consequently, each brighter
firefly attracts its partners (regardless of their sex) which make the search space being
explored more efficiently [15].
A stochastic algorithm which does not belong to the class of evolutionary techniques is
Simulated annealing (SA). This technique is based on random evaluations of the objective
function in such a way that transitions out of a local minimum are possible. Although
the method usually requires a large number of function evaluations to find the optimum
solution, it will find the global optimum with a high probability even for ill-conditioned
functions with numerous local minima [1]. The name of the method is derived from
metallurgy: thermal annealing is a technique involving heating and controlled cooling of a
material thus to increase the size of its crystals and reduce their defects. Each step of the
SA algorithm attempts to replace the current solution by a random solution: a candidate
solution is accepted or rejected according to a criterion, known as the metropolis criterion.
If the difference of the objective functions of the new solution and the current solution
is ∆f ≤ 0, then the new point is accepted. Otherwise, the new solution may be then
accepted with a probability P that depends both on ∆f and on a global parameter T ,
called the temperature, that is gradually decreased during the process:

P (∆f) = e−∆f/kT (1.3.28)

In Eq.(1.3.28), the constant k is a scaling factor called Boltzmann’s constant. The value
of k influences the convergence of the method. The dependency of the probability on T is
such that the choice between the previous and the current solution is almost random when
T is large, but increasingly selects the best or “downhill” solution (for a minimization
problem) as T goes to zero. Based on the metropolis criterion, uphill moves may be
accepted and they potentially save the method from becoming stuck at local optima [8].

1.3.3 Hybrid methods

The search operators used in evolutionary multi-objective optimization are generic. There
is no guarantee that an EMO will find any Pareto optimal solution in a finite number
of solution evaluations for an arbitrary problem. However, EMO methodologies provide
adequate emphasis to currently non-dominated and isolated solutions so that population
members progress towards the Pareto-optimal front iteratively [6].
In order to increase the convergence rate of the overall procedure and to perform the
task with a more guaranteed manner, EMO methodologies must be combined with
mathematical optimization techniques having local convergence properties. One possibility
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is to start the optimization with an EMO and then further improve the solutions thus
obtained by optimizing a composite objective function derived from multiple objectives.
A local search is therefore performed from each solution with a different emphasis of
objective functions in the hope of better converging to the true Pareto frontier. As an
example, following [5], for a multi-objective minimization problem, the weighted objective
can be defined as:

F (x) =
Nobj∑
j=1

w̄jfj(x) (1.3.29)

where the weights can be calculated from the obtained set of solutions as:

w̄j =
(fmaxj − fj(x))/(fmaxj − fminj )

Nobj∑
k=1

(fmaxk − fk(x))/(fmaxk − fmink )

(1.3.30)

In Eq.(1.3.30) it has been indicated with fminj and fmaxj the minimum and the maximum
values of the objective function, respectively. The division of the numerator with the
denominator ensures the normalization of the weights, i.e.,

∑Nobj

j=1 w̄j . If an objective
needs to be maximized, the term fmaxk − fk(x) must be replaced with fk(x)− fmaxk .
The weights vector dictates roughly the priority of different objective functions at a solution
point. Once the weights w̄j are calculated, a local search is performed independently
from each solution and then, from these new calculated solutions, a set of non-dominated
solutions must be extracted.
Another way to improve the accuracy of a EMO is the use of a local search technique as a
mutation-like operator within the algorithm, so that all population members are at least
ensured local optimal solutions. As quoted in [6], this approach holds another advantage:
since a local search can find a weak or a near Pareto-optimal point, the presence of
such super-individual in a population can prompt other near Pareto-optimal solutions to
be found as a outcome of recombination of the super-individual with other population
members.

1.3.4 Meta-model assisted EMO
The practical application of optimization procedures for real systems is often limited by
the computational overheads associated with evaluating solutions. For some problems, e.g.
those involving CFD simulations, the computation of each solution may take a few hours
to a day or two, and hence the application of the optimization procedure can require a
not acceptable time in an industrial set-up.
Therefore, it is outstanding that any procedure allowing a reduction of the computational
burden while keeping a good level of accuracy is willingly accepted. For this purpose,
it is more and more common to substitute the original problem with an appropriate
approximation of it. This model is called a surrogate model or a meta-model. If the true
system is y = f(x), then a metamodel can be defined as:

ŷ = g(x) with y = ŷ + ε (1.3.31)
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where ε represents both the error of approximation and the measurement errors.
The approximating function g(x) is usually estimated by using a number of already
performed simulations or experimental observations, also called responses. Data defining
a metamodel are not necessary limited to the data sets from original system models, but
also can comprise data derived from other metamodels.
The proper design of surrogate models depends on the nature of the problem to be handled
and on the distribution of the design points in the design space. Each kind of metamodel
has its strong point and drawbacks, and hence it is difficult to assert the supremacy of
one metamodel for all the applications.
Metamodels are particularly attractive as a surrogate representation when the ability of
an actual system to provide data is limited by the rate at which data can be obtained or
when data acquisition is cost prohibitive or when multiple data sources must be queried
from different sources and yet combined into a single data set [16].
The key steps for constructing a metamodel are the following: (i) identification of an
efficient data set (the most common approach makes use of a Design of Experiment), (ii)
execution of a numerical simulation at the selected locations (i.e. the computationally
expensive model is run for all the values of the input variables provided by the Design
of Experiment), (iii) choice of the most suitable model for representing the data and
fitting of the model to the existing data (in order to find the corresponding parameters)
(iv) validation of model, with the aim of establishing the predictive capabilities of the
surrogate model.
As quoted in [17], surrogate modeling can be seen as a non-linear inverse problem, since
its purpose is the estimation of a continuous function, i.e. the metamodel, from a limited
amount of available data. The available data can represent both exact evaluations of the
function and noisy observations, but in general they do not own sufficient information to
uniquely identify the surrogate. Therefore, multiple surrogates may be consistent with
the available data set.
Following the guideline reported in [16], the multiple metamodel types can be classified
into the following three categories. Geometric models, originally derived to provide data
set curve and surface representations (e.g. Response Surface Models and Spine Based
Models), stochastic models, that add a stochastic component to a geometric metamodel
(e.g., Kriging Models and Radial Basis Function Models), and heuristic models, that
mimic cognitive processes in order to detect and model underlying data patterns (e.g.,
Kernal Models and Neural Networks).
In general, geometric and heuristic metamodels approximate the data set, without
necessarily passing through each data point. On the contrary, stochastic metamodels tend
to pass through each point of the data set thus to interpolate them. If the data set is
obtained from a deterministic source, such as a computer simulation, a valid metamodel
should interpolate each data point. From a statistical point of view, an approximating
metamodel is mathematically questionable (if not incorrect) for deterministic data sets
since the errors in a deterministic data set are due to errors in the approximation
represented by the simulation [16].
Apart from the above mentioned classification, we can distinguish from parametric
and non-parametric metamodels: the former assume that the functional form of the
relationship between the response variable and the design variable is known, the latter
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use different kind of simple local models in different regions of the space to construct an
overall model.
Two different approaches are mostly followed in the generation of metamodels. In the
former, a sample of solutions is used to create a surrogate and then the optimization is
performed to find the optimum of the meta-model, under the assumption that the optimal
solutions of both the meta-model and the original problem are similar to each other. In
the latter, a successive meta-modeling approach is used: at the beginning, the algorithm
solves the first meta-model obtained from a sample of the entire search space; then, as
the solutions start to focus near the optimum region of the meta-model, a new and more
accurate meta-model is generated in the region dictated by the solutions of the previous
optimization.
It is worth pointing out that the optimal designs obtained from a meta-model are virtual,
since they have not been computed by the means of the real solver. It is therefore
advisable to validate some of them at the end of the optimization process through a
detailed CFD analysis.
In the rest of this paragraph, a brief description of the most common metamodels will be
provided.

Response surfaces

Response surface is the simplest metamodel type, whose aim is to fit the existing data
point with low-order polynomials. For a low curvature, a first order polynomial (1.3.32a)
can be used while, in cases of significant curvature, a second order polynomial (1.3.32b)
is more suitable:

ŷ = β0 +
k∑
i=1

βixi (1.3.32a)

ŷ = β0 +
k∑
i=1

k∑
j≤i

βijxixj (1.3.32b)

The parameters of the polynomials are usually determined by a least square regression
analysis, by fitting the RSM to the existing data set.
As reported in [16], RSMs are rarely formulated with degrees greater than 2, due to
excessive “wiggling” that may result during the fitting of a higher order polynomial. As a
consequence, RSM have a limited ability to proper fit functions with local nonlinearities in
the data. To overcome this drawback, multiple polynomial patches could be defined (each
patch being valid over a local metamodel region), but the preserving of the continuity
between the patches is not a trivial issue.

Kriging

Kriging metamodels use stochastic methods to model the underlying function of a data
set. These stochastic models assume that the underlying function y(x) is a combination



Tesi di dottorato di Paola Ranut, discussa presso l’Università degli Studi di Udine

1.3. Optimization algorithms 33

of a known polynomial model f(x) and a stochastic error Z(x):

y(x) = f(x) + Z(x) (1.3.33)

The f(x) term globally approximates the designs space, while Z(x) creates localized
deviations, thus to allow the model to interpolate the data points. f(x) is similar to the
polynomial model of RSM but, in case of the ordinary Kriging,is taken as a constant.
Z(x) is the realization of a normally distribuited Gaussian random process with zero
mean, variance σ2 and non-zero covariance [18]:

Cov [Z(xi)Z(xj)] = σ2R(xi, xj) (1.3.34)

in which R(xi, xj) is the spatial correlation function. The choice for the functional form
of R(xi, xj) can influence the quality of the fitting.

Neural network

A neural network is a mathematical model inspired by the brain structure and functions.
In a neural network model, simple nodes, also called neurons, are organized in layers
and connected together to form a network of nodes, as illustrated in Fig. 1.11. The
hidden layers can be absent or multiple. The strength of each connection is fixed by the
corresponding weight wi. Each node performs two operations: it sums all the incoming
signals and then it transform them by using a transfer function.

Figure 1.11: Typical neuron and architecture. (a) Constitutive unit and (b) two-layer architecture.

If the inputs to each node are denoted as {x1,x2, ...,xn} and the regression coefficients
are indicated by the weights wi, then the output y can be computed as:

y =
1

1 + e−η/T
, with η =

∑
i

wixi + β (1.3.35)

where β is the bias value of a neuron and T is the slope parameter of the sigmoid, defined
by the user.
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Therefore, each neuron can be seen as a function which allows the input values to be
transformed into a well defined output. The various neural network models differ from
each other for the kind of primitive function used, for the interconnections type and for
the algorithm employed for the computation of the weights of the interconnections.
The coefficients wi are defined by a training procedure relating the output to the input
data; the training is performed with reference to an existing database. As observed in
[4, chap.6], it worth pointing out that the main purpose of a neural network is not to
reproduce the existing database with maximum accuracy but to predict the performance
of new geometries. In other words, a well-trained neural network may present a less
accurate reproduction of the training set but can predict more realistic values for new
geometries.
The available samples are normally subdivided into three sets: the training set, which
contains the samples used for the training, the test set, necessary for providing the neural
network with the indispensable generalization capacity, and the validation set, which holds
the samples used to adjust the neural network architecture (i.e., to choose the number of
hidden unit layers and nodes). The training is usually performed by a back-propagation
technique. If a set of p training points (x1, y1), (x2, y2) ..., (xp, yp) is allowable, the
performance of the network can be evaluated as:

E =
p∑
i=1

(yp − ŷp)2 (1.3.36)

where ŷp is the output of the neural network corresponding to the point xp, and E
represents the total error of the system. During training, the weights are iteratively
adjusted in order to minimize E: the network is firstly initialized by providing the weights
with random values, then the gradient of the error with respect to the weights is evaluated
and the weights are corrected.
Neural networks are actually the major technique able to solve problems with thousands
of input variables, but require considerable capability to be implemented correctly.

1.4 Design of Experiments

As already discussed in the previous chapters, heuristic evolutionary techniques do not
make any assumption on the relation between objectives and design variables, thus
providing an analogy with experimental dataset analysis. Therefore, it is outstanding
that, in order to reduce the computational burden and improve the results, it is capital
to begin the search from a good initial sampling.
Generally, when performing a CFD simulation, a set of experimental data is not available,
therefore it must be created. To easily explore the design variable space, a Design Of
Experiments (DOE) can be performed.
The aim of Design of Experiments is to gain the most possible knowledge within a given
dataset. DOE methodologies can be used, apart from providing an optimization algorithm
with the initial population, also to produce an appropriate set of support points for
meta-models approximations or to create samplings for sensitivity analyses (in order to
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identify which input variables most affect the experiment).
Before its introduction by means of Sir Ronald A. Fisher in 1920, the traditional approach
was the so-called One Factor At a Time (OFAT): each factor (design variable) capable
of influencing the system was modified within its variation interval, while keeping the
others constant. It is outstanding that this approach could be quite time consuming,
since it requires a large number of evaluations. By contrast, in the DOE technique all the
variables are considered simultaneously and more than one is varied at a time. Since it
allows the elimination of redundant observations, DOE is a powerful tool for designing and
analyzing data, and gives a clear understanding of the influence of each design variable.
Several methodologies can be used for creating the initial sampling of an optimization
algorithm. In this chapter, only the most widespread will be introduced.
Random and Sobol3 techniques are based on the random generation of numbers, which
allow to cover the design space in a suitable manner. As it can be appreciated in Fig.
1.12, the Sobol methodology allows a more uniform filling of the design space with respect
to the Random DOE, since it reduces the clustering effects.

(a) (b)

Figure 1.12: (a) Random and (b) Sobol sequences. Sobol sequence fills more uniformly the
Design space.

The Full Factorial algorithm scans systematically the design space, generating every
possible combinations of all the values. The total number of generated designs is equal to
kn, where n is the number of variables and k the number of levels, i.e., the number of
values allowed for the variable. Of course, the higher the number of levels, the better the
information. The most common Full Factorial scheme makes use of two levels, that is
each design parameter can assume only two values corresponding to the lower and upper
bounds (the total number of observations will be 2n). The drawback of the Full Factorial
algorithm is that the number of samples increases exponentially with the number of
variables. Therefore, it is prevalently used when less than five or six input variables must
be analyzed.
A way to reduce the number of generated designs is to apply the Full Factorial scheme only
to a fraction of the variables and to take the remainder as a combination of the chosen

3To be precise, it is better to define Sobol DOE as a quasi-random technique.
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ones. This scheme is known as Reduced Factorial. Its drawback lies in the impossibility
of studying all the interactions between the variables.
When the number of levels is higher than three, the number of configurations generated
by Factorial methodologies may become unsustainable. For this reason, the Latin Square
scheme has been developed. A Latin Square of order k is an k by k matrix such that the
entries in each row and in each column are distinct. The number of generated designs is
k2, where k is the number of levels of the input variables; the number of levels must be
the same for all the input variables. In Fig. 1.13 a Latin Square for three variables and
three levels is depicted.

Figure 1.13: Latin Square for three variables x1, x2, x3 and three levels.

Central Composite Designs is equivalent to a two levels Full Factorial, with the addiction
of the mid-points of the design space hypercube. Three schemes are available: Cubic Face
Centered (Fig. 1.14(a)), Inscribed Composite Design (Fig. 1.14(b)) and Circumscribed
Composite Design. The last one does not respect the variables bounds.
Box-Behnken algorithms resembles the Cubic Face Centered scheme, but the designs are
located in the mid points of each edge, as illustrated in Fig. 1.14(c).

(a) (b) (c)

Figure 1.14: (a) Cubic Face Centered, (b) Inscribed Composite Design and (c) Box-Behnken, for
3 variables.
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2
Application of optimization
techniques in heat transfer

2.1 Heat exchanger optimization: an introduction

The process of heat exchange between two fluids that are at different temperatures and
separated by a solid wall occurs in many engineering applications. The device used to
implement this exchange is termed a heat exchanger.
Heat exchangers are an integral component of all thermal systems; various types of heat
exchangers have been designed and utilized for different purposes. The concentric tube, or
double-pipe, heat exchanger is the simplest device, wherein the hot and cold fluids move in
the same or opposite directions. According to the flowing direction of the working fluids,
two arrangements can be distinguished, that is the parallel flow and the counterflow heat
exchangers. While in the former the hot and cold streams enter and go out at the same
end and flow in the same direction, in the latter the fluids enter at the opposite ends, flow
in opposite directions and leave the device at opposite ends.
Alternatively, the fluids may move in cross flow, i.e., perpendicular to the tubes, as it
happens in the finned and unfinned tubular heat exchangers, depicted in Fig. 2.1.

Figure 2.1: Cross flow heat exchangers: (a) Finned with both fluids unmixed, (b) unfinned with
one fluid mixed and the other unmixed. From [19].

Another common configuration is the shell and tube heat exchanger, which consists of a
bundle of tubes enclosed within a cylindrical shell: one fluid flows through the tubes while
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the other flows within the space between the tubes and the shell. Various forms of baffles,
such as segmental, rod, disc and doughnut, and helical baffles, may be placed along the
tube bundle to force the outer fluid to flow across the tubes, thus improving the heat
transfer performance for the increased turbulence. The shell-and-tube heat exchanger is
still the most common type in use. It has larger heat transfer surface area-to-volume ratios
than most common heat exchangers, and can be manufactured easily for a large variety
of sizes and flow configurations. It can operate at high pressures, and its construction
facilitates disassembly for periodic maintenance and cleaning.
A special and important class of heat exchangers, able to provide a very large (≥
700 m2/m3) heat transfer surface area per unit volume, are the compact heat exchangers.
These devices presents dense arrays of finned tubes or plates and are typically used when
at least on of the fluids is a gas, and is hence characterized by a small convection coefficient
[19]. The tubes may be flat or circular, while the fins may be plate or circular. Parallel-
plates heat exchangers may be finned or corrugated and can be used in a single-pass or
multipass modes of operation. In compact heat exchangers the flow is usually laminar.

Owing to their vital role in various industries and applications, optimization of heat
exchangers has attracted a lot of interests all over the world: any attempt to improve the
performance would be desirable. Moreover, the increasing cost of energy and materials
obliges the production of more and more efficient equipments. High effectiveness, small
volume (hence low weight) and low cost are the common objectives in heat exchangers
design.
In the years, many efforts have been devoted to the development of enhanced heat transfer
surfaces, especially at the gas side where, due to the higher thermal resistance, the increase
of the heat transfer rate is of primary importance. As quoted in [20] the heat transfer
augmentation techniques can be classified into two broad categories, that is passive and
active techniques. Passive techniques employ special surface geometries, such as extended
or rough surfaces, displacement enhancement devices, swirl flow devices, obstruction
devices, and treated surfaces. Active techniques require an external energy supply, such
as surface or fluid vibration and electric or acoustic fields.
According to [21], the designs objectives to which a heat transfer augmentation technique
may be addressed can be summarized as it follows:

1. Reduce heat transfer surface material for fixed pumping power and heat duty. This
task may be of little interest unless the material reduction is accompanied by a
decrease of the manufacturing cost.

2. Increase UA1 for equal pumping power and fixed total length of exchanger tubing.
A higher UA may be achieved in one of the two ways:

a) to obtain increased heat duty for fixed entering fluid temperatures;

1U is the overall heat transfer coefficient [W/m2K] and A is the heat exchange surface area [m2].
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b) to ensure reduced logarithmic mean temperature difference (LMTD)2 for fixed
heat duty.

3. Reduce pumping power for equal heat duty and total length of exchanger tubing.

Objectives (1) and (2a) allow smaller heat exchanger size and, hopefully, reduced capital
cost, while objectives (2b) and (3) ensure reduced operating cost. The reduced LMTD of
(2a) will improve the thermodynamic efficiency of the system, thus to lower the operating
cost. Objective (3) allows a decrease of the pumping power cost.
The operational variables which most influence the performance of a device include the
heat transfer rate, pumping power (or pressure drop), heat exchanger flow rate and the
fluid velocity, which affects the exchanger frontal area. A Performance Evaluation Criteria
(PEC) is established by selecting one of the operational variables for the performance
objective, subject to design constraints on the remaining variables [21].
The possible constraints set on the exchanger flow rate and velocity cause significant
differences among the possible PEC relations. As an example, an augmented surface
generally presents a higher friction factor; therefore, in order to satisfy a fixed pumping
power (or pressure drop), the velocity needs to be reduced. If the exchanger flow rate is
held constant, this may be pursued by increasing the flow frontal area (e.g., for constant
tube diameter, by enlarging the shell diameter of a shell and tube design). On the
contrary, if the mass flow rate is reduced, it is possible to maintain constant flow frontal
area but, to provide the required heat duty, the device must operate at higher thermal
effectiveness3. This may significantly reduce the performance potential of the augmented
surface if the design effectiveness is sufficiently high [21].

The typical problem of finding the best shape or the configuration able to optimize a
certain cost functional while satisfying given constraints is known as shape optimization.
Shape optimization plays a leading role in many engineering applications. In many cases,
the process is carried out by using an heuristic approach, that is by solving an appropriate
boundary value problem for a sequence of intuitively defined shapes and picking up the
optimal configuration from the available solutions. Following this methodology, it appears
clear that the selected final shape might be far away from the global optimum. Moreover,

2The logarithmic mean temperature difference is defined as [19]:

∆Tml =
∆T2 −∆T1

ln(∆T1/∆T2)

For a parallel flow heat exchanger:

∆T1 = Th,i − Tc,i ∆T2 = Th,o − Tc,o

For a counter flow heat exchanger:

∆T1 = Th,i − Tc,o ∆T2 = Th,o − Tc,i

The subscripts h and c refer to the hot and cold fluid respectively, whereas i and o designate the fluid
inlet and outlet conditions.

3The effectiveness can be defined as the ratio of the actual heat transfer rate for a heat exchanger
to the maximum possible heat transfer rate. The maximum heat transfer rate could, in principle, be
achieved in a counterflow heat exchanger of infinite length.
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this simple approach becomes impractical when the number of design variables is large,
when there is more than one objective, and when there are several constraints to satisfy.
Therefore, a more systematic approach should be applied. In this way, first the shape of
the geometry must be defined in terms of known trial functions and unknown parameters:
the parameterization is typically accomplished by means of a parametric Computer-Aided
Design (CAD) system. Then an optimization algorithm must be applied. Every evaluation
of the objective function requires the solution of a discretized boundary value problem on
domains whose geometries vary in the course of the optimization procedure.
Shape optimization of internal channels was investigated by several authors. Corrugated
walls were analyzed in [13, 22–24], ribbed surfaces were examined in [25–28], dimpled
surfaces were investigated in [29–31] while grooved surfaces were researched in [32]. Finned
surfaces and channels were considered in [33–40], while pin-fin arrays were investigated in
[41–43]. Plate and fin heat exchangers were analyzed in [44–48], while Lemouedda et al.
[49] optimized the angle of attack of delta-winglet vortex generators in a plate-fin-and-tube
heat exchanger.
In most of the above mentioned studies, the goal of the optimization was the search of
the best configuration which allowed the maximization of the heat transfer rate (in order
to, for example, reduce the volume of the equipment) and the minimization of the friction
losses, which are proportional to the pumping power required. These two goals are clearly
conflicting and, therefore, a trade-off between heat transfer and pressure drop must be
considered.
As an alternative, the optimization of a heat transfer device can be performed also from
an economic point of view. In the literature there are lots of examples in this sense.
Plate and fin heat exchangers were investigated, from the others, by Mishra et al. [45],
Xie et al. [46] and Najafi and al. [48]. In [45] the goal was the minimization of the
annual cost for a specified heat duty, under given space and flow restrictions. In [46] the
optimization was performed by using correlations for the heat exchange and the pressure
drop, with the aim of minimizing either the cost or the volume under constraints (i.e.,
maximal allowable pressure drop and minimum efficiency requirement), while in [48] the
multi-objective optimization was addressed to the maximization of the total heat transfer
and the minimization of the total annual cost. The optimization of shell and tube heat
exchangers was performed by Selbas et al. [50] and by Wildi-Tremblay and Gosselin [51].
The latter investigated the optimum configuration which, for a specified duty, minimized
the global cost, comprehensive of the cost of purchase and the cost of operation. Their
work was later extended to shell and tube condensers by Allen and Gosselin [52].
From the above analysis it is clear that the optimization of a heat transfer device is
generally a multi-objective task. However, in many studies [25–27, 29, 41, 43, 44, 46], this
multi-objective optimization problem was transformed into a single objective problem by
incorporating the several objectives in a single function with the use of suitable weighting
factors. As already discussed in Section 1.2.2, this strategy is not advisable, since it does
not allow access to the whole set of optimal solutions and the results depend strongly on
the chosen weighting factors. Moreover, the advantage of using the Pareto dominance
concept is that all the alternatives become visible at once and, in contrast to classical
single-objective methods, the set of optimized solutions is obtained in one optimization
run.
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Up to now, gradient-based methods have been the most common approach in heat transfer
optimization. However, as it has been discussed in the previous Chapter, these algorithms
can not be applied to multi-objective problems. On the contrary, evolutionary techniques
are well suited for solving this kind of problems, also because they do not suffer from
the risk of getting trapped in local minima. Evolutionary algorithms have been widely
used in shape optimization, especially in the aerospace and automotive industry. Genetic
algorithms (GAs) began to be used in heat transfer approximately in the mid-1990s,
timidly at first, but more and more regularly nowadays [11].
In the literature, there are several works which make use of GAs as an optimization tool for
heat transfer problems [2, 13, 22–24, 33–39, 45–56]. In [30–32, 42, 57] an hybrid method is
applied, that is a local search is performed starting from the solutions previously computed
with GAs. In [28] three different algorithms were used in cascade: the multi-objective
game theory (MOGT), the multi-objective genetic algorithm (MOGA-II) and the single
objective Nelder and Mead Simplex: for the last step, the two objectives were combined
together in one objective function, and two sets of weights were tested. An application of
the Simulated Annealing technique can be found in [58]. An exhaustive review on the
application of GAs in heat transfer was published in 2009 by Gosselin et al. [11].
Even if some of the above mentioned studies make use of correlations for solving the heat
transfer problem, CFD is becoming a more a more effective tool in heat exchanger research
owing to its high potential of easily exploring a large number of different configurations.
However, the use of a fully automatic evolutionary algorithm coupled with CFD for a
multi-objective optimization problem still remains limited by the computing time, and is
up to now far from being a practical tool for all engineering applications. A convenient
approach for those cases where the evaluation of the objective function is costly, could
be the use of a surrogate of the objective function during the optimization phase. The
proper design of surrogates depends upon the distribution of design points in design space
and nature of the problem to be handled [30]. Examples of application of metamodels
can be found in [25–27, 29–32, 42, 43, 47, 49, 57, 58].

In the rest of this Chapter, a practical optimization in heat transfer will be presented,
regarding a multi-objective shape optimization of a tube bundle by means of Genetic
Algorithms.
Many industrial applications require the use of tubes heat exchangers, which have to
be sized according to space availability: this means that the volume occupied by the
array of tubes is fixed. In the last three decades, several studies have been carried out to
characterize the heat transfer and the pressure drop in tube banks [59–66].
The tube rows of a bank can be either staggered or aligned (also named inline) in the
direction of the flow, as it can be seen in Fig. 2.2. The configuration is characterized by
the tube diameter D, the transverse pitch ST , the longitudinal pitch SL and the nominal
pitch SD, measured between the tube centers. The relations between the parameters
defining the staggered configurations reported in Fig. 2.2 are summarized in Table 2.1.
The flow pattern and heat transfer characteristics in tube bundles differ from those around
a single cylinder. In fact, even if the flow around tubes in the leading row is similar
to the single-tube case, in the subsequent rows it depends strongly on the tube bank
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Figure 2.2: Most common types of tube bundle arrangements: (a) inline, (b) staggered rotated
square, (c) staggered equal spacing, (d) staggered equilateral triangle and (e) staggered equilateral
triangle turned at 90◦.

Rotated Equal Equilateral
Square Spacing Triangle

ST
√

2SD SD SD

SL
√

2
2 SD SD

√
3

2 SD

Table 2.1: Relationship between the geometric parameters in three types of staggered tube banks.

arrangement. Inside a bundle, the flow converges in the intertube spaces and a highly
turbulent flow over the inner tubes is established. The recirculation region behind an
inner tube is smaller than in a single tube. The situation is governed by the relative
pitches and the bundle geometry: the more compact a bundle is, the larger the difference
from the single-tube situation [67]. Fluid flow inside a staggered bundle may be compared
to that in a periodically narrowing and widening channel, such as that formed between
corrugated plates in plate heat exchangers, while flow inside inline bundles resembles that
in straight channels. In a staggered array, the path of the main flow is more tortuous,
circumstance which favours an enhancement of the heat transfer, particularly for small
Reynold numbers (Re < 100).
The leading tubes induce a vortical flow and a variable velocity distribution around
the inner tubes [67]. At low Reynolds numbers4 (i.e., Re < 1000), the inside flow is
predominantly laminar with large recirculation regions, although their effect on the front
parts of inner tubes is eliminated by viscous forces and by the negative pressure gradients.
Laminar boundary layers are still formed on the inner tubes which separate and form
recirculation region in the rear [67]. For relatively low Reynolds numbers and closely

4The Reynolds number is defined according to the tube diameter.
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packed cylinders, a symmetric wake is established behind each cylinder. In fact, no
shedding occurs, even for relatively high Reynolds numbers, if the cylinders are tightly
packed [60]. At higher Reynolds numbers, the intertube flow becomes vortical and highly
turbulent but, despite the high turbulence, laminar boundary layers are still observed on
inner tubes.
As quoted in [67], the turbulence level of the main flow can influence fluid dynamics
only over the first two rows. The tubes of the first rows act as a turbulizing grid, which
establishes a specific level of turbulence and increases the heat transfer coefficient for the
tubes in the following rows. In most staggered configurations, however, a steady-state
flow is established beyond the third row, while, in an inline bundle, a steady behaviour is
established from the fourth row onwards.
The location of reattachment and separation points around cylinders in a bank depends
strongly on the tube arrangement and the Reynolds number (as observed in [63], as the
Reynolds number increases, the separation establishes earlier). Žukauskas [67] states
that on a tube inside a staggered bundle, in a way similar to a single tube, the point of
attack is located at the stagnation point. The maximum velocity occurs in the minimum
intertube spacing, after which sharply decreases, and even acquires a negative value in
the recirculation region. On the contrary, on an inner tube of an inline bundle, the point
of attack lies at an angle φ ≈ 40◦5; the velocity is at its minimum there and increases
downstream. A little different results were found by Dhaubhadel et al. [60], who studied
the fluid flow in a five-row-deep staggered bundle with different tube arrangements. For the
equilateral triangular arrangement having SD/D = 1.5, the reattachment and separation
points for the intermediate cylinders occurred around 30◦ and 145◦, respectively. Their
results are reported in Fig. 2.3, which depicts the local distribution of the skin friction
coefficient, Cf .
The friction coefficient gives useful information about the flow around the tube, since it
is null at the point of attack and separation and presents negative values when the flow is
detached from the surface of the tube. The skin friction coefficient can be computed as:

Cf =
τw

1
2 ρ u

2
0

(2.1.1)

where τw is the local wall shear stress, ρ is the fluid density and u0 is a reference velocity.
In [67] and [63] the reference velocity is assumed equal to the average velocity at the
minimum-cross section area, umax, while in [60] the free-stream velocity u∞ is considered.
Also the circumferential distribution of the heat transfer depends on the tube bank
arrangement. Žukauskas [67] asserts that in a staggered bundle the flow over an inner
tube is somewhat similar to that in a single tube (i.e., the maximum heat transfer is
registered at the stagnation point), while in an inline bundle the maximum heat transfer
occurs at the point of attack. For an inner tube in a staggered bundle, the heat transfer
in the front exceeds that of a single tube, due to the impingement of the two upstream
fluid streams and the higher turbulence [67]. These behaviours are summarized in Fig.
2.4.
Wang et al. [63] analyzed numerically the flow and temperature fields in a bank of 10

5The angle φ is measured along the perimeter of the tube, starting from the stagnation point.
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Figure 2.3: Distribution of the skin friction coefficient reported by Dhaubhadel et al. [60] for the
equilateral triangular arrangement having SD/D = 1.5. (a) Cf distribution around five cylinders
located at the same side, for Re = 200 and (b) Cf distribution around the bottom fourth cylinder
at different Reynold numbers.

circular tubes, testing two arrangements, that is the equilateral triangle and the rotated
square. The simulations predicted higher local Nusselt numbers and friction coefficients
for the equilateral triangle arrangement; for both configurations, the lowest heat transfer
was reached by the first tube. Moreover, their results indicated that a periodic flow was
established from the third tube.
The local distribution of the Nusselt number computed by Dhaubhadel et al. [60] differs
from that quoted in [67], as it can be appreciated in Fig. 2.5. In reference to Fig.
2.5(a), the maximum Nusselt number is registered at an angle φ ≈ 60◦, except for the
front cylinder for which it lies around 25◦. The fact that the Nusselt number presents
a positive slope at φ = 0◦ can be addressed to the perturbation of the flow induced by
the front cylinders in the adjacent columns. The same authors tested also a less compact
configuration having SD/D = 2.0, again at Re = 200. In this case, the trend of the
Nusselt number for the front cylinder was similar to that in a single tube, but the increase
of the pitch-to-diameter ratio induced a deterioration of the heat transfer. Therefore, it
can be asserted that the influence of the neighbours tubes is considerable for close-pitched
arrays.
The examples just illustrated prove how the thermal and hydraulic performances of the
cylinder banks are strictly connected to the flow conditions and to the bank configuration
(e.g., inline or staggered arrays, and spacing), so that it is impossible to draw a general
rule. In addition, also the shape of the tubes and the length to diameter ratio play
a leading role, as observed by Matos et al. [64]: an increase of the exchanged heat is
expected when the tube shape deviates from the circular one. Last but not least, also the
incline angle should be considered: Kim et al. [66] experimentally studied the hydraulic
performance of inclined cylinder banks with respect to the mainstream, and observed a
beneficial effect of the inclination, since the decrease of the pressure drop exceeded that
of the heat transfer.
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Figure 2.4: (a) Local heat transfer from a single tube, a tube in an inner row of a staggered
bundle and a tube in an inner row of an inline bundle. (b) Local heat transfer coefficients from a
tube in the leading row, the second row and an inner row of a staggered bundle. ST /D = 2.0,
SL/D = 2.0, Re = 1.4 · 104. From [67].

Figure 2.5: Distribution of the Nusselt number (a) around the bottom five cylinders (Re = 200,
SD/D = 0.5) and (b) around the fourth cylinder, at different Re and SD/D = 1.5. The results
refer to the case where the wall is kept at a constant temperature. From [60].
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2.2 Heat exchanger optimization: a practical applica-
tion

In this Section, a multi-objective shape optimization of a tube bundle by means of Genetic
Algorithms is illustrated. This activity was partially performed during a period at the
Institut für Strömungstechnik & Thermodynamik (ISUT) of the University of Magdeburg
“Otto von Guericke”, in the period April-July 2011. The project was the prosecution of a
previous work performed at ISUT by Hilbert et al. [2].
It was shown that, in the laminar regime, the flow through a large bank of cylinders can
be simulated accurately by calculating the flow through a single channel [64], such as that
illustrated in Fig. 2.6. Because of the geometric symmetry, there is no fluid exchange
and no heat transfer between adjacent cells. It was also observed that, in the elemental
channel, it is not necessary to simulate more than four tubes, since afterwards the flow is
expected to be fully developed.
In contrast with [64], both in [2] and in the actual work the dimensions of the domain are
kept fixed, that is the height of the elemental channel and the tube spacing are not set as
parameters. The aim of the study is, in fact, the shape optimization of the blades of a
tube bank heat exchanger to maximize the heat transfer and minimize the pressure loss of
the channel. It is well known that a higher surface exposed to the flux increases the heat
transfer but, at the same time, causes inevitable extra flow resistance. Therefore, it is
indispensable to compromise between the enhancement of heat transfer and the reduction
of friction drag.
Just like in most studies published so far, also in [2] only the flow outside the tubes
was simulated, while in this work also the flow inside the tubes is computed. Therefore,
the optimization problem presents three objective functions: the optimization is in fact
addressed to the maximization of the temperature rise outside the tubes and to the
minimization of the pressure loss both for the external and internal flow.
In the author’s best knowledge, only in one work [68] the fluid and thermal fields have
been solved also at the tube side. The authors showed a difference between the results
computed on the complex model and those obtained by only considering the external
flow, observing better predictions for the former. However, in [68] no optimization is
performed.
While for the numerical simulation of the flow inside the tube a periodic domain was
employed, for the simulations of the external flow two different computational domains
were used. The former is similar to that employed in [2] and is constituted by a single
channel of four tubes, in which an inlet and outlet region are also provided, thus to
prevent any influence of the boundaries on the inter-tube flow. The latter corresponds
to a single repeating unit comprising only two tubes and periodic boundary conditions
are enforced. This choice allowed a significant saving in computational resources and
demonstrated to be the preferable approach.
In several works published in the literature the optimization is performed on a periodic
domain [13, 23–26, 29–32, 42–44], but only in few ones a constant temperature boundary
condition is applied [13, 23, 44]. As it will be discussed later, the implementation of
the constant temperature boundary condition is more challenging, but is a situation
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encountered in many real world applications.
Before describing the present activity, a brief introduction to the study of Hilbert et al.
[2] will be presented.

The previous work of Hilbert et al. [2] considered a 2D model of a bank-and-tube heat
exchanger, as described in Fig. 2.6. Air entered the domain with a temperature of 293 K

Figure 2.6: Schematic description of the tube bank heat exchanger configuration.

and was warmed up by passing through the blades, in which a warm fluid flowed in the
corresponding practical application. The blades were supposed to have a constant outer
wall temperature, equal to 353 K. The outlet was at atmospheric pressure. In the CFD
simulations, the flow was laminar with a Reynolds number, defined by using the inter
blade channel, equal to 170, and at steady state.
The shape of the blade geometry, as described in Fig. 2.7, was defined by non-uniform
rational basic splines (NURBS), where four independent parameters described half of the
blade shape. These parameters corresponded to the two dimensional Cartesian coordinates
of two points, (x1,y1), (x2,y2). The extremity points, (x1,min,y1,min) and (x2,max,y2,min),
were always fixed. The blade geometry, including its derivative, was fully continuous
between the points ]x1,min,x2,max[, but no further constraints were added to request a
differentiable profile at the end points, x1,min and x2,max. The authors suggested that an
increase of the number of the control points would lead to a finer description of the blade
and to a much higher number of possible geometries.

Figure 2.7: Blade shape defined by Hilbert et al. [2]. It is described by four design parameters,
x1, x2, y1 and y2.

In the numerical solution procedure adopted in [2], the geometry and the mesh were
generated by using GAMBIT 2.1, the CFD problem was solved with Fluent 6.1, while
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the numerical optimization, via Genetic Algorithms, was performed by using OPAL, an
in-house computer package which is an object-oriented C++ code for Unix/Linux systems.
In the optimization phase, each parameter was allowed to vary between a lower and a
upper limit:

x1 ∈ [x1,min, x1,max]
x2 ∈ [x2,min, x2,max]

y1, y2 ∈ [ymin, ymax] (2.2.1)

The design parameters were encoded by using a floating-point representation. The
optimization was carried out for 20 generations, each consisting of 30 individuals; the
DOE rpoviding the initial population was generated by using the quasi-random method
proposed by Sobol and then modified by Antonov and Saleev. The selection phase was
performed by means of a roulette-wheel method, while the offspring was generated from
the selected parents by applying three different operators: survival, average and crossover.
Since the survival probability was equal to 50%, at each generation 15 individuals survived
unaltered for the next generation, while 15 new offsprings were added, of which 10
generated through averaging and 5 by crossover. To introduce diversity among the
population, a mutation operator was also applied. In order to speed up the computation,
the process was parallelized on a multi-node Linux PC cluster with 15 workers PCs.

As already explained, in this Thesis both the fluids outside and inside the tubes have
been taken into account. For the sake of simplicity, the notation commonly used for shell
and tube heat exchangers will be applied: therefore, the volume outside the tubes will be
indicated as shell side hereafter, while the volume inside the tubes will be named tube
side.
In the shell side both the Navier-Stokes equations and the energy equation have been
solved, while for the tube side only the flow field has been solved. In the optimization
process, three objective functions have been considered: maximization of the heat transfer
at the shell side and minimization of the pressure loss both at the shell side and at the
tube side.
For the creation of the geometry, ANSYS Design Modeler 13.0 was used, while the mesh
was generated with ANSYS Meshing. The CFD simulations were performed with the
software ANSYS CFX 13.0, and the numerical optimization was carried out by means of
the commercial software modeFRONTIER 4.3.1.
In Sections 2.3 and 2.4 the attention is focused on the “entire” domain, while in Section
2.5 the simulation on the periodic domain is described.
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2.3 Initial geometry

2.3.1 Geometry
The shape of the tube was defined by using a spline curve. A spline is a sufficiently smooth
piecewise-polynomial function. In ANSYS Design Modeler, when a spline is generated,
two different kinds of points are created, the fit points and the control points. The former
are points lying on the curve itself, while the latter are points belonging to the control
polygon which can be used to control the shape of the spline.
In this study, the spline was generated with the option open end with fit and control
points, by using four fit points - two of them coinciding with the two end points - and
four control points, as illustrated in Fig. 2.8. To avoid the generation of geometries with
sharp ends, which might cause some problems in meshing, especially at the tube side, a
geometrical constraint was set at both ends, i.e., a vertical tangency constraint. For this
reason, the necessity of choosing as design variables the control points instead of the fit
points appears outstanding.
The four control points have been named CP1, CP2, CP3 and CP4, respectively. The
design variables will be the coordinates of these points along the x and the y direction.
The introduction of the tangency constraints at the end points reduces the number of the
design variables to six, as it can be seen from Fig. 2.8, since it is set:

xCP1 = xA
xCP4 = xB

where the end points have been indicated with the letters A and B.

Figure 2.8: Blade shape defined by using a spline curve with six design parameters, xCP2, xCP3,
yCP1, yCP2, yCP3, yCP4.

A sketch of the 2D domain used in the computations for the shell side is reported in Fig.
2.9. Following the example of [2], a staggered configuration for the tube positioning was
adopted. The diameter of the tube along the streamwise direction (x axis) was fixed and
equal to 10 mm, while the height of the domain was set to 5 mm. It is worth pointing
out that, even if the CFD simulation is two-dimensional, ANSYS CFX needs a “fictitious”
3D computational domain: for this reason, the domain was extruded along the transverse
direction z for 0.1 mm. Then, in the next meshing phase, only one cell layer was assigned
along the z direction.
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Figure 2.9: Schematic of the computational domain used for the shell side in the simulations.

Two different domains were analyzed. In the former no spacing between the tubes along
the streamwise direction was assumed, in the latter an additional spacing of 5 mm was
set. The motivation for testing the second geometry will be discussed later.
The length of the domain was chosen to prevent any influence of the inflow or outflow
boundary conditions on the inter-blade flow. The entrance length was fixed to 30 mm,
while to evaluate the proper dimension downstream some CFD tests have been performed.
In these tests, the length downstream the last tube was progressively increased and
both the temperature rise between the outlet and the inlet and, mainly, the extension of
the recirculation beyond the last tube were used as evaluation parameters. It is in fact
necessary that the recirculation ends before the end of the domain, to prevent ANSYS
CFX from setting a fitticious wall at the outlet.
The CFD simulations for testing the proper length of the domain were performed both
working with a pseudo-elliptic symmetrical tube and with an asymmetrical tube, since
the extension of the recirculation region is significantly different in both cases. The
pseudo-elliptic spline is chosen so that the smaller semi-axis is half the larger one, that is
2.5 mm vs 5 mm, respectively. The two configurations are illustrated in Fig. 2.10, while
the corresponding design parameters are reported in Table 2.2.

Figure 2.10: The two configurations analyzed in the preliminary analyses, that is the elliptic
spline and the asymmetrical spline. The control polygons are depicted with the dotted lines.

The results of the computations are summarized in Figures 2.11 and 2.12. For the
geometry with the asymmetrical tube profile, a length of 50 mm was insufficient to
prevent the recirculation from extending throughout the whole domain. After these tests,
in a first phase the length downstream the last tube was set to 75 mm, and hence the
total length of the domain was equal to 145 mm. Then, after a preliminary optimization,
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spline spline
pseudo-elliptic asymmetrical

xCP2 0.003 0.001
xCP3 0.007 0.009
yCP1 0.0012 0.0004
yCP2 0.00266 0.0014
yCP3 0.00266 0.004
yCP4 0.0012 0.001

Table 2.2: Design parameters used for the tube shape for checking of the proper domain length
downstream the last tube.

it was observed that this length was not yet sufficient for the most bulky geometries:
therefore, in the next optimizations, it was further increased to 130 mm (the total length
of the domain hence increased to 200 mm).

(a) (b)

Figure 2.11: Effect of the length downstream the last tube on the temperature rise: (a) pseudo-
elliptic spline (b) asymmetrical spline.

For the sake of completeness, it is interesting to analyze the effect that an improper length
downward the last tube can have on the CFD predictions. As an example we can consider
the geometry reported in Fig. 2.13, which is one of the geometries generated during
the preliminary run. In Table 2.3, the values of the temperature increase, ∆T , and the
pressure rise, ∆P , for both the original domain and the extended one are reported. For
both domains, the values of ∆T and ∆P have been evaluated at the same location, that
is at 75 mm downward the last tube. As it can be seen from Table 2.3, the percentage
variations of the values of ∆T and ∆P are limited but, to avoid the risk of “fitticious”
walls, it was decided to increase the length downwards anyway.
or the tube side a periodic domain was adopted: the geometry was extruded along the z
direction for a length of 0.5 mm.
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Figure 2.12: Effect of the length downstream the last tube on the extension of the recirculation
region, for both the the tube shape considered (pseudo-elliptic and asymmetrical splines).

Figure 2.13: One geometry generated during the preliminary optimization run, for which the
recirculation region downward extends throughout the whole domain.

L=75mm L=130mm % difference
∆T [K] 42.4 42.1 -0.63
∆P [Pa] 8.24 8.36 1.4

Table 2.3: Effect of the length downwards the last tube on the CFD predictions.

2.3.2 CFD simulation

For the numerical CFD simulations ANSYS CFX 13.0 was used. ANSYS CFX uses
an element-based finite volume method, in which the control volumes are constructed
around each mesh node by joining the centers of the edges and the centers of the elements
surrounding the node. All solution variables and fluid properties are stored at the mesh
vertices (node-centered method). ANSYS CFX employs a co-located (non-staggered) grid
layout, such that the control volumes are the same for all transport equations. By default,
the pressure-velocity coupling in ANSYS CFX is implemented by using the Rhie-Chow
algorithm.
The linear solver uses an Algebraic Multigrid method based on an additive correction
multigrid strategy, and the fully coupled momentum and energy equations are solved
simultaneously. The multigrid process involves carrying out early iterations on a fine mesh
and later iterations on progressively coarser virtual ones. The results are then transferred
back from the coarsest mesh to the original fine mesh. Algebraic Multigrid forms a system
of discrete equations for a coarse mash by summing the fine mesh equations. ANSYS
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CFX uses a particular implementation of Algebraic Multigrid called Additive Correction.
For both the shell side and the tube side, the Navier-Stokes equations were solved by
using the High Resolution scheme for the advection term6.

The CFD simulations were performed at the steady state, considering a laminar flow
field. The working fluid was air at 25◦C with constant thermophysical properties; viscous
dissipation, thermal radiation and buoyancy effects were neglected. In the following
sections, details of the CFD simulations for the shell side and tube side will be provided.

Settings for the shell side

At the shell side, the energy equation was solved by selecting the Thermal Energy option.
After opportune preliminary tests, the RMS convergence criterion was set to 1E-6 for
both the Momentum and Energy equations.
The boundary conditions applied are summarized in Table 2.4. The mass flow rate set
at the inlet was chosen in order to provide a mean velocity v = 0.5 m/s, equal to that
employed in [2]. For this flow rate, the Reynolds number defined by using the inter blade
channel is about 1627.

N.S. Eq. Energy Eq.
inlet ṁ = 2.9625 · 10−7 kg/s T = 293K
outlet Prel = 0Pa
wall (tubes) no-slip T = 353K
up/down simmetry adiabatic

Table 2.4: Boundary conditions applied at the shell side, for both the Navier-Stokes and Energy
equations.

Settings for the tube side

At the tube side only the fluid dynamic problem was solved and thus a periodic domain
was adopted. As Interface Model the translational periodicity option was selected. In
ANSYS CFX, two options are available for the Mass and Momentum equation, that is
Mass Flow Rate and Pressure Change. The former was selected and a mass flow rate

6The advection scheme implemented in ANSYS CFX can be cast in the form [69]:

φip = φup + β∇φ ·∆~r (2.3.1)

where φup is the value at the upwind node, ~r is the vector connecting the upwind node to the ip node
and β is a blend factor. The blend factor values vary throughout the domain based on the local solution
field in order to enforce a boundness criterion. In flow regions with low variable gradients, the blend
factor will be close to 1.0 for accuracy. In areas where the gradients change sharply, the blend factor will
be closer to 0.0 to prevent overshoots and undershoots and maintain robustness. For vector quantities, it
is the components that are bounded between 0 and 1; therefore, the magnitude of β for a vector quantity
can be as large as

√
3 [70].

7By analyzing the results of the optimization it was observed a variation of the Reynolds number,
based on the hydraulic diameter of the tube, between 90 and 130.
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ṁ = 6 · 10−6 kg/s was set, which corresponds to a Reynolds number, defined by using the
tube diameter, of about 107.
With the selection of the Mass Flow Rate option, the solver implements the specified
mass flow condition by adjusting the pressure change until the specified mass flow rate in
satisfied.
To ease the convergence, a wise strategy consists in raising the Time Scale8 and specifying
an enough low value of the Pressure Update Multiplier (under-relaxation factor for the
pressure change). The two parameters were set to 4 s and 0.005 s, respectively.
After opportune preliminary tests, the RMS convergence criterion for the tube side
simulation was set to 5E-5. It is worth noting that, even if the RMS tolerance is satisfied,
the simulation can run beyond because the solver checks the following additional criterion
when deciding whether the problem has converged:

∆p−∆pold
max (|∆p| , |∆pold|)

< x (2.3.2)

The x reported in the previous equation is named as Domain Interface Target and can
be specified in Solver Control tab (the default value is 0.01). In these simulations, the
default value was not modified.

2.3.3 Mesh and grid-independence study

ANSYS Meshing was used to produce an hybrid mesh along the domain, setting prisms
near the wall boundaries and tetrahedral elements in the rest of the domain. The choice of
working with an unstructured grid, which is known to be less accurate than an hexahedral
one, was connected to the greater easiness in controlling and adapting the mesh quality in
an automatic way during the optimization process. In fact, since the geometries produced
during the optimization might differ a lot one from another, as it will be shown later, a
structured mesh could hardly ensure a sufficient good quality for all the geometries.
In ANSYS Meshing, three different inflation growth rates exist: geometric, linear and
exponential. In this study, the geometric growth law was chosen. The height of the i -layer
can be computed in the following way:

hi = h1r
i−1 (2.3.3)

while the total height of the prism layer can be obtained by applying the following relation

htot = h1
1− rn−1

1− r
(2.3.4)

In the previous equations, it has been indicated with h1 the height of the first layer, with
n the total number of layers and with r the growth expansion factor.
For the generation of the mesh, the Sweep method was selected. For the shell side, one
mesh element was used along the z axis, while for the tube side two cell layers were
defined along the streamwise direction. Some details of the meshes are reported in Figures
2.14 and 2.15.
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Figure 2.14: Detail of the mesh for the shell side.

(a) (b)

Figure 2.15: Details of the mesh for the tube side.

A grid-independence study was performed both for the shell side and the tube side, to
check the proper grid to use in the simulations. At the same time, the effect of the
convergence tolerance was also investigated by varying the convergence Root Mean Square
(RMS) criterion between 1E-5 and 5E-7. In these studies, the variables used to check the
grid-independent behaviour of the solutions were the increase in temperature ∆T and
pressure ∆P along the domain.
In the grid-independence study, the tube shape was modeled by using the pseudo-elliptic
spline already described in Table 2.2.
The grid-independence study was organized in two stages. Firstly, the effect of the global
grid size was investigated by refining the grid several times in a uniform manner, i.e., by
changing only the maximum allowable dimension of the tetrahedral elements for a fixed
discretization of the prism boundary layer. Then, the effect of the discretization of the
boundary layer was also taken into account, by varying both the total height of the prism
layers and the number of layers. In the following sections, first the analyses for the shell
side will be expounded and then those relative to the tube side will be presented.

8For steady-state problems, the CFX-Solver applies a false timestep as a means of under-relaxing the
equations as they iterate towards the final solution.
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Grid-independence analysis for the shell side

Grid-independence analysis: global mesh size In the first part of the grid-
independence analysis for the shell side, the mesh near the wall boundaries was modeled
by using 6 prism layers with a total height of 0.1 mm and an expansion factor equal to
1.2. Five different meshes were tested, by varying the maximum element size between 0.3
mm and 0.1 mm, and the number of nodes between 33 · 103 and 146 · 103. The results of
these computations are summarized in Figs 2.16, 2.17 and 2.18.
As it can be seen from Figs. 2.16(a) and 2.17(a), the values of ∆T and ∆P decrease
monotonically by increasing the number of nodes.

(a) (b)

Figure 2.16: Grid-independence study for the temperature increase along the domain (shell side).
(a) ∆T and (b) Percentage variations on the values of ∆T with respect to the mesh with the
lower number of elements. The effect of the tolerance criterion adopted is also taken into account.

In Figs. 2.16(b) and 2.17(b), the percentage variations of ∆T and ∆P with respect to
the value computed with the immediately coarser mesh are reported. As it can seen, for
a tolerance of 1E-6, the percentage variation on ∆T passing from the mesh with about
57 · 103 nodes to that with about 75 · 103 nodes, is around 1.7%, while from the mesh
with about 75 · 103 nodes to the one with about 104 · 103 nodes this difference reduces to
0.9%. By furhter refining the mesh to about 146 · 103 nodes, the percentage variation
reduces to 0.62%. For ∆P , the above mentioned percentage variations are equal to 2.42%,
0.75% and 1.17%, respectively.
After these tests, a mesh with a number of nodes varying between 70÷ 80 · 103 was chosen.
If necessary, a next refinement of the grid could be made after the optimization run, for
some of the geometries selected from the Pareto Front.
As it can be seen from Figs. 2.16(a) and 2.17(a), the effect of the convergence tolerance
is negligible for ∆P but not for ∆T . For example, for the mesh with about 75 · 103 nodes,
the percentage difference on ∆T passing from 5E-6 to 1E-6 is around 0.9%, while passing
from 1E-6 to 5E-7 it reduces to 0.11%. For this reason, a convergence criterion of 1E-6
will be set in the future CFD simulations. The effects of the convergence RMS criterion
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(a) (b)

Figure 2.17: Grid-independence study for the pressure increase along the domain (shell side). (a)
∆P and (b) Percentage variations on the values of ∆P with respect to the mesh with the lower
number of elements. The effect of the tolerance criterion adopted is also taken into account.

Figure 2.18: Effect of the tolerance criterion on the values of ∆T for three different meshes.

adopted on ∆T can be easily observed also in Figure 2.18.

Grid-independence analysis: inflation After having decided of working with the
mesh with about 75 · 103 nodes, a second grid-independence study was performed, in
which the effect of the discretization of the prism layers was taken into account. In this
analysis, both the effects of the total height of the prism layers and the number of layer
were analyzed. It is worth reminding that, in the mesh used in the previous analyses, six
prism layers were employed with a total height equal to 0.1 mm.
In order to reduce the computational burden, a tolerance of 1E-5 was assigned to these
simulations. The results are reported in Fig. 2.19. As it can be seen from Fig. 2.19(a), a
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reduction of the number of prism layers from 7 to 6 determines a 0.09% variation in ∆T
and a 0.23% variation in ∆P , while a further from 6 to 5 produces a 0.13% variation in
∆T and a 0.34% variation in ∆P . After these tests, we decided to keep the number of
layers to the value previously set, i.e., six.
In Fig. 2.19(b) the effect of the total height of the prism layers is analyzed; the number
of layers was set to six. The value of ∆T monotonically decreases by reducing the height
of the prism layers, while an opposite behaviour is observed for ∆P ; in this case, an
unexpected increase is registered by raising the total height from 0.1 mm to 0.12 mm.
After these tests, a value of 0.08 mm was chosen for the total height of the prism layers.

(a) (b)

Figure 2.19: (a) Effect of the number of prism layers for a total height of 0.1 mm. The percentage
variations on ∆T and ∆P are calculated with respect to the mesh with the higher number of
layers. The convergence criterion was fixed to 1E-5. (b) Effect of the height of the prism layer
for a number of layers equal to 6 on ∆T and ∆P . The convergence criterion was fixed to 1E-5.

Grid-independence analysis: definitive mesh The mesh selected from the grid-
independence analysis was then slightly modified by reducing the maximum element size
along the tubes and along the inter-tube spacing. The parameters of the definitive mesh
are the following:

• Face Sizing: 0.17 mm

• Edge Sizing (tubes): 0.13 mm

• Edge Sizing (between tubes): 0.13 m

• Inflation: 6 layers, htot = 0.08 mm

For the pseudo-elliptic tube shape, these settings lead to a mesh with 75194 nodes.
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Grid-independence analysis for the tube side

A grid-independence analysis was performed also for the tube side. As well for the shell
side, also for the tube side both the effects of the global mesh size and the inflation were
taken into account, and moreover the effect of the convergence criterion was investigated.
Since at the tube side only the fluid dynamic problem was solved, the evaluation parameter
for the grid-independence analysis was the pressure drop per unit length, ∆P ∗. For the
details on the CFD simulations for the tube side, please refer to Section 2.3.2.
The results of the grid-independent analysis for the tube side are summarized in Figs. 2.20
and 2.21. As it can be seen from Fig. 2.21, the pressure drop per unit length decreases
monotonically with the number of nodes and the difference on the results computed with
a tolerance of 5E-5 and 1E-5 is almost negligible. The effect of the height of the prism
layers was analyzed by fixing the height of the first cell equal to 0.01 mm and then varying
the number of layers between 3 and 8. In these simulations the RMS convergence criterion
was fixed to 1E-5.
After the grid-independence study the chosen mesh presented the following parameters:

• Face Sizing: 0.082 mm

• Inflation: 5 layers, h1 = 0.01 mm.

For the pseudo-elliptic tube shape, these settings led to a mesh with 11415 nodes.

(a) (b)

Figure 2.20: Grid-independence analysis for the tube side: (a) effects of the number of nodes on
the pressure drop per unit length (∆P ∗) and (b) percentage variation of the values of ∆P with
respect to the immediately coarser mesh.



Tesi di dottorato di Paola Ranut, discussa presso l’Università degli Studi di Udine

60 2. Application of optimization techniques in heat transfer

Figure 2.21: Effect of the number of layers on ∆P ∗ at the tube side. The height of the first cell
was fixed to 0.01 mm. The RMS convergence criterion was set to 1E-5.

2.3.4 Numerical optimization

The numerical optimization was performed by means of the commercial software
modeFRONTIER 4.3.1. modeFRONTIER is a multi-objective optimization and design
environment, written to couple CAD/CAE tools, finite element structural analysis and
Computational Fluid Dynamics software.
An example of the workflow created for the optimization is reported in Figure 2.22. The
workflow specifies how to define and compute all the main design measures. As it can be
seen from Figure 2.22, in the workflow there is the specification of:

• input variables (or parameters) that univocally define a design, setting their legal
boundaries

• scheduler, where the DOE necessary for initializing the population and the opti-
mization algorithm are specified

• resources that should be used to compute the outputs

• output variables and goals of the process.

The integration of the ANSYS Workbench process with modeFRONTIER was performed
by using a direct node. Two workbench processes needed to be adopted, one for the shell
side and one for the tube side.
For the optimization, two different schedulers were tested, NSGA-II and FMOGA-II,
which will be briefly described later. While NSGA-II can work both with discrete (binary
coded) or continuous (real coded) variables, FMOGA-II accepts only discrete variables.
For this reason, for the sake of uniformity, a binary coding was assumed in both the
optimizations.
In modeFRONTIER, to specify whether a variable is continuous or discrete, two param-
eters can be set, namely base and step. The base corresponds to the number of values
(an integer) between the lower and the upper values (included) that are allowed for the
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Figure 2.22: Workflow used for the modeFRONTIER optimization.

variable. The step is the distance (a real value) between two successive legal values for
the variable. A value of 0 for the base and for the step indicates that the variable is
continuous. When the user modifies the step the base is automatically recomputed, and
vice versa.
In Section 2.3.1 the six design variables have already been introduced. In Table 2.5 the
variation range and the base/step values for each design variable are specified. xCP2 and
xCP3 were allowed to vary between 0.1÷ 9.9 mm and not between 0÷ 10 mm because
ANSYS Design Modeler does not accept a dimension equal to zero. From Table 2.5 it can
be seen that a 0.1 mm step was assigned to each variable. In this way, it appears clear
that the choice of working with discrete variables is not expected to limit excessively the
possible solution space, since two geometris having a design parameter differing only from
the fifth decimal digit are not supposed to be strictly different.

lower upper base step
xCP2 0.0001 0.0099 99 0.0001
xCP3 0.0001 0.0099 99 0.0001
yCP1 0.0001 0.0030 30 0.0001
yCP2 0.0001 0.0030 30 0.0001
yCP3 0.0001 0.0030 30 0.0001
yCP4 0.0001 0.0030 30 0.0001

Table 2.5: Variation range for design parameters and the base/step values specified for the
discrete variables.

The original idea was to set a different variation range for xCP2 and xCP3, by allowing
xCP2 to vary in the first half of the domain (0÷5 mm) and xCP3 in the second half (5÷10
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Figure 2.23: Example of a geometry which violates the constraint xCP3 − xCP2 > 0. The
dotted line is the polygon which connecting the spline’s control points.

mm). In this way, the number of possible geometries would be limited. Therefore, we
chose to define for both variables the same variation range and then to insert a constraint
node to specify the following condition:

xCP3− xCP2 > 0 (2.3.5)

The constraint was introduced to avoid the generation of problematic geometries. In the
scheduler node, the option of evaluating unfeasible designs was enabled, so that also the
geometries which violate the constraint would be computed. It was later observed that
the violation of the constrain would not lead necessary to a problematic geometry. An as
example, in Fig. 2.23 one violated geometry is reported. For this geometry it happens
that xCP3 = xCP2 = 0.0056 m.
With regard to the y coordinate of the designs points, we decided to allow a variation
between the 60% of the channel height, which corresponds to a range 0.1÷ 3 mm.

Optimization with NSGA-II

In modeFRONTIER 4.3, four different implementations of the NSGA-II algorithm exist,
that is the original NSGA-II algorithm, the controlled Elitism approach, the variable
population size update procedure and the MFGA scheme. The first two choices require
the specification of the number of generations produced by the algorithm. The last two
algorithms produce generations of variable size; the total number of generated designs
can be controlled by setting the maximum number of evaluations. For further details,
please refer to [71].

Generations 20
Crossover Probability 0.9
Mutation Prob. (binary strings) 1.0
Crossover Type (binary strings)9 Simple

Table 2.6: Parameter for the NSGA-II algorithm

For the current optimization, the original NSGA-II algorithm was chosen. The parameter
for the NSGA-II algorithm were left to their default value, and are summarized in Table
2.6. Every generation consists of 25 individuals. It is worth pointing out that, in order to
achieve better results, a higher number of individuals should be used (the ideal number
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Figure 2.24: 3D visualization of the design evaluated during the NSGA-II run. The designs
highlighted in green belong to the Pareto Front, while those highlighted in yellow are the
unfeasible designs.

(a) (b)

Figure 2.25: 2D visualization of the design evaluated during the NSGA-II run. The designs
highlighted in green belong to the Pareto Front, while those highlighted in yellow are the
unfeasible designs. (a) Pressure vs. Temperature for the shell side and (b) Pressure at the shell
side vs. Pressure at the tube side. In (b) the superior boundaries of the axes have been reduced
for the sake of clearness.

should be 2∗n∗Nobj , where n is the number of design parameters and Nobj is the number
of objectives). But, due to the high computational burden, we decided to limit the number
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of individuals. The initial population was generated by a Design of Experiments based
on a random sequence.
During the NSGA-II optimization, 428 different designs were generated, of which 17 were
unfeasible and 10 failed during the CFD simulation. The final Pareto Front is formed by
158 designs.
A 3D visualization of the design space is reported in Fig. 2.24, while in Fig. 2.25 two
2D visualizations are provided, which correspond to the projection of the Pareto Front
along two different planes. In Fig. 2.25(b) the superior boundaries of the axes have been
reduced for the sake of clearness.
The evolution of the Pareto Front is reported in Fig. 2.27. As it can be seen, the lower
part of the front can be recognized very early, i.e. after 5 or 7 generations; nevertheless,
its quality increases with the number of generations. By analyzing the composition of the
Pareto front at the last generation, it can be noticed that there are several designs which
lead to high values of ∆T at the expense of very high pressure drops. Those designs
correspond to bulky geometries where the free area for the flow is noticeably reduced.
Hence, these bulky shapes induce strong recirculations downward the last tube which
extend throughout the domain: therefore, ANSYS CFX is forced to set a fitticious wall
at the outlet. Trivially, these encumbering geometries allow a lower pressure drop at the
tube side.
It is interesting to point out that these bulky geometries appear late during the optimiza-
tion: apart one design generated in the 11-th generation, the geometries having a ∆P
greater than 3.6 Pa appear from the 14-th generation.
Figure 2.26 summarizes the number of designs lying on the Pareto Front for each generation.

Figure 2.26: Composition of the Pareto Front at the final generation.
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(a) (b)

(c) (d)

(e) (f)

Figure 2.27: Evolution of the Pareto Front during the NSGA-II optimization. The designs
highlighted in green belong to the Pareto Front, while those highlighted in yellow are the
unfeasible designs. (a) Initial DOE (generation 0), (b) 3rd generation, (c) 5th generation, (d)
7th generation, (e) 13th generation, (f) 19th generation.
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2.4 Modified geometry: introduction of a spacing
between the tubes

To overcome the problem of having a too small-size channel for bulky geometries, which
leads to high pressure losses and a recirculation behind the last tube which takes up the
whole domain, an alternative geometry was tested, in which a 5 mm-spacing between the
tubes was inserted, as illustrated in Fig. 2.28. Therefore, the total length of the domain
increases to 215 mm.

Figure 2.28: Schematic of the second computational domain tested. With respect to the initial
one, a spacing of 5 mm was introduced between the tubes.

To analyze the effect of the inter-tube spacing, a CFD simulation was performed both
on the original domain and on the modified one. The reference geometry was the design
number 1064, whose parameters are reported in Table 2.7. The choice fell down on this
design in light of its bulky conformation which produces a considerable recirculation
region.

value [m]
xCP2 0.0066
xCP3 0.0081
yCP1 0.0026
yCP2 0.003
yCP3 0.0028
yCP4 0.0029

Table 2.7: Design parameters of the geometry used for analyzing the effect of the inter-tube
spacing.

A comparison of the CFD results for the two alternative geometries is reported in Table
2.8. As it can be seen, the introduction of an inter-tube spacing implyes a reduction of the
allowable temperature rise of about 10%, and a much stronger decrease of the pressure
drop of about 67%. At the same time, the extent of the recirculation downward the last
tube reduces of about 33%.
Qualitative comparisons of the two geometries are depicted in Figs. 2.29 and 2.30. When
an inter-tube spacing is added, the recirculation downward the first three tubes is more
extended, while the one downward the last tube is kept down. This is due to the fact
that the flow pattern follows better the tube surface when a longitudinal pitch between
the tubes is introduced. On the contrary, in absence of the inter-tube spacing, the flow
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No spacing Spacing % variation
∆T [◦C] 41.17 37.07 -9.95
∆P [Pa] 6.31 2.05 -67.42
recirculation [m] 0.108 0.158 -32.87

Table 2.8: Effect of an inter-tube spacing on the CFD results. The extent of the recirculation is
evaluated beginning from the end of the last tube.

Figure 2.29: Visualization of the temperature contours and of the streamline pattern for the
original geometry and for the geometry with the inter-tube spacing.

Figure 2.30: Vector plot of the velocity field for the original geometry and for the geometry with
the inter-tube spacing, in the region between the second and the third tube.

detaches from the tubes and a recirculation region develops along the surface, as it can
be better appreciated in Fig. 2.30.
After these results, the geometry with the inter-tube spacing was used in the subsequent
simulations. Several authors investigated the effects of longitudinal and transverse pitches
in tube bundles. Karno et Ajib [65] observed that the average heat transfer coefficient
increases with the lateral tube pitch, reaches a maximum value and afterwards decreases
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less steeply; moreover, they observed a monotonic decrease of the heat transfer coefficient
while raising the transverse tube pitch. As a future activity, it would be interesting to
investigate also the optimal tube pitch.

Also for the new geometry, the global mesh size grid-independence study already illustrated
in Section 2.3.3 was performed. The results of the analysis were similar to those obtained
previously for the domain without inter-tube spacing. For this reason, it was decided to
build the mesh by using the same parameters already employed in the previous simulations.

2.4.1 Optimization with NSGA-II

Also for this optimization, the original NSGA-II algorithm was chosen and the operative
parameters were the same already reported in Table 2.6. 25 individuals were made to
evolve through 20 generations; the initial population was the same already used in Section
2.3.4.
During the optimization, 447 different designs were generated, of which 46 were unfeasible
and 8 failed during the CFD simulation. The final Pareto Front is formed by 188 designs.
For all the geometries, the flow downwards the last tube reattaches before exiting the
domain: therefore, no fitticious walls are set by ANSYS CFX Solver.
A 3D visualization of the design space is reported in Fig. 2.31, while in Fig. 2.32 two 2D
visualizations are provided, which correspond to the projection of the Pareto Front along
two different planes.

Figure 2.31: 3D visualization of the design evaluated during the NSGA-II run. The designs
highlighted in green belong to the Pareto Front, while those highlighted in yellow are the
unfeasible designs.

The evolution of the Pareto Front is reported in Fig. 2.33. The designs categorized as
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(a) (b)

Figure 2.32: 2D visualization of the design evaluated during the NSGA-II run. The designs
highlighted in green belong to the Pareto Front, while those highlighted in yellow are the
unfeasible designs. (a) Pressure vs. Temperature for the shell side and (b) Pressure at the shell
side vs. Pressure at the tube side.

Pareto belong to the Pareto Front of the current generation and not to the final one.
Therefore, iteration after iteration, some designs disappear from the Pareto Front. As
it can be seen, the front can be recognized very early, i.e. after 3 or 5 generations;
nevertheless, its quality increases with the number of generations. In contrast with the
results of the previous optimization, the Pareto Front does not extend towards the region
of high pressure drops for the shell side. This behaviour can be better appreciated by
analyzing Fig. 2.34, where a comparison of the Pareto Fronts computed during the two
optimizations is reported. As it can be seen, the Pareto Front computed for the geometry
with the inter-tube spacing is more compact.
In Fig. 2.35 it is shown, for each generation, the number of designs lying on the Pareto
Front.
Some of the geometries belonging to the Pareto Front have been analyzed. The chosen
designs are depicted in Figures 2.36 and 2.37 (the flow direction is from left to right),
while the corresponding values of ∆P and ∆T are summarized in Table 2.9. In the table,
also the values of the Reynolds number, based on the hydraulic diameter of the tube, are
provided. In Fig. 2.37 design 1615 has been omitted, since the blade shape would have
been scarcely distinguished from the bottom edge.
By comparing Fig. 2.37 and Table 2.9 it can be seen how, for the shell side, the more
compact the tube blade is, the lower the pressure loss and the temperature rise. Vice
versa, bulky geometries lead to a higher temperature rise due to the higher area allowable
for the heat transfer, but, at the same time, produce a remarkable increase of the pressure.
This behaviour is connected to the fact that bulky geometries take up most of the channel,
thus inducing sudden changes to the flow direction. On the contrary, tapered blades
which are aerodynamically efficient at the shell side, produce strong pressure losses at the
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design ∆P ∆T ∆P Re (shell)
shell [Pa] shell [◦C] tube [Pa]

1615 0.145 22.31 7.1860
1686 0.157 22.77 1.3063 129.2
1650 0.197 23.64 0.1094 128.0
1141 0.315 24.65 0.0130 123.5
198 0.312 25.85 0.0193 116.6
1166 0.433 27.06 0.0061 116.9
822 0.537 28.72 0.0057 115.5
1653 0.790 30.81 0.0032 104.9
1553 0.862 31.11 0.0021 101.8
86 0.953 32.03 0.0022 103.0

1529 1.137 33.17 0.0018 97.9
1119 1.278 33.86 0.0017 100.5
412 1.489 34.87 0.0013 99.8
1179 1.597 35.28 0.0012 96.5
1646 2.581 35.85 0.0010 92.9
801 1.826 35.89 0.0011 96.3
795 2.025 36.47 0.0012 94.7
1656 2.220 37.49 0.0011 94.8

Table 2.9: ∆P , ∆T and Re values for some of the optimal designs computed during the NSGA-II
run. The Reynolds number is based on the hydraulic diameter of the tube.

tube side. This fact suggests that the right designing of the tube bank should not avoid
analyzing also the characteristic of the flow inside the tubes.
For six of the 17 geometries just illustrated, the flow and the temperature fields were
analyzed, as illustrated in Fig. 2.38. The designs are ordered according to the value of
the pressure drop induced at the shell side (design 1646 gives a higher pressure drop if
compared to design 1656, but the exchanged heat is smaller).
In Fig. 2.38 the temperature contours and the velocity streamlines are visualized. It can
be seen how the flow between the tubes is more uniform when the free channel is wider.
Behind each tube, a recirculation is established; the extent of the recirculation varies
according to the shape of the blades (it increases for the less obstructive geometries) but,
for a fixed geometry, it seems almost constant for the first three tubes. The recirculation
behind the last tube is, in stead, far larger than for the others, since the fluid can flow
freely without any constraint, and it is not reported in the figure for the sake of clearness.
The recirculation regions can be better appreciated by analyzing Fig. 2.39, which reports
a vector plot of the flow field. A small recirculation region can be observed on the front
of the tube for design 1646, which is further emphasized in Fig. 2.40.
As it can be seen by analyzing the temperature field, bulky geometries favour the heat
exchange. For all the geometries, steep temperature gradients are seen on the fronts of the
first two tubes, as depicted in Fig. 2.41. To better analyze the flow and the temperature
fields along the tube bank, the local Nusselt number and the local friction coefficient along
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the tubes can be investigated. Following the example of [63], the local friction coefficient,
Cf , is computed as:

Cf =
τw

1
2ρu

2
max

(2.4.1)

where τw is the wall shear stress on the tube surface at an angle θ from the front of the
tube and umax is the average velocity at the minimum cross-sectional area.
The local Nusselt number is defined as:

Nu =
q
′′

wd

(Tw − Tb)k
(2.4.2)

where q
′′

w is the wall heat flux, d is the tube diameter, k is the thermal conductivity of
the flow and Tw and Tb are the wall and bulk temperatures, respectively. In [63], the
bulk temperature for each tube was calculated at the vertical plane passing through the
centerline of the tube. In our case, since the tube profile is not symmetric, a mean value
of Tb between the planes passing through the front and the back of the tube is considered.
For the same reason, the tube diameter is replaced by the hydraulic diameter.
The analyses were performed for design 1653 and design 1646; the results are summarized
in Figs. 2.42 and 2.43. The Reynolds number based on the maximum velocity umax and
on the hydraulic diameter is around 315 for design 1653 and around 614 for design 1646.
In contrast to [63], due to the non circular shape of the tube, the curves are plotted with
reference to the x coordinate instead of the angle θ. In Fig. 2.42 the |Cf | distribution is
plotted. The corresponding curves for design 1653 present two well recognizable maxima,
the former at x = 0.21mm, the latter at x = 8.31mm. According to [63], the first
maximum may be the result of intertube flow being direct toward the front of a following
tube, while the second one may be related to the acceleration of flow over the top of
each curve. The maximum value of the first peak in encountered over the second tube,
while the lowest is registered for the first one. At the end of the tube, a small increase
of |Cf | can be noticed, which corresponds to the recirculation region behind the tubes.
The curves corresponding to design 1646 differ considerably from those of design 1653,
and suggest the set of a small recirculation over the tube between x = 1.1 mm and
x = 3.2 mm. Moreover, the recirculation behind the tube begins earlier than in design
1653. In addition, for both designs, the Cf curves over the last two tubes are very similar:
therefore we can presume that a periodic flow is established.
It is worth pointing out that the higher ∆P provided by design 1646 can not only be
addressed to the higher wall shear over the tubes, but also to the larger recirculation set
behind the last tube.
In Fig. 2.43 the distribution of the local Nusselt number is plotted. It can be seen how
the heat transfer over the first tube is lower than the following tubes, while the maximum
heat transfer is registered over the second tube. The comparison of the curves for the two
examined designs proves the better heat transfer performance of design 1646. Also in this
case, the trends for the third and the fourth tube are very similar.
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(a) (b)

(c) (d)

(e) (f)

Figure 2.33: Evolution of the Pareto Front during the NSGA-II optimization. The designs
highlighted in green belong to the Pareto Front, while those highlighted in yellow are the
unfeasible designs. (a) Initial DOE (generation 0), (b) 3rd generation, (c) 5th generation, (d)
7th generation, (e) 13th generation, (f) 19th generation.
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(a) (b)

Figure 2.34: Comparison of the Pareto Front computed for the geometries with and without the
longitudinal spacing between the tubes (a) 9th generation and (b) 19th generation.

Figure 2.35: Composition of the Pareto Front at the final generation.
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Figure 2.36: Pareto Front computed during the NSGA-II optimization for the geometry with
inter-tube spacing. The designs highlighted in blue have been analyzed in the phase of post
processing.

Figure 2.37: Some of the optimal designs computed during the NSGA-II run.
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Figure 2.38: Temperature contours and flow pattern for six selected designs.
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Figure 2.39: Vector plot of the flow field.
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Figure 2.40: Detail of the flow and temperature fields for design 1646. A small recirculation
region can be appreciated on the surface of the tube.

Figure 2.41: Temperature contours on the fronts of tubes for design 1653: the temperature
gradient decreases passing from the first to the fourth tube.
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(a) (b)

Figure 2.42: Local |Cf | distributions over the tubes for (a) design 1653 and (b) design 1646.

(a) (b)

Figure 2.43: Local Nu distributions over the tubes for (a) design 1653 and (b) design 1646.
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2.4.2 Tansient analysis

As already said, the CFD simulations were run at steady state. It is well known that the
flow filed around a cylinder in cross flow is laminar, symmetric and steady state at low
Reynolds numbers, i.e. Re < 50, while, at larger values, vortices are created at the back
of the body and detach periodically from either side of it. This unsteady phenomenon is
known as Von Kármán vortex street. For further greater values of the Reynold number,
i.e. Re > 1000, the flow is completely turbulent.
The frequency at which vortex shedding takes place for a cylinder is related to the Strouhal
number, St, by the following equation:

St =
fD

u∞
(2.4.3)

where f is the vortex shedding frequency [Hz], D is the diameter of the cylinder, and
u∞ is the undisturbed flow velocity. The Strouhal number depends on the body shape
and on the Reynolds number; the range of the Reynolds number values for which the
vortex shedding takes place varies with the size and the shape of the body, as well as the
kinematic viscosity of the fluid.
For a cylinder in crossflow, the Reynolds number is defined as:

Re =
ρu∞D

µ
(2.4.4)

When a single vortex is shed, an asymmetrical flow pattern forms around the body and
changes the pressure distribution: therefore, the alternate shedding of vortices can create
periodic lateral forces on the body, causing it to vibrate.
To understand whether the steady state simulation is physically valid, a transient run
simulation was performed for three chosen geometries, that is designs 1141, 1653 and 1656.
The transient simulations were performed, for a total simulation time of 3 s, by using
time steps of 0.005 s. As transient scheme, the 2nd order backward Euler scheme was
chosen. A comparison between the results computed during the steady state simulation
and the transient run is reported in Table 2.10. As it can be seen, there is a negligible
difference on the values of ∆T and ∆P for the two simulations: these results strengthen
the choice of working at steady state.

∆T ∆P
s.s trans. % diff s.s trans. % diff

des.1141 24.65 24.56 -0.38 0.32 0.32 -0.01
des.1653 30.81 30.67 -0.46 0.79 0.79 -0.01
des.1656 37.49 37.63 0.38 2.22 2.22 0.00

Table 2.10: Comparison of the values of ∆T and ∆P computed during the steady state simulation
(s.s) and the transient run (trans.).
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2.4.3 Grid independence analysis post optimization
A further grid independence analysis was performed for three designs computed during
the NSGA-II optimization, to see whether the chosen mesh was sufficiently accurate. The
tested geometries are designs 1166, 1653 and 1119.
Two further different meshes were generated for every design by varying the maximum
dimension of the surface elements (face sizing), while leaving all the other parameters,
defined in Section 2.3.3, unaltered. By indicating the original mesh as mesh0, the new
meshes mesh1 and mesh2 were generated by setting the maximum value of the face size to
0.14 mm and 0.12 mm, respectively. The number of nodes for every mesh is summarized
in Table 2.11, while the results of the CFD computations are reported in Tables 2.12 and
2.13. The tolerance of the CFD simulations was set to 1E-6. As it can be seen from

design Mesh0 Mesh1 +%nodes Mesh2 +%nodes
1166 80558 114638 42.3 159296 39.0
1653 79880 114006 42.7 156042 36.9
1119 78500 111888 42.5 153476 37.2

Table 2.11: Number of nodes for the meshes generated for the post-optimization grid independence
analysis. Mesh0 is the initial mesh. The value +%nodes represents the percentage increase of
the number of nodes with respect to the immediately coarser mesh.

design Mesh0 Mesh1 % diff Mesh2 % diff
1166 27.06 26.92 -0.5 26.96 -0.4
1653 30.81 30.64 -0.6 30.59 -0.7
1119 33.86 33.81 -0.1 33.65 -0.6

Table 2.12: Effect of the mesh on the values of ∆T . %diff represents the percentage difference of
the actual mesh with respect to the initial mesh, Mesh0.

design Mesh0 Mesh1 % diff Mesh2 % diff
1166 0.433 0.431 -0.5 0.430 -0.7
1653 0.790 0.782 -1.0 0.782 -1.0
1119 1.278 1.273 -0.3 1.260 -1.4

Table 2.13: Effect of the mesh on the values of ∆P . %diff represents the percentage difference
of the actual mesh with respect to the initial mesh, Mesh0.

the summarizing tables, the percentage difference between the results computed with the
new meshes and those obtained for the initial one is almost always less than 1%. Values
greater that 1% are encounterd only for ∆P . Therefore we can state that the initial mesh
used for the optimization is reasonably accurate.
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2.4.4 Optimization with FMOGA-II

FMOGA-II [72] is a fast optimizer designed for fast convergence and based on a modified
version of the Multi Objective Genetic Algorithm. The meaning of the fast prefix does
not refer to the computational time required by the algorithm itself, but rather to the rate
of convergence - in terms of iterations needed - towards the solution of the problem. Fast
optimizers use meta-models to speed up the optimization process: previously evaluated
designs can be used as a training set for building surrogate models. The computational
cost of meta-models training is usually negligible with respect to the one required by
designs evaluations.
The algorithm works on the analogy of an ordinary genetic algorithm: a population of
fixed size N evolves through successive iterations (generations). For FMOGA-II the
entries in the DOE Table are used as the initial population, so the number of entries
determines the population size N.
In modeFRONTIER 4.3.1 another fast optimizer is implemented, FSIMPLEX, which can
be used for single-objective optimization.
Four different meta-models are implemented within the algorithm: Polynomial Singular
Value Decomposition (SVD), Radial Basis Functions, Kriging and Neural Networks. It is
worth pointing out that one surrogate is generated for each objective function and each
constraint: considerations about fitness quality of the different models are carried out
independently for each quantity.

Figure 2.44: Main loop of fast optimizers.

The iterative process of the fast optimization is sketched in Figure 2.44. At each iteration
in the main loop, the algorithm involves the following steps:

• Metamodels training: surrogates are trained over the existing database of evalu-
ated designs. At the first iteration, if a preexistent database of evaluated designs
is available before the fast optimizer run, it is convenient to use it for the initial
training (preliminary initialization)10. It is worth pointing out that, the larger the

10The preliminary initialization can be done by enabling the option Use Designs Table as Initial
Database in the scheduler’s parameters setting.
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number of points in the initial database, the more accurate the meta-model.
If the preliminary initialization does not take place, default surrogates are employed
in the virtual exploration and in the virtual optimization: the default choice is
Radial Basis Functions, or Kriging in case of large scale problems. From the second
iteration on, the best meta-models are selected by means of the procedure defined
in the meta-models evaluation, according to the outcome obtained in the previous
iteration.

• Virtual exploration: Incremental Space Filler (ISF) algorithm is employed for
enriching the space exploration around the current Pareto Front points. This
exploration stage increases the robustness of the fast optimizer. The maximin
criterion is implemented: new points are added sequentially where the minimum
distance from the existing points is maximized.
ISF is run in order to generate a sufficiently large number of possible candidate
points. These designs are then evaluated by means of the best available meta-models
and the so obtained virtual designs are ordered according to Pareto ranking and
crowding distances. A fraction of the best N points is extracted and selected as
candidate designs for the validation process.

• Virtual optimization: the optimization algorithm is run over the best available
meta-models. The N -sized DOE to use as the initial population is randomly built
up for 50% of designs taken from the current Pareto Front (in order to improve the
convergence of the optimizer) and for 50% of designs generated by Random DOE
(in order to increase the robustness of the optimizer).
After the virtual optimization, the best 2N designs are extracted and compared
with the already calculated real designs in order to remove possible duplicated
designs. The best N designs are then selected as possible candidate designs for the
validation process.

• Validation process: N candidate designs are randomly selected from the N
designs coming from the virtual exploration and from the N design picked from the
virtual optimization, according to the relative incidence defined while setting the
relevant Exploration Fraction parameter.
These designs represent the new population of the current iteration and they are
consequently validated, i.e., evaluated by means of the real solver. These newly
evaluated design enrich the training database for the next iteration.

• Meta-models evaluation: the validation designs obtained in the validation pro-
cess are used for evaluating the performance of all the meta-models trained in the
current iteration. The best surrogates are selected to be used in the next iteration.

In order to work under conditions as close as possible to those used for the NSGA-II
optimization, it was decided not to train the first RSM on an existing database; besides,
the same DOE already used for the NSGA-II optimization was generated in the DOE
Table. The number of iterations was set to 12; the other FMOGA-II parameters were left
to their default values.
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During the optimization, 300 different designs were generated, of which 3 were unfeasible
and 19 failed during the CFD simulation. The final Pareto Front is formed by 151 designs.
Almost all failures were due to the impossibility of meshing the geometry properly. An
example of error design is reported in Fig. 2.45: it can be noticed how the geometry
presents a very small protrusion at the rear part.

Figure 2.45: A geometry for which the creation of the mesh failed.

As already observed for the NSGA-II optimization, for all the designs the flow behind the
last tube reattaches before exiting the domain.
A 3D visualization of the design space is reported in Fig. 2.46, while in Fig. 2.47 two
2D visualizations are provided, which correspond to the projection of the Pareto Front
along two different planes. In Fig. 2.47(b) the superior boundary of the x axis has been
reduced for the sake of clearness: the maximum value of pressure drop for the tube side
is 1.22 Pa, reached for design number 32; all the other designs present a pressure drop at
the tube side lower than 0.3 Pa.

Figure 2.46: 3D visualization of the design evaluated during the FMOGA-II run. The designs
highlighted in green belong to the Pareto Front, while those highlighted in yellow are the
unfeasible designs. The superior boundary of the deltaP tube axis has been reduced from 1.22
to 0.3 Pa for the sake of clearness.

The evolution of the Pareto Front is reported in Fig. 2.48. At each generation, the designs
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(a) (b)

Figure 2.47: 2D visualization of the design evaluated during the FMOGA-II run. The designs
highlighted in green belong to the Pareto Front, while those highlighted in yellow are the
unfeasible designs. (a) Pressure vs. Temperature for the shell side and (b) Pressure at the shell
side vs. Pressure at the tube side. In (b) the superior boundary of the x axis has been reduced
from 1.22 to 0.3 for the sake of clearness.

categorized as Pareto belong to the Pareto Front of the current generation and not to the
final one. Therefore, iteration by iteration, some designs may disappear from the Pareto
Front.
Also in this case, the front can be recognized very early, already after the third generation;
nevertheless, its quality increases with the number of generations. In Fig. 2.49 a
comparison between the final Pareto fronts computed during the NSGA-II and FMOGA-
II optimizations is reported. For the NSGA-II optimization, the data refer to the 19th
generation while, for the FMOGA-II optimization, to the 11th generation. It can be
seen how, apart some designs, the front computed with the NSGA-II optimization is well
superimposed to the one generated by the FMOGA-II optimization. In addition, the
front computed with the FMOGA-II optimization spreads towards higher temperatures.
By referring to Table 2.14 it can be seen that all the designs generated during the
FMOGA-II optimization are different, that is no design is the copy of one another. On
the contrary, during the NSGA-II optimization, the 11% of the generated designs is copy
of already generated designs, both at the 11th generation and at the final one. Therefore
we can assert that FMOGA-II optimizer has a lower tendency to pass through already
computed points.
At the same time, during the FMOGA-II optimization a higher number of failed designs
is encountered: 16 of the failures were due to the impossibility of generating the mesh at
the shell side. For the NSGA-II optimization no design gave meshing problems. Moreover,
the number of unfeasible designs produced with the NSGA-II algorithm is larger than
that obtained with the FMOGA-II optimizer.
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(a) (b)

(c) (d)

(e) (f)

Figure 2.48: Evolution of the Pareto Front during the NSGA-II optimization. The designs
highlighted in green belong to the Pareto Front, while those highlighted in yellow are the
unfeasible designs. (a) Initial DOE (generation 0), (b) 3rd generation, (c) 5th generation, (d)
7th generation, (e) 9th generation, (f) 11th generation.
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To evaluate whether FMOGA-II can reach the final Pareto Front in a less number of
iterations, it is interesting to compare the two Pareto fronts at the 11th generation, as
illustrated in Fig. 2.50 and in Table 2.14. The Pareto Front of the FMOGA-II optimization
is formed by a larger number of designs (about 14% more). In Fig. 2.51 it is reported
the trend of the percentage number of designs that, generation after generation, belong
to the partial Pareto Front (i.e, the front evaluated at the actual iteration). It can be
seen that, with the FMOGA-II optimizer, at every iteration more designs belong to the
Pareto Front.

FMOGA-II NSGA-II NSGA-II
11th gen 11th gen 19th gen

Total designs 300 268 447
% copy designs 0 10.7 10.6
Unfeasible des. 3 21 46
Error des. 19 6 8
Pareto des. 151 130 188
%des. on the front 50.3 48.5 42.1

Table 2.14: Comparison of the results for the FMOGA-II and NSGA-II optimizations. Total
designs refers to the number of different designs generated during the run.

Figure 2.49: Comparison between the Pareto fronts computed during the NSGA-II and FMOGA-
II optimizations. The data refer to the front at the last generation (i.e., 19th for the NSGA-II,
11th for the FMOGA-II).

Also for the FMOGA-II optimization, some of the geometries belonging to the Pareto
Front have been analyzed. The chosen designs are depicted in Figures 2.52 and 2.53 (the
flow direction is from left to right), while the corresponding values of ∆P and ∆T are
summarized in Table 2.15 (the designs are ordered corresponding to the values of ∆T ). It
is trivial to remark that, also in this case, geometries which provide a higher heat transfer,
at the same time give rise to a lower pressure drop at the tube side and a larger pressure
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(a) (b)

Figure 2.50: 2D visualization of the design evaluated at the end of the 11th generation. The
designs highlighted in green belong to the Pareto Front, while those highlighted in yellow are the
unfeasible designs. (a) NSGA-II optimization (b) FMOGA-II optimization.

Figure 2.51: Percentage number of designs that, generation after generation, belong to the partial
Pareto Front.

drop at the shell side.
For seven of the 16 geometries just illustrated, the flow and the temperature fields were
analyzed, as illustrated in Figs. 2.54, 2.55 and 2.56. The designs are ordered according
to the value of the pressure drop induced at the shell side. The comments already
made for the NSGA-II results about the flow pattern, the temperature gradient and the
recirculation, are still valid.
It could be interesting to compare two pairs of designs which give rise to a very similar
∆T , that is designs 496-511 and designs 712-797. With respect to design 496, design
511 presents an increase of ∆P at the shell side equal to 52.8% and a reduction of the
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Figure 2.52: Pareto Front computed during the FMOGA-II optimization for the geometry with
inter-tube spacing. The designs highlighted in blue have been analyzed in the post processing.

Figure 2.53: Some of the optimal designs computed during the FMOGA-II run.
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design ∆P ∆T ∆P
shell [Pa] shell [◦C] tube [Pa]

32 0.164 22.57 1.2200
354 0.266 24.88 0.0280
745 0.379 26.91 0.0106
336 0.647 27.65 0.0034
664 0.532 28.59 0.0064
511 0.892 28.81 0.0023
496 0.584 28.88 0.0037
817 0.665 30.01 0.0031
666 0.844 31.50 0.0026
739 1.127 33.18 0.0021
382 1.396 34.48 0.0020
707 1.640 35.68 0.0016
719 1.973 37.11 0.0012
797 3.139 38.62 0.0008
712 2.495 38.78 0.0010
672 2.767 38.81 0.0009

Table 2.15: ∆P and ∆T values for some of the optimal designs computed during the FMOGA-II
run.

pressure drop at the tube side of 37.3%. The reduction of the ∆P at the tube side could
be due to the slightly larger cross sectional area of design 511. Instead, the increase of
the pressure drop at the shell side is due to the less aerodynamic shape of design 511,
which presents a very protruding front edge that obliges the fluid to brusquely change
its direction. Morover, a recirculation over the surface of the tube takes place, which is
absent in design 496, while the recirculation at the back of tube is shorter for design 511.
The recirculation over the tube surface can be better appreciated by analyzing Fig. 2.56.
The same observations can be made for designs 712 and 797.
To better compare the performance of designs 511 and 496, the analyses of the local
distributions of the Nusselt number and of the friction coefficient have been performed.
In Fig. 2.57 the trend of the Nusselt number over the four tubes is depicted. The trends
for design 511 are very similar to those already analyzed for designs 1653: the maximum
is reached at about 0.14 mm from the edge; moreover, the maximum values for the third
and the fourth tube are very similar. Unlike the previous analyses, the curves for the
third and the fourth tube do not overlap perfectly.
For design 496 the behaviour is a bit different, since the maximum value of the Nusselt
number is reached exactly at the front of the tube; moreover, the maximum values are
lower of those registered for design 511. Also in this case, a not perfect overlapping can
be observed at the beginning of the tube.
In Fig. 2.58 the local distribution of the absolute value of the friction coefficient Cf
is illustrated. For design 496, it can be observed the presence of two maxima and a
recirculation in the rear of the tube. For design 511, a further recirculation over the tube
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can be appreciated, which extends between x ≈ 0.7 mm and x ≈ 3 mm.

Figure 2.54: Temperature contours and flow pattern for seven selected designs computed during
the FMOGA-II optimization.
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Figure 2.55: Vector plot of the flow field in the region between the second and the third tube.
The recirculation behind the tubes can be appreciated.
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Figure 2.56: Flow pattern at the front of the second tube. The arrows show a recirculation over
the tube surface for designs 511 and 797.
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(a) (b)

Figure 2.57: Local Nu distributions over the tubes for (a) design 511 and (b) design 496.

(a) (b)

Figure 2.58: Local |Cf | distributions over the tubes for (a) design 511 and (b) design 496.
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2.4.5 Application of a clustering technique
The Pareto fronts generated by the previous optimizations are constituted by a large
number of designs. As already discussed in Section 1.2.2, after a set of trade-off solutions
is found, the designer can use higher-level qualitative considerations to make a choice.
Moreover, to simplify the choice, a clustering technique could be applied, whose aim
is to assemble the designs into several homogeneous groups, named clusters. A cluster
is a subgroup of data which are “similar” between them (i.e., within-group variation is
minimized) and are “dissimilar” to those belonging to other clusters (i.e., between-group
variation is maximized). Generally, the similarity criterion is the euclidean distance.
In modeFRONTIER two basic approaches to cluster analysis are allowable, that is
hierarchical and partitional (K-means) clustering11. Hierarchical clustering proceeds by
iteratively merging smaller clusters into larger ones. The result of the algorithm is a
tree of clusters called a dendrogram, which shows in a tree view how the clusters are
related. By cutting the dendrogram at a desired level, a clustering of the data items into
disjoint groups is obtained. In K-means clustering the user must specify the number k of
clusters in advance; initial centroids are chosen by different criteria, then the algorithm
iterates by grouping samples based on nearest Euclidean distance to the cluster centroids.
That is, the algorithm seeks to minimize within-cluster variation. The process goes on
until cluster centroids do not shift more than a given threshold value or a maximum
number of iterations is reached. K-means clustering is less computationally-demanding
than hierarchical clustering, so it is sometimes preferred when data sets are quite large
[73].
In this work, the clustering technique was applied to the Pareto Front computed with
the NSGA-II optimization; the K-means clustering algorithm was selected. Although
K-means is known for its robustness, its performance depends upon two main aspects:
initial cluster seeds and samples order. Four initialization methods are implemented in
modeFRONTIER, that is random, Forgy, MacQueen and Kaufman. Random initialization
divides the data into a partition of k clusters at random; it is the most usual method.
Forgy initialization chooses k samples at random as centroids and the rest of the data
are assigned to the nearest one. MacQueen method chooses k samples at random, then
the rest of the samples are assigned to the cluster with nearest centroid. After each
assignment, a recalculation of the centroids is carried out. For the Kaufman initialization,
the initial clustering is obtained by the successive selection of representative samples until
k samples have been found. The first representative sample is the most centrally located
one in the data set. The rest of representative samples are selected according to the
heuristic rule of choosing the samples that promise to have around them a higher number
of the remaining samples.
For the analyses, two initialization techniques were compared, that is Kaufman and
MacQueen. The Clustering Scatter charts for the two methods are reported in Figs. 2.59
and 2.61, respectively; they display the clustering ellipses (computed with a confidence
interval equal to 0.90) with colored points at the centroids of the clusters. Both the
analyzed techniques can not prevent the clusters from overlapping each other. In Figs.
2.60 and 2.62 the non dominated designs are grouped according to the cluster they belong

11The clustering panel can be selected from the Multivariate Data Analysis tab.
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to.

Figure 2.59: Clusters computed with the Kaufman initialization.

After having grouped the Pareto designs into clusters, the solution closest to the centroid
of the cluster is selected to be representative of the cluster. The criterion for ordering
the designs was the Euclidean distance, evaluated by considering the values of the three
objective functions. The results are reported in Fig. 2.63 and in Tables 2.16 and 2.17. By
analyzing 2.63 it seems that the selected designs coming from the MacQueen initialization
are distributed more uniformly along the Pareto Front.

cluster design ∆P ∆T ∆P
shell [Pa] shell [◦C] tube [Pa]

0 822 0.537 28.72 0.006
1 1563 0.154 22.60 2.645
2 1602 0.974 31.91 0.002
3 369 0.218 23.99 0.079
4 1623 1.008 32.16 0.002
5 1535 1.922 34.86 0.001
6 800 0.543 28.57 0.004
7 412 1.489 34.87 0.001
8 795 2.025 36.47 0.001
9 1167 0.322 25.89 0.015

Table 2.16: Designs closest to the clusters’ centroids, computed with Kaufman initialization.
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Figure 2.60: Clusters computed with the Kaufman initialization.

cluster design ∆P ∆T ∆P
shell [Pa] shell [◦C] tube [Pa]

0 1167 0.322 25.89 0.015
1 1535 1.922 34.86 0.001
2 798 0.892 31.41 0.002
3 1572 0.148 22.40 5.997
4 1116 1.243 33.28 0.002
5 1119 1.278 33.86 0.002
6 1610 0.582 28.94 0.004
7 393 1.532 34.99 0.001
8 91 0.218 24.01 0.072
9 1654 0.169 23.02 0.429

Table 2.17: Designs closest to the clusters’ centroids, computed with MacQueen initialization.

In Fig. 2.64 the geometries selected after the clustering performed with Kaufman
initialization are illustrated. As expected, designs 800 and 822, which gave similar values
of ∆T and ∆P , are very much alike. Designs 412 and 1535 produce almost the same heat
transfer, but the latter gives rise to a higher pressure drop at the shell side (about 29%)
and a lower ∆P at the tube side (about -18%). Design 1535 presents a very protruding
front edge that obliges the fluid to brusquely change its direction; this fact is expected to
influence also the pressure drop. This example reminds the one already illustrated for the
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Figure 2.61: Clusters computed with the MacQueen initialization.

FMOGA-II optimization, that is the comparison of designs 511 and 496.
In Fig. 2.65 the geometries selected after the clustering performed with MacQueen
initialization are illustrated.
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Figure 2.62: Clusters computed with the MacQueen initialization.

Figure 2.63: Designs closest to the clusters’ centroids. (a) Kaufman initialization and (b)
MacQueen initialization.
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Figure 2.64: Designs selected after the clustering performed with Kaufman initialization.

Figure 2.65: Designs selected after the clustering performed with MacQueen initialization.
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2.5 Simulation on a periodic domain

As already introduced, in the literature several works can be found in which the opti-
mization is performed by using only a single repetitive module, which is representative
of the entire domain [13, 23–26, 29–32, 42–44]. Anyway, only in few cases a constant
temperature boundary condition is applied [13, 23, 44]: the implementation of such a
condition is more challenging than the specification of a constant heat flux, but is a
situation encountered in several real world applications.
In this Section, a review of the relevant literature will be presented and, afterwards,
the implementation of a possible solution technique in ANSYS CFX will be illustrated.
Since the impossibility of implementing a complete analytical model for a prescribed
wall temperature boundary condition, a simpler and less accurate method found in the
literature has been developed. After having tested the validity of the method on a tube
bank in cross flow, a further optimization has been performed, thus to demonstrate the
applicability of the present methodology.

2.5.1 A streamwise periodic domain

Flow in arbitrary-shaped spatially periodic geometries occurs in many fluid dynamics
and heat transfer applications, e.g. turbomachines, heat exchangers and porous media. A
typical solution domain consists of a series of identical geometrical modules, also called
representative cells or repeating units. After a short distance from the entrance, the flow
field repeats itself from module to module, and therefore is said to be fully developed.
The repeating behaviour of the flow is the basic element in defining periodic boundary
conditions in CFD problems. When heating or cooling occurs at the walls, the amount of
heat convected by the flow increases or decreases in the streamwise direction. Therefore,
the fully developed temperature field is not identical in each cell. However, it can be
shown from [19] that the thermal behavior of the flow in an arbitrary shaped duct is
a function of the geometry and the wall temperature. Consequently, the nature of the
thermal behavior of the flow is similar for each cell of a periodic geometry with constant
wall temperature or constant wall heat flux.
A method to study fully developed flow and heat transfer in channels with periodically
varying shape was first developed by Patankar et al. [74]. Let us consider a two-dimensional
flow duct, whose flow cross section normal to the x-direction is characterized by Y1(x) ≤
y ≤ Y2(x). The quantities Y1 and Y2 represent the coordinates of the duct wall or of a
symmetry line across which fluid does not pass. Then, for a duct of periodically varying
cross section, the following relations are valid:

Y1(x) = Y1(x+ L) = Y1(x+ 2L) = ...

Y2(x) = Y2(x+ L) = Y2(x+ 2L) = ... (2.5.1)

where L is the period of the variation.
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2.5.2 The velocity field
The velocity field in a duct of periodically varying cross section, at sufficiently large
downstream distances from the entrance region, repeats itself in a succession of cross
sections that are separated from each other by the period length L. Consequently, the
velocity components exhibit a periodic behavior, which can be expressed as:

u(x, y) = u(x+ L, y) = u(x+ 2L, y) = ...

v(x, y) = v(x+ L, y) = v(x+ 2L, y) = ... (2.5.2)

Equation (2.5.2) conveys that, whereas u and v vary throughout the entire flow field,
it is only necessary to study their variations in a typical module which includes the
periodic length L. Moreover, the periodicity condition expressed by Eq.(2.5.2) enables
the fully developed solution to be obtained without the need to solve the entrance region
problem. Equation (2.5.2) replaces the conventional conditions ∂u/∂x = 0 and v = 0 that
characterize a conventional fully developed velocity distribution.
The pressure field does not obey the same type of periodicity condition as the velocity
components, since the pressure level must decrease with x in order to provide a net
mass flow in the positive x-direction. However, if one considers the transversal pressure
distributions p(y) at a succession of axial stations x, (x+L), (x+ 2L) and so on, it can be
shown that these profiles have identical shapes but are displaced one below the other by
the same distance. Therefore, at any x located sufficiently far from the inlet, the follow
relationship is valid:

p(x, y)− p(x+ L, y) = p(x+ L, y)− p(x+ 2L, y) = ... (2.5.3)

From the prior equation it is clear that the overall pressure gradient in the x-direction is
constant and can be expressed as:

β =
p(x, y)− p(x+ L, y)

L
(2.5.4)

Therefore, in a periodic fully developed flow, it is reasonable to express the pressure p as
the sum of a linear term βx, accounting for the overall pressure gradient, and a residual
term P̃ (x, y), which behaves in a periodic manner:

p(x, y) = −βx+ P̃ (x, y) (2.5.5)

P̃ (x, y) = P̃ (x+ L, y) = P̃ (x+ 2L, y) = ... (2.5.6)

The βx term is related to the global mass flow, while P̃ (x, y) is connected to the detailed
local motions.
Having accomplished the description of the periodic fully developed flow, we can now
proceed to the analysis of the governing equations and of the boundary conditions. By
making use of Eq.(2.5.5), the conservation equations for mass and momentum for a
constant property laminar flow in a periodic domain, can be written as:

∂u

∂x
+
∂v

∂y
= 0 (2.5.7a)
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ρ

[
u

(
∂u

∂x

)
+ v

(
∂u

∂y

)]
= β − ∂P̃

∂x
+ µ

(
∂2u

∂x2
+
∂2u

∂y2

)
(2.5.7b)

ρ

[
u

(
∂v

∂x

)
+ v

(
∂v

∂y

)]
= −∂P̃

∂y
+ µ

(
∂2v

∂x2
+
∂2v

∂y2

)
(2.5.7c)

In this way, only the periodic part of the pressure field will be calculated. The quantity β
may be regarded as an assignable parameter, the given value of which will produce the
corresponding mass flows.
Referring to the boundary conditions, the no slip condition on the solid walls is unchanged:

u = v = 0 (2.5.8)

just like the condition on bounding symmetry lines:

∂u

∂y
= 0, v = 0. (2.5.9)

On the contrary, at the upstream and downstream ends of the solution domain, the
periodicity conditions give:

φ(0, y) = φ(L, y), φ = u, v, P. (2.5.10)

As pointed out by Patankar et al. [74], the periodicity condition formulated in Eq.(2.5.10)
decouples the solution domain from the remainder of the flow field and, in particular,
from the entrance region problem.

This kind of approach, which can be classified as a pressure-gradient approach, was
firstly formulated by Patankar et al. [74] and was then applied without any remarkable
change by several authors [13, 75–80]. In this method, a prescribed constant streamwise
pressure gradient is applied in the momentum equation as a source term in the streamwise
direction. For a given value of β, there will be a corresponding value of the flow rate in
the channel. The drawback of the pressure-gradient method is that the mass flow rate is
a result of the computation and, if results are required for a particular mass flow rate,
the implementation of this type of condition requires an iterative computation by varying
the pressure gradient until the desired mass flow rate is achieved [13, 76, 77]. In [75, 78]
the pressure gradient is kept constant and the fluid viscosity is made vary in order to
obtain the wanted Reynolds number.
It is clear that, in cases where the flow rate is known, it would be more convenient to set
the mass flow directly at the periodic boundary and allow the pressure field to evolve as
part of the solution. In this way, a specified mass flow rate is conserved by imposing at
the inlet the velocity profile computed at the outlet and properly modified in order to
ensure the target mass flow rate. With this approach, a pressure boundary condition is
imposed at the outlet and the pressure everywhere else, including the inlet, results from
the computation. This is the approach followed by El Soukkary and Straatman [81] and
Karimian and Straatman [82]. In both works, the computational domain is formed by
two consecutive periodic cells.
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In [83] the flow variables at the outlet are reapplied to the inlet without using gradient
information. In order to ensure a perfect developed fluid, a sufficient entrance region
must be used, which includes some reapeating units. According to the authors, three
repeating units are sufficient to ensure a fully developed solution in the central one.
Some commercial CFD packages allow the user to specify either a periodic pressure drop
or a mass flux in combination with a periodic boundary condition. However, the mass-flow
specified method is handled by using some variant of the pressure-gradient approach.
That is, if a mass flux is specified, a pressure drop is guessed and then systematically
varied until the mass flux reaches the desired value to within some numerical tolerance.
This is the strategy adopted also by ANSYS CFX.

2.5.3 The temperature field
The analysis of the periodic fully developed temperature field is strictly connected to the
thermal boundary condition applied. The mean (or bulk) temperature, Tb, is a convenient
reference temperature for internal flows. The mean temperature of the fluid at a given
cross section can be defined in terms of the thermal energy transported by the fluid as
it moves beyond the cross section. The rate of the thermal energy transport, Ėt, may
be obtained by integrating the product of the mass flux, ρu, and the internal energy per
unit mass, cvT , over the cross section, that is:

Ėt =
∫
Ac

ρucvTdAc (2.5.11)

Hence, if a mean temperature Tb is defined such that:

Ėt ≡ ṁcvTb (2.5.12)

it results:

Tb =

∫
Ac
ρucvTdAc

ṁcv
(2.5.13)

For a flow of constant thermophysical properties, Eq.(2.5.13) can be reduced to:

Tb =

∫
Ac
ρuTdAc∫

Ac
udAc

(2.5.14)

Moreover, if a recirculation occurs in the flow field, it is advisable to modify the definition
of the bulk temperature (2.5.14) in the following way:

Tb =

∫
Ac
ρ|u|TdAc∫

Ac
|u|dAc

(2.5.15)

It is worth pointing out that the quantity ṁcvTb provides the rate at which thermal
energy is transported with the fluid as it moves along the tube.
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The mean flow temperature plays much the same role as the free stream temperature T∞
for external flows. But, whereas T∞ is constant in the flow direction, Tb must vary if heat
transfer occurs. Therefore, dTb/dx12 and ∂T/∂x at any radius r are not zero and, hence,
the temperature profile T (r) continuously changes with x. Despite this, a thermally fully
developed flow can be reached anyway: when this occurs, the relative shape of the profile
no longer changes. The requirement for such a condition can be formally stated as:

∂

∂x

[
Tw(x)− T (r, x)
Tw(x)− Tb(x)

]
fd,t

= 0 (2.5.16)

where Tw is the surface temperature, T is the local fluid temperature and Tb the mean
fluid temperature over the cross section.
From Eq.(2.5.16) it can be inferred that in a thermally fully developed flow of a fluid
with constant properties, the local convection coefficient is a constant, independent of x.
The trend of the mean temperature along the duct strongly depends on the boundary
condition applied. In fact, when the surface of the duct is kept at a constant temperature,
the mean temperature varies linearly with x. On the contrary, when a constant heat flux
is applied at the wall, then the temperature difference Tw − Tb decays exponentially with
distance.
Patankar et al. [74] proposed two separate methods for thermal periodic boundary condi-
tions to be used in conjunction with the pressure-gradient specified boundary conditions:
the former for constant wall heat flux and the latter for constant wall temperature
boundary conditions. In both methods, a similar technique to that implemented for the
pressure field is adopted: the temperature field is, in fact, decomposed into a periodic
component (temperature-perturbation field) and a variable component (mean temperature
field) which is a function of the streamwise direction. The energy equation is then solved
for the periodic component: the additional source term introduced takes into account the
heat addition/removal at the walls.

Uniform constant wall heat flux

It is well known that the thermally developed regime in a duct of constant cross section
and prescribed and uniform wall is characterized by ∂T/∂x = const. This condition
ceases to be valid for ducts of periodically varying cross section, since the heat transfer
surface area is not uniform with x and a net axial conduction occurs (i.e., ∂2T/∂x2 6= 0).
In this case, just as for the pressure field, the transverse temperature distributions T (y)
at a succession of axial stations x, (x+ L), (x+ 2L) and so on, have identical shapes but
are displaced one below the other by the same distance, so that:

T (x+ L, y)− T (x, y) = T (x+ 2L, y)− T (x+ L, y) = ... (2.5.17)

The temperature gradient across the module can be defined as:

T (x+ L, y)− T (x, y)
L

= γ (2.5.18)

12The mean bulk temperature does not depend on the radial coordinate.
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and γ can be obtained from an energy balance across the domain:

γ =
Q

ṁcpL
(2.5.19)

in which Q [W] is the rate of heat supplied to the fluid in the periodic length L.
As already explained, the temperature field can be subdivided into a periodic component
T̃ and a variable component:

T (x, y) = γx+ T̃ (x, y) (2.5.20)

T̃ (x, y) = T̃ (x+ L, y) = T̃ (x+ 2L, y) = · · · (2.5.21)
By making use of Eq.(2.5.20), the energy conservation equation can be formulated as

ρcpu

(
∂T̃

∂x

)
+ ρcpv

(
∂T̃

∂y

)
= k

(
∂2T̃

∂x2
+
∂2T̃

∂y2

)
+ SH (2.5.22a)

SH = −ρcpuγ (2.5.22b)

The boundary condition at the heat transfer surfaces can be expressed as:

∂T

∂n
= γ

∂x

∂n
+
∂T̃

∂n
= − q

k
(2.5.23)

wherein n is the surface normal and q is the prescribed local heat flux, whereas the
corresponding one for symmetry boundaries takes the form:

∂T

∂n
= γ

∂x

∂n
+
∂T̃

∂n
= 0 (2.5.24)

At the upstream and downstream ends of the solution domain, the periodicity condition
gives:

T̃ (0, y) = T̃ (L, y) (2.5.25)
The energy equation (2.5.22) and the boundary and periodicity conditions (2.5.23),
(2.5.24), (2.5.25) constitute a complete mathematical description of the problem to be
solved for the temperature field [74].
This solution strategy has been followed by many researchers [25, 26, 29–32, 42, 43, 76,
77, 84]. Lopez et al. [77] took into account the variability of the fluid’s thermal properties
and, therefore, expressed the source term as:

SH = −ρucpγ +
∂(kγ)
∂x

(2.5.26)

Stalio and Nobile [84] wrote a non-dimensional form of the energy equation:

∂T̃

∂τ
+ u · ∇T̃ +

u

ub
=

1
ReτPr

∇2T̃ (2.5.27)

where τ is the time, ub is the bulk (mean) velocity and Reτ is the Reynolds number based
on the friction velocity.
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Uniform wall temperature

It is well known that, in a duct of constant cross section and uniform wall temperature,
the fluid-to-wall temperature difference decays exponentially to zero along the length of
the duct. Therefore, the thermally developed regime can be defined as:

T (x, y)− Tw
Tbx − Tw

= f(y) (2.5.28a)

d(Tbx − Tw)/dx
Tbx − Tw

= const (2.5.28b)

where Tbx is the local bulk temperature and Tw the wall temperature. Equation (2.5.28a)
demonstrates how the shapes of the temperature profiles at successive streamwise locations
are the same.
Equations (2.5.28) cease to be true in the case of periodically varying cross section
because the isothermal boundary surfaces are not uniformly distributed along the length
of the duct. Moreover, if the flow presents separated regions and recirculation zones,
the definition of the bulk temperature is no longer unique, thence any other convenient
reference quantity may be used.
Patankar et al. [74] introduced the following dimensionless temperature for a duct of a
periodically varying cross section:

θ(x, y) =
T (x, y)− Tw
Tx∗ − Tw

(2.5.29)

in which the reference temperature dTx∗ was defined to take account of possible recircula-
tion zones where u is negative:

Tx∗ − Tw =

∫ Y2

Y1
(T (x, y)− Tw)|u|dy∫ Y2

Y1
|u|dy

(2.5.30)

It is outstanding that, if u is always positive, then Tx∗ ≡ Tbx.
In a periodic duct, the shapes of the temperature profiles at successive streamwise locations,
separated by the period length L, are the same. This condition can be expressed in terms
of the dimensionless temperature θ as:

θ(x, y) = θ(x+ L, y) = θ(x+ 2L, y) = ... (2.5.31)

which is the periodic generalization of Eq. (2.5.28a). By making use of Eq.(2.5.29), the
energy equation can be written as:

ρcpu

(
∂θ

∂x

)
+ ρcpv

(
∂θ

∂y

)
− k
(
∂2θ

∂x2
+
∂2θ

∂y2

)
= SH (2.5.32)

where:

SH =
[
2α
∂θ

∂x
− uθ

]
dTx∗/dx

Tx ∗ −Tw
+ αθ

d2dTx∗/dx
2

Tx ∗ −Tw
(2.5.33)
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Since the left-hand side of Eq.(2.5.32) is periodic, then also the source term SH must be
periodic.
As a generalization of Eq.(2.5.28b), in ducts of a periodically varying cross section the
temperature decay along the streamwise direction x can be defined as:

λ(x) =
dTx∗/dx

Tx ∗ −Tw
=
d(dTx∗ − Tw)/dx

dTx∗ − Tw
(2.5.34)

In this case, the temperature decay is not longer uniform along the duct. By making use
of the definition of λ, Eq.(2.5.33) can be formulated as:

SH =
[
2α
∂θ

∂x
− uθ

]
λ+ αθ

[
λ2 +

dλ

dx

]
(2.5.35)

It can be seen from Eq.(2.5.35) that, since SH is periodic, then also λ(x) must be periodic:

λ(x) = λ(x+ L) = λ(x+ 2L) = · · · (2.5.36)

which is the generalization of Eq.(2.5.28b).
The temperature field in a periodic module can be determined by solving the energy
equation (2.5.32) together with the periodicity conditions on θ and λ that follow from
Eq.(2.5.31) and (2.5.36), respectively. The boundary conditions can be formulated as:

θ = 0 on heat transfer surfaces (2.5.37a)

∂θ

∂n
= 0 on symmetry boundaries. (2.5.37b)

It must be pointed out that, in this case, the computation is complicated by the presence
of the unknown function λ(x). The λ(x) distribution must be such that the resulting
temperature field θ satisfies:

Y2∫
Y1

θ|u|dy =

Y2∫
Y1

|u|dy (2.5.38)

at any x in the solution domain.
The solution procedure implemented in [74] starts with the initialization of θ and λ within
the domain. At each iteration k, the dimensionless temperature field θk so evaluated is
not expected to satisfy the condition (2.5.38). Therefore, after evaluating the correction
term:

Ω(x) =

 Y2∫
Y1

|u|dy

 /
 Y2∫
Y1

θk|u|dy

 (2.5.39)

at each discretization point, the new temperature distribution can be computed as:

θk+1(x, y) = Ω(x) θk(x, y) (2.5.40)
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The change of the temperature field from θk to θk+1 implies a change in the associated λ
values. This procedure is iterated until a preassigned tolerance criterion is satisfied.

In most of the studies published in the literature, the periodicity of λ(x) is omitted due to
the increased difficulties derived from the additional set of partial differential equations.
Manzan [78] and Nonino and Comini [76] used the same dimensionless temperature
introduced by Patankar et al. [74]. They wrote the periodicity equation as:

T (0, y)− Tw
Tb(0)− Tw

=
T (L, y)− Tw
Tb(L)− Tw

(2.5.41)

which can be written as:

T (0, y) =
[
Tb(0)− Tw
Tb(L)− Tw

]
T (L, y) +

[
1− Tb(0)− Tw

Tb(L)− Tw

]
Tw (2.5.42)

Equation (2.5.42) contains two unknown quantities, the bulk temperature at the inlet,
Tb(0), and the difference between the bulk temperatures at the outlet and at the inlet. In
the solution process, they first imposed the value of the difference in the bulk temperatures,
and then iterated until convergence was reached for a value of Tb(0), which verified the
periodicity condition.
A similar technique was implemented by Kelkar and Patankar [75].

In the technique proposed by Ničeno and Nobile [85], the temperature profile from the
outlet of the module is scaled and copied to the inlet, in order to use it for the new
iteration of the energy equation. The scaling procedure is implemented as:

Tm(0, y, τ) =
(

Tb(0, τ)− Tw
Tm−1
b (L, τ)− Tw

)
(Tm−1(L, y, τ)− Tw) + Tw (2.5.43)

where τ is the time andm the iteration counter. The bulk temperature at the inflow Tb(0, τ)
is fixed a priori by the user, but the chosen value does not influence the computation of
the Nusselt number, since it is evaluated according to the non-dimensional temperatures.

A similar technique, in which a fully developed state is approached iteratively, was
implemented by Rosaguti et al. [83] and Karimian and Straatman [82]. The scaling
formula implemented in [82] is the following:

Ti,1 = Tw − r−1
h (Tw − Ti,2) with rh =

Tw − Tb,2
Tw − Tb,1

(2.5.44)

Therefore, the temperature profile specified at the inlet is obtained by scaling the tem-
perature profile at Section 213 by using the wall temperature Tw and the bulk inflow
temperature Tb,1.

13As already explained, the computational domain used in [82] includes two repeating units. Section 2
is in the middle of the computational domain.
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As previously said, the choice of the reference temperature for defining the non-dimensional
temperature is not unique. For instance, Nobile et al. [13] defined the non-dimensional
temperature by using a fixed arbitrary reference, that is the bulk temperature at the inlet:

θ(x, y) =
T (x, y)− Tw
Tb,in − Tw

(2.5.45)

Therefore, the periodicity condition takes the form:

θ(xin, y) = θ(xout, y) · Tb,in − Tw
Tb,out − Tw

(2.5.46)

The same reference quantity was chosen by Park et al. [44] and Cavazzuti and Corticelli
[23].

In [79, 80] the constant wall temperature problem was treated in a way similar to that
already introduced for the uniform wall heat flux case. After having modeled the periodic
part of the temperature by supposing a linear variation of the bulk temperature along
the streamwise direction:

T = T̃ + x

(
∆T
L

)
(2.5.47)

the following source term was added to the energy equation:

SH = −ρcpu
∆T
L

(2.5.48)

For the solution, ∆T was set to an arbitrary value and periodic boundary conditions were
applied to T̃ . Consequently, the isothermal boundary conditions are converted to:

T̃w = Tw − x
(

∆T
L

)
(2.5.49)

All the above mentioned studies do not take into account the periodicity of λ(x), introduced
by Patankar et al. [74]. This quantity has been considered again in the work of Stalio
and Piller [86]. As we have already seen, the temperature decay in a duct with uniform
cross section is defined by Eq.(2.5.28b). The positive constant λ14 introduced by Stalio
and Piller [86] is such that:

λ = −d(Tbx − Tw)/dx
Tbx − Tw

(2.5.50)

Therefore, the streamwise variation of the mean temperature profile is:

T (x, y) = T (x0, y)e−λ(x−x0) (2.5.51)

14As it can be seen from Eq.(2.5.50), the sign of λ is opposite to that used by Patankar et al. [74].
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In the case of a duct with varying cross section, the temperature decay is still defined by
Eq.(2.5.51) but λ is no longer uniform along x, λ = λ(x). But, as quoted in [86], it can
be proved that for, the fully developed regime in a periodic duct, λ is periodic and its
integral over one periodicity:

λL =
1
L

x0+L∫
x0

λ(x)dx (2.5.52)

is uniform and independent of the starting point. Therefore, by integrating Eq.(2.5.50) in
the x direction and setting Tw = 0, it descends:

Tb(x+ L) = Tb(x)e−λLL (2.5.53)

and the following non-dimensional periodic temperature can be defined:

θ(x, y) =
T (x, y)
e−λLx

(2.5.54)

The value of λL can be computed from the integration, over a periodic module, of the
energy equation written for the dimensionless temperature θ:

∇ · (uθ) = α∇2θ + (αλ2
L + uλL)θ − 2αλL

∂θ

∂x
(2.5.55)

By taking into account the periodicity of θ and u and the fact that at the walls both θ
and u are zero, the integral form of Eq.(2.5.55) can be formulated as:

0 = α

∫
Sw

∂θ

∂η
dS + αλ2

L

∫
V

θdV + λLLz

L∫
0

Humθbdx (2.5.56)

which reminds of a quadratic equation in λL of coefficients:

b2 = α

∫
V

θdV b1 = Lz

L∫
0

Humθbdx b0 = α

∫
Sw

∂θ

∂η
dS (2.5.57)

Therefore, since b2 and b1 are positive while b0 is negative, λL can be evaluated as:

λL =
−b1 +

√
b21 − 4b2b0

2b2
(2.5.58)

To solve the transport equation for θ (2.5.55), periodic boundary conditions are enforced
on θ, while θ = 0 is set at the walls.
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2.5.4 Solution methods implemented
To add additional features and physical models in ANSYS CFX, Fortran subroutines can
be written, which are called by the CFX-Solver through a source code interface.
As already explained, the periodicity condition on the momentum equation can be easily
implemented in ANSYS CFX without the need for a Fortran subroutine. It is sufficient
to define a Domain Interface, and then a pressure change or a mass flow rate can be set.
In the case of imposed mass flux, the pressure drop is guessed and then systematically
varied until the desired mass flow rate is reached. When the mass flow rate was set, a
slower convergence was observed.
As an alternative, the fluid periodicity can be defined by using a Fortran subroutine and
adding a source term in the momentum equation, as described in Eq.(2.5.7b). The value
of the source term β is iteratively computed as:

βi = βi−1 ·

(
1 + 0.01

ṁ∗ − ṁi−1

ṁ∗

)
(2.5.59)

where ṁ is the desired mass flow rate and i is the iteration counter. In case of complex
geometries, under-relaxing this equation may avoid oscillatory convergence to the specified
mass flow rate.
In a case of constant wall heat flux, the solution of the temperature field is performed by
defining a subdomain (which coincides with the whole domain) and adding the following
source term in the energy equation:

SH = −ρu Q

ṁL
(2.5.60)

where the heat transfer rate Q is expressed in [W]. In this way, a simple CEL expression
is sufficient, without the need for implementing a Fortran subroutine.

When the walls are kept at a constant temperature, it is impossible to implement the
analytical formulation explained in [74] because the ANSYS CFX Solver does not allow
the computation of the bulk temperature at any streamwise coordinate. Moreover,
the implementation of the formulation of Stalio and Piller [86], in principle enough
straightforward since the evaluation of the coefficients of Eq.(2.5.57) can be performed by
simples CEL expressions, was unsuccessful since the simulation diverged to a fatal overflow.
Therefore, since the impossibility of implementing an analytical method, an approximate
solution technique must be followed. The method implemented is an evolution of the that
proposed by Horvat et al. [79], in which the linear increase of the bulk temperature in
the streamwise direction is replaced by an exponential rise. Further details can be found
in [87].
The dimensionless temperature adopted was defined in the same way of [86], that is:

θ(x, y) =
T (x, y) + Tw

e−λLx
(2.5.61)

Since the impossibility of computing the average temperature decay across the module
with the exact equations, λL was evaluated in an approximated way by specifying the
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value of the temperature increase, ∆T . Therefore, since the integration of Eq.(2.5.53)
between x0 = 0 and x = L yields:

e−λLL =
Tb(L)− Tw
Tb(0)− Tw

(2.5.62)

it is fair to write:

λL = − 1
L

ln

(
Tb(L)− Tw
Tb(0)− Tw

)
= − 1

L
ln

(
1 +

∆T
Tb(0)− Tw

)
(2.5.63)

where:
∆T = Tb(L)− Tb(0) (2.5.64)

Hence, if the wall temperature Tw is set to zero for reasons of simplicity, ∆T must be set
to a negative value.
By substituting the periodic temperature θ into the energy equation, the following source
term appears:

SH =
[
ρcpλLu+ kλ2

]
θ − 2kλL

∂θ

∂x
(2.5.65)

2.5.5 Test problems

Before running the optimization on a periodic domain, the validity of the implemented
method was tested on a tube bank in cross flow, analyzing both a staggered array of
circular cylinders and one with tubes having an ellipsoidal shape.
As it was already explained, in the periodic simulation the surface temperature of the
tubes is set to zero: in this way the flow will undergo a “false” cooling. This fact does not
compromise the validity of the computations since the temperature variation across the
domain does not change and a special attention must be paid only in the visualizations of
the temperature field.

Staggered bundle of circular cylinders

The tubes are disposed in an equilateral triangle (ET) arrangement, having ST /D =
SD/D = 1.5 and SL = (

√
3/2)SD (for the definition of the geometric parameters, the

reader should refer to Fig. 2.2). The tube diameter is equal to 10 mm.
The results obtained from the periodic simulation were compared to those computed on a
non-periodic domain, constituted of 34 longitudinal rows of tubes: 17 tubes on the each
of the bottom and the top boundaries15. For the full domain, the inlet and outlet lengths
were chosen equal to Lin = 3L and Lout = 10L, respectively, being L the length of the
periodic domain, as illustrated in Fig. 2.66.
In order to work on a “fictitious” 3D computational domain, the geometry was extruded
along the z direction for a length equal to 2 mm.
The mass flow rate specified at the inlet was chosen so that the Reynolds number Remax

15Such a large domain was chosen in order to see when the fluid reached a stationary temperature.
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based on the maximum velocity (i.e., computed at the smaller cross section) was equal
to 100. The Reynolds number Re∞ based on the inlet velocity was equal to 66.7. The
operating parameters for the non periodic simulations are summarized in Table 2.18.
In the simulations, the flow is assumed to be steady and laminar, while the fluid is
incompressible with constant thermophysical properties. The effect of buoyancy and
viscous dissipation have been neglected. For the periodic simulation, the condition θ = 0
was set at the solid walls, as stated in [86].

value
ṁ 3.362 · 10−6 kg/s
Tin 293 K
Tw 353 K
Remax 100
Re∞ 66.7

Table 2.18: Operating parameters for the tube bank simulation.

Figure 2.66: Computational domains employed for the periodic and non periodic simulations.
D = 10 mm, ST = 15 mm, SL = 12.99 mm

The domains were discretized with a structured mesh, for which a perfect match between
the nodes of the periodic faces was ensured. A detail of the mesh for the periodic module
is reported in Fig.2.67.
In Fig. 2.68(a) the trend of the bulk temperature along the tubes of the upper row is
reported. The bulk temperature has been evaluated at the vertical plane passing through
the centerline of the tube. As expected, the final temperature is very close to the wall
temperature Tw and the difference Tw − Tb decays with an exponential low. In Fig.
2.68(b), the average Nusselt number for the tubes of both rows is reported, which has
been computed as:

Nuav =
q̄“
wD

k(Tw − Tb)
(2.5.66)

where q̄“
w

[
Wm−2

]
is the average value of the wall heat flux, and Tb is the bulk temperature,

again evaluated at the vertical plane passing through the centerline of the tube. It can be
seen how the Nusselt number tends to a constant value, even though a slight different
value can be observed between the upper and lower row. Moreover, in the entrance region,
the higher heat exchange is predicted for the lower tubes. In Fig. 2.69, the distributions
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Figure 2.67: Computational mesh used for the periodic module.

(a) (b)

Figure 2.68: (a) Bulk temperature along the tubes of the upper row and (b) average Nusselt
number along the tube bank.

of the local heat transfer and the surface wall shear around the tubes of the upper row
are illustrated. The local heat transfer around a tube is examined by defining a local
Nusselt number as:

Nu =
q“
wD

k(Tw − Tb)
(2.5.67)

where q“
w is the local wall heat flux

[
Wm−2

]
. The tube surface wall shear distribution τw

is presented by using the local friction coefficient, which has been computed as:

cf =
τw

1
2ρumax

(2.5.68)
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Both the wall heat flux and the wall shear are evaluated at an angle α from the front of
the tube. It can be seen how the curves can be perfectly overlapped from the fifth tube.
Moreover, apart from the first tube, the rear recirculation extends throughout the entire
inter-tube space. The point of attack occurs slight below 30◦, while the separation takes
place just beyond 120◦.

(a) (b)

Figure 2.69: Distribution of the local Nusselt number (a) and of the friction coefficient over the
first 7th tubes of the upper row.

In Fig. 2.70, the velocity profiles computed on the periodic module at the inlet and
outlet sections are compared with the fully developed profile taken from the non-periodic
domain. As it can be seen, the results agree remarkably well.
In Fig. 2.71(a), a comparison of the profiles of the periodic part of temperature at the
inlet and outlet sections of the periodic module is presented. It can be noticed that the
periodicity of the temperature field is perfectly captured by the simulation. It worth
nothing that, due to the boundary condition θw = 0, the central core of the flow field is
warmer than the periphery. In this case, the corresponding profile of the non-periodic
domain has been omitted, due to the fact that periodic part of temperature has not
been solved. Anyway, if the temperature profile taken at a section in the fully developed
region is normalized and the compared to the normalized profile evaluated on the periodic
domain, a perfect match can be observed, as illustrated in Fig. 2.71(b). In this case, to
ease the comparison of the profiles, the curve relative to the periodic domain has been
mirrored with respect to x = 0.005 mm.
In Fig. 2.73 the local distributions of the Nusselt number and of the friction coefficient
computed on the periodic module are compared with those computed on the fifth tube of
the non-periodic domain. As it can be seen, the distributions of the friction coefficient
agree remarkably well, while the match of the local heat transfer is less satisfactory.
In fact, the Nusselt number predicted by the periodic simulation is underestimated
in the first half of the tube, while it is slightly overestimated elsewhere. This lack of
uniformity has repercussions also on the average value of the Nusselt number. In fact,
while for the non-periodic simulation the average value of the Nusselt number, measured
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Figure 2.70: Velocity profiles at the inlet and at the outlet of the periodic module compared
with the one taken in the fully developed region of the non-periodic geometry.

(a) (b)

Figure 2.71: (a) Temperature profiles at the inlet and at the outlet of the periodic module. (b)
Comparison of the normalized temperature profiles computed on the periodic and non-periodic
domains (the curve of the periodic domain has been mirrored with respect to x = 0.005 mm).

in the fully developed region as the average between the upper and lower rows, equals
5.977, the corresponding value for the periodic domain is 5.908, with a difference of 1.145%.

Staggered bundle of elliptic cylinders

In this case, the computational domain is the same already employed for the previous
optimizations, and it is depicted in Fig.2.74. In the non-periodic domain, 16 tubes were
placed both on the top and bottom boundaries. Both the non-periodic domain and the
periodic module were discretized with an unstructured mesh. Also in this case, the match
between the nodes of the periodic faces was ensured.
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(a)

(b)

(c)

Figure 2.72: Flow and temperature fields computed on the periodic domain. (a) Contours of the
periodic part of pressure (increments equal to 0.002 Pa, variation range [−0.018, 0.021] Pa). (b)
Velocity contours (increments equal to 0.017 m/s, variation range [0, 0.32] m/s). (c) Contours of
the periodic part of temperature (increments equal to 2.87 K, variation range [0, 54.61] K).

The operating parameters for the non periodic simulation are summarized in Table 2.19.
In Fig. 2.75(a) the trend of the bulk temperature along the tubes of the upper row is
reported. The bulk temperature has been evaluated at the vertical plane passing through
the centerline of the tube. As expected, the final temperature is very close to the wall
temperature Tw and the difference Tw − Tb decays with an exponential low.
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(a) (b)

Figure 2.73: Comparison of the distribution of the local Nusselt number (a) and of the friction
coefficient (b) computed on the periodic and non-periodic domain (the distributions for the
non-periodic case are relative to the fifth tube).

value
ṁ 2.9625 · 10−7 kg/s
Tin 293 K
Tw 353 K
Remax 423
Re∞ 211

Table 2.19: Operating parameters for simulation of the bank with elliptic tubes.

Figure 2.74: Domain used for the periodic simulation at the shell side. The dimensions are in
[mm].

In Fig. 2.75(b), the average Nusselt number for the tubes of both rows is reported. In
both cases, the Nusselt number tends to a constant value from the fourth tube on, as
can be also observed in Fig.2.76(a), where the local distribution of the Nusselt number
is illustrated. Moreover, just like for the bank of circular cylinders, the average Nusselt
number slight varies between the upper and lower row.
In Fig. 2.76(b), the local distribution of the surface wall shear around the tubes of the
upper row is illustrated. As it can be seen, the curves are perfectly overlapped from the
third tube on.
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(a) (b)

Figure 2.75: (a) Bulk temperature along the tubes of the upper row and (b) average Nusselt
number along the tube bank.

(a) (b)

Figure 2.76: Distribution of the local Nusselt number (a) and of the friction coefficient over the
first 7th tubes of the upper row.

In Fig. 2.77 the local distributions of the Nusselt number and of the friction coefficient
computed on the periodic module are compared with those computed on the fifth tube of
the non-periodic domain. Also in this case, the distributions of the friction coefficient
agree remarkably well while the match of the local heat transfer is less accurate. Despite
all, there is a very good agreement between the profiles of the normalized temperatures,
as can be appreciated in Fig. 2.78.
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(a) (b)

Figure 2.77: Comparison of the distribution of the local Nusselt number (a) and of the friction
coefficient (b) computed on the periodic and non-periodic domain.

Figure 2.78: Comparison of the normalized temperature profiles computed on the periodic and
non-periodic domains (the curve of the periodic domain has been mirrored with respect to
x = 0.005mm).
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2.5.6 Optimization on the periodic domain

Before performing the optimization on the periodic domain, a further grid-independence
study was accomplished, in order to investigate the dependence of the average Nusselt
number with the number of nodes. The results are summarized in Fig. 2.79. After the
tests, it was decided to employ a mesh of nearly 23 · 103 nodes, for which the maximum
element size was set 0.12 mm, with the exception of the tube wall where the maximum
size was lowered to 0.05 mm.

Figure 2.79: Grid-independence analysis for the periodic domain (shell side).

The objective functions defined in the present optimization differ from those used in the
computations performed on the non-periodic domain. In fact, both at the shell side and
at the tube side, the minimization of the pressure losses was accomplished by minimizing
the overall pressure gradient β across the module, which corresponds to the source term
added to the momentum equation (2.5.7b). On the other hand, the temperature rise at
the shell side was computed from a First Law balance on the domain, that is:

∆Tperiodic =

∫
tubes

q′′dA

ṁ cp
(2.5.69)

where q′′ [W/m2] is the heat flux exchanged at the tube surface, ṁ [kg/s] is the mass flow
through the domain and cP [J/kgK] is the specific heat capacity at constant pressure.
Also for the optimization on the periodic domain, the original NSGA-II algorithm was
chosen; 25 individuals were made to evolve through 20 generations. The initial population
was the same already employed in Section 2.4.1.
During the optimization, 404 feasible designs were generated, of which 195 belong to the
final Pareto Front. A 3D visualization of the final Pareto Front is depicted in Fig. 2.80,
while in Fig. 2.81 the corresponding 2D visualizations are provided.
As it can be seen from Fig. 2.81(a), the generated designs are arranged in two well
defined regions, the lower of which corresponds to the Pareto Front. This feature was
not encountered in the optimizations of the non-periodic domain. From the analysis of
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Figure 2.80: 3D visualization of the design space evaluated during the NSGA-II run. The
designs highlighted in green belong to the Pareto Front, while those highlighted in yellow are the
unfeasible designs.

(a) (b)

Figure 2.81: 2D visualization of the design space evaluated during the optimization on the
periodic domain. The designs highlighted in green belong to the Pareto Front. (a) Pressure vs.
Temperature for the shell side and (b) Pressure at the shell side vs. Pressure at the tube side.

Fig. 2.82, in which some of the computed geometries are illustrated, it can be noticed
how the designs belonging to the upper group present a less regular and aerodynamic
shape with respect to those belonging to the Pareto Front. Moreover, among the optimal
designs a great variety of shapes can be encountered: in fact, while the profiles of the
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Figure 2.82: 2D visualization of the design space for the optimization on the periodic domain.
The designs highlighted in green belong to the Pareto Front.

designs belonging to the lower part of the front is generally turned towards the outflow,
the geometries on the upper part are more bulky and, in some cases, enough symmetric.
It remains unclear whether the designs which give rise to the higher pressure drop and
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Figure 2.83: 2D visualization of the design space for the optimization on the periodic domain.
The designs highlighted in green belong to the Pareto Front.

temperature increase and are located at the right extremity of the upper region (for
instance, design number 172) really belong to the Pareto Front, or would have disappeared
if the maximum number of generations had been augmented.
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In Fig. 2.83 a projection of the design space in the planes ∆Ptube vs ∆Pshell is provided.
It can be appreciated how the two objectives are clearly conflicting, since the tapered
geometries, which are efficient for the outer flow, give rise to remarkably pressure drop at
the tube side. In Figs. 2.84, 2.85 and 2.86 some visualization of the flow and temperature

Figure 2.84: Visualizations of the flow and temperature fields for Design 49. ∆T = 11.68 K,
∆P = 11.73 Pa/m.

fields are provided for designs number 49, 347 and 486, all belonging to the final Pareto
Front. It can be appreciated how the periodicity of velocity, pressure and temperature is
well captured. As repeatedly pointed out, the visualizations reveal a “false” cooling of the
fluid, since the surface temperature of the tubes is set to zero. In the figures, the contours
of the non-periodic temperature are also provided. The non-periodic temperature has
been calculated from the periodic temperature θ as:

T (x, y) = θ(x, y)e−λLx (2.5.70)

in which the temperature decay rate λL over one periodicity has been computed with
Eq.(2.5.63).
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Figure 2.85: Visualizations of the flow and temperature fields for Design 347. ∆T = 13.14 K,
∆P = 25.174 Pa/m.

Constraint on the maximum pressure increase

All the optimizations performed so far have produced a large number of optimal designs,
none of which can be regarded to be the best. Therefore, as already discussed in Section
1.2.2, some higher-level considerations must be employed to select the best alternative a
posteriori. Usually, this process is based on the engineering experience and the relative
importance that the decision maker addresses to each objective. For instance, the dis-
criminating criterion for choosing a particular shape could be connected with the easiness
of manufacturing and the relative costs. Moreover, in real world applications, the design
of any heat exchanger equipment may be subordinate to some practical constraint, such
as a maximum allowable pressure drop or a specified heat duty.
In all the simulations described so far, no one constraint was applied on the target
variables. It could be interesting to investigate how the set of optimal solutions modifies
with the assigning of a maximum threshold value for the pressure drop.
A further optimization was thence performed on the periodic domain, setting a constraint
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Figure 2.86: Visualizations of the flow and temperature fields for Design 486. ∆T = 11.55 K,
∆P = 6.84 Pa/m.

on the maximum allowable pressure drop at the tube side. As it can be seen from Fig.
2.83, the maximum pressure drop predicted at the tube side is nearly 7.4 kPa and is
computed for Design 495. In the subsequent optimization, the corresponding threshold
value was set to 0.3 kPa. The 2D visualizations of the design space evaluated from the
present optimization are illustrated in Fig. 2.87, while in Fig.2.88 a comparison of the
Pareto fronts computed from the optimizations with and without the pressure constraint
is presented.
By comparing Figs. 2.81(a) and 2.87(a) it can be noticed that, also for the constrained
optimization the upper detached region previously detected in the unconstrained op-
timization can be identified, even though is constituted by a lower number of designs.
Moreover, the dubious optimal designs computed with the unconstrained optimization
and belonging to the right extremity of this region (for instance, Design 172) are absent in
the constrained optimization. This fact supports the hypothesis that those two designs are
“false” optimal solutions, and have probably been replaced, in the constrained optimization,
by some designs offering a lower pressure drop at the tube side. A part this difference,
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(a) (b)

Figure 2.87: 2D visualization of the design space evaluated during the optimization on the
periodic domain, with the setting of a constraint on the maximum allowable pressure drop at
the tube side. The designs highlighted in green belong to the Pareto Front. (a) Pressure vs.
Temperature for the shell side and (b) Pressure at the shell side vs. Pressure at the tube side.

(a) (b)

Figure 2.88: Comparison of the Pareto Fronts computed from the optimizations with and without
the constraint on the maximum allowable pressure drop at the tube side.

the Pareto Fronts computed with the two optimizations are well superimposed, as it can
be appreciated from Fig. 2.88. Moreover, the geometries generated by the constrained
optimization, which are illustrated in Fig. 2.89, are similar to those already analyzed
for the unconstrained optimization. In the same figure, Design 389 provides the higher
pressure drop at the tube side.
It is worth pointing out that the number of optimal designs found in the constrained
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optimization is slightly higher to that computed in absence of the pressure constraint
case, that is 214 designs vs 195.

Figure 2.89: 2D visualization of the design space for the optimization on the periodic domain.
The designs highlighted in green belong to the Pareto Front. Design 389 provides the higher
pressure drop at the tube side.
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2.6 Concluding remarks

In this chapter, an example of a multi-objective shape optimization of a tube bundle has
been presented. The activity was partially performed during a period at the Institut für
Strömungstechnik & Thermodynamik (ISUT) of the University of Magdeburg “Otto von
Guericke”, and was the prosecution of a previous work performed at ISUT by Hilbert et al.
[2]. As in almost all the works published in the literature, also in [2] only the external
flow has been simulated, thus omitting the flow field inside the tube. The innovative
aspect of this work lies in the concurrent simulation of the flow field inside the tube.
Therefore, the optimization problem presents three objectives, that is the maximization
of the heat exchange outside the tubes and the minimization of the pressure loss both for
the external and the internal flow.
While for the numerical simulation of the flow inside the tube a periodic domain was
employed, for the simulations of the external flow two different computational domains
were used. At first a domain similar to that employed in [2] and constituted by a single
channel of four cylinders was employed. Moreover, in order to prevent any influence of
the boundaries on the inter-tube flow, an inlet and outlet region were also provided. In
the second part of the activity a periodic domain was adopted, in ordet to take advantage
of the streamwise periodicity of the flow and temperature fields. In fact, it is universally
recognized that, in case of streamwise-periodic geometries, the analysis of the flow and
temperature fields can be confined to a single isolated module. This choice allowed a
significant saving in computational resources and demonstrated to be the preferable
approach.
Also in the periodic simulation a constant temperature boundary condition was specified
to the tube surface. Even though in the literature several works can be found in which
the optimization is performed by using only a single repetitive module, only in few
cases a constant temperature boundary condition is applied. It is well known that the
implementation of such a condition is more challenging than the specification of a constant
heat flux, but is a situation encountered in several real world applications.
From the first simulations it was observed the beneficial effect of inserting a spacing
between the tubes in the streamwise direction; the additional spacing was not considered
in [2]. This choice was motivated by the fact that, during the optimization on the
non-periodic domain, some bulky geometries were generated, which were very efficient
regarding the heat transfer but gave rise to significant pressure drops. Moreover, for
those geometries, the recirculation behind the last tube extended throughout the whole
outlet region. The introduction of a spacing in the streamwise direction was favourable
for the reduction of the recirculation region, and for the decrease of the pressure drop: the
variation of the pressure drop was, in fact, greater than the decrement of the temperature
rise.
As it was seen from a detailed inspection of the published works, Generic Algorithms are
a promising means for solving multi-objective optimization problems and are extensively
applied in heat transfer. However, in many cases their applicability is limited by the
computational time required for CFD-based optimizations.
In this activity, two different GAs have been tested, that is NSGA-II and FMOGA-II. As
already discussed, FMOGA-II is a fast optimizer designed for fast convergence: this means
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that a lower number of iterations are needed for solving the problem. It was seen that, for
both optimizers, the Pareto fronts could be recognized very early, nevertheless their quality
increases with the number of generations. The fronts computed with the two algorithms
are well superimposed, even though the front obtained from the FMOGA-II optimization
spreads towards higher temperatures. Furthermore, it was seen that FMOGA-II has
a lower tendency to pass through already computed designs, that is no design is the
copy of one another. On the contrary, during the NSGA-II optimization, the 11% of the
generated designs is copy of already existing designs. During the FMOGA-II optimization
a higher number of failed designs was encountered; most of the failures were due to the
impossibility of generating the mesh at the shell side. For the NSGA-II optimization,
no design gave meshing problems. Moreover, the number of unfeasible designs produced
with the NSGA-II is larger than that obtained with the FMOGA-II optimizer.
From these results it can be stated that FMOGA-II is a promising algorithm for reducing
the computational times in this and similar optimization problems. In this optimization,
the initial meta-model was not trained over an existing database of evaluated designs.
Nevertheless, the final results are in very good agreement with those computed with the
NSGA-II run. Therefore, for this practical problem, the preliminary initialization is not a
necessity, thus avoiding the computation of a higher number of designs (for generating
the initial response surface, at least 40 designs would have been necessary).
The analysis of the Pareto Front confirmed the importance of taking into account also
the flow motion inside the tubes: a geometry which is aerodynamically efficient at the
shell side, is not effective at all not only regarding the heat transfer, but also relatively to
the pressure drop inside the tube.
As it was seen, with a multi-objective optimization a set of possible solutions of equivalent
quality are computed. A way to identify a handful of solutions from the large obtained
set is the clustering technique. In this application, the clustering technique was employed
by testing two different initialization methods.
As a future work, the integration of both geometries in only one project would be a
stimulating task, in order to solve the energy equation also at the tube side. For the
treatment of the tube wall, two alternatives can be outlined. In the former, which is also
the simpler, the wall could be considered as a thin wall; in the latter, the conduction in
wall itself could be simulated, thus to obtain a conjugate heat transfer problem.
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3
Inverse Problems

3.1 Introduction

While Standard Heat Transfer Problems, also known as Direct Problems, deal with the
determination of the temperature field inside a domain when the initial and boundary
conditions and heat generations are specified, Inverse Heat Transfer Problems (IHTPs)
rely on temperature or heat flux measurements to estimate unknown quantities appearing
in the analysis of the physical problems in thermal engineering (e.g. heat sources or
thermophysical properties). Therefore, while in the classical direct heat conduction
problem the cause (boundary heat flux) is given and the effect (temperature field in the
body) has to be determined, the inverse problem involves the estimation of the cause
from the knowledge of the effect [88].
As an example, inverse problems dealing with heat conduction have been generally as-
sociated with the estimation of an unknown boundary heat flux, by using temperature
measurements taken below the boundary surface. The choice of positioning the sensors at
inner locations could be motivated by the fact that the physical situation at the surface
maybe unsuitable for attaching a sensor, or the accuracy of a surface measurement may
be seriously impaired by the presence of the sensor.
In the treatment of inverse problems, the word estimation is used because, in measuring
the internal temperatures, errors are always present to some extent and they affect the
accuracy of the computation. Therefore, the quantity recovered by an inverse analysis is
not exact but is only an estimate within the measurement errors.
In recent years interest has grown in the theory and application of Inverse Heat Transfer
Problems, since they are encountered in various branches of science and engineering. In
the field of heat transfer, the use of the inverse analysis, combined with experimental
temperature measurements, for the estimation of surface conditions, e.g. temperature
and heat flux, or the determination of thermal properties, e.g. thermal conductivity and
heat capacity of solids, has numerous practical applications.
The most common usage of the IHTP is concerned with the estimation of the surface
heat flux from temperature history. In some practical applications, a direct measurement
of the heat flux by using conventional methods is a difficult matter, but can be overcome
by using the inverse technique combined with transient temperature recordings taken
at specified locations beneath the heated surface. For instance, we can mention the
estimation of the heat flux at a surface of a wall subject to fire or at the inside surface of
a combustion chamber. In Section 4.3 a practical application of the inverse analysis will
be presented, regarding the estimation of the heat flux transferred by the solidifying steel
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to the mould wall in a continuous casting process.
The space program has played a significant role in the advancement of solution techniques
for the IHTP in late 50’s and early 60’s. For example, aerodynamic heating of space
vehicles is so high during reentry in the atmosphere that the surface temperature of the
thermal shield cannot be measured directly with temperature sensors. For this reason,
the sensors are placed beneath the hot surface of the shield and the surface temperature
is recovered by inverse analysis. Inverse analysis can also be used in the estimation of
thermophysical properties of the shield during operating conditions at such high tempera-
tures.
The solution of IHTPs is not free from difficulties. IHTPs are, in fact, mathematically
classified as ill-posed : this means that their solution does not satisfy the general require-
ment of existence, uniqueness and stability under small changes of the input data. The
existence of a solution for an inverse heat transfer problem may be assured by physical
reasoning: for example, a temperature change could be associated to a variation of a heat
source or a boundary heat flux. On the other hand, the uniqueness of the solution of
inverse problems can be mathematically proved only for some special cases [88]. Moreover,
the solution is very sensitive to possible errors in the measured input data, and may
also become unstable, thus requiring special solvution techniques in order to satisfy the
stability condition.
Due to their ill-posedness, inverse problems were initially taken as not of physical interest.
However, some heuristic methods of solution were developed in the 50’s and later, in the
60’s and 70’s, most of the methods were formalized based on the idea of reformulating
the inverse problem in terms of an approximate well-posed problem, by utilizing some
kind of regularization (stabilization) technique. In most methods, the solution of inverse
heat transfer problems is obtained in the least squares sense. Tikhonov’s regularization
procedure modifies the least squares equation by adding smoothing terms in order to
reduce the unstable effects of the measurement errors.

Parameter Estimation and Function Estimation

Inverse problems can be solved either as a parameter estimation approach and as a
function estimation approach. In the parameter estimation approach, some information is
available on the functional form of the unknown quantity and thus the inverse problem is
reduced to the estimation of few unknown parameters. Vice versa, in a function estimation
approach no prior knowledge of the functional form of the unknown quantity is allowable,
and therefore the problem requires the determination of a large number of parameters.
However, if the number of parameters to be estimated is increased, it may not be possible
to make a clear distinction between the two approaches.
Broadly we can say that the two approaches can be regarded as finite- and infinite-
dimensional optimization problems, respectively [89]. A function estimation problem
is typically connected to the estimation of a time history or a temperature-dependent
function. Fall in this category the determination of the temporal evolution of an unknown
heat flux or of a heat transfer coefficient at a boundary, or the variation of a property,
such as the thermal conductivity, with temperature.
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To clarify better the ideas, let us consider an Inverse Heat Conduction Problem (IHCP)
where the temporal evolution of a boundary heat flux f(t) has to be estimated. If no
prior information is known, then f(t) has to be estimated time by time. Vice versa, if
the unknown function can be parameterized by using some unknown trial functions, as
follows:

f(t) =
j=1∑
N

PjCj(t) (3.1.1)

then the inverse problem of estimating f(t) is reduced to the problem of estimating a finite
number of parameters Pj , where the number N of parameters is supposed to be chosen
in advance. In Eq.(3.1.1), Pj , j = 1, ..., N are the unknown constants to be estimated
and Cj(t) are the known trial functions.

Linear and nonlinear Inverse Heat Transfer Problems

An Inverse Heat Transfer Problem can be both as a linear and a nonlinear problem. A
IHTP is a linear problem if the heat equation is linear and the boundary conditions are
linear [90]. If the thermal properties (thermal conductivity, k, density ρ, and specific heat,
cp) are functions of position, then they do not affect the linearity. On the contrary, if any
of them is temperature-dependent, then the IHCP becomes nonlinear.
Let us consider an IHCP involving the estimation of the surface heat flux, where a
convective boundary condition is specified at a boundary:

−k∂T
∂x

∣∣∣
x=0

= h [T∞(t)− T (0, t)] (3.1.2)

If the convective heat transfer coefficient h is either a constant or a known function of
time, then the problem can be regarded as linear. On the other hand, if h depends
on temperature, the the problem becomes nonlinear. Moreover, if the dependence of h
on time is unknown, then the inverse problem is nonlinear even though the differential
equation is linear. The estimation of the transient heat transfer coefficient is an important
technique, for example, for investigating the complete boiling curve.
If in the IHCP also a radiation condition is specified, it gets across that the problems is
nonlinear since there is a dependence of the radiation on the temperature.
Linearity, if it exists, is an important property because it generally eliminates the need for
iteration in the solution. If the linear IHCP were treated as if it were nonlinear, excessive
computer time would be used due to unnecessary iterations [90].

3.2 Literature review

Most of the early works on inverse heat transfer problems have been concerned with heat
conduction in one-dimensional geometries. The application of inverse analysis techniques
to multi-dimensional problems, as well as to problems involving convection and radiation,
is more recent.
As suggested in [88], IHTPs can be classified in accordance with the nature of the heat
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transfer process, e.g. conduction, convection, surface radiation, radiation in participating
medium, phase change and so on. Another classification can be based on the kind of
causal characteristic to be estimated. From this perspective, IHTP can be generally
classified into four categories [91]: Boundary Problems, concerned with the estimation
of boundary conditions [89, 92–108], Coefficient Problems, regarding the estimation of
thermophysical properties [91, 109–114], Retrospective Problems, dealing with the estima-
tion of the initial conditions [106] and Geometric Problems, relating to the estimation of
geometric characteristics of a heated body [115–118].
The growing interest reported in the literature regarding the inverse problems attests
to the fact that the solution to the IHTP has developed from being a pure methemat-
ical/theoretical challenge to becoming an important tool in engineering design. It is
worth pointing out that most of the works available in the literature regard the applica-
tion of the inverse analysis to simple heat transfer problems and make use of simulated
temperature data [89, 91, 92, 94–97, 104, 106–111, 114–119]. Moreover, the analysis of
the published works reveals that most of the efforts have been directed to the Unsteady
Inverse Heat Conduction Problems (UIHCP), whereas the steady-state formulation, i.e.,
Steady-state Inverse Heat Conduction Problem (SIHCP), has been less extensively in-
vestigated [89, 92, 100, 102, 103, 108, 110, 115, 117, 118]. This is due to the fact that,
for the elliptic nature of the partial difference equation, the solution of a SIHCP is more
complex than that of a UIHCP: the destructive effect of noise is amplified by the necessity
of estimating the wanted information from the signal Laplacian and not from the signal
first temporal derivative, as it often happens in the classical formulation of the UIHCP
[102].

Let us now describe more in detail the above mentioned works. Most of the work
analyzed regard the estimation of boundary conditions, i.e., boundary heat fluxes, heat
transfer coefficients and so on, in relation to both heat conduction and heat convection.
The steady-state laminar flow inside a parallel plate duct was investigated by Huang
and Özisik [92]. By using the CGM and multiple simulated temperature readings, they
estimated the spacewise variation of an unknown applied wall flux. The CGM was also
applied by Zhao et al. [96, 97] to a natural convection problem for the function estimation
of the heat flux at the boundary of an enclosure. The problem analyzed in [97] can be
regarded as a development of that presented in [96], since a conductive solid had been
placed inside the enclosure. The estimation of an unknown transient boundary heat flux
was also performed by Huang and Tsai [95], with regard to an heat conduction problem on
an irregular domain. For the solution of the inverse heat conduction problem they applied
the CGM along with the Boundary Element Method (BEM)1. Osman et al. [93] used the
combined function specification and regularization method for calculating the heat flux at
the surface a 2D arbitrarily shaped body with temperature-dependent thermal properties.
The transient temperature data were both simulated and experimentally measured. For
the solution of the direct problem the Finite Element Method (FEM) was employed.

1The Boundary Element Method (BEM) is a numerical technique for solving linear boundary value
problems, based upon the Green’s function solution procedure. The BEM is a non-iterative and direct
solution procedure that, if applied to problems with a small numbers of subdomains, is faster and more
robust than the other numerical solution techniques, e.g. FDM, FVM and FEM [120].
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Bozzoli and Rainieri [89] compared the efficiency of the CGM and the Wiener filtering
technique in relation to the estimation of the heat flux density distribution on a given
surface for a 2D steady-state linear IHCP. The Wiener filtering technique enables one to
locally remove the noise from a raw signal2.
In the literature several works related to the estimation of the heat transfer coefficient can
be found. Liu et al. [99] developed an inverse procedure to determine two heat transfer
coefficients for an electronic system cooling. They used an improved micro Genetic
Algorithm (µGA) based on a search domain narrowing operation. Ryfa and Bialecki [105]
retrieved the heat transfer coefficient for jet impingements by applying the Levenberg -
Marquardt algorithm and using both simulated and experimental transient temperature
data. The local convective heat transfer coefficient was also estimated by Bozzoli et al.
[102] for a 2D linear SIHCP by applying the CGM; the experimental temperature data
employed were acquired by an infrared acquisition system. A two-dimensional fin was
analyzed by Abboudi [104]; the author simultaneously estimated two heat transfer coeffi-
cients, starting from multiple transient temperature histories, by means of a CGM with
an iterative regularization. The unknown heat transfer coefficients were parameterized in
the form of a cubic B-spline. The estimation of the convective heat transfer coefficient for
finned-tube geometries was presented in [100, 101, 103]. Huang et al. [100] and Huang
and Tsai [101] applied the Steepest Descent method with the adjoint formulation together
with the commercial code CFX 4.4 for a 3D plate finned-tube heat exchanger, for a steady
state and a transient simulation respectively. Benmachiche et al. [103] combined the CG
algorithm with FEM for estimating the heat transfer coefficient characteristics, for various
Reynolds numbers, on a circular plane fin placed in a finned-tube bundle with a different
arrangement. The temperatures on the fin surface were measured through an infrared
thermography technique.
The estimation of the inlet boundary conditions is another topic often encountered in the
inverse analysis. The timewise variation of the inlet temperature of a thermally developing,
hydrodynamically developed laminar flow between parallel plates was investigated by
Bokar and Ozisik [107]. They applied the CGM by using the transient readings of a single
thermocouple located at the centerline of the channel. Lee and Baek [14] extended the
application of an inverse analysis to a more realistic engineering problem. They estimated
the unknown inlet parameters for burner in an axisymmetric cylindrical combustor, i.e.,
species mass fractions and inlet velocities of fuel/oxidizer, by using the Repulsive Particle
Swarm Optimization (RPSO) method. In the model, thermal radiation was also taken into
account. Chang and Yang [108] applied the CGM for the estimation of the space-varying
inlet temperature in a conjugate heat transfer problem, regarding the flow over a cascade
of rectangular blades
The estimation of both the initial and boundary conditions in a one-dimensional body
was performed by Bourquin and Nassiopoulos [106] by using the simulated transient
measurements of multiple sensors. The authors applied the adjoint method with first
order Tikhonov regularization: the introduction of the regularization term cured the

2As pointed out by the authors, the two approaches are radically different because the CG mathod
belongs to the iterative regularization scheme class, while the Wiener filtering technique is a pre-filtering
data processing procedure to be applied to the experimental data to make the computation of the signal’s
Laplacian feasible.
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problem of convergence at final time.
Inverse problems can be applied also for estimating source terms (a recent application
is provided by Liu [119], who determined an unknown heat source in a one-dimensional
transient heat conduction problem by using a modified GA) or can concern solidification
processes. Yang and Zabaras [94] applied a FEM algorithm based on the CGM for the
estimation of the interface heat flux and the interface growth velocity for a problem
involving also natural convection, while Slota [98] reconstructed the boundary conditions,
i.e., heat flux and heat transfer coefficient, in the solidifications of pure metals by means
of a real coded GA.
Inverse Problems can be encountered also in the field of thermal radiation. An example
is provided by the work of Bokar and Ozisik [121], who applied the CGM and the Leven-
berg -Marquardt method to estimate the source term or temperature distribution in a
sphere, by using simulated exit intensities from the outer radius of the sphere. In the
literature there are also several examples connected to the estimation of thermophysical
properties, especially of the thermal conductivity. Martin and Dulikravic [110] used the
BEM to non-iteratively predict the temperature variation of thermal conductivity, while
Mejias et al. [10] applied the inverse technique to identify the three thermal conductivity
components of an orthotropic cube, by using simulated experimental data. In [10] two
different versions of the Levenberg-Marquardt method and four different versions of the
CGM were tested. The estimation of the apparent thermal conductivity of foods was
investigated in [112, 113] by comparing the performances of different stochastic algo-
rithms: in [112] a Self-Organizing Migration Algorithm (SOMA), a GA and a Differential
Evolution (DE) technique were tested, while in [113] the authors focused their attention
on a Modified Differential Evolution (MDE), GA and classical DE techniques. Other
studies relay on the simultaneous estimation of both the temperature-dependent thermal
conductivity and the volumetric heat capacity. In this direction, the CGM with the adjoint
formulation was applied both by Huang and Yan [109], for a a one-dimensional slab, and
by Dantas and Orlande [91]. Zueco and Alhama [111] estimated the thermal properties of
a fully developed fluid flowing through a circular duct; the inverse problem was solved by
applying the Sequential Function Specification Method, while for the numerical technique
the Network Simulation Method was employed.
An innovative application of inverse properties estimation is provided by Chang et al.
[122], who used GAs for the the estimation of the fires properties related to some reaction
of pyrolysis.
The last class of inverse problems that can be encountered in the heat transfer field is
known as Geometric Problems or Inverse Shape Design, which deal with the estimation
of unknown domain configurations when the geometry is subject to change. An example
is the determination of the proper locations, shapes and sizes of a given number of
coolant flow passages in a turbine blade, subject to specific surface temperatures and
heat fluxes, as illustrated in [120]. More recently, Huang and Shih [115] solved a 2D
steady state shape identification problem of estimating simultaneously two interfacial
configurations in a multiple region domain by using the CGM and BEM-based inverse
algorithm. This work was further extended by Huang and Liu [117] to a 3D multiple
region domain; in this case, a commercial CFD package was employed for solving the
direct problem. Another steady-state inverse geometry problem was handled by Chang
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and Yang [118] for the estimation of the unknown irregular fouling profile on the inner
wall of a duct system. The problem involved conjugate heat transfer, since both the flow
field and the conduction in the fouling layer and in the pipe wall were solved. A transient
three-dimensional shape identification problem was analyzed by Huang and Chaing [116]
to determine the unknown irregular and moving boundary configurations by utilizing the
Steepest Descend Method. The direct problem was solved by using the commercial code
CFD-RC, which owns feature of automeshing: in a moving boundary problem the mesh
needs to be regenerated as the geometry evolves.

3.3 Solution of the Inverse Heat Transfer Problems

3.3.1 Difficulty in the solution

The quality of the measurements is essential for the success of an inverse analysis. It is
well known that any measurement can never be made with perfect accuracy but some
error or uncertainty will always be present, which can cause a significant alteration in the
experimental data. Measurement errors can generally be classified into two categories,
random errors and systematic errors. The former usually result from human and accidental
errors (i.e., changing of the experimental conditions that are beyond the control of the
experimenter), the latter occur consistently in only one direction each time the experiment
is performed (i.e., the value of the measurement is always greater, or lower, than the
real value). Of course, also the knowledge of the precise location of the sensors plays an
important role.
Besides the above mentioned difficulties, it is worth pointing out that also uncertainties in
parameters and correlations limit the precision of the estimated parameters. For example,
the convective heat transfer coefficient is intrinsically variable and usually it is estimated
from correlations that rarely fit the experiment precisely [123, chap.7].
Moreover, it should be noticed that the information provided by the sensors located inside
a heat-conducting body is incomplete in several facets. First, the measurements are at
discrete locations since there is a finite number of sensors: hence the spatial variation of
temperature can not be known in an exhaustive way. Moreover, since the measurements
obtained from any sensor are available only at discrete times, a continuous sampling can
not be performed.
The inevitable presence of measurements errors affects also the number of experimental
data needed to solve the problem. In fact, if the sensor were perfect, it would be sufficient
to have the number of temperature data equal to the number of unknown parameters.
But since the temperature measurements always contain errors, more measurements
are needed than the number of the unknowns; thus the system of equations becomes
overdetermined. One way for solving a system of overdetermined equations is the use of
the traditional least-squares approach coupled to an appropriate minimization procedure
[88], as it will be described in the following sections.
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3.3.2 Statistical description of errors
Beck et al. [90] proposed eight standard assumptions regarding the statistical description
of the errors, which permit simplifications in the analysis of random errors:

1. The errors are additive, that is,

Yi = Ti + εi (3.3.1)

where Yi is the measured temperature at time ti, Ti is the actual temperature at
time ti and εi is the random error at time ti.

2. The temperature errors εi have a zero mean, that is,

E(εi) = 0 (3.3.2)

where E(·) is the expected value operator. The errors are then said to be unbiased.
A random error varies as the measurement is repeated but its mean is not necessary
null.

3. The errors have constant variance, that is,

σ2
i = E

{
[Yi − E (Yi)]

2
}

= σ2 = const (3.3.3)

which means that the variance of Yi is independent of the measurement.

4. The errors associated with different measurements are uncorrelated. Two measure-
ment errors εi and εj , where i 6= j, are uncorrelated if the covariance of εi and εj is
zero, that is,

cov (εi, εj) ≡ E {[εi − E (εi)] [εj − E (εj)]} = 0 for i 6= j (3.3.4)

Such is the case if the errors εi and εj have no effect on or relationship to each
other.

5. The measurement errors have a normal (Gaussian) distribution. By considering the
assumptions 2, 3 and 4, the probability distribution function of εi is given by

f(εi) =
1

σ
√

2π
exp

(
−ε2

i

2σ2

)
(3.3.5)

6. The statistical parameters describing εi, such as σ, are known.

7. The only variables that contain random errors are the measured temperatures. The
measurement times, measurement positions, dimensions of the heated body, and
all other quantities appearing in the formulation of the inverse problem are all
accurately known.

8. There is no prior information regarding the quantities to be estimated, which can
be either parameters or functions. If such information exists, it can be utilized to
obtain improved estimates.



Tesi di dottorato di Paola Ranut, discussa presso l’Università degli Studi di Udine

3.3. Solution of the Inverse Heat Transfer Problems 143

3.3.3 Solution strategy
All of the eight assumptions reported in 3.3.2 rarely apply in actual experiments. For
example, if the magnitudes of the measurement errors are quite unequal, the standard
deviations σi are likely to be different. However, such assumptions are assumed to be
valid here after.
If all of the above stated statistical assumptions are valid, the objective function that
provides minimum variance estimates is the ordinary least squares norm, S, coinciding
with the sum of the squared residuals and defined as:

S = (Y−T)T (Y−T) (3.3.6)

where Y and T are the vectors containing the measured and estimated temperatures,
respectively, and the superscript T indicates the transpose of the vector. The estimated
temperatures are obtained from the solution of the direct problem with estimates for the
unknown quantities. The following cases can occur:

1. The transient readings Yi taken at times ti, i = 1, . . . , I of a single sensor are used
in the inverse analysis. In this case, the transpose vector of the residuals is given
by:

(Y−T)T = (Y1 − T1, Y2 − T2, . . . , YI − TI)T (3.3.7)

and the least squares norm can be written as:

S = (Y−T)T (Y−T) =
I∑
i=1

(Yi − Ti)2 (3.3.8)

2. The transient readings of multiple sensors are available for the inverse analysis. The
transpose vector of the residuals is given by:

(Y−T)T =
(
~Y1 − ~T1, ~Y2 − ~T2, . . . , ~YI − ~TI

)T
(3.3.9)

where, at time ti, ~Yi − ~Ti is a row vector of length equal to the number of sensors,
M , that is,

~Yi − ~Ti = (Yi1 − Ti1, Yi2 − Ti2, . . . , YiM − TiM , ) (3.3.10)

In Eq.(3.3.10), the first subscript refers to time ti while the second one corresponds
to the sensor number. In this case, the ordinary least squares norm can be written
as:

S = (Y−T)T (Y−T) =
M∑
m=1

I∑
i=1

(Yim − Tim)2 (3.3.11)

If the values of the standard deviations of the measurements are quite different, the
ordinary least squares method does not yield minimum variance estimates. In such a case,
the objective function can be replaced by the weighted least squares norm, Uw, defined as:

SW = (Y−T)T W (Y−T) (3.3.12)
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where W is a diagonal weighting matrix. Such a matrix is taken as the inverse of the
covariance matrix of the measurement errors in cases where the other statistical hypotheses
remain valid [88]. In particular, for the case involving the transient readings of one sensor,
SW can be written in explicit form as:

SW =
I∑
i=1

(Yi − Ti)2

σ2
i

(3.3.13)

where σi is the standard deviation of the measurement Yi at time ti.

3.3.4 Inverse problems and optimization problems
Despite their similarities, inverse and optimization problems are conceptually different. As
quoted in [8], inverse problems are concerned with the identification of unknown quantities
appearing in the mathematical formulation of physical problems, by using measurements
of the system response. On the other hand, optimization problems generally deal with
the minimization or maximization of a certain objective or cost function, in order to find
the best combination of the design variables. In addition, in contrast to inverse problems,
the solution uniqueness may not be an important issue for optimization problems, as long
as the solution obtained is physically feasible and can be practically implemented.
Nevertheless, for the solution of the inverse problems, it is common practice to make
use of minimization techniques that are of the same kind of those used in optimization
problems.
For instance, let us consider the one-dimensional transient inverse heat transfer problem,
where the time-varying heat flux q(t) at the boundary x = 0 is to be estimated. The
inverse problem can be formulated as an optimization problem in the following way:

min S =
m∑
i=1

(Yi − Ti)2

subject to: Ti is the solution of the following problem :

∂T (x, t)
∂t

=
∂2T (x, t)
∂x2

, at 0 ≤ x ≤ 1, t > 0

subject to the following boundary and initial conditions
∂T (0, t)
∂x

= q(t) at x = 0 for t > 0

∂T (1, t)
∂x

= 0 at x = 1 for t > 0

T (x, 0) = 0 at 0 ≤ x ≤ 1 for t = 0

3.3.5 Regularization
If the inverse heat transfer problem involves the estimation of only few unknown param-
eters, such the estimation of the thermal conductivity from the transient temperature
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measurements in a solid, the use of the ordinary least squares norm can be stable. However,
if the estimation of a large number of parameters is required, e.g. the recovery of the
unknown transient heat flux components, excursion and oscillation of the solution may
occur. One approach to reduce such instabilities is to use a regularization technique.
The idea beyond the regularization is to make the inverse problem “regular”, i.e., less
sensitive to measurements errors, by slightly changing the original problem with one
whose solution lies near that of the original ill-posed problem. As an example we can
cite the Tikhonov’s regularization, which can be used when several parameters or values
have to be determined simultaneously. In this method, a term is added to the objective
function, which penalizes the undesirable variations in the estimated results [123, chap.2].
According to the order of the derivative that is penalized, there are different kind of
regularizations, called zeroth-order, first-order, second-order regularizations, and so on.
If the function q(t) has to be determined, the regularization term to be added to the
ordinary least square norm S (3.3.6) for a zeroth-order regularization is:

α0

0∫
tM

[q(t)]2 dt (3.3.14)

where α0 is the regularization parameter, whose value influence the stability of the solution.
As α0 → 0, then the solution may exhibit an oscillatory behaviour and become unstable;
on the other hand, if α0 is disproportionately large, the solution is damped and deviates
from the exact result, being forced to estimate q(t) to zero.
For a first-order regularization, the first derivative of the function to be estimated is
penalized as:

α1

0∫
tM

[
∂q(t)
∂t

]2

dt (3.3.15)

Again, the regularization parameter α1 should be a very small number. If α1 is dispropor-
tionately large, the result of the penalization in Eq.(3.3.15) will be a constant function
for q(t) (i.e., zero slope).
In many cases, the values of α0 and α1 are chosen arbitrarily small and then increased
until “satisfactory” results for the function q(t) are obtained. A more rigorous approach
uses the “discrepancy principle”: α0 and α1 are selected as small as possible and such
that the average deviation in the estimation is consistent with the expected measurement
error in the data.
The CGM belongs to the class of iterative regularization techniques [88], that is the
regularization is implicitly build in the computational procedure.

3.4 Methods

As previously said in Section 3.3.3, the solution of the inverse problem is based on the
minimization of the ordinary least squares norm S. For the specific case of a parameter
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estimation problem, where N unknown parameters Pj , j = 1, ..., N , have to be estimated,
the ordinary least squares norm can be formulated as:

S(P) =
I∑
i=1

[Yi − Ti(P)]2 (3.4.1)

where:

- S: sum of squares error or objective function

- PT = [P1, P2, ..., PN ]: vector of unknown parameters

- Ti(P) = T (P, ti): estimated temperature at time ti

- Yi = Y (ti): measured temperature at time ti

- N : total number of unknown parameters

- I: total number of temperature measurements, where I ≥ N .

The above expression is valid when the transient readings of a single sensors are allowable,
but can be applied also to a stationary heat transfer problem involving the measurements
of several sensors M : in this case, it is sufficient to make the index i of Eq.(3.4.1) vary
between 1 and M .
The estimated temperatures Ti(P) are obtained from the solution of the direct problem
at the measurement location, xmeas, by using the current estimate for the unknown
parameters Pj , j = 1, ..., N .
When the transient readings of multiple sensors are allowable, the ordinary least squares
norm can be formulated as:

S(P) =
M∑
m=1

I∑
i=1

[Yim − Tim(P)]2 (3.4.2)

where the subscript m refers to the sensor number. The vector containing the differences
between measured and estimated temperatures was previously defined in Eq.(3.3.9).
The previous equations can be written in matrix form as:

S(P) = [Y−T(P)]T [Y−T(P)] (3.4.3)

where Y−T(P) is a column vector and the superscript T denotes the transpose.
In the following sections, some techniques for the solution of the inverse problems will
be described. In particular, the attention will be focused on the Levenberg -Marquardt
Method and on the CGM, which have already been introduced in Section 1.3.1; for the
CGM, both the classical version and the adjoint formulation will be examined. Stochastic
algorithms, which have been already examined in Section 1.3.2, can also be efficiently
applied to the solution of inverse problems.
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Sensitivity Matrix Both the Levenberg -Marquardt Method and the CGM require
the computation of the Sensitivity Matrix, J:

J =


∂T1
∂P1

∂T1
∂P2

. . . ∂T1
∂PN

∂T2
∂P1

∂T2
∂P2

. . . ∂T2
∂PN

...
∂TI

∂P1

∂TI

∂P2
. . . ∂TI

∂PN

 (3.4.4)

the element of which are the Sensitivity Coefficients, Jij , defined as:

Jij =
∂Ti
∂Pj

(3.4.5)

where the subscripts i and j refer to the measurement and the parameter, respectively.
The sensitivity matrix plays an important role in parameter estimation problems. The
sensitivity coefficient Jij is a measure of the sensitivity of the estimated temperature Ti
with respect to changes in the parameter Pj . In a more refined way, sensitivity can be
defined as the change in the output corresponding to a change in the input.
A small value of the magnitude of Jij indicates that large changes in Pj yield small
changes in Ti: in such a case, the estimation of the parameter Pj is extremely difficult
because, basically, the same value of temperature could be obtained for a wide range of
values of Pj . In fact, when the sensitivity coefficients are small, it happens that

∣∣∣JTJ∣∣∣ ≈ 0

and the inverse problem is ill-conditioned. It can also be shown that
∣∣∣JTJ∣∣∣ is null if

any column of J can be expressed as a linear combination of the other columns [88].
Therefore, it is desirable to have linearly-independent sensitivity coefficients Jij with large
magnitudes, so that the inverse problem is not very sensitive to measurement errors and
accurate estimates of the parameters can be obtained.
Several different approaches are available for the computation of the sensitivity coefficients,
including the direct analytic solution, the boundary value problem, and the finite-difference
approximation. The first approach is applicable if an analytic solution of the direct problem
is available; in this case, the sensitivity coefficient with respect to the unknown parameter
Pj is determined by differentiating the solution with respect to Pj . For the boundary value
problem approach, a boundary value problem can be developed for the determination of
the sensitivity coefficients by differentiating the original direct problem with respect to
the unknown coefficients. If the direct heat conduction problem is linear, the construction
of the corresponding sensitivity problem is relatively simple [88].
The last method involves the approximation of the sensitivity coefficients by finite-
differences. In this case, both a forward difference and a central difference approximation
can be employed. When a forward difference is used, the sensitivity coefficient with
respect to the parameter Pj is approximated by:

Jij ∼=
Ti(P1, P2, ..., Pj + εPj , ..., PN )− Ti(P1, P2, ..., Pj , ..., PN )

εPj
(3.4.6)
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where ε ≈ 10−5 or 10−6. If the first-order approximation given by Eq.(3.4.6) is not
sufficiently accurate, the sensitivity coefficients can be approximated by using central
differences in the form:

Ti(P1, P2, ..., Pj + εPj , ..., PN )− Ti(P1, P2, ..., Pj − εPj , ..., PN )
2εPj

(3.4.7)

The computation of the sensitivity matrix by means of finite-differences can be a very time
consuming process: for a problem involving the estimation of N unknown parameters, the
approximation of the sensitivity coefficients given by Eq.(3.4.6) requires the computation
of N additional solutions of the direct problem, while for the application of Eq.(3.4.7)
2N additional solutions are needed.

3.4.1 The Levenberg -Marquardt Method

The Levenberg -Marquardt Method (LMM) was already introduced in Section 1.3.1. The
method was originally devised for application to nonlinear parameter estimation problems,
but later has also been successfully applied to the solution of linear problems that are too
ill-conditioned to permit the application of linear algorithms [88].

The necessary condition for the minimization of the least squares norm (3.4.3) is that:

∂S(P)
∂P1

=
∂S(P)
∂P2

= ... =
∂S(P)
∂PN

= 0 (3.4.8)

Such a condition can be represented in matrix notation as:

∇S(P) = 2

[
−∂T

T (P)
∂P

]
[Y−T(P)] (3.4.9)

where:

∂TT (P)
∂P

=


∂
∂P1
∂
∂P2
...
∂

∂PN

 [T1, T2, ..., TI ] (3.4.10)

The Sensitivity or Jacobian Matrix, J(P) can be defined as the transpose of Eq.(3.4.10),
that is:

J(P) =

[
∂TT (P)
∂P

]T
(3.4.11)

In this way it is fair to write Eq.(3.4.9) as:

∇S(Pk) = −2(Jk)T
[
Y−T(Pk)

]
(3.4.12)



Tesi di dottorato di Paola Ranut, discussa presso l’Università degli Studi di Udine

3.4. Methods 149

For linear inverse problems, the sensitivity matrix is not a function of the unknown
parameters. In such a case, Eq.(3.4.12) can be solved in explicit form for the vector of
unknown parameters P as [88]:

P = (JTJ)−1JTY (3.4.13)

In the case of a nonlinear inverse problem, the sensitivity matrix has some functional
dependence on the vector of unknown parameters P. The solution of Eq.(3.4.12) then
requires an iterative procedure, which is obtained by linearizing the vector of estimated
temperatures, T(P), with a Taylor series expansion around the current solution at
iteration k. Such a linearization is given by:

T(P) = T(Pk) + Jk(P−Pk) (3.4.14)

where T(Pk) and Jk are the estimated temperatures and the sensitivity matrix evaluated
at iteration k, respectively. By substituting Eq.(3.4.14) into Eq.(3.4.12) and rearranging
the resulting expression, the following iterative procedure for the vector of unknown
parameters is obtained:

Pk+1 = Pk +
[
(Jk)TJk

]−1

(Jk)T
[
Y−T(Pk)

]
(3.4.15)

The iterative procedure given by Eq.(3.4.15) is called the Gauss method.
It is worth pointing out that both the Eq.(3.4.13) and the implementation of the the
iterative procedure given by Eq.(3.4.15), require that the matrix JTJ to be non singular,
or: ∣∣∣JTJ∣∣∣ 6= 0 (3.4.16)

where |·| is the determinant. If the determinant of JTJ is zero, or even very small,
the parameter Pj cannot be determined by using the iterative procedure of Eq.(3.4.15).
Problems satisfying

∣∣∣JTJ∣∣∣ ≈ 0 are denoted ill-conditioned. Inverse heat transfer problems
are generally very ill-conditioned, especially near the initial guess used for the unknown
parameters. In order to alleviate such a difficulty, the iterative procedure of the LMM is
formulated as:

Pk+1 = Pk +
[
(Jk)TJk + µkΩk

]−1

(Jk)T
[
Y−T(Pk)

]
(3.4.17)

where µk is a positive scalar named damping parameter, and Ωk is a diagonal matrix.
The term µkΩk is introduced for damping oscillations and instabilities by making, if
necessary, its components large as compared to those of JTJ. At the beginning of the
procedure, the damping parameter is taken relatively large since the problem is generally
ill-conditioned in the region around the initial guess, which can be quite far from the exact
parameters. With such an approach, the matrix JTJ is not required to be non-singular at
the beginning of iterations and the LMM behaves like the Steepest Descent Method, that
is, a very small step is taken in the negative gradient direction. As the procedure advances
to the solution of the problem, the parameter µk is gradually reduced, and therefore the
Levenberg -Marquardt Method tends to the Gauss Method given by Eq.(3.4.15).
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The Stopping Criterion for the Levenberg -Marquardt Method

To decide whether to stop the iterative procedure of the LMM, the following criteria can
be applied [88]:

S(Pk+1) < ε1 (3.4.18a)∥∥∥ (J)T
[
Y−T(Pk)

] ∥∥∥ < ε2 (3.4.18b)

∥∥∥Pk+1 −Pk
∥∥∥ < ε3 (3.4.18c)

where ε1, ε2 and ε3 are are user prescribed tolerances and ‖·‖ is the vector Euclidean
norm, i.e., ‖x‖ = (xTx)1/2.
The first criterion tests if the least squares norm is sufficiently small, which is expected to
be in the neighborhood of the solution for the problem. Similarly, equation Eq.(3.4.18b)
checks if the norm of the gradient of S(P) is sufficiently small, since it is expected to
vanish at the point where S(P) is minimum. Although such a condition of vanishing
gradient is also valid for maximum and saddle points of S(P), the Levenberg -Marquardt
method is very unlike to converge to such points [88]. The last criterion results from
the fact that changes in the vector of parameters are very small when the method has
converged.

The Computational Algorithm for the Levenberg -Marquardt Method

Different versions of the LMM can be found in the literature, depending on the choice of
the diagonal matrix Ωk and the damping parameter µk. For example, Ω can be taken as
the identity matrix or can be assumed as:

Ωk = diag
[
(Jk)TJk

]
(3.4.19)

The computational algorithm for the LMM can be summarized as follows. Suppose that
the temperature measurements Y = (Y1, Y2, ..., YI) are given at times ti, i = 1, ..., I, and
an initial guess P0 is available for the vector of unknown parameters P. Choose a value
for µ0 (e.g., µ0 = 0.001) and set k = 0. Then,

Step 1. Solve the direct heat transfer problem with the available estimate Pk in order
to obtain the temperature vector T(Pk) = (T1, T2, ..., TI).

Step 2. Compute S(Pk) from Eq.(3.4.9).

Step 3. Compute the sensitivity matrix Jk defined by Eq.(3.4.11) and then the matrix
Ωk, by using the current values of Pk.

Step 4. Compute ∆Pk by solving Eq.(3.4.17).

Step 5. Compute the new estimate Pk+1 as Pk+1 = Pk + ∆Pk.
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Step 6. Solve the direct problem with the new estimate Pk+1 in order to find T(Pk+1).
Then Compute S(Pk), as defined by Eq.(3.4.3).

Step 7. If S(Pk+1) ≥ S(Pk), replace µk by 10µk and return to Step 4.

Step 8. If S(Pk+1) < S(Pk), accept the new estimate Pk+1 and replace µk by 0.1µk.

Step 9. Check the stopping criteria given by Eq.(3.4.18), and stop the iterative procedure
if any of them is satisfied; otherwise, replace k by k + 1 and return to Step 3.

The use of multiple sensors

The LMM just described refers to the case when the transient readings of a single sensors
are allowable. Of course, the above formulation can be applied also for a stationary heat
transfer problem involving the measurements of several sensors M : in this case, it is
sufficient to make the index i of Eq.(3.4.1) vary between 1 and M .
For the case involving the transient readings of multiple sensors, the least square norm
can be defined by Eq.(3.4.2), while the transpose of the sensitivity matrix, previously
defined in Eq.(3.4.10), has to be modified as:

∂TT (P)
∂P

=


∂
∂P1
∂
∂P2
...
∂

∂PN

[~T1, ~T2, ..., ~TI

]
(3.4.20)

where ~Ti = [Ti1, Ti2, ..., TiM ], for i = 1, . . . , I. The sensitivity matrix becomes:

J =



∂ ~TT
1

∂P1

∂ ~TT
1

∂P2
. . .

∂ ~TT
1

∂PN

∂ ~TT
2

∂P1

∂ ~TT
2

∂P2
. . .

∂ ~TT
2

∂PN

...
∂ ~TT

I

∂P1

∂ ~TT
I

∂P2
. . .

∂ ~TT
I

∂PN


(3.4.21)

where the single element of the matrix J is defined as:

∂ ~TTi
∂Pj

=


∂Ti1
∂Pj
∂Ti2
∂Pj

...
∂TiM

∂Pj

 for i = 1, ..., I and j = 1, ..., N (3.4.22)

As already said, in the previous equations it has been indicated with M the number of
sensors, with I the number of transient readings per sensor and with N the number of
unknown parameters.
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3.4.2 The Conjugate Gradient Method
The Conjugate Gradient Method (CGM) is a powerful iterative technique for solving
linear and nonlinear inverse problems. As already explained in Section 1.3.1, at each
iteration a suitable step size is taken along a direction of descent in order to minimize
the objective function. The direction of descent is obtained as a linear combination of
the negative gradient direction at the current iteration with the direction of descent of
the previous iteration. This condition allows that the angle between the direction of
descent and the negative gradient direction is less than 90◦ and, therefore, assures the
minimization of the objective function is assured.
The CGM with an appropriate stopping criterion belongs to the class of iterative regular-
ization techniques, in which the number of iterations is chosen so that stable solutions
are obtained for the inverse problem.
The iterative procedure of the CGM is given by:

Pk+1 = Pk + βkdk (3.4.23)

where β is the search step size, d is the direction of descent and the superscript k refers
to the iteration counter. As it can be seen, at each iteration a suitable step size β is
taken along a direction of descent d, in order to minimize the objective function S. The
direction of descent is a linear combination of the negative gradient direction at the
current iteration ∇S(Pk) with the direction of descent at the previous iteration dk−1, as
reported in Eq.(3.4.24)3.

dk = −∇S(Pk) + γkdk−1 (3.4.24)

The conjugation coefficient γ is chosen so that the directions dk and dk−1 are conjugated.
As already explained in Section 1.3.1, different versions of the CGM can be found in the
literature, depending on the form used for the computation of the conjugation coefficient.
In the Polak -Ribiere version, γ is calculated as:

γk =

[
∇S(Pk)

]T
·
[
∇S(Pk)−∇S(Pk−1)

]
[
∇S(Pk−1)

]T
·
[
∇S(Pk−1)

] for k = 1, 2, ... (3.4.25a)

while the Fletcher -Reeves expression is given as:

γk =

[
∇S(Pk)

]T
·
[
∇S(Pk)

]
[
∇S(Pk−1)

]T
·
[
∇S(Pk−1)

] for k = 1, 2, ... (3.4.25b)

For both expressions, at the first iteration it is set γ0 = 0, so that the search is performed
along the gradient direction. If γk = 0 for all iterations k, the Steepest Descent Method is

3The iterative procedure and the descent direction formulated in [88] differ from the one here reported,
even if they are equivalent. In [88] the iterative procedure is computed as Pk+1 = Pk − βkdk, while the
descent direction is given by dk = ∇S(Pk) + γkdk−1. This facts affect also the formulation of the step
size βk, as it will be pointed out later.
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obtained. Although simple, the Steepest Descent Method does not converge as fast as
the CGM [88].
The gradient of S can be computed by differentiating Eq.(3.4.3) with respect to the
unknown parameters P; the final expression is the same of that already reported for the
Levenberg -Marquardt Method, that is Eq.(3.4.12):

∇S(Pk) = −2(Jk)T
[
Y−T(Pk)

]
The jth component of the gradient direction can be obtained in explicit form as:

[∇S(P)]j = −2
I∑
i=1

∂T ki
∂Pj

[
Yi − Ti(Pk)

]
for j = 1, ..., N (3.4.26)

In order to compute the search step size βk appearing in Eq.(3.4.23), S(Pk+1) must be
minimized with respect to βk:

min
βk

S(Pk+1) = min
βk

[
Y−T(Pk+1)

]T [
Y−T(Pk+1)

]
(3.4.27)

By substituting the expression of Pk+1 given by Eq.(3.4.23), Eq.(3.4.27) can be written
as:

min
βk

S(Pk+1) = min
βk

[
Y−T(Pk + βkdk)

]T [
Y−T(Pk + βkdk)

]
(3.4.28)

which can be written, for cases involving a single sensor, as:

min
βk

S(Pk+1) = min
βk

I∑
i=1

[
Yi − Ti(Pk + βkdk)

]2
(3.4.29)

where I is the number of measurements. The temperature vector Ti(Pk + βkdk) can be
linearized with a Taylor series expansion in the way:

Ti(Pk + βkdk) ≈ Ti(Pk) + βk
[
∂Ti

∂Pk

]T
dk (3.4.30)

By substituting Eq.(3.4.30) into Eq.(3.4.29) and performing the minimization with respect
to βk, the following expression for the step size can be obtained4:

βk =

I∑
i=1

[(
∂Ti

∂Pk

)T
dk
] [
Yi − Ti(Pk)

]
I∑
i=1

[(
∂Ti

∂Pk

)T
dk
]2 (3.4.31)

4If the notation reported in [88] is used, the [Yi − Ti(Pk)] term in Eq.(3.4.31) must be replaced with
[Ti(Pk)− Yi].
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where the vector: (
∂Ti

∂Pk

)T
=
[
∂Ti

∂Pk1
,
∂Ti

∂Pk2
, ...,

∂Ti

∂PkN

]
(3.4.32)

is the ith row of the sensitivity matrix previously defined in Eq.(3.4.4). Therefore,
Eq.(3.4.31) can be written in matrix form as:

βk =

[
Jkdk

]T [
Y−T(Pk)

]
[
Jkdk

]T [
Jkdk

] (3.4.33)

The use of multiple sensors

The CGM above described refers to the case when the transient readings of a single
sensors are allowable. Just as already stressed for the Levenberg -Marquardt Method, the
foregoing formulation can be applied also to a stationary heat transfer problem involving
the measurements of several sensors M : in this case, it is sufficient to make the index i of
Eq.(3.4.1) vary between 1 and M .
For the case involving the transient readings of multiple sensors, the least square norm
and the sensitivity matrix can be defined by Eq.(3.4.2) and Eq.(3.4.21) respectively. The
the search step size βk can still be computed, in matrix form, by using Eq.(3.4.33).
However, the explicit form of βk, Eq.(3.4.31), needs to be modified due to the change in
the sensitivity matrix. Therefore, the search step size takes the form:

βk =

M∑
m=1

I∑
i=1

(∂Tim
∂Pk

)T
dk
[Yim − Tim(Pk)

]
M∑
m=1

I∑
i=1

(∂Tim
∂Pk

)T
dk
2 (3.4.34)

Similarly, the gradient of the objective function in matrix form is still defined by
Eq.(3.4.26), but the explicit form for its components has to be modified as:

[∇S(P)]j = −2
M∑
m=1

I∑
i=1

∂T kim
∂Pj

[
Yim − Tim(Pk)

]
for j = 1, ..., N (3.4.35)

Continuous Measurements

Until now, the measured data have been regarded as discrete in the time domain. In
cases where the experimental readings are so many that they can be approximated as
continuous, some modifications are needed in the expression of the objective function,
Eq.(3.4.3), the gradient vector, Eq.(3.4.9), and the search step size, Eq.(3.4.31), as it
follows:

S(P) =

tf∫
t=0

[Y (t)− T (xmeast;P)]2dt (3.4.36)
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∇S(P) = −2

tf∫
t=0

[Y (t)− T (xmeast;P)]
∂T

∂P
dt (3.4.37)

βk =

tf∫
t=0

[Y (t)− T (xmeast;P)]

[
∂T

∂Pk

]T
dkdt

tf∫
t=0


[
∂T

∂Pk

]T
dk


2

dt

(3.4.38)

In cases involving continuous measurements of multiple sensors, the integral on the
right-hand side of Eq.(3.4.36) is summed-up over the number of sensors, that is,

S(P) =
M∑
m=1

tf∫
t=0

[Ym(t)− T (xmt;P)]2dt (3.4.39)

and also the other quantities appearing in the previous equations involve summations
over the number of sensors.

The Stopping Criterion for the Conjugate Gradient Method

If the measurements are assumed to be free of experimental errors, the traditional check
condition for the CGM can be specified as:

S(Pk+1) < ε (3.4.40)

where ε is a relatively small number. However, the measured data usually contain
experimental errors and, therefore, the above illustrated iterative procedure does not
provide the CGM with the stabilization necessary for the minimization of the objective
function S to be classified as well-posed. In such a case, during the minimization of the
least squares norm, large oscillations may appear in the inverse solution as the estimated
temperatures approach the perturbed input data, resulting in an ill-posed character for
the inverse problem. Therefore, it is custom to reformulate the stopping criterion by using
the discrepancy principle: the inverse solution is sufficiently accurate when the difference
between estimated and measured temperatures is of the order of the standard deviation
of the measurements. With the discrepancy principle, the value of the tolerance ε can be
expressed as:

ε =
I∑
i=1

σ2
i (3.4.41)

where σi is the standard deviation of the measurement error at time ti, that is

|Y (ti)− T (xmeas, ti)| ≈ σi (3.4.42)
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For constant standard deviations, i.e. σi = σ = const, the tolerance becomes:

ε = Iσ2 (3.4.43)

The above expressions refer to the case when the transient readings of one sensor are
allowable. When the transient measurements of M sensors are available, the tolerance ε
has to be modified as:

ε =
m∑
m=1

I∑
i=1

σ2
im (3.4.44)

Moreover, in cases where the measured data are so many that they can be approximated
as continuous, the tolerance ε for the stopping criterion can be computed as:

ε = Mσ2tf (3.4.45)

under the assumptions that the standard deviation σ of the measurements of the M
sensors is constant.
The above illustrated procedure gives the CGM an iterative regularization character. The
use of the discrepancy principle is not required to provide the Levenberg -Marquardt
Method with the regularization necessary to obtain stable solutions for those cases
involving measurements with random errors. In fact, the LLM, through its automatic
control of the damping parameter µk, reduces drastically the increment in the vector
of estimated parameters, at the iteration where the measurement errors start to cause
instabilities in the inverse problem solution [88].

The Computational Algorithm for the Conjugate Gradient Method

The computational algorithm for the CGM for parameter estimation can be summarized
as follows. Suppose that the temperature measurements Y = (Y1, Y2, ..., YI) are given
at times ti, i = 1, ..., I, and an initial guess P0 is available for the vector of unknown
parameters P. Set k = 0 and then,

Step 1. Solve the direct heat transfer problem with the available estimate Pk in order
to obtain the vector of the estimated temperatures T(Pk) = (T1, T2, ..., TI).

Step 2. Check if the stopping criterion (3.4.40) is satisfied; if not, pass to Step 3.

Step 3. Compute the sensitivity matrix Jk defined by Eq.(3.4.11), by using one of the
methods described in Section 3.4.

Step 4. Knowing Jk, Y and T(Pk) compute the gradient direction ∇S(Pk) from
Eq.(3.4.26) and then the conjugation coefficient γk from one of equations (3.4.25).

Step 5. Compute the direction of descent dk by using Eq.(3.4.24).

Step 6. Knowing Jk,Y,T(Pk) and dk, compute the search step size βk from Eq.(3.4.33).

Step 7. Knowing Pk, βk and dk, compute the new estimate Pk+1 by using Eq.(3.4.23).
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Step 8. Replace k by k + 1 and return to Step 1.

In order to implement the iterative algorithm of the CGM as presented above, the
sensitivity matrix needs to be computed for each iteration. For linear problems, the
sensitivity matrix is constant and therefore has to be computed only once [88]. On the
other hand, for general nonlinear inverse problems, the sensitivity matrix needs to be
computed most likely by finite-differences. This might be very time-consuming when the
problem involves a large number of parameters and/or measurements. An alternative
implementation of the CGM, which does not require the computation of the sensitivity
matrix in order to compute the gradient direction and the search step size, makes use of
the adjoint formulation, as it will be discussed in the following section.

3.4.3 The Conjugate Gradient Method with adjoint problem
In the adjoint formulation of the CGM two auxiliary problems, known as the sensitivity
problem and the adjoint problem, are solved in order to compute the search step size βk
and the gradient ∇S(Pk).
To develop the adjoint problem, a new function Ψ(x, t), called the Lagrange multiplier, is
introduced. In optimization, Lagrangian techniques are used to minimize (or maximize) a
function when minima are subject to equality constraints. As an example, let us consider
the following optimization problem:

Minimize f(x1, x2) (3.4.46)
subject to g(x1, x2) = 0

if an explicit solution for one of the design variables can not be obtained from the
constraint equation (e.g. x1(x2)), then the problem can be restated as follows:

Minimize L(x1, x2,Ψ) = f(x,x2) + Ψg(x1, x2)

where Ψ is the Lagrange multiplier. Therefore, the constrained minimization of f(x1, x2)
is reduced to the unconstrained minimization of the Lagrangian L(x1, x2,Φ), and the
necessary conditions for its extremum are given by:

∇L = 0 (3.4.47)
∂L(x1, x2,Ψ)

∂x1
=
∂f(x1, x2)

∂x1
+ Ψ

∂g(x1, x2)
∂x1

= 0

∂L(x1, x2,Ψ)
∂x2

=
∂f(x1, x2)

∂x2
+ Ψ

∂g(x1, x2)
∂x2

= 0

∂L(x1, x2,Ψ)
∂Ψ

= g(x1, x2) = 0

Let us go back to the inverse problems, and indicate with R(T,P) the modeling equations
which describes the heat transfer problem. The Lagrangian can be defined as:

L(T,P,Ψ) =

tf∫
t=0

[Y (t)− T (t)]2 dt+

tf∫
t=0

xf∫
x=0

Ψ(x, t)R(T,P)dxdt (3.4.48)
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When T is solution of the modeling equations, it can be denoted as T (P); when this
happens, the constraint is satisfied R(T (P),P) = 0 and therefore it is fair to write:

L(T (P),P,Ψ) =

tf∫
t=0

[Y (t)− T (t,P))]2 dt+

tf∫
t=0

xf∫
x=0

Ψ(x, t)R(T (P),P)dxdt = S(P)

(3.4.49)
To make the understanding of the adjoint formulation easier, the reader should refer to
Sections 4.1 and 4.2, where the application of the method to two specific problems is
analyzed.
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In this section, some examples of inverse heat transfer problems will be presented. The
first two are simple test cases of transient heat conduction on a one-dimensional domain;
in the former, the parameter estimation approach will be presented, while in the latter
the function estimation approach will be illustrated. For both problems, the derivation of
the adjoint problem will be provided step by step. The third example offers a realistic
application of inverse techniques, inspired by a practical problem in the steel industry. In
this case, the temperature data are not simulated measurements but are experimental
readings, recorded in an industrial plant.

4.1 Example 1: The Conjugate Gradient Method for
parameter estimation

In this example the transient heat conduction in a slab of length L, initially at the
temperature T0, is investigated. The surface of the slab at x = 0 is exposed to a fluid
characterized by the temperature Tf > T0 and the convection coefficient h, while the
surface at x = L is kept insulated. The set of modeling equations is the following:

α
∂T (x, t)
∂t

=
∂2T (x, t)
∂x2

in 0 < x < L, for t > 0 (4.1.1a)

− k∂T (0, t)
∂x

= h[Tf − T (0, t)] at x = 0, for t > 0 (4.1.1b)

− k∂T (1, t)
∂x

= 0 at x = L, for t > 0 (4.1.1c)

T (x, 0) = T0 in 0 < x < L, for t = 0 (4.1.1d)

The above problem can be written in dimensionless form by introducing the following
new variables:

t∗ =
t

τ
x∗ =

x

L
T ∗ =

T − T0

Tf − T0
P1 =

L2

ατ
P2 =

hL

k
P =

(
P1

P2

)
(4.1.2)
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where τ is a given (arbitrary) time unit. Then, omitting the ∗, the modeling equations
(4.1.1) become:

P1
∂T (x, t)
∂t

=
∂2T (x, t)
∂x2

in 0 < x < 1, for t > 0 (4.1.3a)

− ∂T (0, t)
∂x

+ P2T (0, t) = P2 at x = 0, for t > 0 (4.1.3b)

∂T (1, t)
∂x

= 0 at x = 1, for t > 0 (4.1.3c)

T (x, 0) = 0 in 0 < x < 1, for t = 0 (4.1.3d)

The inverse problem consists in the estimation of the unknown two-component parameter
vector P = [P1, P2], by using the transient temperature measurements of M sensors. The
solution of this inverse heat conduction problem is based on the minimization of the
ordinary least squares norm:

S(P) =
M∑
m=1

t=tf∫
t=0

[Ym(t)− T (xm, t;P)]2 (4.1.4)

where Ym(t) are the transient measurements of T (x, t) taken at position xm, m = 1, ...,M .
In Eq.(4.1.4) the measurement Ym(t) are assumed to be continuous in the time domain.
The derivation of the adjoint formulation of the conjugate gradient method for the mini-
mization of the objective functional S will be now illustrated. As previously said, the
adjoint formulation requires the solution of auxiliary problems, known as the sensitivity
problem and adjoint problem.

4.1.1 The Sensitivity Problem
The sensitivity function ∆T (x, t), solution of the sensitivity problem, is defined as the
directional derivative of T (x, t) in the direction of the perturbation of the unknown function
[88]. The sensitivity problem is obtained by assuming that the dependent variable T (x, t)
is perturbed by an amount ∆T (x, t) when each of the unknown parameters Pj is perturbed
by an amount ∆Pj .
By replacing T (x, t) by T (x, t) + ∆T (x, t) and Pj by Pj + ∆Pj we can write:

(P1 + ∆P1)
∂(T (x, t) + ∆T (x, t))

∂t
=
∂2(T (x, t) + ∆T (x, t))

∂x2

in 0 < x < 1, for t > 0 (4.1.5a)

− ∂(T (0, t) + ∆T (0, t))
∂x

+ (P2 + ∆P2)(T (0, t) + ∆T (0, t)) = P2 + ∆P2
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at x = 0, for t > 0 (4.1.5b)

∂(T (1, t) + ∆T (1, t))
∂x

= 0 at x = 1, for t > 0 (4.1.5c)

T (x, 0) + ∆T (x, 0) = 0 in 0 < x < 1, for t = tf (4.1.5d)

and then, by subtracting the original problem (4.1.3) from equations (4.1.5), the following
sensitivity problem is obtained:

P1
∂∆T (x, t)

∂t
+ ∆P1

∂T (x, t)
∂t

=
∂2∆T (x, t)

∂x2
in 0 < x < 1, for t > 0 (4.1.6a)

− ∂∆T (0, t)
∂x

= ∆P2(1− T (0, t))− P2∆T (0, t) at x = 0, for t > 0 (4.1.6b)

∂∆T (1, t)
∂x

= 0 at x = 1, for t > 0 (4.1.6c)

∆T (x, 0) = 0 in 0 < x < 1, for t = 0 (4.1.6d)

4.1.2 The Adjoint Problem
A Lagrange multiplier Ψ(x, t) is utilized in the minimization of the functional (4.1.4)
because the estimated dependent variable T (xm, t;P), appearing in Eq.(4.1.4), needs to
satisfy a constraint, which is the solution of the direct problem. The Lagrange multiplier,
needed for the computation of the gradient equations, is obtained through the solution of
a problem adjoint to the sensitivity problem.
In order to derive the adjoint problem, the governing equation of the direct problem,
Eq.(4.1.3a), is multiplied by the Lagrange multiplier Ψ(x, t), integrated in the space and
time domains of interest and added to the original functional S(P) (4.1.4). The following
extended functional is obtained:

L(T,P,Ψ) =
M∑
m=1

tf∫
t=0

[Ym(t)− T (xm, t;P)]2 dt

+

1∫
x=0

tf∫
t=0

Ψ(x, t)
[
∂2T (x, t)
∂x2

− P1
∂T (x, t)
∂t

]
dt dx (4.1.7)

By introducing the Dirac delta function δ, the first term at the right-hand side of the
above equation can be reformulated as:
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L(T,P,Ψ) =

1∫
x=0

tf∫
t=0

M∑
m=1

[Ym(t)− T (xm, t;P)]2 δ(x− xm)dt dx

+

1∫
x=0

tf∫
t=0

Ψ(x, t)
[
∂2T (x, t)
∂x2

− P1
∂T (x, t)
∂t

]
dt dx (4.1.8)

The inverse problem of minimizing the least squares norm, given by Eq.(4.1.4), by finding
T (x, t;P) which needs to satisfy a constraint (i.e., T is the solution of the direct problem),
is therefore reduced to the minimization of the extended functional L(T,P,Ψ). A necessary
condition for the minimization of the extended functional is that its directional derivative1,
∆L(T,P,Ψ), in the direction of the perturbation, ∆P = [∆P1,∆P2], goes to zero.
By replacing in Eq.(4.1.8) T (x, t) by T (x, t) + ∆T (x, t), Pj by Pj + ∆Pj and L(P) by
L(P) + ∆L(P) , subtracting from the resulting expression the original equation (4.1.8)
and neglecting second order terms, we obtain:

∆L(T,P,Ψ) =

1∫
x=0

tf∫
t=0

M∑
m=1

2 [T (xm, t;P)− Ym(t)] ∆T (x, t)δ(x− xm)dtdx

+

1∫
x=0

tf∫
t=0

Ψ(x, t)
[
∂2T (x, t)
∂x2

− P1
∂∆T (x, t)

∂t
−∆P1

∂T (x, t)
∂t

]
dt dx (4.1.9)

∆L is the differential of the Lagrangian resulting from any variations ∆T and ∆P . The
second term of the right-hand side of Eq.(4.1.9) can be simplified by integration by parts
and by utilizing the boundary and initial conditions of the sensitivity problem.
The integration by parts of the term involving the second derivative in the spatial variable
yields:

1∫
x=0

Ψ(x, t)
∂2T (x, t)
∂x2

dx =
[
Ψ(x, t)

∂T (x, t)
∂x

]1

x=0

−
1∫

x=0

∂Ψ(x, t)
∂x

∂∆T (x, t)
∂x

dx =

1The directional derivative of a multivariate differentiable function f(~x), along a given vector ~u at a
given point x0, represents the instantaneous rate of change of the function, moving through x0 in the
direction of ~u. It therefore generalizes the notion of a partial derivative, in which the direction is always
taken parallel to one of the coordinate axes. The directional derivative of f(~x) along a unit vector ~u is
defined by:

D~uf(~x)) = lim
h→0+

f(~x+ h~u)− f(~x)

h

If f(~x) is differentiable at ~x, then the directional derivative exists along any unit vector ~u , and the
following relation is valid:

D~uf(~x) = ∇f(~x) · ~u
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=
[
Ψ(x, t)

∂∆T (x, t)
∂x

]1

x=0

−
[
∂Ψ(x, t)
∂x

∆T (x, t)
]1

x=0

+

1∫
x=0

∆T (x, t)
∂2Ψ(x, t)
∂x2

dx

(4.1.10)

By substituting the boundary conditions of the sensitivity problem into Eq.(4.1.10) we
obtain:

1∫
x=0

Ψ(x, t)
∂2T (x, t)
∂x2

dx = −
[
∂Ψ(x, t)
∂x

∆T (x, t)
]
x=1

+
[
∂Ψ(x, t)
∂x

∆T (x, t)
]
x=0

+
[
Ψ(x, t)∆P2 (1− T (x, t))−Ψ(x, t)β2∆T (x, t)

]
x=0

+

1∫
x=0

∆T (x, t)
∂2Ψ(x, t)
∂x2

dx

(4.1.11)

Similarly, the integration by parts of the term involving the time derivative in Eq.(4.1.9)
gives:

tf∫
t=0

Ψ(x, t)P1
∂∆T (x, t)

∂t
dt =

[
Ψ(x, t)P1∆T (x, t)

]tf
t=0
−

tf∫
t=0

∂Ψ(x, t)
∂t

P1∆T (x, t)dt

(4.1.12)

After substituting the initial condition (4.1.6c) of the sensitivity problem, the above
equation becomes:

tf∫
t=0

Ψ(x, t)P1
∂∆T (x, t)

∂t
dt =

[
Ψ(x, t)P1∆T (x, t)

]
t=tf
−

tf∫
t=0

∂Ψ(x, t)
∂t

P1∆T (x, t)dt

(4.1.13)

Thanks to Eq.(4.1.11) and (4.1.13), Eq.(4.1.9) can be written as:

∆L(T,P,Ψ) =

1∫
x=0

tf∫
t=0

{
M∑
m=1

2
[
T (xm, t;P)−Ym(t)

]
δ(x−xm)+P1

∂Ψ
∂t

+
∂2Ψ
∂x2

}
∆Tdtdx

+

tf∫
t=0

{[
−∂Ψ
∂x

∆T
]
x=1

+
[
∂Ψ
∂x

∆T + Ψ∆P2(1− T )−ΨP2∆T
]
x=0

}
dt

+

1∫
x=0

[
−ΨP1∆T

]
t=tf
−

1∫
x=0

tf∫
t=0

Ψ∆P1
∂T

∂t
dt dx (4.1.14)
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The choice of the the Lagrange multiplier is free, so it can be chosen thus to satisfy the
adjoint equation:

∂L

∂T
∆T = 0 (4.1.15)

Therefore, the boundary value problem for the Lagrange multiplier Ψ(x, t) is obtained by
allowing the terms containing ∆T (x, t) on the right-hand side of Eq.(4.1.14) to vanish:

P1
∂Ψ(x, t)
∂t

+
∂2Ψ(x, t)
∂x2

+ 2
M∑
m=1

[T (xm, t;P)− Ym(t)] δ(x− xm) = 0

in 0 < x < 1, for 0 < t < tf (4.1.16a)

∂Ψ(0, t)
∂x

− P2Ψ(0, t) = 0 at x = 0, for 0 < t < tf (4.1.16b)

∂Ψ(1, t)
∂x

= 0 at x = 1, for 0 < t < tf (4.1.16c)

Ψ(x, tf ) = 0 in 0 < x < 1, for t = tf (4.1.16d)

As it can be seen from the previous equations, in the adjoint problem the condition
(4.1.16d) is the value of the function Ψ(x, t) at the final time t = tf , while, in the
conventional initial value problem, the value of the function is specified at time t = 0.
The source terms in Eq.(4.1.16a) are discrete and located at each sensor location xm.

4.1.3 The Gradient Equation
After letting the terms containing ∆T (x, t) vanish, the following integral terms are left
on the right-hand side of Eq.(4.1.14):

∆L(T,P,Ψ) = −
1∫

x=0

tf∫
t=0

Ψ(x, t)
∂T (x, t)
∂t

∆P1dt dx +

tf∫
t=0

Ψ(0, t)(1 − T (0, t))∆P2dt

(4.1.17)

The differential of the Lagrangian can be written as:

∆L =
N∑
i=1

∂L

∂Pi
∆Pi = ∇L ·∆P (4.1.18)

The second equality comes from the definition of the directional derivative of L.
When T is the solution of the heat equation, the Lagrangian is equal to the LS-criterion,
L(T (P),P,Ψ) = S(P) and therefore, by comparing Eq.(4.1.18) and (4.1.17), we can
write:

∆S = ∇S ·∆P (4.1.19a)
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∂S

∂P1
= −

1∫
x=0

tf∫
t=0

Ψ(x, t)
∂T (x, t)
∂t

dt dx (4.1.19b)

∂S

∂P2
=

tf∫
t=0

Ψ(0, t)(1− T (0, t))dt (4.1.19c)

As it can be seen, with the present approach, the gradient vector is computed with the
solution of a single adjoint problem. On the other hand, the calculation of the gradient
vector for the CGM, as given by Eq.(3.4.26), requires N additional solutions of the direct
problem in order to compute the sensitivity coefficients by forward finite-differences.

4.1.4 The Iterative Procedure for the adjoint method

For the computation of the vector of unknown parameters P, the iterative procedure of
the conjugate gradient method with the adjoint formulation is the same already illustrated
in Section 3.4.2, that is given by Eqs. (3.4.23), (3.4.24) and (3.4.25). However, the
gradient vector components are now computed by using Eq.(4.1.19), rather than equation
Eq.(3.4.26).
The search step size βk is chosen as the one that minimizes the function S(P) at each
iteration k, that is:

min
βk

S(Pk+1) = min
βk

M∑
m=1

tf∫
t=0

[
Ym(t)− T (xm, t;Pk + βkdk)

]2
dt (4.1.20)

By linearizing the estimated temperature T (xm, t;Pk + βkdk) with a Taylor series ex-
pansion and performing the above minimization, the following relation can be obtained:

βk =

M∑
m=1

tf∫
t=0

[
Ym(t)− T (xm, t;Pk)

]
∆T (xm, t;dk)dt

M∑
m=1

tf∫
t=0

[
∆T (xm, t;dk)

]2
dt

(4.1.21)

where ∆T (xm, t;dk) is the solution of the sensitivity problem given by equations (4.1.5),
obtained by setting ∆Pj = dkj , j = 1, ..., N . It can be easily noticed that, in the present
approach, the computation of βk does not require the computation of of the sensitivity
matrix as in Eq.(3.4.33), but a single sensitivity problem is solved at each iteration.
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4.1.5 The Stopping Criterion

Also for the Conjugate Gradient Method with Adjoint Problem the stopping criterion is
based on the Discrepancy Principle, when the standard deviation of the measurements is
a priori known. The stopping criterion is given by

S(P) < ε (4.1.22)

where S(P) is now computed with Eq.(4.1.4). The tolerance ε is determined as:

ε = σ2tf (4.1.23)

where σ is the standard-deviation of the measurement errors, which is assumed to be
constant:

σ2 ≈ |Y (t)− T (xm, t;P)| (4.1.24)

4.1.6 The Computational Algorithm

The computational algorithm for the conjugate gradient method with adjoint problem
for parameter estimation can be summarized as follows. Suppose that the temperature
measurements Y = (Y1, Y2, ..., YI) are given at times ti, i = 1, ..., I, and an initial guess
P0 is available for the vector of unknown parameters P. Set k = 0 and then,

Step 1. Solve the direct heat transfer problem with the available estimate Pk in order
to obtain the vector of the estimated temperatures T(Pk) = (T1, T2, ..., TI).

Step 2. Check if the stopping criterion (4.1.22) is satisfied; if not, pass to Step 3.

Step 3. Knowing T (xm, t) and the measured temperature Ym(t), solve the adjoint
problem (4.1.16) to compute Ψ(x, t).

Step 4. Knowing Ψ(x, t), compute each component of the gradient vector ∇S(P) from
Eq.(4.1.19b) and (4.1.19c).

Step 5. Knowing the gradient ∇S(P), compute γk from one of Eqs. (3.4.25) and then
the direction of decent dk by using Eq.(3.4.24).

Step 6. By setting ∆Pk = dk, solve the sensitivity problem (4.1.5) to obtain ∆T (xm, t;dk).

Step 7. Knowing ∆T (xm, t;dk), compute the search step size βk from Eq.(4.1.21).

Step 8. Knowing Pk, βk and dk, compute the new estimate Pk+1 by using Eq.(3.4.23).

Step 9. Replace k by k + 1 and return to Step 1.
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4.1.7 Results
In this section, some numerical results will be presented. Example 1 has been solved
with the LMM, with the CGM and with the CGM with adjoint formulation (ADJ),
each of them implemented in MATLAB. The implementation of the ADJ method is not
straightforward at all, therefore in Appendix A.5 the MATLAB code is provided.
For the solution of the direct problem, the Finite Volume (FV) method was employed;
the discretization of the temporal term was performed by means of the Backward Euler
scheme. For further information about the spatial and temporal discretizations, please
refer to Appendix A.2 and A.3, respectively.
The discretized equation for the one-dimensional transient heat conduction is the following:

(1 + 2Fo) Tn+1
i − Fo Tn+1

i+1 − Fo T
n+1
i−1 = Tni (4.1.25)

where the subscript i refers to the current node, while the subscripts i+ 1 and i− 1 refer
to the nodes at its right and left, respectively; n is the iteration counter. Fo is the Fourier
number, defined as:

Fo =
dt

P1δx2
(4.1.26)

in which δx and dt are the grid step and the time step, respectively.
At the first node, a convective boundary condition is applied. Therefore, Eq.(4.1.25)
modifies as:

(1 + 2Fo+ 2FoP2δx) Tn+1
1 − 2Fo Tn+1

2 = Tn1 + 2FoP2δx (4.1.27)

The boundary at x = 1 is kept as insulated, therefore the corresponding equation for
node N is the following:

(1 + 2Fo) Tn+1
N − 2Fo Tn+1

N+1 = TnN (4.1.28)

The parameter vector used in analysis is the following:

P =
(

10
20

)
(4.1.29)

The transient analysis is performed over the time interval [0, tf ] = [0, 2]. The temperature
measurements, reported in Fig. 4.1(a), are recorded at the locations x1 = 0.2 and
x2 = 0.45.
The domain has been discretized by 21 nodes, while for the time solution 51 instants have
been considered (the first one corresponds to the initial state).
The results computed with the three aforementioned methods, starting from the initial
guess P0 = [15, 10]T are reported in Fig. 4.1(b). It can be seen that all the methods
reach the exact values of the parameters, even though in a different number of iterations.
The Levenberg -Marquardt Method is the first to reach the final values, while the largest
number of iterations is registered for the ADJ method.
For the LMM, the initial value of the damping parameter µ has been set to 0.01. Anyway,
it has been seen that the initial value of µ scarcely affects the results and the number of
iterations needed for reaching the final values.
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(a) (b)

Figure 4.1: (a) Simulated temperature data at the sensors x1 and x2. (b) Comparison of
the results computed with different algorithms: Levenberg -Marquardt Method (LMM), the
Conjugate Gradient Method (CGM) and CGM with adjoint formulation (ADJ). The initial guess
is P0 = [15, 10]T .

Effect of the initial guess

The choice of the initial guess affects the number of iterations needed for reaching the
final state, as it can be appreciated in Fig. 4.2. In the figure, the results computed
with the CGM with no adjoint formulation are depicted, and three initial guesses have
been analyzed, i.e., P0 = [15, 10]T , P0 = [20, 5]T and P0 = [5, 35]T . In all the cases, the
algorithm is robust and can reach the exact values of the parameters. The robustness is
shared also by the ADJ method. On the contrary, the LMM is very sensitive to the initial
guess, and can not reach the right values starting from P0 = [20, 5]T or P0 = [5, 35]T :
after some iterations, the coefficient matrix becomes close to singular or badly scaled,
despite the starting value set for the µ parameter.

Effect of the position and number of sensors

The number of iterations needed for reaching the final state varies with the location of the
sensor, as it can be appreciated in Fig. 4.3. The initial guess is P0 = [20, 5]T . For both
parameters, the lower number of iterations is needed for the sensor located at x = 0.2; as
the sensor is put away from the left boundary, the algorithm takes more time to reach the
exact values of the parameters (the exact values are reached also for x = 0.6, even if it
can not be appreciated from the figure). The dependence of the solution on the measured
data proves the ill-posed nature of the inverse problem.
The number of iterations needed for reaching the final state varies also according to the
number of sensors employed for the analysis, as it can be noticed in Fig. 4.4. The results
presented are computed with the CGM by using one and two sensors. The initial guess
is P0 = [20, 5]T . For the 2-sensors configuration, the sensors are placed at x1 = 0.2 and
x2 = 0.45, while, for the 1-sensor case, the sensor is located at x1 = 0.2. As it can be
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Figure 4.2: Effect of the initial guess on the recovered parameters (the results are computed with
the CGM).

(a) (b)

Figure 4.3: Effect of the location of the sensor on the results computed with the CGM. (a)
Parameter P1 and (b) parameter P1. The initial guess is P0 = [20, 5]T .

seen, by increasing the number of sensors (and, therefore, the number of readings), the
final value is reached in a lower number of iterations.

Effect of a noise in the measured data

As it was previously said, all real measurements are affected by errors. Therefore, it
could be useful to analyze the effect of an additive noise on the simulated temperature
data. The noise was generate with a normal distribution having zero mean and non zero
standard deviation. Two standard deviations have been tested, that is 0.01 and 0.05. The
results relative to the CGM are summarized in Figs. 4.5 and 4.6. As it can be seen, the
addition of a noise to the temperature data affects remarkably the results. In some cases,
a steady state value can not be reached and the curves present an oscillating behaviour.
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Figure 4.4: Effect of the number of sensors on the recovered parameters (the results are computed
with the CGM).

Moreover, when a steady state is reached, the stationary values of the parameters present
on offset with respect to the exact values. Anyway, a thorough analysis of the curves
reported in Figures 4.5 and 4.6 reveals that, apart from the fact that a noise is added or
not, during the first iterations both the searches move in the same directions. Then, after
about the seventh iteration, the presence of the noise is felt and thus the searches detach.
This analysis is another proof of the ill-posed nature of the inverse problem.

4.2 Example 2: The Conjugate Gradient Method for
function estimation

As previously said, in the Function Estimation approach no a priori information on the
functional form of the unknown function is available, except for the functional space
which it belongs to [88].
To illustrate this technique, the test problem already presented in Section 4.1 will be
considered, with the difference that the initial condition T (x, 0) of the modeling equations
is supposed to be spatially varying and unknown, being the parameters P1 and P2 known.
The dimensionless PDE model thus becomes:

P1
∂T (x, t)
∂t

=
∂2T (x, t)
∂x2

in 0 < x < 1, for t > 0 (4.2.1a)

− ∂T (0, t)
∂x

+ P2T (0, t) = P2 at x = 0, for t > 0 (4.2.1b)

∂T (1, t)
∂x

= 0 at x = 1, for t > 0 (4.2.1c)

T (x, 0) = f(x) in 0 < x < 1, for t = 0 (4.2.1d)
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(a) (b)

(c) (d)

Figure 4.5: Effect of an additive noise in the simulated temperature data. (a,c) Temperatures
with and without noise, (b,d) estimated parameters. Standard deviation 0.01, initial guess
P0 = [20, 5]T , one sensor employed.

We assume that the unknown function belongs to the Hilbert space of square-integrable
functions in the space domain, denoted as L2(0, 1). Functions in such a space satisfy the
following property:

1∫
x=0

[f(x)]2 dx <∞ (4.2.2)

In order to solve the present function estimation problem, the functional S[f(x)] defined
as

S [f(x)] =
M∑
m=1

t=tf∫
t=0

[Ym(t)− T (xm, t; f(x))]2 (4.2.3)
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(a) (b)

(c) (d)

Figure 4.6: Effect of a additive noise in the simulated temperature data. (a,c) Temperatures
with and without noise, (b,d) estimated parameters. Standard deviation 0.05, initial guess
P0 = [20, 5]T , one sensor employed.

is minimized under the constraint specified by the corresponding direct heat conduction
problem.
The basic steps for the solution of a function estimation problem are very similar to those
already illustrated for the parameter estimation problem.

4.2.1 The Sensitivity Problem

The sensitivity problem is obtained by assuming that the dependent variable T (x, t)
is perturbed by an amount ∆T (x, t) when the initial temperature distribution f(x) is
perturbed by an amount ∆f(x). By replacing T (x, t) by T (x, t) + ∆T (x, t) and f(x) by
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f(x) + ∆f(x) we can write2:

P1
∂(T (x, t) + ∆T (x, t))

∂t
=
∂2(T (x, t) + ∆T (x, t))

∂x2
in 0 < x < 1, for t > 0

(4.2.4a)

− ∂(T (0, t) + ∆T (0, t))
∂x

+ P2(T (0, t) + ∆T (0, t)) = P2 at x = 0, for t > 0 (4.2.4b)

∂(T (1, t) + ∆T (1, t))
∂x

= 0 at x = 1, for t > 0 (4.2.4c)

T (x, 0) + ∆T (x, 0) = f(x) + ∆f(x) in 0 < x < 1, for t = 0
(4.2.4d)

and then, by subtracting the original problem (4.2.1) from Eqs. (4.2.4), the following
sensitivity problem can be obtained:

P1
∂∆T (x, t)

∂t
=
∂2∆T (x, t)

∂x2
in 0 < x < 1, for t > 0 (4.2.5a)

− ∂∆T (0, t)
∂x

+ P2∆T (0, t) = 0 at x = 0, for t > 0 (4.2.5b)

∂∆T (1, t)
∂x

= 0 at x = 1, for t > 0 (4.2.5c)

∆T (x, 0) = ∆f(x) in 0 < x < 1, for t = 0 (4.2.5d)

4.2.2 The Adjoint Problem
As already described for the parameter estimation approach, in order to derive the adjoint
problem, the governing equation of the direct problem, Eq.(4.2.1a), is multiplied by the
Lagrange multiplier Ψ(x, t), integrated in the space and time domains of interest and
added to the original functional S[f(x)] (4.1.4). The following extended functional is
obtained:

L(T, f,Ψ) =
M∑
m=1

tf∫
t=0

[Ym(t)− T (xm, t; f)]2 dt

+

1∫
x=0

tf∫
t=0

Ψ(x, t)
[
∂2T (x, t)
∂x2

− P1
∂T (x, t)
∂t

]
dt dx (4.2.6)

2If two unknown functions are to be estimated, then two sensitivity problems are required, resulting
from perturbations of the unknown functions one at once.
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By introducing the Dirac delta function δ, the first term at the right side of the above
equation can be reformulated as:

L(T, f,Ψ) =

1∫
x=0

tf∫
t=0

M∑
m=1

[Ym(t)− T (xm, t; f)]2 δ(x− xm)dt dx

+

1∫
x=0

tf∫
t=0

Ψ(x, t)
[
∂2T (x, t)
∂x2

− P1
∂T (x, t)
∂t

]
dt dx (4.2.7)

By replacing T (x, t) by T (x, t)+∆T (x, t), f(x) by f(x)+∆f(x) and L(f) by L(f)+∆L(f)
in Eq.(4.2.7), subtracting from the resulting expression the original equation (4.2.7) and
neglecting second order terms, the differential of the Lagrangian can be written as:

∆L(T, f,Ψ) =

1∫
x=0

tf∫
t=0

M∑
m=1

2 [T (xm, t; f)− Ym(t)] ∆T (x, t)δ(x− xm)dtdx

+

1∫
x=0

tf∫
t=0

Ψ(x, t)
[
∂2∆T (x, t)

∂x2
− P1

∂∆T (x, t)
∂t

]
dt dx (4.2.8)

∆L is the differential of the Lagrangian resulting of any variations ∆T and ∆P . The
second term of the right-hand side of Eq.(4.1.9) can be simplified by integration by parts
and by utilizing the boundary and initial conditions of the sensitivity problem.
The integration by parts of the term involving the second derivative in the spatial variable
yields:

1∫
x=0

Ψ(x, t)
∂2T (x, t)
∂x2

dx =
[
∂Ψ(x, t)
∂x

∆T (x, t)−Ψ(x, t)P2∆T (x, t)
]
x=0

+

−
[
∂Ψ(x, t)
∂x

∆T (x, t)
]
x=1

+

1∫
x=0

∆T (x, t)
∂2Ψ(x, t)
∂x2

dx (4.2.9)

Similarly, the integration by parts of the term involving the time derivative in Eq.(4.2.8)
gives:

tf∫
t=0

P1Ψ(x, t)
∂∆T (x, t)

∂t
dt =

[
P1Ψ(x, t)∆T (x, t)

]
t=tf
−
[
P1Ψ(x, t)∆f(x)

]
t=0

+

−
tf∫

t=0

P1
∂Ψ(x, t)
∂t

∆T (x, t)dt (4.2.10)
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Thanks to Eq.(4.2.9) and (4.2.10), Eq.(4.2.8) can be written as:

∆L(T, f,Ψ) =

1∫
x=0

tf∫
t=0

{ M∑
m=1

2 [T (xm, t; f)− Ym(t)] δ(x−xm) +P1
∂Ψ
∂t

+
∂2Ψ
∂x2

}
∆Tdt dx

+

tf∫
t=0

{[
−∂Ψ
∂x

∆T
]
x=1

+
[∂Ψ
∂x

∆T − P2Ψ∆T
]
x=0

}
dt

+

1∫
x=0

{[
−P1Ψ∆T

]
t=tf

+
[
P1Ψ∆f

]
t=0

}
dx (4.2.11)

The choice of the the Lagrange multiplier is free, so it can be chosen to satisfy the adjoint
equation:

∂L

∂T
∆T = 0 (4.2.12)

Therefore, the boundary value problem for the Lagrange multiplier Ψ(x, t) is obtained by
allowing the terms containing ∆T (x, t) on the right-hand side of Eq.(4.2.11) to vanish:

P1
∂Ψ(x, t)
∂t

+
∂2Ψ(x, t)
∂x2

+ 2
M∑
m=1

[T (xm, t; f)− Ym(t)] δ(x− xm) = 0

in 0 < x < 1, for 0 < t < tf (4.2.13a)

∂Ψ(0, t)
∂x

− P2Ψ(0, t) = 0 at x = 0, for 0 < t < tf (4.2.13b)

∂Ψ(1, t)
∂x

= 0 at x = 1, for 0 < t < tf (4.2.13c)

Ψ(x, tf ) = 0 in 0 < x < 1, for t = tf (4.2.13d)

4.2.3 The Gradient Equation
After letting the terms containing ∆T (x, t) vanish, the following integral terms are left
on the right-hand side of Eq.(4.2.11):

∆L(T,P,Ψ) = P1

1∫
x=0

[
Ψ(x, t)∆f(x)

]
t=0

dx (4.2.14)

By invoking the hypothesis that the unknown function f(x) belongs to the space of
square-integrable functions in the domain 0 < x < 1, the differential of the Lagrangian
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can be written as:

∆L(f(x)) =

1∫
x=0

∇L(f(x))∆f(x)dx (4.2.15)

When T is the solution of the heat equation, the Lagrangian is equal to the LS-criterion,
L(T (f), f,Ψ) = S(f) and therefore, by comparing Eq.(4.2.15) and (4.2.14), we can write:

∆S [f(x)] =

1∫
x=0

∇S(f(x))∆f(x)dx (4.2.16a)

∇S [f(x)] = P1Ψ(x, 0) (4.2.16b)

which is the gradient equation for the functional.

4.2.4 The Iterative Procedure for the adjoint method
The unknown function f(x) is estimated through the minimization of the functional
S[f(X)] given by Eq.(4.2.3). This is achieved with an iterative procedure by proper
selection of the direction of descent and of the step size in going from iteration k to
k + 1. The iterative procedure of the conjugate gradient method for the estimation of the
function f(x) is given by:

fk+1(x) = fk(x) + βkdk(x) (4.2.17)

where βk is the search step size and dk(x) is the direction of descent, defined as:

dk(x) = −∇S
[
fk(x)

]
+ γkdk−1(x) (4.2.18)

The conjugation coefficient γk can be computed either from the Polak -Ribiere expression:

γk =

1∫
x=0

∇S
[
fk(x)

] {
∇S

[
fk(x)

]
−∇S

[
fk−1(x)

]}
dt

1∫
x=0

{
∇S

[
fk−1(x)

]}2
dt

for k = 1, 2, ... (4.2.19a)

or from the Fletcher -Reeves expression:

γk =

1∫
x=0

{
∇S

[
fk(x)

]}2
dt

1∫
x=0

{
∇S

[
fk−1(x)

]}2
dt

for k = 1, 2, ... (4.2.19b)
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For both expressions, at the first iteration it is set γ0 = 0, so that the search is done
along the gradient direction.
The step size βk is determined by minimizing the functional S

[
fk(x)

]
given by Eq.(4.2.3)

with respect to βk, that is:

min
βk

S
[
fk+1(x)

]
= min

βk

M∑
m=1

tf∫
t=0

{
Ym(t)− T

[
xm, t; fk(x) + βkdk(x)

]}2
dt (4.2.20)

By linearizing the estimated temperature T
[
xm, t; fk(x) + βkdk(x)

]
with a Taylor series

expansion and making dk(x) = ∆fk(x), we obtain:

T
[
fk(x) + βkdk(x)

]
≈ T

[
fk(x)

]
− βk ∂T

∂fk
∆fk(x) (4.2.21)

By setting:

∆T
[
dk(x)

]
=

∂T

∂fk
∆fk(x) (4.2.22)

then Eq.(4.2.21) can be written as:

T
[
fk(x) + βkdk(x)

]
≈ T

[
fk(x)

]
− βk∆T

[
dk(x)

]
(4.2.23)

By substituting Eq.(4.2.23) into Eq.(4.2.20), we obtain:

min
βk

S
[
fk+1(x)

]
= min

βk

M∑
m=1

tf∫
t=0

{
Ym(t)− T

[
xm, t; fk(x)

]
+ βk∆T

[
xm, t; dk(x)

]}2
dt

(4.2.24)
By performing the above minimization, the following relation for the search step size can
be obtained:

βk =

M∑
m=1

tf∫
t=0

{
Ym(t)− T

[
xm, t; fk(x)

]}
∆T

[
xm, t; dk(x)

]
dt

M∑
m=1

tf∫
t=0

{
∆T

[
xm, t; dk(x)

]}2
dt

(4.2.25)

where ∆T (xm, t; dk(x)) is the solution of the sensitivity problem given by Eqs. (4.2.4),
obtained by setting ∆fk(x) = dk(x).

4.2.5 The Stopping Criterion
The stopping criterion is again based on the Discrepancy Principle, which gives the
Conjugate Gradient Method of Function Estimation an iterative regularization character.
The stopping criterion is given by

S [f(x)] < ε (4.2.26)
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where S [f(x)] is now computed with Eq.(4.2.3). The tolerance ε is chosen so that smooth
solutions are obtained with measurements containing random errors; ε is determined as:

ε = σ2tf (4.2.27)

where σ is the standard-deviation of the measurement errors, which is assumed to be
constant:

σ2 ≈
∣∣∣Y (t)− T [xm, t; f(x)]

∣∣∣ (4.2.28)

4.2.6 The Computational Algorithm
The computational algorithm for the conjugate gradient method with adjoint problem for
function estimation can be summarized as follows. Suppose that an initial guess f0(x) is
available for the function f(x). Set k = 0 and then,

Step 1. Solve the direct heat transfer problem with the available estimate fk(x) and
compute T (x, t).

Step 2. Check if the stopping criterion (4.2.26) is satisfied; if not, pass to Step 3.

Step 3. Knowing T (xm, t) and the measured temperature Ym(t), solve the adjoint
problem (4.2.13) to compute Ψ(x, t).

Step 4. Knowing Ψ(x, 0), compute the gradient vector ∇S
[
fk(x)

]
from Eq.(4.2.16).

Step 5. Knowing the gradient ∇S
[
fk(x)

]
, compute γk from one of Eqs. (4.2.19) and

then the direction of decent dk(x) by using Eq.(4.2.18).

Step 6. By setting ∆fk(x) = dk(t), solve the sensitivity problem (4.2.4) to obtain
∆T

[
xm, t; dk(x)

]
.

Step 7. Knowing ∆T
[
xm, t; dk(x)

]
, compute the search step size βk from Eq.(4.2.25).

Step 8. Knowing βk and dk(x), compute the new estimate fk+1(x) by using Eq.(4.2.17).

Step 9. Replace k by k + 1 and return to Step 1.

4.2.7 Results
In this section, the results computed with the CGM with adjoint formulation (ADJ) will
be presented. In Appendix A.6 the corresponding MATLAB code is provided.
In this case, for generating the initial temperature distribution over the domain, the
conduction problem already illustrated in Example 1 is solved with the parameters
P = [10, 20]T over the time interval [0, tf ] = [0, 0.4]. Then, the computed final state is
taken as the initial state f , which is to be determined for this experiment.
After having generated this initial condition, the boundary condition at x = 0 is changed
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with respect to Example 1: in this case the boundary is kept as insulated, that is P2 = 0.
Then the problem is solved over the new time interval [0, tf ] = [0, 2] and the temperature
measurements are taken at the sensor locations x1 = 0.2 and x2 = 0.45.
In this case, the output T (t; f) is linear with respect to f , so the LS-criterion is quadratic.
This fact can be appreciated by comparing Eq.(4.2.5) and (4.1.6): in Eq.(4.2.5) the
dependence on the unknown ∆f is restricted to the initial state, while, in Eq.(4.1.6), the
dependence on ∆P1 and ∆P2 can be found found both in the governing equation and in
the boundary condition at x = 0.

(a) (b)

Figure 4.7: Results of Example 2. (a) recovered temperature distribution and (b) convergence
history.

Figure 4.8: Comparison between computed and “measured” temperatures at the sensors’ locations
x1 and x2.

The results are presented in Figs. 4.7 and 4.8. In Fig. 4.7(a) the recovered temperature
distribution is illustrated, while in Fig. 4.7(b) the convergence history is depicted. In
Fig. 4.8 there is the comparison between computed and “measured” temperatures at the
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sensors’ locations x1 and x2. Even though the temperature computed at the first sensor
at time t = 0 is slightly overestimated, it can be said that for both sensors there is a good
agreement between estimated and measured temperatures.

Effect of the number of measurements

The number of temperature data used for recovering the initial state affects significantly
the accuracy of the results, as it can be appreciated in Fig. 4.9. Three recording
frequencies have been tested, that is 1 (data collected at every time step; it corresponds to
the situation already discussed), 2 and 5. As the number of recorded data decreases, then
the accuracy of the estimation reduces noticeably, as illustrated in Fig. 4.9(a). Despite
the differences in the estimated initial state, there is a good agreement in the recovered
temperatures for all the three cases considered, as it can be appreciated in Figs. 4.9(b)
and 4.9(c). This fact is a proof of the ill-posed nature of the inverse problem.

(a)

(b) (c)

Figure 4.9: Effect of the sampling frequency on the results. (a) Initial temperature distributions,
(b) temperature at x1 = 0.2 and (c) temperature at x1 = 0.45.
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4.3 Example 3: Practical application in steel industry

As it was illustrated in Chapter 3, most of the works on inverse problems published so far
in the literature deal with simple test cases, i.e., transient analyses on one-dimensional
geometries, and with simulated temperature measurements. In this Section, a realistic
application of inverse techniques will be presented, inspired by a practical problem in
the steel industry. The temperature data are not simulated measurements but are
experimental readings, recorded in an industrial plant.
The aim of the work is the estimation, by means of an inverse analysis, of the heat flux
transferred by the solidifying steel to the mould wall in a continuous casting process.
Temperature measurements are recorded by using thermocouples buried inside the copper
mould wall.
This work has been presented at the XXIX UIT National Heat Transfer Conference
(Torino, June 20-22, 2011) [124] and at ASME IDETC/CIE 2011 (Washington, DC, USA,
August 28-31, 2011) [125].
In continuous casting the estimation of the heat flux is an important task both for the
design of the mould (e.g., studying the optimal taper for having the best heat transfer)
and for the determination the best correlation between the casting parameters, thus
improving the product quality. The knowledge of the heat flux is also essential for
simulating numerically the solidification of the steel.
Before going into details of the inverse problem, it is worth spending some introductory
words on the continuous casting process.
Continuous casting (CC for the sake of brevity), is an industrial process whereby molten
metal is solidified into a “semi finished” billet, bloom, or slab for subsequent rolling in the
finishing mills. The continuous casting of steel did not gain widespread use until the 1960s;
before than, steel was poured into stationary moulds to form ingots. CC allows better
product quality, lower operation costs and improved control over the process through
automation.
In the CC process, as illustrated in Fig. 4.10(a), molten steel flows from a ladle to a
tundish and then is poured into the mould, having mainly a circular or a squared shape.
The tundish holds enough metal to provide a continuous flow to the mould, even during
an exchange of ladles, which are supplied periodically from the steelmaking process.
The mould is water-cooled to solidify the hot liquid metal directly in contact with it; this
is known as primary cooling process. In the mould, a solid shell begins to form, while the
bulk of metal within it remains molten, as depicted in Fig. 4.10(b). In order to promote
a fast removal of heat from the strand, and thus to ensure a high productivity to the
process, materials with a high thermal conductivity like copper are used for the mould.
During the solidification, the strand shrinks for the the phase change; therefore, to allow
a good contact between the mould wall and the strand, the mould is tapered.
To prevent sticking of the solidified shell to the mould walls and subsequent outflow of
molten steel through a shell rupture (breakout), the mould oscillates vertically and a
lubrificant - oil or mould powder - is used. When powder is employed, the pouring of
the liquid steel into the mould is done by using a submerged entry nozzle (SEN), which
prevents powder being carried into the molten pool by the steel stream. On the other
hand, when oil lubrification is used, an open stream pouring is employed.
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When the steel exits the mould, the bulk of metal within the shell is still molten. The steel
passes then between support rolls and is sprayed with water or air mist in the secondary
cooling zone to complete the solidification; the rolls support the metal skin against the
ferrostatic pressure of the still-solidifying liquid within it. After that, the strand passes
trough straightening rolls and withdrawal rolls, and then is cut into predetermined lengths
by mechanical shears or oxyacetylene torches.
The most critical component of a continuous casting machine is the mould, where the
initial shell formation occurs. Control of mould heat transfer and interaction between
the mould and the solidifying shell is central to ensure the quality of the product: heat
removal directly affects shell growth and the stresses and strains that are produced on
the mould wall. Another key parameter is the initial solidification at the meniscus, e.g.
the region where the solidified shell begins to form: if level fluctuations occur, then shell
formation in this region can be non-uniform and defects may arise. The use of powder
lubrification and a SEN improves the stability of the meniscus.
The heat extraction from the mould is complex, since it varies from corner to midface, as
well from meniscus to bottom, due in large part to the formation of an air gap between
the steel surface and the copper wall, as depicted in Fig. 4.10(c). The gap does not form
uniformly in the transverse plane, but originates in the corner, which is colder, and spreads
across the face [126]. The location and size of the gap are influenced by the shrinkage of
the shell and the ferrostatic pressure exerted by the liquid pool. The composition of the
material in the gap alters heat transfer by changing the gap conductivity.
The heat transfer process can be modeled by several paths in series [127]: conduction
through the solidifying shell, conduction and radiation through the air gap, conduction
through the copper mould wall and, finally, convection through the mould cooling water.
If a mould powder is used as lubrificant, an additional resistance has to be considered, to
take into account the heat transfer through the slag film. At the mould exit, the thermal
resistance of the solidifying shell can represent from 20% to 40% of the total resitance;
the rest is maily consituted by resistance of the gap.
For further information on the CC process and the quality issues, please refer to [128–131].

In this work, the heat flux transferred from the solidifying steel to the mould wall has
been estimated by means of inverse heat transfer algorithms, both on a 2D and a 3D
domain. The purpose of the 2D analysis was also to understand whether a simplified and
computational cheaper model might be efficient in predicting the mould heat transfer,
thus providing the possibility of a real time application. The direct stationary conduction
problem has been solved, for the 2D case, by implementing a FV (Finite Volume) code in
MATLAB and developing a COMSOL Multiphysics 3.5a model. For the 3D problem, only
the second way was followed. The inverse problem has been solved by implementing a
Conjugate Gradient (CG) Algorithm in MATLAB and using the commercial optimization
software modeFRONTIER, testing both Genetic Algorithms (GAs) and the Nelder -Mead
SIMPLEX algorithm [9].
In the literature there are a few examples concerning the application of inverse solution
techniques for the CC process. Traditionally, a trial and error technique was used to
estimate the mould heat flux: a heat flux profile is used as a first estimate, which is
subsequently altered to match the predicted wall temperatures with those recorded by
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Figure 4.10: (a) Schematic of the continuous casting process. (b) Schematic diagram showing
the longitudinal section of a continuous casting mould. (c) Transversal section of a billet mould,
showing the formation of an air gap.

thermocouples. This is the strategy followed by Mahapatra et al. [132], who used both
a 3D and 2D model to estimate the heat flux in the CC of slabs. Pinheiro et al. [133]
developed a 2D steady-state inverse heat conduction model to determine wall heat flux
from measured mould wall temperatures, by using the regularization method. This
method modifies the least squares function by adding factors to reduce fluctuations in
the unknown function to be estimated. Man et al. [134] applied the inverse analysis for
studying the 3D heat flux field and shell thickness profile in a round billet, taking into
account their variation along the circumferential direction. The objective of the inverse
analysis was the calculation of the thermal resistance between the mould and the billet.
A similar study was performed by Hebi et al. [135]. Rauter et al. [136] studied the mould
heat transfer in the CC of round billets by using a 2D domain and the software tool
CALCOSOFT-2D.
In the resent activity, to quantify the quality and accuracy of the calculations, the match
between the experimental and the numerical temperature values has been taken into
account. The temperatures calculated on both geometries are in good agreement with the
experimental ones, with the exception of the temperature measured above the meniscus
level, where the calculated temperature is somehow lower than expected. The calculated
exit temperature of the cooling water, which provides a global estimate of the energy
transfer, varies significantly using a 2D or a 3D domain, obtaining better results with the
latter.
It is worth pointing out the considerable difficulty that this practical problem offers.
The conductive problem is, in fact, multi-dimensional and at steady state. Moreover, a
convective heat transfer with a means of variable temperature occurs at one boundary,
thus leading to the nonlinear nature of the problem. A further complication lies in the
highly ill-posedness of the problem. As it will be illustrated in the following Sections,
small uncertainties on the experimental data and on the parameterization of the heat
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flux profile considerably affect the goodness of the solution.
Anyway, the present activity has demonstrated the applicability of the inverse analysis
for the estimation of the exchanged heat flux in a continuous casting process, and has
provided us with the necessary expertise for correctly designing and executing future
tests.

4.3.1 Experimental tests

The experimental tests were performed in a CC plant in Italy. The copper mould
used in the experimental plant is 900mm long, 15mm thick and has a square section of
160× 160mm. It is instrumented with 50 type K Chromel-Alumel thermocouples (TCs for
the sake of brevity), brazed in the mould walls with an Ag alloy having the same thermal
conductivity of copper. The TCs are distributed unevenly on the four faces: the mould
sides with the largest number of thermocouples have been indicated, in Fig. 4.10(c), as
Internal Radius (IR), instrumented with 20 TCs, and Lateral Side B (LB), instrumented
with 16 TCs. Both on the IR and LB faces, the TCs are organized in three groups: a
central one with 8 TCs, and two lateral ones with 6 and 4 TCs respectively. In each group,
the position of the TCs varies both along the longitudinal and the transversal direction.
For the inverse analysis mainly the temperature measurements on the IR are taken into
account, and, to a less extent, those of the LB face.
Figure 4.11 shows a typical temperature recording. TCs are numbered progressively from
the top of the mould; TC8 is the thermocouple located above the meniscus level. As
expected, mould temperatures do not remain constant during casting: casting speed
and/or metal level oscillations are the most important source of mould temperature
variations [133]. Figure 4.12(a) refers to the temperature trend of the TCs of the central
group at the IR and LB faces. From Fig. 4.11 and 4.12(a) it can be seen that the
maximum temperature is reached below the meniscus and, for the set of data considered,
is reached at TC10, located 180mm below the top of the mould (the meniscus is located
approximately 114 mm below the top of the mould).
In order to minimize the uncertainties in temperature measurements, due to changes
in carbon content of the steel and casting speed, the temperature readings have been
collected during ten distinct measurement intervals of 60 seconds, selected in order to
guarantee, within each interval, almost constant carbon content and casting speed. For
each thermocouple, the recorded temperatures, collected with a sampling frequency of
about 3 Hz, have been time-averaged on each interval, obtaining the ten temperature
profiles illustrated in Fig. 4.12(a). Furthermore, the temperature profiles have been
additionally averaged, thus to the final curves depicted in Fig. 4.12(b).
From what illustrated, it clearly emerges the choice of performing a steady state analysis.
This choice is supported by the fact that there are not remarkable differences in the
temperature measurements over long periods. Moreover, the aim of the analysis is the
estimation of the mean heat flux profile, and not the instantaneous one, since the relative
importance of the casting parameters can be recognized over long time intervals.
As can be seen from Fig. 4.12(b), the temperature profiles on the IR and the LB face
are different; this fact can be related to the uneven liquid steel flow and the differences
in mould water velocities [133]. In both cases, the temperature increases abruptly from
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Figure 4.11: Typical temperature recording at the mould internal radius face, for the thermocou-
ples of the central group. TC8 is located above the meniscus.

(a) (b) (c)

Figure 4.12: (a) Temperature trends on the 10 measurement intervals considered and (b) Average
temperature profiles for the TCs of the central group of the IR and LB faces.(c) Measured
temperatures for the three groups of thermocouples at the IR face.

the top of the mould until it reaches its maximum value at the TC10, then starts to
decrease. The peak temperature is associated with the high heat transfer from the
solidifying shell to the mould. Samarasehera and Brimacombe [137, 138] showed that
the wall peak temperature occurs below the meniscus, because in the upper part of the
mould a significant fraction of heat is flowing up the mould wall and does not directly
across the cooling water.
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On the LB face, an increase of temperature is observed at the bottom of the mould. As
quoted in [133], the rise in temperature towards the bottom indicates an increase in heat
transfer, and thus better contact between the steel shell and the mould.
From Fig. 4.12(c), where the temperature measurements at the IR face are depicted,
the non-symmetry of the temperature field on a face can be appreciated: this behaviour
is due to the variation of the thermal resistance along the face, connected with the
inhomogeneous formation of air gaps. From this fact, the uncertainties in the modeling
can be easily understood.

4.3.2 Mathematical model

Direct Problem

To simplify the computations, the convective phenomena in the water channel have been
omitted: therefore, the problem considered is only conductive.
The direct stationary conduction problem has been solved both on a 2D and a 3D
domain. For the 2D geometry, reported in Fig. 4.13(a), only a longitudinal section of
the mould in proximity of the axis of the face has been simulated, and only the eight
temperature measurements of the central TCs block have been taken into account; the
change of the TCs position along the transverse direction has been neglected. In the
3D domain, reported in Fig. 4.13(b), the whole face has been modeled, including the
protecting material surrounding the TC cables. In the 3D problem, only the temperature
measurements on the IR face have been used, since it is the face instrumented with the
highest number of TCs. In Fig. 4.13(b) the TCs on the IR face have been indicated with
red circles.
At the cold face of the mould, the heat exchange with the cooling water has been taken
into account; the variation of the temperature of the water has also been considered and
simulated. At the hot face, an unknown heat flux is assumed: the estimation of this flux
is the aim of the inverse analysis. The heat flux profile has been parameterized along the
longitudinal direction by using a piecewise linear profile, whose vertices have been located
at the measuring sensors. In the 3D case, the variation along the transverse direction
has also been considered, and simulated through a cosine profile, under the assumption
of a symmetrical flux with respect to the axis of the face. Of course, this hypothesis is
restrictive since the measured temperature field on the face is strictly not symmetrical, as
shown in Fig. 4.12(c), but an unsymmetrical parameterization could not be used due to
the subsequent increase in the number of parameters. For the 3D domain, the heat flux
profile at a fixed longitudinal coordinate has been expressed in the following way:

qi = Pi cos
(

x

L/2
arccos

(
Bi
Pi

))
(4.3.1)

In Eq. (4.3.1), it has been indicated with Pi and Bi the value of the heat flux at the
axis and at the edge of the face respectively, and with L the length of the domain in the
transversal direction x. For the 3D computation, the origin of the x coordinate reference
system has been set at the corner of the facen.
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(a) (b)

Figure 4.13: (a) Simplified representation of the computational domain used for the 2D geometry.
(b) Computational domain employed for the 3D geometry. The thermocouples have been indicated
with red circles and numbers.

In the region above the meniscus, only the radiative heat transfer has been taken into
account but, as it has been seen later, its contribution is negligible.
Following the example of [133], in the heat flow model the following assumptions have
been made:

1. steady state

2. the top and the bottom surfaces of the mould walls are adiabatic

3. the copper thermal conductivity is assumed constant

4. the water is in plug flow and the heat transfer coefficient at the mould/water
interface is constant throughout the length of the mould

The hypothesis of steady state is valid if no nucleate boiling occurs in the water channel.
Heat transfer between the mould wall and the cooling water takes place by forced
convection. For the heat transfer coefficient hw, the following correlation has been used
[132, 137, 138]:

hwDH

kw
= 0.023

(
ρwuwDH

µw

)0.8(
cpwµw
kw

)0.4

(4.3.2)

In Eq. (4.3.2), it has been indicated with kw the thermal conductivity, ρw the density, µw
the dynamic viscosity and cpw the specific heat of water. DH is the hydraulic diameter
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of the cooling water channel and uw is the velocity of cooling water. For the analysis,
the thermophysical properties of water have been evaluated at an average temperature
between the measured inlet and outlet temperatures.
Correlation (4.3.2) is applicable in absence of nucleate boiling in the cooling channel and
when the following conditions are met:

1. 0.7 < Pr < 129

2. 10000 < Re < 120000

3. L/DH > 60

where Pr is the Prandtl number of water (Pr= cpwµw/kw), Re is its Reynolds number
(Re= ρwuwDH/µw) and L is the length of the water channel.
Near the entrance of the channel, the flow is not expected to be fully developed; however,
since the direction of water flow is upward, only near the bottom of the mould might
the flow be not fully established, and therefore the entrance effect should not affect the
prediction of the heat flux profile in the upper region [132].
As previously said, the 2D direct problem was solved both implementing a FV code in
MATLAB and developing a COMSOL Multiphysics 3.5a model. For the implementation
of the FV code, the domain was discretized by a structured rectangular grid and the
node-centered approach was used. In this way, the mesh nodes define the centroids of the
cells and the control volumes are then constructed around each mesh node. Therefore,
the solution variables are stored at the mesh vertices.
Following this approach, the first and the last cell presents a reduced area with respect to
the inner cells.
In the FV code, the heat flux profile was defined according to Fig. 4.14. For a generic
cell where the flux varies linearly between the edges, the flux at the centroid, indicated
with the square and qc in Fig. 4.14, is computed as the mean value between the fluxes at
the edges, which have been indicated with the black circles and q1 and q2. This relation
comes from a heat balance on the cell, that is:

qc(x2 − x1) =
1
2

(q1 + q2)(x2 − x1) (4.3.3)

When the cell presents the vertex of the heat flux profile, qc can be computed from the
following relation:

qc(x2 − x1) =
1
2

(q1 + qv)(xv − x1) +
1
2

(q2 + qv)(x2 − xv) (4.3.4)

where qv is the value of the flux at the vertex of the profile. Therefore, in the FV
discretization, the linear heat flux profile is substituted by a step-wise profile.
For the solution of the 2D problem in COMSOL Multiphysics, two domains have been
coupled to be able to simulate the variation of the cooling water temperature. For the
copper domain, Heat transfer by conduction (HT) application mode was chosen, while for
the cooling water the PDE coefficient form mode was selected.
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Figure 4.14: Definition of the heat flux profile in the FV method.

The general form of PDE implemented in COMSOL is the following:

ea
∂2u

∂t2
+ da

∂u

∂t
+∇ · (−c∇u− αu+ γ) + β · ∇u+ au = f (4.3.5)

In the above equation, ea coefficient is the mass coefficient while da represents a damping
term. In our case, the coefficient comparing in Eq.(4.3.5) takes the following values:
a = hw, β = ρwuwcpwgap, f = hwTcu, ea = da = c = α = γ = 0. gap is the side of the
water channel in the transversal direction, as indicated in Fig. 4.13(a), while Tcu is the
temperature of the mould.
In the PDE module, the boundary conditions are expressed by the following relation:

n · (c∇u+ αu− γ) + qu = g − hTµ (4.3.6)
hu = r (4.3.7)

Equation 4.3.6 is a generalized Neumann boundary condition, also called a Robin boundary
condition, whereas Eq.4.3.7 is a Dirichlet boundary condition. The variable µ in Eq.4.3.6
a Lagrange multiplier. In our case, since the water temperature at the inlet is known, a
Dirichlet boundary condition is to be applied (that is, h = 1, r = Tw,in and q = g = 0);
at the outlet, a Neumann boundary condition is set, that is q = g = 03.
To make the coupling between the two domains be effective, the command Extrusion
coupling variables need to be selected. To map values from the source domain to the
destination one, two different options have been chosen according to the application mode:
for the PDE mode, the Subdomain extrusion variables is need, while for the HT mode
the choice goes to Boundary extrusion variables. To make the coupling being effective,
the source domain (i.e., the whole subdomain for the PDE, and a boundary for the HT

3When selecting a Neumann boundary condition, automatically the parameter h and r are set to zero.
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module), the coupling variables and the source transformation need to be specified. For
the coupling variables, a name and an expression are requested: for the PDE mode, the
new variable Tw was defined, which corresponds to the variable u of the PDE mode;
instead, for the HT application mode, the two variables are Tcu and T , respectively.
The source transformation that maps the source domain to the intermediate domain of
the same dimension; therefore, the destination geometry and the source and destination
vertices need to be specified.
The parameterized form of the boundary heat flux was defined as a global expression.
For the 3D problem, a different way has been follow for setting the convective boundary
condition. In fact, a weak form boundary mode has been selected: in this way, it is
possible to define a new variable whose equation “lies” on the selected face.

Inverse Problem

The inverse problem concerns the estimation of the boundary heat flux at the hot face
starting from measured mould temperatures data. The objective of the inverse analysis is
the minimization of the quadratic criterion:

S =
M∑
i=1

(Yi − Ti)2 = [Y−T(P)]T [Y−T(P)] (4.3.8)

where Yi and Ti are, respectively, the experimental and numerical temperature value at
the sensor location,M is the number of sensors and P is the vector of unknown parameters
to be estimated (i.e., the heat flux at the vertices of the piecewise linear profile).
Since the sensors’ locations do not coincide with the mesh node, in the 2D FV code a
bilinear interpolation has been employed to obtain the temperature at the measuring
points from the temperatures at the nodes. With reference to Fig. 4.15, the bilinear
interpolation can be expressed by using the following relation:

T (x, y) ≈ dx2

dx1

dy2

dy1
T11 +

dx3

dx1

dy2

dy1
T21 +

dx2

dx1

dy3

dy1
T12 +

dx3

dx1

dy3

dy1
T22 (4.3.9)

For the 2D geometry the inverse problem was solved by using both a CG Algorithm,
implemented in MATLAB, and the optimization software modeFRONTIER, testing both
GAs and the Nelder -Mead SIMPLEX algorithm. GAs are known to be very robust but
not very accurate: for this reason, the optimization has been started with GAs to early
explore the solution space, and then refined by SIMPLEX. For the 3D geometry, the
inverse problem was solved only with modeFRONTIER.
For the coupled COMSOL-CG analysis, to speed up the computations, the sensitivity
matrix has not been computed by finite-differences, thus recalling the direct problem as
many times as the number of the parameters, but was reckoned directly in COMSOL
through the Sensitivity Analysis application mode. The purpose of the Sensitivity Analysis
is the computation of the sensitivities of various model quantities, with respect to the
sensitivity variables. The sensitivity variables are independent variables whose values
are not affected by the solution process, even if they are stored in the solution vector.
When defining a sensitivity variable, an initial value is to be supplied. In our case, the
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Figure 4.15: Bilinear interpolation. T11, T12, T21, T22 are the data points, P is the point at
which the data must be interpolated.

initial values for the sensitivity analysis are the values of the parameters Pi at the current
iteration.
It is worth pointing out that the resolution of the inverse problem through the CG method
is faster when the direct problem is solved via MATLAB.
The solution of the current inverse problem is not straightforward at all. The problem is,
in fact, two-dimensional and at steady state. Moreover, the convective boundary condition
complicates things, since the temperature of the cooling water varies along the domain
and, therefore, the inverse problem is nonlinear. For these reasons, the resolution of the
inverse problem by means of the CG was performed without making use of the adjoint
problem.
Before performing the inverse analysis with the available experimental data, the CG
code was validated by setting arbitrary heat flux distributions as boundary condition
for the direct problem. The discrete values of temperatures thus calculated were input
into the inverse model to back calculate the heat fluxes. The tests proved the robustness
of the algorithm and the perfect match between the input and calculated values of the
heat flux profile and the temperatures. In a second phase, to evaluate the effect of a
measurement noise in the temperature data, the temperatures were perturbed with a
Gaussian distribution, with variable standard deviation. It was observed that, rising the
standard deviation, the error on the evaluated temperatures remained close to zero, with
exception of the TC above the meniscus whose error increased. At the same time, the
errors on the estimated heat flux also increased. These facts suggest that the problem is
highly ill-posed: in front of a slight variation in the temperature data, there is a strong
fluctuation of the calculated parameters of the flux.
In Fig. 4.16 the Workflow used for the 3D modeFRONTIER optimization is depicted. It
has been indicated with Pi and Bi the heat flux parameters at the axis and at the edge
of the face respectively. In order to respect the existence domain of the arccos function
used for the definition of the transversal heat flux profile, as formulated in Eq. (4.3.1), a
constraint Ci between the Pi and Bi values has been set.
The solution of the direct problem, formulated as a COMSOL Multiphysics 3.5a script
written in MATLAB, is recalled by using the File Node input comsol. This script needs
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two other .m files both for defining the geometric and operative parameters, and for
creating the geometry. These two files are recalled using the Support Node.
Before starting the optimization, a DOE (Design Of Experiment) based on a random
sequence is generated, whose size depends on the optimization algorithm used. For
instance, in the case of the SIMPLEX optimization, a DOE made of 15 designs has
been considered, which is equivalent to the number of parameters being estimated plus
one. After each solution of the direct problem, a Results File is written in order to
memorize the operative variables of interest (objective function, heat balances, calculated
temperatures at sensor locations, and so on).
The computing times for the complete optimization of the inverse 3D problem (GA +
SIMPLEX) were of the order of 30-40 CPU hours on a Dual-Core AMD Opteron SUN
Linux Workstation.

Figure 4.16: Workflow used for the modeFRONTIER optimization on the 3D geometry.

4.3.3 Results
The differences in the heat flux profiles estimated on the 2D geometry by using the CG
algorithm and SIMPLEX are negligible, thus only the results computed with the former
will be presented. As depicted in Fig. 4.17(a), in the 3D geometry, the heat flux profile at
the axis of the face has the same trend of that obtained from the 2D calculation, although
the former is lower. The heat flux profile at the edge of the mould is significantly lower
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than that at the axis.
From Fig. 4.17(a) it can be seen how the heat flux increases abruptly in the region just
below the meniscus and then starts to decrease. The first value reported in each curve
corresponds to the heat flux at the meniscus: this value has not been computed by the
inverse analysis but is a fixed quantity, equal to the estimated radiative contribution. As
it can be seen, its value is negligible with respect to the other calculated heat flux values.
As already stated, the initial maximum can be explained by the fact that the heat flux
is very large in absence of a solid steel shell [136]; when the shell begins to form, then
the flux decreases. The solidification causes also a contraction of the steel and an air
gap between the shell and the mould can form, thus introducing a further significant
resistance to heat transfer. As previously said, in order to compensate the shell shrinkage,
the mould is tapered.

(a) (b) (c)

Figure 4.17: (a) Heat flux profiles estimated by solving the inverse problem on the 2D and 3D
domains at the IR face. (b) Comparison of the temperature values computedd on the 2D and
3D domains and the experimental ones, for the TCs of the central block of the IR face. (c)
Comparison of the 2D heat flux profiles computed at the IR and LB faces.

To quantify the quality and accuracy of the estimations, the match between the experi-
mental and numerical temperature values has to be taken into account. From Fig. 4.17(b)
it can be seen that the temperatures calculated on both geometries are in very good
agreement with the experimental ones, with the exception of the thermocouple located
just above the meniscus level, for which the computed temperature is somehow lower
than expected. For the 2D geometry the error on this TC is about 18.4%, while for the
3D domain it is 16.7%. This error may be ascribed to the difficulty of modeling the area
above the meniscus and setting the proper boundary condition (as previously said, in this
region only a radiative heat transfer was taken into account).
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As reported in Table 4.1, the estimated exit temperature of the cooling water Tw,out
varies significantly with the use of a 2D or a 3D domain: while in the first case the error
on the water heat balance is around 16%, in the second case it reduces below 2%. This
fact is not surprising, since the modeling of only a longitudinal slice of the mould, in 2D,
is equivalent to suppose, at a fixed longitudinal coordinate, a constant heat flux in the
transversal direction, thus neglecting its decrease at the edges: therefore, the overall heat
flux will be overestimated.

Exp. 2D 3D
Tw,out 40.9 42.3 40.7
∆Tw = Tw,out − Tw,in 8.3 9.6 8.1
err.% ∆Tw 16.4 -1.9

Table 4.1: Comparison between the experimental and the numerical values of the outlet temper-
ature of water Tw,out. The inlet water temperature Tw,in is 32.6◦C.

The percentage error reported in Tab. 4.1 refers to the difference between the water
temperatures at the outlet and at the inlet, ∆Tw = Tw,out − Tw,in, and is calculated in
the following way:

err%∆Tw =
∆Tw,num −∆Tw,exp

∆Tw,exp
(4.3.10)

where the subscripts num and exp refer to the numerical and experimental value, respec-
tively. The percentage error is also a key parameter to evaluate the accuracy of solution:
∆Tw is in fact related to the integral balance of the heat flux at the mould wall and thus
represents a global estimate of the accuracy of the assumed heat flux profile.
In Fig. 4.17(c) there is a comparison between the 2D heat flux profiles calculated at the IR
and LB faces. As it was already pointed out previously by analyzing the thermal profiles
reported in Fig. 4.12(b), the heat flux profiles at the two faces are quite different. At
the LB face an increase of the heat flux towards the bottom of the mould is highlighted,
which reflects the rise of temperature. The increase of the heat flux might be attributed
to a better contact between the solid shell and the mould wall.

Effect of vertex position on the estimated heat flux profile

As already stated, the validation test performed before running the inverse analysis
revealed the strong ill-posed nature of the handled problem: the estimated heat flux
profiles depend strongly on the quality of the temperature measurements. The ill-poseness
of the problem can be deduced also from the relationship between the estimated values of
the parameters and the position of the vertices of the heat flux profiles: slight changes in
their position can induce significant variations in the computed profiles, especially in the
upper part of the mould.
In the results so far illustrated, the vertices of the piecewise linear profile were located in
correspondence of the sensors. Some further tests have been performed, in which different
vertex positions in the upper part of the mould have been checked. It has been seen
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how the peak value of the flux varies significantly according to the parameterization of
the heat flux profiles, although it always lies in the region between the meniscus and
TC10 (the TC where the maximum temperature was recorded). For this reason, some
further optimizations have been carried out with modeFRONTIER on the 2D domain,
in which also the vertex coordinates have been set as optimization variables. For each
coordinate a variation range has been specified, thus allowing the vertex to vary between
a minimum and a maximum value. The results of the modeFRONTIER optimization are
summarized in Fig. 4.18(a), where the dot lines represent the variation range allowed for
each parameter. It can be seen that the major uncertainties on the heat profile lie in the
upper part of the mould, where the gradients of the heat flux are higher. In fact, while the
heat flux profile in the lower part is not affected by the change of the vertex coordinates,
the profile in the upper region strongly depends on the chosen vertex positions. The tests
performed showed that a displacement of the first vertex towards the meniscus leads to a
decrease of the maximum value of the heat flux. An opposite behaviour is observed when
the first coordinate is shifted downwards: if the first vertex is located lower down the TC9
sensor, the heat flux is higher than the value calculated with the first vertex positioned
at the TC9 sensor. For the sake of clarity, in Fig. 4.18(a) only the optimized solution
found with modeFRONTIER has been reported, omitting the other profiles recovered
with a manual setting of the vertex positions.
Figure 4.18(b) depicts the percentage errors between calculated and measured temper-
atures, for the TCs of the central block of the IR face. The results for original vertex
configuration, e.g. vertices located at the sensors, and the optimized vertex set up cal-
culated with modeFRONTIER are reported. Of course, although the parameterization
points of the profiles have been changed, the points where temperatures are evaluated
remain the same. As it can be seen, for the original setup, the results obtained for the
2D and 3D geometry are very close to each other, while a slight improvement of the
TC8 estimation can be noticed for the 3D case. On the contrary, with the optimized
vertex location, a clear improvement of the TC8 estimation can be observed: in this case,
the error between the experimental and calculated temperatures reduces to 10.6%. This
gain is accompanied by a negligible increase of the outlet temperature of the water with
respect to the other 2D test.
Of course, to better describe the upper region where the higher temperature gradients
are established, a higher number of sensors should be employed, thus allowing the use
of a higher number of parameterization points. In fact, for the 2D geometry, since 8
temperature measurements are used, no more than 7 parameters are allowed. In this
context, some tests were performed in which a further vertex was positioned in the upper
region, thus raisin the number of parameters to 8. In these cases, even though the match
betweenthe experimental and numerical temperature values was by far better than that
obtained with the 7 parameters profiles, the recovered profiles were unfeasible since some
parameters were negative. These facts further confirm the strong ill-posed nature of the
problem: the solution is non-unique since the same temperature trend can be generated
by a great variety of heat flux profiles.
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(a) (b)

Figure 4.18: Effect of a variation of the vertex coordinates: (a) heat flux profile estimated on the
2D domain and (b) percent errors between numerical and experimental temperatures (2D and 3D
cases). The optimized vertex position is the optimized solution evaluated with modeFRONTIER.

4.3.4 Concluding remarks

In this section, a practical application of the inverse technique in the steel industry has
been presented. The goal of the analysis was the estimation of the heat flux transferred
from the solidifying steel to the mould walls.
The direct stationary conduction problem was solved both on a 2D and a 3D domain; the
inverse problem was solved using both a CG algorithm, implemented in MATLAB, and the
commercial optimization software modeFRONTIER, testing both GAs and SIMPLEX.
For the 3D geometry, the heat flux profile recovered at the axis of the face has the same
trend of that obtained from the 2D computation, although the former is lower. For
both the 3D and 2D models, a very good agreement between the experimental and the
numerical temperature values is obtained, with the exception of the temperature measured
just above the meniscus level, which is somehow lower than expected. This fact could be
addressed to the difficulty of proper modeling the region above the meniscus.
The 2D model provides a larger error on the outlet temperature of the cooling water:
This fact is not surprising, since the use of a 2D model is equivalent to suppose, at a
fixed longitudinal coordinate, a constant heat flux in the transversal direction: the overall
heat flux will be overestimated, since its necessary decrease, towards the face edges, is
neglected.
Even though the first impression might be that of a problem easy to handle, the solution
was not without difficulties. First of all, the preliminary tests performed for validating
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the numerical procedure showed that, to properly describe the region where the largest
temperature gradient occurs, a large number of sensors was necessary. Unfortunately,
the design of the measurement system, i.e., the choice of the number of thermocouples
and their positioning, had already been fixed, therefore we had not the possibility to
share our knowledge. From this fact, the difficulty of proper parameterizing the heat flux
profile can be easily understood. A larger number of thermocouples would have given
the possibility to describe the heat flux curve with a larger number of parameters. This
could have been particularly useful in upper part of the domain, where the piecewise
linear heat flux curve is very sensitive to the position of the vertices (this fact is an
indication of the ill-posed nature of the problem). A larger number of parameters would
have been useful also along the transversal direction. The measurements showed, in fact,
a non-symmetrical temperature field on the face of the mould; this asymmetry may be
ascribed to the inhomogeneous formation of air gaps between the solid shell and the
mould wall. Despite this evidence, for the 3D geometry we were forced to parameterize
the heat flux profile along the transversal direction by means of a symmetrical curve.
Another difficulty, shared by all inverse problems, is the great sensitivity to measurements
errors: small uncertainties over the temperatures data can lead to significant variations of
the estimated profiles. This behaviour was observed during the preliminary validating
tests.
Despite all the uncertainties connected with the modeling and the solution, the computa-
tional strategy here illustrated proves to be a promising means for the estimation of the
heat flux in a continuous casting process. At the moment the inverse solution on a 3D
domain is too time consuming for getting the results in a short time, or even being applied
in a real time. Therefore, if a real time analysis is needed (even though the relative
importance of the casting parameters can be recognized only over long time intervals, as
previously said), the only choice is the solution of the heat conduction problem on a 2D
domain.
Moreover, the present activity has provided some guidelines for the correct design and
execution of future tests. In fact, before performing new measurements, a special attention
must be paid to the planning stage, in order to investigate the optimal positioning and
number of sensors, which allow the maximization of the knowledge gained from the
experimental data.
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Concluding remarks

In this Thesis, two attractive and challenging topics connected to heat transfer have been
illustrated, that is Optimization and Inverse Problems.
The typical problem of finding the best shape or the configuration able to optimize a certain
cost functional while satisfying given constraints is known as shape optimization. Shape
optimization plays a leading role in many engineering applications and is a interesting
research field also in heat transfer: any attempt to improve the performance of a heat
transfer device would be desirable. The research has been encouraged also by the advent
of Computational Fluid Dynamics, since its high potential to easily explore a large number
of different configurations.
In this Thesis, a multi-objective shape optimization of a tube bundle has been presented.
The innovative aspect of this work lies in the concurrent simulation of the flow field both
outside and inside the tubes. For the numerical simulation of the external flow, also a
streamwise periodic domain has been considered. For the optimization, two different
Genetic Algorithms have been tested, that is NSGA-II and FMOGA-II. FMOGA-II is a
fast optimizer, which uses meta-models to speed up the optimization process: the results
confirmed that FMOGA-II is a promising algorithm for reducing the computational times
in this and similar optimization problems. Inverse Problems can be encountered in various
branches of science and engineering, and are getting a widespread use also in heat transfer.
Estimation of unknown thermophysical properties, boundary conditions and initial state
are only a few example of the wide applicability. It worth pointing out that most of the
studies published in the literature deal with simple test cases on simple geometries, in
which the temperature data are simulated measurements. In this Thesis, after a thorough
introduction on the fundamentals of the Inverse Analysis and an exhaustive review of
the published works, some examples are provided. The first two are simple test cases,
furnished to clarify the theoretical concepts previously provided, while the third one
concerns a practical application in the steel industry and makes use of experimental
measurements, recorded at an industrial plant, for the reconstruction of a boundary heat
flux profile. The present activity has demonstrated the applicability of the inverse analysis
in a continuous casting process, and has provided some guidelines for correctly designing
and executing future tests.
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A
Appendix

A.1 The heat equation
The heat diffusion equation, also known as heat equation, can be derived by applying
conservation of energy on an infinitesimally small (differential) control volume [139]:

Ėin − Ėout + Ėg = Ėst (A.1.1)

In Eq.(A.1.1), Ėin and Ėout are the energy inflow and outflow, respectively, Ėg is the
energy source term while Ėst represents the storage term.
In a system of Cartesian coordinates, the heat balance can be written on a control volume
of dimensions dx · dy · dz. If the conduction heat rate perpendicular to the the surface at
the x coordinate is indicated as qx, the corresponding quantity at the opposite surface
x+ dx can be expressed as a Taylor series expansion in the following way:

qx+dx = qx +
∂qx
∂x

dx (A.1.2)

where higher order terms have been neglected. Two similar expressions can be derived for
the conduction rates along the y and z directions.
The energy source term, Ėg, associated with the rate of thermal energy generation, can
be expressed in the form:

Ėg = q̇ dxdydz (A.1.3)

where q̇ is the heat generation per unit volume [W/m3]. The energy generation is induced
by a energy conversion process occurring in the medium. The term is positive (a source)
if the thermal energy is being generated in the material, while it is negative (a sink) if
the thermal energy is being consumed.
The storage term, Ėst, refers to the rate of change of thermal energy stored by the matter
and, in absence of a phase change (i.e., absence of latent energy effects), can be written
as:

Ėst = ρcp
∂T

∂t
dxdydz (A.1.4)

where ρcp ∂T∂t is the rate of change of the sensible energy of the medium per unit of volume.
By combining the foregoing equations, the energy balance A.1.1 takes the form:

qx + qy + qx − qx+dx − qy+dy − qz+dz + q̇ dxdydz = ρcp
∂T

∂t
dxdydz (A.1.5)
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and, after substituting Eq.(A.1.2), it follows:

−∂qx
∂x

dx− ∂qy
∂y

dy − ∂qz
∂z

dz + q̇ dxdydz = ρcp
∂T

∂t
dxdydz (A.1.6)

The conduction rate may be evaluated from the Fourier’s law:

qx = −kdydz ∂T
∂x

qy = −kdxdz ∂T
∂y

qz = −kdxdy∂T
∂z

(A.1.7)

where each heat flux component has been multiplied by the appropriate control surface
(differential) area to obtain the heat transfer rate. In Eq.(A.2.14), k is the thermal
conductivity [W/mK] of the medium, which is considered to be isotropic along the three
directions. Therefore, by substituting Eq.(A.2.14) into Eq.(A.1.6) and dividing out the
dimensions of the control volume, the heat diffusion equation becomes:

∂

∂x

(
k
∂T

∂x

)
+

∂

∂y

(
k
∂T

∂y

)
+

∂

∂z

(
k
∂T

∂z

)
+ q̇ = ρcp

∂T

∂t
(A.1.8)

Equation A.1.8 states that at any point in the medium the net rate of energy transfer by
conduction into a unit volume plus the volumetric rate of thermal energy generation must
equal the rate of change of thermal energy stored within the volume [139].
If the thermal conductivity is a constant, Eq.(A.1.8) can be simplified in the way:

∂2T

∂x2
+
∂2T

∂y2
+
∂2T

∂z2
+
q̇

k
=

1
α

∂T

∂t
(A.1.9)

where α = k/ρ cp is the thermal diffusivity [m2/s]. By introducing the Laplacian,
Eq.(A.1.9) can be expressed in the equivalent form:

∇2T +
q̇

k
=

1
α

∂T

∂t
(A.1.10)

Moreover, if the problem is stationary, the heat equation reduces to the Poisson equation:

∇2T = − q̇
k

(A.1.11)

which further reduces to the Laplace equation in absence of heat generation:

∇2T = 0 (A.1.12)

The heat equation as expressed by Eq.(A.1.8) is a Parabolic equation, while the Poisson
Equation (A.1.11) is an Elliptic equation. Parabolic PDEs describe time-dependent
dissipative physical processes, such as diffusion, that are evolving towards a steady state,
while Elliptic PDEs describe processes that have already reached steady states, and hence
are time-independent.



Tesi di dottorato di Paola Ranut, discussa presso l’Università degli Studi di Udine

A.2. Solution of Partial Differential Equations problems 205

A.1.1 Boundary conditions in heat transfer problems
The solution of the heat equation depends on the physical conditions existing at the
boundaries of the medium and, if the problem is time dependent, it depends also on the
conditions of the medium at some initial time. Since the heat equation is second order in
the spatial coordinate, two boundary conditions must be specified for each coordinate
describing the system. On the other hand, because the heat equation is first order in
time, only one initial condition, must be applied.
Three kind of boundary conditions are commonly encountered in heat transfer:

• Type 1 (Dirichlet): corresponds to a situation for which the surface is maintained
at a fixed temperature.

• Type 2 (Neumann): corresponds to the specification of a surface heat flux q
′′

s (0).
This flux is related to the temperature gradient at the surface by Fourier’s law:

q
′′

x (0) = −k∂T
∂x

∣∣∣
x=0

A specific case of this condition corresponds to the perfectly insulated, or adiabatic,
surface, for which:

∂T

∂x

∣∣∣
x=0

= 0

• Type 3 (Robin): corresponds to the establishment of a convective heat transfer
at the surface:

−k∂T
∂x

∣∣∣
x=0

= h [T∞ − T (0, t)]

where h is the convective heat transfer coefficient and T∞ is the temperature of the
undisturbed flux.

A.2 Solution of Partial Differential Equations problems
Partial Differential Equations (PDEs), including the transient heat conduction equation,
can be solved with a variety of methods, including exact and numerical procedures.
The exact classical methods include the classical methods of separation of variables and
Laplace transform.
As previously said, the transient heat conduction equation can be either linear or nonlinear.
For the linear case the PDE formulation can be equivalently presented as an integral
equation: in this way, the space dependence can be represented exactly leaving only the
time dependence to be approximated [90]. Two solution approaches that employ integral
equations are those using the Duhamel’s theorem and Green’s functions.
The solution of the nonlinear transient heat conduction problem can be performed only
by using a numerical method, which discretizes the PDE into a system of linear algebraic
equations involving the temperature at discrete locations. The first step in the numerical
solution is, therefore, the subdivision of the computational domain with a numerical grid
(mesh); the temperature in each node is a measure of the average temperature of the
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region surrounding the node [139]. The time derivative on the right-hand side (RHS) of
Eq.(A.1.9) must be evaluated at a fixed coordinate; the left-hand side (LHS) of Eq.(A.1.9),
however, contains partial second derivatives with respect to the spatial coordinates which
must be evaluated at a fixed time. The choice of this fixed time, however, is not so
straightforward because over a time step ∆t, the LHS may be evaluated at time t, or
t+ ∆t, or at an intermediate time between t and t+ ∆t. Therefore, by using a general
notation, Eq.(A.1.9) can be written as:

Ψ(LHS)newP + (1−Ψ)(LHS)oldP = (RHS)P (A.2.1)

where Ψ is a weighting factor, the superscript new refers to the new time t+ ∆t, while
superscript old refers to the old time t. If Ψ = 1 then the discretization is called implicit,
if Ψ = 0 then it is called explicit, while if 0 < Ψ < 1, it is called semi-implicit or
semi-explicit.
In the following sections, some spatial discretization methods will be described and, after-
wards, the treatment of the temporal term will be elucidated. Many spatial discretization
methods exist, including the Finite Differences (FD), the Finite Volume (FV) and the
Finite Element Method (FEM).

A.2.1 Finite Difference Method

The FD method was the first numerical procedure developed for the solution of the PDEs.
The idea behind the method is the following: after having discretized the domain with a
mesh, a discrete unknown and a discretized equation are assigned to every nodal point,
while the derivatives of the unknowns are replaced by finite differences through the use of
Taylor series expansions.
To clarify the ideas, let us consider the Poisson equation in a two-dimensional domain:

∂2T

∂x2
+
∂2T

∂y2
+
q̇

k
= 0 (A.2.2)

and suppose that the domain is discretized by a Cartesian grid, uniform along the x and y
direction, but having a different step size along the two directions, ∆x and ∆y respectively,
as depicted in Fig. A.1. Let us focus our attention on the node (i,j). The temperature
in the node (i,j) will be afterwards indicated as Ti,j , while Ti+1,j will correspond to
the temperature value in the node (i+ 1,j). The Taylor expansion of T (x, y) along the
direction x gives:

Ti+1,j = Ti,j +
∂T

∂x
∆x+

∂2T

∂x2

∆x2

2!
+
∂3T

∂x3

∆x3

3!
+ o

(
∆x4

)
(A.2.3)

for the forward difference, and:

Ti−1,j = Ti,j −
∂T

∂x
∆x+

∂2T

∂x2

∆x2

2!
− ∂3T

∂x3

∆x3

3!
+ o

(
∆x4

)
(A.2.4)
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Figure A.1: Discretization of the domain with a structured rectangular grid.

for the backward difference. The approximation of the second-order derivative of T with
respect to x can be obtained by summing Eq.(A.2.3) and A.2.4:

Ti+1,j + Ti−1,j − 2Ti,j =
∂2T

∂x2
∆x2 + o

(
∆x2

)
(A.2.5)

that gives the following central finite difference scheme:

∂2T

∂x2
∼=
Ti+1,j + Ti−1,j − 2Ti,j

∆x2
(A.2.6)

Similarly, the second-order derivative along the y direction can be approximated as

∂2T

∂y2
∼=
Ti,j+1 + Ti,j−1 − 2Ti,j

∆y2
(A.2.7)

In this way, by substituting Eq.(A.2.6) and (A.2.7) into Eq.(A.2.2), the discretized form
of the heat conduction equation is obtained:

Ti+1,j + Ti−1,j − 2Ti,j
∆x2

+
Ti,j+1 + Ti,j−1 − 2Ti,j

∆y2
+
q̇

k
= 0 (A.2.8)

Moreover, if the mesh is uniform along x and y, that is ∆x = ∆y, Eq.(A.2.8) reduces to:

Ti+1,j + Ti−1,j + Ti,j+1 + Ti,j−1 − 4Ti,j +
q̇

k
∆x2 = 0 (A.2.9)

The approximation of the first-order derivatives, which is useful for the definition of the
boundary conditions of the second and third kind, can be obtained by stopping the series
expansion to the first term:

Ti+1,j = Ti,j +
∂T

∂x
∆x+ o (∆x) (A.2.10)

Ti−1,j = Ti,j −
∂T

∂x
∆x+ o (∆x) (A.2.11)
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Figure A.2: (a) Cell-centered and (b) Node-centered control volumes.

Figure A.3: Two dimensional structured grid. The hatched area represents the control volume
around node P.

and subtracting Eq.(A.2.11) from Eq.(A.2.10):

∂T

∂x
=
Ti+1,j − Ti−1,j

2∆x
+ o (∆x) (A.2.12)

The FD method owns a second order accuracy if the grid spacing is constant. The method
is easy to implement and provides good results for simple geometries but has the drawback
of not being globally conservative.

A.2.2 Finite Volume Method

In the Finite Volume (FV) method, also known as Control Volume method, the solution
domain is subdivided into a finite number of contiguous control volumes (CVs) by a
numerical grid. The computational nodes at which the variable values are to be calculated
are placed at the geometric center of each CV. The basic idea of the FV method is to
satisfy the integral form of the conservation law to some degree of approximation for each
of many contiguous control volumes which cover the domain of interest. The conservation
equations are, in fact, enforced on each CV and then, in analogy to the FD method, an
algebraic equation is written for every CV.
Two approaches are available for the definition of the CVs, as illustrated in Fig. A.2. In
the cell-centered FV method, the grid nodes define the vertices of the CVs, while the edges
define their faces; the transport quantities are stored at the centroids of the grid cells. In
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the other approach, namely node-centered FV method, the CVs are constructed around
each mesh node by joining the centers of the edges and element centers surrounding the
node. All solution variables and fluid properties are therefore stored at the mesh vertices.
Compared to the FD method, the FV method can be applied both to structured and
unstructured meshes and has the advantage that the numerical flux is conserved from
one discretization cell to its neighbour: this feature is very attractive for problems related
to heat and mass transfer. The method is locally conservative because a local balance
is written on each discretization cell and then, by applying the divergence formula, an
integral formulation of the fluxes over the boundary of the control volume can be obtained.
Let us consider again the Poisson equation A.2.2 and apply the conservation of energy to
a control volume. Since the direction of heat flow is often unknown, it is convenient to
formulate the energy balance by assuming that all the heat flow is into the node. With
reference to Fig. A.3, the heat flux balance can be written in the form:(

q
′′

WP + q
′′

EP

)
δy +

(
q
′′

NP + q
′′

SP

)
δx+ q̇δxδy = 0 (A.2.13)

where δx and δy are the grid spacing along the x and y direction, respectively; in
Eq.(A.2.13), a unitary length along the z direction was assumed.
By considering the Fourier law:

q
′′

= −k∇T (A.2.14)

the heat fluxes can be written in the following way:

q
′′

WP
∼= −k

TP − TW
δx

q
′′

EP
∼= −k

TP − TE
δx

q
′′

NP
∼= −k

TP − TN
δy

q
′′

SP
∼= −k

TP − TS
δy

(A.2.15)

By substituting Eq.(A.2.15) in Eq.(A.2.13), the Poisson equation becomes:(
TP − TW

δx
+
TP − TE

δx

)
δy +

(
TP − TN

δy
+
TP − TS

δy

)
δx+

q̇

k
δxδy = 0 (A.2.16)

and after rearranging we can write:

TW δy
2 + TEδy

2 + TNδx
2 + TSδx

2 −
(
2δx2 + 2δy2

)
TP +

q̇

k
δx2δy2 = 0 (A.2.17)

If the general notation illustrated in Fig. A.1 is used, then the discretized form of the
heat equation can be written as:

Ti,j−1δy
2+Ti,j+1δy

2+Ti+1,jδx
2+Ti−1,jδx

2−
(
2δx2 + 2δy2

)
Ti,j+

q̇

k
δx2δy2 = 0 (A.2.18)

In the case of a uniform grid spacing (δx = δy), Eq.(A.2.18)can be simplified as:

Ti,j−1 + Ti,j+1 + Ti+1,j + Ti−1,j − 4Ti,j +
q̇

k
δx2 = 0 (A.2.19)
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Figure A.4: Control volumes for internal and boundary points in a one-dimensional geometry.

The discretized equation (A.2.17) is a linear algebraic equation and can be written as;

aPTP + aETE + aWTW + aNTN + aSTS = S (A.2.20)

where:
aP = −(aE + aW + aN + aS) (A.2.21)

The neighbour coefficients aE , aW , aN , aS represent the conductance between the point
P and the corresponding neighbour.
It can happen that the source term SP is a function of the dependent variable T itself,
and therefore must be linearized in some appropriate way and expressed as:

S = SC + SPTP (A.2.22)

where SC stands for the constant part of S, while SP is the coefficient of TP (obviously,
SP does not stand for S evaluated at point P )1.
Let us analyze how to implement the boundary conditions in the FV discretization. If the
boundary temperature is given, no particular difficulty arises and no additional equations
are required. On the other hand, when the boundary temperature is not provided, an
additional equation for the boundary node can be formulated by integrating the differential
equation over the “half” control volume adjacent to the boundary, as illustrated in Fig.
A.4. The different kinds of boundary conditions are depicted in Fig. A.5.

1. Node at a plane surface with uniform heat flux q
′′

s

In this case, the volume of the cell is δx/2 · δy · 1. The heat balance expressed by
Eq.(A.2.13), in absence of heat generation in the border node, reduces to:

q
′′

s δy + q
′′

NP

δx

2
+ q

′′

SP

δx

2
+ q

′′

EP δy = 0

and the FV discretized heat equation for the border node is:

2 · TEδy2 + TNδx
2 + TSδx

2 − TP
(
2δx2 + 2δy2

)
=

2q
′′

s δxδy
2

k
(A.2.23)

1If the source S depends on T in a linear way, the derivation of Eq.(A.2.22) is prompt. On the contrary,
when S is a nonlinear function of T , the values of SC and SP may depend on T . As an example, let us
consider the following situation: S = 4− 5T 3. One possible linearization is the following:

S = S∗ +

(
dS

dT

)∗
(TP − T ∗P ) = 4− 5T ∗3P − 15T ∗2P (TP − T ∗P )

Thus SC = 4 + 10T ∗3P and SP = −15T ∗2P . This linearization represents the tangent to the S(T ) curve at
T ∗P .
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Figure A.5: Control volumes for the internal and boundary points for a one-dimensional geometry.

2. Node at a plane surface with convection
The heat flux applied at the boundary is:

q
′′

s = q
′′

WP = h (T∞ − TP )

and, therefore, the FV discretized equation for the border node becomes:

2 · TEδy2 + TNδx
2 + TSδx

2 − TP
(

2h
k
δxδy2 + 2δx2 + 2δy2

)
+

2h
k
δxδy2T∞ = 0

(A.2.24)

3. Node at an external corner with convection
In this case, the heat flux applied at the boundaries are:

q
′′

s = q
′′

WP = h (T∞ − TP ) q
′′

s = q
′′

NP = h (T∞ − TP )

and the FV discretized equation for the border node takes the form:

TEδy
2+TSδx2−TP

(
−δx2 − δy2 − h

k
δx2δy − h

k
δxδy2

)
+
h

k
T∞

(
δx2δy + δxδy2

)
= 0

(A.2.25)

Equation (A.2.20) can be written in a compact form as:

AT = S (A.2.26)

where A is the coefficient matrix, T is the vector of the unknowns and S is the source-term
vector. Matrix A is sparse, this means that, for every equation, the number of non-null
coefficients is limited: Eq.(A.2.20) presents, in fact, only the contributions of the of the
adjacent CVs. Therefore, for structured grids, the number of non-null coefficients in every
row of A is usually equal to 3 for a 1D problem, 5 for a 2D problem and 7 for a 3D problem.
The position of the non-null terms of A depends on the chosen node numbering. The most
common approach for structured grids uses the lexicographic numbering, as illustrated in
Fig. A.6. In this case, for a 2D problem, the coefficient matrix A is pentadiagonal.
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Figure A.6: lexicographic numbering of the nodes for structured grids.

A.2.3 Finite Element Method

The Finite Element Method (FEM) is a function/basis-based approach to solve PDEs.
Just like the other methods previously illustrated, the computational domain is discretized
with a mesh. Some appropriate shape functions are then chosen to approximate the
unknown variables inside the elements and along their edges, i.e., in non-nodal positions2
and a matricial equation, based on the integral form of the PDE to be solved, is defined
for every element. These equations are afterwards assembled together to obtain a global
system of linear equations, such that the resulting matrix represents the behaviour of the
entire solution region of the problem.
The total number of points, specified at the boundaries and/or inside an element, multiplied
with the number of unknowns determines the number of degrees of freedom.
The FEM has the same geometric flexibility as the FV method, since it is not limited
to structured grids. With respect to the FV method, the FEM presents a very rigorous
mathematical foundation, particularly for elliptic and parabolic problems, and a higher
easiness to implement higher order accurate formulations. The drawbacks are connected
to the higher computational burden and lack of local conservativity.
In this section, only a brief hint to the FEM method will be provided. For further
information please refer to [140]. In the FEM there are two coexisting ways to identify
the nodes, a global numbering, which is valid for the whole domain, and a local numbering,
which is valid for the single element. To better clarify the double numbering, let us focus
our attention on the temperature: if Ti represents the temperature in the i-node for the
global numbering, in the local numbering this temperature will be indicated as T ei , where
e is the element number and i is the node identification for the local numbering. In the
local numbering, a number between 1 and r is associated to every node, being r the
number of nodes of the element.
With the FEM the unknown variable is piecewise approximated, element by element, by

2The nodal points are typical points of the elements, such as vertices, mid-side points, mid-elements
points, and so on.
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using its nodal values T ei and suitable interpolating functions, named shape functions.
Polynomial type functions have been most widely used as they can be integrated, or
differentiated, easily and the accuracy of the results can be improved by increasing the
order of the polynomial.
With reference to a one-dimensional problem, the temperature in a inner point x of the e
element can be computed in the following way:

T (x) ∼= T̃ e(x) = Ne
1 (x)T e1 +Ne

2 (x)T e2 + . . .+Ne
r (x)T er =

r∑
i=1

Ne
i (x)T ei = NeTe (A.2.27)

where T̃ e is the approximated temperature, Te is the r-length vector of the nodal
temperatures for the e element and Ne is the raw matrix 1× r of the shape functions of
the e element. The following condition must be valid:

T (xi) ∼= T̃ e(xei ) = T ei (A.2.28)

which infers:
Ne
i (xei ) = 1 (A.2.29)

and:
Ne
j (xei ) = 0 for j 6= i (A.2.30)

The above conditions imply that the shape function assumes a value of unity at the
designated node and zero at all other nodes.
In the previous equations it has been indicated with xei the coordinates of the nodes for
the element e.
The shape functions own the following property:

r∑
i=1

Ne
i (x) = 1 (A.2.31)

and, therefore, the sum of all the shape functions in an element is equal to unity anywhere
within the element including the boundaries.
By assembling all the piecewise approximations, the global approximation of the unknown
variable results:

T (x) ∼= T̃ (x) =
r∑
i=1

Ni(x)Ti = NT (A.2.32)

In the previous equation, Ni represents the global shape functions: these functions coincide
with Ne

i for the elements which share the node i, and are equal to zero for the other
elements.
The shape functions can be defined by using Lagrange polynomials; this kind of interpo-
lation only guarantees the continuity of the function across the inter-element boundaries
and therefore these types of of elements are known as C0 elements. The elements that
also assure the continuity of derivatives across inter-element boundaries, in addition to
the continuity of functions, are indicated as C1 elements and the shape functions are
known as Hermite polynomials.
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The one-dimensional (n− 1)-th order Lagrange interpolation polynomial is the ratio of
two products. For an element with n nodes, (n− 1) order polynomial, the interpolation
function is:

Ne
k(x) =

n∏
i=1

x− xi
xk − xi

with k 6= i (A.2.33)

Let us consider a typical linear element with end nodes 1 and 2 with the corresponding
temperature being denoted by T1 and T2, respectively. The linear temperature variation
in the element is represented by

T (x) = α1 + α2x (A.2.34)

where T is the temperature at any location x and the parameters α1 and α2 are constants.
Since there are two arbitrary constants in the linear representation, only two nodes are
required for determining the values of α1 and α2:

T1 = α1 + α2x1

T2 = α1 + α2x2 (A.2.35)

Therefore we can write:
T = N1T1 +N2T2 (A.2.36)

which shows as the temperature T at any location x can becomputed by using the shape
functions N1 and N2 evaluated at x. For a one-dimensional linear element, the shape
functions corresponding to the two nodes can be obtained by writing Eq.(A.2.33) for
n = 2, that is:

N1 =
x− x2

x2 − x2
and N1 =

x− x1

x2 − x1
(A.2.37)

For a one-dimensional quadratic element, the temperature variation in the element is
represented by

T (x) = α1 + α2x+ α3x
2 (A.2.38)

and then the temperature T at any location x can be computed by using three shape
functions, N1, N2 and N3, evaluated at x:

T = N1T1 +N2T2 +N3T3 (A.2.39)

By using a Lagrange polynomial, the shape functions for the one-dimensional quadratic
element can be expressed as:

N1 =
x− x2

x1 − x2

x− x3

x1 − x3

N2 =
x− x1

x2 − x1

x− x3

x2 − x3

N3 =
x− x1

x3 − x1

x− x2

x3 − x2
(A.2.40)
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A.3 Temporal discretization
Let us consider the one-dimensional unsteady heat conduction equation in absence of
heat generation, that is:

ρcp
∂T

∂t
=

∂

∂x

(
k
∂T

∂x

)
(A.3.1)

Since time is a one-way coordinate, the solution of Eq.(A.3.1) can be obtained by marching
in time from a given initial distribution of temperature. Thus, in a typical “time step”, the
effort is addressed to the computation of the temperature values at time t+ ∆t, knowing
the grid-points values of T at time t. The old (given) values of T at the grid points will
be denoted as Tni , while the new (unknown) values of T at time t+ ∆t will be indicated
as Tn+1

i .
Equation (A.3.1) can be written in a compact form as:

ρcp
∂T

∂t
= F (t, T (t)) (A.3.2)

which reminds the form of a ordinary differential equation (ODE) with initial values.
Therefore, we can consider a first order ODE, with its initial condition:

dφ(t)
dt

= f(t, φ(t)) with φ(t0) = φ0 (A.3.3)

We are interested in computing φ after an interval ∆t from the initial time, thus to obtain
φ1 at time t1 = t0 + ∆t; successively, φ2 at time t2 = t1 + ∆t will be computed, and so
on. Integration of Eq.(A.3.3) between tn and tn+1 = tn + ∆t gives:

tn+1∫
tn

dφ(t)
dt

dt = φn+1 − φn =

tn+1∫
tn

f(t, φ(t)) (A.3.4)

where φn+1 = φ(tn+1).
Equation (A.3.4) is exact but the right-hand side term can not be evaluated without
knowing the solution at the new time, therefore it needs to be approximated. The
discretized for of Eq.(A.3.4) can be formulated as:

φn+1 − φn =
[
Ψφn+1 + (1−Ψ)φn

]
∆t (A.3.5)

If Ψ = 1 then the temporal discretization is called implicit, if Ψ = 0 then it is called
explicit while, if 0 < Ψ < 1, it is called semi-implicit or semi-explicit. An explicit method
is one in which the new predicted solution is only function of known data and, therefore,
the time advance is simple and no iterations are required. For an implicit method, the
right-hand side also contains reference to the variable at the new time step and, hence,
an iterative solution is required.
The simplest ways to approximate φn+1 are those depicted in Fig. A.7:

• Explicit Euler:
φn+1 = φn + f(tn, φn)∆t (A.3.6)
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(a) (b) (c) (d)

Figure A.7: Approximation of the temporal integral: (a) Explicit Euler, (b) Backward Euler, (c)
Mid-point rule, (d) Crank-Nicolson.

• Implicit Euler (Backward Euler):

φn+1 = φn + f(tn+1, φ
n+1)∆t (A.3.7)

• Mid-point rule:
φn+1 = φn + f(tn+1/2, φ

n+1/2)∆t (A.3.8)

• Crank-Nicolson:

φn+1 = φn +
1
2
[
f(tn, φn) + f(tn+1, φ

n+1)
]

∆t (A.3.9)

Apart the Mid-point rule, all the above methods are two-levels methods because they
need the variable φ only in two different temporal steps. The Explicit Euler and the
Backward Euler are first-order accurate, this means that the discretization error, for
sufficiently small time steps, varies with ∆t. On the contrary, the mid-point rule and the
Cranck-Nicolson methods are second-order accurate, thus the error is proportional to
(∆t)2.
To formulate higher order methods, it is necessary to use the information in more than
two levels. These levels can be taken between the time step already computed, for
which the solution is known, or can be taken between tn and tn+1. In the first case, the
explicit Adams-Brashfort methods can be obtained, while the second approach leads to
the Runge-Kutta methods.
Let us go back to the one-dimensional unsteady heat conduction equation (A.3.1). It can
be discretized as it follows:

Tn+1
P − TnP

∆t
ρcpδx = q

′′

EP + q
′′

WP =
k

δx
(TE + TW − 2TP ) (A.3.10)

By introducing the Fourier number3, defined as:

Fo =
k

ρcp

∆t
δx2

= α
∆t
δx2

(A.3.11)

3The Fourier number can be seen as a temporal scale of the diffusion process across the control volume.
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the temporal discretization can be expressed as:

Tn+1
P − TnP = Fo

[
ψf(tn+1) + (1− ψ)f(tn)

]
(A.3.12)

with:
f(t) = TE + TW − 2TP (A.3.13)

Therefore, by substituting Eq.(A.3.13) into Eq.(A.3.12), after some straightforward pas-
sages we get:

(1 + 2ΨFo)Tn+1
P −ΨFo Tn+1

E −ΨFo Tn+1
W =

= [1− 2(1−Ψ)Fo]TnP + (1−Ψ)Fo TnE + (1−Ψ)Fo TnW (A.3.14)

The following discretization schemes can be obtained:

• Explicit Euler (Ψ = 0):

Tn+1
P = (1− 2Fo) TnP + Fo TnE + Fo TnW (A.3.15)

• Implicit Euler (Backward Euler) (Ψ = 1):

(1 + 2Fo) Tn+1
P − Fo Tn+1

E − Fo Tn+1
W = TnP (A.3.16)

• Crank-Nicolson (Ψ = 1/2):

(2+2Fo) Tn+1
P −Fo Tn+1

E −Fo Tn+1
W = (2−2Fo) TnP +Fo TnE +Fo TnW (A.3.17)

Explicit methods are easier to implement but can not be used for time step values higher
than a threshol value, called the stability limit4. For Eq.(A.3.15), this limit can be obtained
by imposing the condition that the coefficient multiplying Tnp must be non-negative5, that

4An algorithm is said to be stable if it does not amplify the errors during the resolution process. For
an initial value problem, the stability guarantees that a bounded solution is obtained every time that the
solution of the exact equation is bounded.

5It easy to understand the need for this requirement. Let us suppose that the temperatures of the
nodes adjacent to P are equal to T ∗ and remain constant in time:

Tn
E = Tn

W = Tn+1
E = Tn+1

W = T ∗

while the temperature in P at time n is higher than T ∗:

Tn
P = T ∗ + ∆T

Therefore, by substituting the above relations into Eq.(A.3.15), we obtain:

Tn
P = T ∗ + (1− 2Fo)∆T

Under above mentioned hypotheses, TP must reduce from time n to time n + 1, because some heat
will be transferred to the adjacent nodes, but, at the same time, must remain higher than T ∗: if this
condition were violated, than some heat would pass from the cold node P to the hot neighbouring nodes,
violating the second law of thermodynamics. To make the situation feasible it is therefore necessary that
the coefficient multiplying the ∆T term is non-negative, that is:

1− 2Fo ≥ 0
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is:
1− 2Fo ≥ 0 ⇒ Fo = α

∆t
δx2
≤ 1

2
(A.3.18)

If this condition is violated, physically unrealistic results may emerge. The troublesome
feature about condition (A.3.18) is that, as δx is reduced to improve the spatial accuracy,
then a smaller ∆t must be employed.
The principal advantage of implicit schemes as compared to explicit ones is that signifi-
cantly larger time steps can be used, without hampering the stability of the integration
process. The implicit methods are not always unconditionally stable: the stability depends
both on the method and on the modeling equation. The fully-implicit Backward Euler is
unconditionally stable and, therefore, any value for ∆t can be used.
As quoted in [141], another important advantage of implicit schemes is their superior
robustness and convergence speed in the case of stiff equations systems and/or source
terms.
The implicit scheme, written for each grid point, represents a large system of linear
equations which has to be solved at each time step. This task can be accomplished using
either a direct or an iterative method. The direct methods are based on the exact inversion
of the left-hand side of Eq.(A.2.26) using either the Gaussian elimination or some direct
sparse matrix methods. Direct methods are not an option for 3D problems because they
require an excessively high computational effort and a huge amount of computer memory.

A.4 Numerical integration
The computation of the integral of a function, in one ore more dimensions, is a very
common problem in computational fluid dynamics. Usually, the integrand function is
known only in some points of the domain.
In this section, only the one-dimensional case will be considered, being straightforward
the modifications to apply for the 2D and 3D cases. Generally, quadrature rules are
expressed as a linear combination of the values of the integrand function in suitable points
of the domain:

b∫
a

f(x)dx =
n∑
i=0

wif(xi) (A.4.1)

where wi ≥ 0 are the weights and xi are the nodes of the quadrature rules. Some methods
make use of a assigned node distribution, usually uniform, while only the weights are
computed thus to approximate the integral. The accuracy of a quadrature rule is evaluated
thanks to two considerations.

• quadrature rules which use a uniform distribution of the integration nodes are
generally characterized by truncation errors proportional to some power of the node
spacing, that is hp. In this case, the method is said to be p-order accurate.

• when the nodes are not equally-spaced, it is common practice to characterize the
accuracy of the integration scheme by the degree of the polynomial of maximum
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order that the formula can integrate exactly.

The easiest approach to numerical integration is provided by the Newton-Cotes quadrature
rules. The basis idea is to interpolate the integrand function with a polynomial on a regular
grid, and then to ingrate this polynomial. When the extreme points of the integration
domain are used, the Newton-Cotes rules are said to be closed ; on the contrary, the rules
are said to be open. The open form of the Newton-Cotes rules is seldom used since, under
the same number of nodes, it is less accurate then the closed form. For this reason, the
attention will be focused only on the closed form of the Newton-Cotes rules.
Let us suppose that the integration domain [a, b] is spit into N uniform slots of width
h = (b− a)/N : therefore the number of nodes will be equal to N + 1, being x0 = a and
xN = b. The node sequence can be represented in a compact way as:

xj = a+ jh j = 0, 1, ..., N (A.4.2)

The interpolating polynomial of N -degree which interpolates the integrand function f(x)
in the N + 1 nodes can be represented as a linear combination of Lagrange polynomials:

PN (x) =
N∑
j=0

Lj(x)f(xj) (A.4.3)

The interpolating polynomial PN (x) can be integrated on the interval [a, b] to give this
approximating formula:

b∫
a

f(x)dx ≈
b∫
a

PN (x)dx =
N∑
j=0

f(xj)

b∫
a

Lj(x)dx = (b− a)
N∑
j=0

CNj f(xj) (A.4.4)

where the coefficients CNj , multiplied by the factor (b−a), are the weights wj of Eq.(A.4.1)
and are called the Cotes numbers. They depend only on the node position, by not on the
values of the integrand function, and they own these properties:

N∑
j=0

CNj = 1 CNj = CNN−j (A.4.5)

Some examples of the Newton-Cotes rules are the following:

• Rectangle rule. The interpolating polynomial is zeroth-degree and C0
0 = 1:

b∫
a

f(x)dx ≈ (b− a)f(a) (A.4.6)

• Trapezoidal rule. The interpolating polynomial is first-degree and C1
0 = C1

1 = 1/2:

b∫
a

f(x)dx ≈ (b− a)
[
f(a) + f(b)

2

]
(A.4.7)
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• Simpson’s rule. The interpolating polynomial is second-degree:

b∫
a

f(x)dx ≈ (b− a)

[
f(a) + f(a+b

2 ) + f(b)
2

]
(A.4.8)

The Trapezoidal rule is first-order accurate while the Simpson’s rule is third-order accurate.
When the integration domain is enough large, it is not recommended to approximate the
whole integral with a high order Newton-Cotes rule because, for N ≥ 8, some coefficients
CNj are negative and can give round-off errors. Therefore it is preferable to apply low-order
Newton-Cotes rules on sub-intervals or on groups of them. The corresponding formulas
are named as composite Newton-Cotes rules. Two examples are provided by:

• Composite Trapezoidal rule:

b∫
a

f(x)dx =
N−1∑
j=0

xi+1∫
xi

f(x)dx ≈
N−1∑
j=0

b− a
N

[
f(xj) + f(xj+1)

2

]
(A.4.9)

• Composite Simpson’s rule. The Simpson’s rule is applied to groups of two sub-
intervals, therefore N must be even:

b∫
a

f(x)dx =
N/2∑
j=1

x2j∫
x2(j−1)

f(x)dx ≈
N/2∑
j=1

b− a
N/2

[
f(x2(j−1)) + 4f(x2j−1) + f(x2j)

2

]
(A.4.10)
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A.5 MATLAB code for Example 1

1 clear global
2 clear all
3 close all
4 clc
5

6 global nx dx dt T0 Nt np sensors
7

8 % .................................................................
9 % REAL VALUES OF THE PARAMETERS

10 P1_real = 10;
11 P2_real = 20;
12 P_real = [P1_real P2_real ];
13 % .................................................................
14

15 % .................................................................
16 % INITIAL GUESS FOR THE PARAMETERS
17 P1 = 20;
18 P2 = 5;
19 P = [P1 P2];
20 PP(:,1) = P’; % store the parameters in a matrix
21 % .................................................................
22

23 % .................................................................
24 % INITIAL TEMPERATURE
25 T0 = 0;
26 % .................................................................
27

28 % .................................................................
29 % SPATIAL DISCRETIZATION
30 L = 1; % length of the domain
31 nx = 21; % number of nodes
32 dx = L/(nx -1); % grid step
33 % .................................................................
34

35 % .................................................................
36 % TEMPORAL DISCRETIZATION
37 tf = 2; % final time
38 Nt = 51; % number of time steps (Nt=1 is t=0)
39 dt = tf/(Nt -1); % time step
40 % .................................................................
41

42 % .................................................................
43 % MEASUREMENTS POINTS
44 xp1 = 0.2;
45 xp2 = 0.45;
46 xp = [xp1 ,xp2];
47

48 np = xp./dx+1; % nodes of the sensors
49 sensors = length(xp);
50

51 C = zeros(sensors ,nx);
52 for k=1: sensors
53 C(k,np(k)) = 1;
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54 end
55 clear k
56 % .................................................................
57

58 % .................................................................
59 % SIMULATED TEMPERATURE MEASUREMENTS
60 % Y_M: matrix of dimension Nx*Nt
61 % Y : matrix of dimension sensors*Nt
62

63 [Y_M Y] = direct_problem(P_real);
64 % .................................................................
65

66

67 % ===================================================================
68 % CONJUGATE GRADIENT METHOD WITH ADJOINT FORMULATION
69

70 [T_M T] = direct_problem(P);
71 diff = Y-T;
72 s(1) = norm(diff)^2; % LS criterion
73

74 it=1;
75 iter = 50;
76

77 for it = 1:iter
78

79 % ===============================================================
80 % SOLUTION OF THE ADJOINT PROBLEM
81 % Pw: Lagrange Multiplier
82

83 Pw = zeros(nx ,1); % final condition for Pw
84

85 A = matrix(P);
86

87 % STORAGE OF Pw IN A MATRIX (also the time tf is stored)
88 PW_M = zeros(nx,Nt);
89 PW_M(:,Nt) = Pw;
90 prod(Nt) = PW_M(1,Nt)*(1-T_M(1,Nt));
91

92 % For the computation of the source term of the Adjoint Problem , three
93 % alternatives can be chosen:
94 % 1. evaluation at iteration k (previous iteration)
95 % 2. evaluation at iteration k-1 (current iteration)
96 % 3. mean value between k and k-1 (default)
97 diff_0 = diff (:,1:end -1);
98 diff_1 = diff (:,2:end);
99 diff_mean = (diff_0+diff_1)/2;

100

101 for k=Nt:-1:2
102

103 % SOURCE TERM: .............................................
104 % 1. ITERATION k
105 % Pw = Pw - 2*dt*C’* diff_tot(:,k)/P(1);
106 %
107 % 2. ITERATION k-1
108 % Pw = Pw - 2*dt*C’* diff_tot(:,k-1)/P(1);
109 %
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110 % 3.MEAN VALUE BETWEEN k e k-1
111 Pw = Pw - 2*dt*C’* diff_mean(:,k-1)/P(1);
112 % ..........................................................
113

114 % SOLUTION: .............................................
115 Pw_new = A\Pw;
116

117 Pw = Pw_new;
118 PW_M(:,k-1) = Pw;
119 prod(k-1) = PW_M(1,k-1)*(1-T_M(1,k-1));
120 dT = T_M(:,k) - T_M(:,k-1);
121 dT_M(:,k-1) = dT;
122 end
123 % ================================================================
124

125

126 % ================================================================
127 % COMPUTATION OF THE GRADIENT
128 %
129 % 1. g(1) ........................................................
130 g(1) = 0;
131 PW_M_g1 = PW_M (:,1:end -1);
132 for i=1:Nt -1
133 col = PW_M_g1(:,i);
134 g(1) = g(1) - dx*col ’*dT_M(:,i);
135 end
136 %
137 % 2. g(2) ........................................................
138 g(2) = function_simpson(prod ,dt)
139 % ================================================================
140

141 ng = norm(g)^2;
142

143 % ================================================================
144 % 3. DESCENT DIRECTION
145 %
146 if it==1% iterazione 1
147 w = -g;
148 else
149 % 1. FLETCHER -REEVES
150 w = -g + ng/ng_old*w_old;
151 % 2. P0LAK -RIBIERE
152 % w = -g + g*(g-g_old)’/ng_old*w_old;
153 end
154 % ================================================================
155

156 % ================================================================
157 % 4. SENSITIVITY PROBLEM
158 delta_P = w;
159 P_delta_P = P + delta_P;
160 [deltaT_M TdeltaT] = direct_problem(P_delta_P);
161 % ================================================================
162

163 % ===============================================================
164 % 5. STEP SIZE
165 num = (Y-T).*( TdeltaT -T);
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166 den = (TdeltaT -T).*( TdeltaT -T);
167 % 5.1 NUMERICAL EVALUATION OF THE INTEGRALS ......................
168 intNum_1 = function_simpson(num(1,:),dt);
169 intNum_2 = function_simpson(num(2,:),dt);
170 intDen_1 = function_simpson(den(1,:),dt);
171 intDen_2 = function_simpson(den(2,:),dt);
172 beta = (intNum_1+intNum_2)/( intDen_1+intDen_2);
173 % ================================================================
174

175 % ================================================================
176 % 6. UPDATE
177 P = P + beta*w;
178 % ================================================================
179

180 PP(:,it+1) = P;
181 g_old = g;
182 ng_old = ng;
183 w_old = w;
184

185 [T_M T] = direct_problem(P);
186 diff = Y-T;
187 s(it+1) = norm(diff)^2;
188

189

190 end

1 function [Y_M Y] = direct_problem(b)
2

3 global nx dx dt T0 Nt np sensors
4

5 b1 = b(1);
6 b2 = b(2);
7 Fo = dt/(b1*dx^2);
8

9 % +-------------------------+
10 % | COEFFICIENT MATRIX |
11 % +-------------------------+
12 AP = 1+2*Fo;
13 AE = -Fo;
14 AW = -Fo;
15 diag_sx = [AW*ones(1,nx -1) 0]’; % left diagonal
16 diag_0 = AP*ones(1,nx) ’; % main diagonal
17 diag_dx = [0 AE*ones(1,nx -1)]’; % right diagonal
18 A = spdiags ([ diag_sx diag_0 diag_dx ],[-1,0,1],nx,nx);
19 A(1,1) = 1 + 2*Fo + 2*dx*Fo*b2;
20 A(1,2) = -2*Fo;
21 A(nx,nx -1) = -2*Fo;
22

23 % +-------------------------+
24 % | INITIAL CONDITIONS |
25 % +-------------------------+
26 T_iniz = T0*ones(1,nx);
27

28 % +-------------------------+
29 % | SOURCE TERM AT t=0 |
30 % +-------------------------+
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31 S = T_iniz ’;
32 S(1) = S(1) + 2*dx*Fo*b2;
33

34 % +-------------------------+
35 % | NUMERICAL SOLUTION |
36 % +-------------------------+
37 for l = 1:Nt -1 % Nt=1 is t=0
38 T = A\S;
39 TT(:,l)=T; % store the results in a matrix
40 S = T;
41 S(1) = S(1) + 2*dx*Fo*b2;
42 end
43

44 % +-------------------------+
45 % | EXPORT DATA |
46 % +-------------------------+
47 % OVERALL TEMPERATURE MATRIX , with also values at t=0
48 Y_M = [T0*ones(1,nx)’ TT];
49 % SENSORS ’ TEMPERATURE MATRIX , with also values at t=0
50 Y(1: sensors ,:) = Y_M(np ,:);

1 function A = matrix(b)
2

3 global nx dx dt T0 Nt np sensors
4

5 b1 = b(1);
6 b2 = b(2);
7 Fo = dt/(b1*dx^2);
8

9 AP = 1+2*Fo;
10 AE = -Fo;
11 AW = -Fo;
12 diag_sx = [AW*ones(1,nx -1) 0]’;
13 diag_0 = AP*ones(1,nx) ’;
14 diag_dx = [0 AE*ones(1,nx -1)]’;
15 A = spdiags ([ diag_sx diag_0 diag_dx ],[-1,0,1],nx,nx);
16 A(1,1) = 1 + 2*Fo + 2*dx*Fo*b2;
17 A(1,2) = -2*Fo;
18 A(nx,nx -1) = -2*Fo;

1 function integral = function_simpson(F,dt)
2

3 int = F;
4 int (1) = int(1)/6;
5 int(end) = int(end)/6;
6 int (2) = (5/6)*int (2);
7 int(end -1) = (5/6)*int (2);
8

9 integral = 2*dt*sum(int);
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A.6 MATLAB code for Example 2

1 clear all
2 close all
3 clc
4

5 % .................................................................
6 % SPATIAL DISCRETIZATION
7 L = 1; % length of the domain
8 nx = 41; % number of nodes
9 dx = L/(nx -1); % grid step

10 % .................................................................
11

12 % .................................................................
13 % MEASUREMENTS POINTS
14 xp1 = 0.2;
15 xp2 = 0.45;
16 xp = [xp1 ,xp2];
17

18 np = xp./dx+1; % nodes of the sensors
19 sensors = length(xp);
20 C = zeros(sensors ,nx);
21

22 for k=1: sensors
23 C(k,np(k)) = 1;
24 end
25 clear k
26 % .................................................................
27

28

29 % ====================================================================
30 % 1. CREATION OF THE INITIAL CONDITION
31 % It is the solution , in t=[0,0.4] , computed with P=[10 ,20]
32

33 tf = 0.4;
34 Nt = 11;
35 dt = tf/(Nt -1);
36 P = [10 20]’;
37

38 P1 = P(1);
39 P2 = P(2);
40 Fo = dt/(P1*dx^2);
41

42 A = matrix(nx,dx,dt,P);
43

44 % ...........................................................
45 % INITIAL CONDITIONS
46 T_iniz = zeros(1,nx);
47 % ...........................................................
48

49 % ...........................................................
50 %SOURCE TERM AT t=0
51 S = T_iniz ’;
52 S(1) = S(1) + 2*dx*Fo*P2;
53 % ...........................................................
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54 % .....................................................................
55 % +-------------------------+
56 % | NUMERICAL SOLUTION |
57 % +-------------------------+
58 for l = 1:Nt -1 % Nt=1 is t=0
59 T = A\S;
60 TT(:,l)=T;
61 S = T;
62 S(1) = S(1) + 2*dx*Fo*P2;
63 end
64

65 T0 = TT(:,end); % this will be the initial condition
66 % ====================================================================
67

68 clear Nt
69 clear tf
70 clear Fo
71 clear T_iniz
72 clear S
73 clear A
74 clear T
75

76

77 % ====================================================================
78 % 2. STARTING FROM THE INITIAL CONDITION JUST COMPUTED , THE DIRECT
79 % PROBLEM IS SOLVED TO FIND THE MEASURED TEMPERATURES
80 % The direct problem differs from the previous one , since the
81 % boundary at x=0 is kept insulated
82

83 tf = 2; % final time
84 Nt = 101; % numebr of time steps
85 dt = tf/(Nt -1); % time step
86 t = 0:dt:tf;
87

88 P = [10 0]’;
89 A = matrix(nx,dx,dt,P);
90

91 P1 = P(1);
92 P2 = P(2);
93 Fo = dt/(P1*dx^2);
94

95 % .....................................................................
96 % INITIAL CONDITIONS
97 T_iniz = T0;
98 % .....................................................................
99

100 % .....................................................................
101 %SOURCE TERM AT t=0
102 S = T_iniz;
103 S(1) = S(1) + 2*dx*Fo*P2;
104 % .....................................................................
105

106 % .....................................................................
107 % +-------------------------+
108 % | NUMERICAL SOLUTION |
109 % +-------------------------+
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110 S = T_iniz;
111 S(1) = S(1) + 2*dx*Fo*P2;
112 Ysol = zeros(nx,Nt);
113 YY(:,1) = T0;
114 for l = 2:Nt %
115 Ysol = A\S;
116 YY(:,l) = Ysol;
117 S = Ysol;
118 S(1) = S(1) + 2*dx*Fo*P2;
119 end
120 Y = YY(np ,:);
121

122

123

124 % ===================================================================
125 % CONJUGATE GRADIENT METHOD WITH ADJOINT FORMULATION
126 % NOTE: - matrix A is unchanged
127

128 itm = 50; % max number of iterations
129 f = zeros(nx ,1); % initial guess
130

131

132 for it=1:itm
133 Tw = f;
134 T = direct_problem(A,Tw,P,nx,dx,dt ,Nt,np,sensors);
135 diff = Y-T;
136 s(it) = norm(diff)^2;
137

138

139 % ===============================================================
140 % SOLUTION OF THE ADJOINT PROBLEM
141 % Pw = Lagrange Multiplier
142

143 Pw = zeros(nx ,1); % final condition for Pw
144 PW_M = zeros(nx,Nt);
145 PW_M(:,Nt) = Pw;
146

147 % For the computation of the source term of the Adjoint Problem , three
148 % alternatives can be chosen:
149 % 1. evaluation at iteration k (previous iteration)
150 % 2. evaluation at iteration k-1 (current iteration)
151 % 3. mean value between k and k-1 (default)
152 diff_0 = diff (:,1:end -1);
153 diff_1 = diff (:,2:end);
154 diff_mean = (diff_0+diff_1)/2;
155

156 for k = Nt:-1:2
157

158 % SOURCE TERM: .............................................
159 % 1. ITERATION k
160 % Pw = Pw - 2*dt*C’* diff_tot(:,k)/P(1);
161 %
162 % 2. ITERATION k-1
163 % Pw = Pw - 2*dt*C’* diff_tot(:,k-1)/P(1);
164 %
165 % 3.MEAN VALUE BETWEEN k e k-1



Tesi di dottorato di Paola Ranut, discussa presso l’Università degli Studi di Udine

A.6. MATLAB code for Example 2 229

166 Pw = Pw - 2*dt*C’* diff_mean(:,k-1)/P(1);
167 % ..........................................................
168 Pw_new = A\Pw;
169 Pw = Pw_new;
170 PW_M(:,k-1) = Pw;
171 end
172

173 % ================================================================
174 % COMPUTATION OF THE GRADIENT
175 %
176 g = P(1)*PW_M (:,1);
177 ng = norm(g)^2;
178 % =================================================================
179

180 % =================================================================
181 % 3. DESCENT DIRECTION
182 if it==1
183 w = -g;
184 else
185 % 1. FLETCHER -REEVES
186 w = -g + ng/ng_old*w_old;
187 % 2. P0LAK -RIBIERE
188 % w = -g + g*(g-g_old)’/ng_old*w_old;
189 end
190 % =================================================================
191

192 % =================================================================
193 % 4. SENSITIVITY PROBLEM
194 delta_f = w;
195 f_delta_f = f + delta_f;
196 TdeltaT = direct_problem(A,f_delta_f ,P,nx ,dx,dt,Nt,np ,sensors);
197 % =================================================================
198

199 % =================================================================
200 % 5. STEP SIZE
201 num = (Y-T).*( TdeltaT -T);
202 den = (TdeltaT -T).*( TdeltaT -T);
203 % 5.1 NUMERICAL EVALUATION OF THE INTEGRALS ......................
204 intNum_1 = function_simpson(num(1,:),dt);
205 intNum_2 = function_simpson(num(2,:),dt);
206 intDen_1 = function_simpson(den(1,:),dt);
207 intDen_2 = function_simpson(den(2,:),dt);
208 beta = (intNum_1+intNum_2)/( intDen_1+intDen_2);
209 % ================================================================
210

211 % ================================================================
212 % 6. UPDATE
213 f = f + beta*w;
214 % ================================================================
215

216 g_old = g;
217 ng_old = ng;
218 w_old = w;
219 end
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1 function Tsens = direct_problem(A,T_iniz ,b,n,dx ,dt,Nt,np,sensors)
2

3 % Tsens: matrix with the values of temperature measured at
4 % sensors ’location. The first term is at t=0
5 % T_iniz: column vector of the temperature at the intial time
6

7 b1 = b(1);
8 b2 = b(2);
9 Fo = dt/(b1*dx^2);

10

11 % +-------------------------+
12 % | SOURCE TERM AT t=0 |
13 % +-------------------------+
14 S = T_iniz;
15 S(1) = S(1) + 2*dx*Fo*b2;
16

17 % +-------------------------+
18 % | NUMERICAL SOLUTION |
19 % +-------------------------+
20 for l = 1:Nt -1 % Nt=1 is t=0
21 T = A\S;
22 TT(:,l)=T;
23 S = T;
24 S(1) = S(1) + 2*dx*Fo*b2;
25 end
26

27 % Matrix whose first column is the temperature at t=0
28 TT_zero = [T_iniz TT];
29

30 % +-------------------------+
31 % | EXPORT DATA |
32 % +-------------------------+
33 Tsens (1: sensors ,:) = TT_zero(np ,:);

1 function A = matrix(n,dx,dt ,b)
2

3

4 b1 = b(1);
5 b2 = b(2);
6

7 Fo = dt/(b1*dx^2);
8

9 AP = 1+2*Fo;
10 AE = -Fo;
11 AW = -Fo;
12 diag_sx = [AW*ones(1,n-1) 0]’; % devono essere vettori colonna
13 diag_0 = AP*ones(1,n) ’;
14 diag_dx = [0 AE*ones(1,n-1)]’;
15 A = spdiags ([ diag_sx diag_0 diag_dx ],[-1,0,1],n,n);
16 A(1,1) = 1 + 2*Fo + 2*dx*Fo*b2;
17 A(1,2) = -2*Fo;
18 A(n,n-1) = -2*Fo;
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1 function integrale = function_simpson(F,dt)
2

3 int = F;
4 int (1) = int(1)/6;
5 int(end) = int(end)/6;
6 int (2) = (5/6)*int (2);
7 int(end -1) = (5/6)*int (2);
8

9 integrale = 2*dt*sum(int);
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