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Abstract

This thesis investigates the structural behavior of mechanical components
in presence of thermal loads. In many engineering situations there are evi-
dences of failures related to parts that are not free to expand, and a carefully
evaluation of stress and strain field related to the temperature distribution
is crucial to prevent costly and catastrophic effects, or to provide suitable
fire-resistive devices.

In the first part of the work the mechanisms which give rise to ther-
mal stresses are investigated. In order to assess some basic problem solving
techniques that can be of practical use in an industry-oriented approach,
simplified models are developed. Material behavior under cyclic loading con-
ditions has been investigated to individuate the best strategy to modeling
cyclic plasticity and to obtain accurate life predictions in presence of thermal
fatigue.

Examples concerning metallurgical plants and naval engineering are in-
vestigated in the second part of the thesis, where the interpretative models
previously developed are shown to be capable of well describe the behavior
of the components during operational conditions. Analytical and numerical
models adopted to define stress levels and damage mechanisms are devel-
oped in order to guarantee a computational effort compatible for the daily
industrial practice. The proposed thermo-mechanical analyses allow to de-
tect some optimization parameters (related to both selected material and
geometrical shape) that permits a longer life to be achieved. Furthermore,
an experimental validation of the adopted methodologies is performed for
a naval application, where temperature variation, as well as displacements
induced by temperature gradients, have been monitored.
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Introduction

Stress is not a consequence of mechanical loads only: when a body, or
a part of it, is not free to expand or contract in response to changes in
temperature, stress may arise. Thermal expansion or contraction can be to-
tally or partially restrained because of body geometry, external constraints
or presence of temperature gradients. Such stress caused by a temperature
distribution is known as thermal stress. Many engineering situations, from
aerospace structures to steel-making plants, involve failures related to ther-
mal stress, which effects are often costly and catastrophic. For this reasons,
it is crucial to recognize the importance of reduction of thermal stresses in
mechanical parts, which often can not be achieved by simply over sizing the
component. Furthermore, the behavior of structures in presence of heating
sources is fundamental in the design of fire-resistive environments.

This research work focuses on the structural analysis of mechanical com-
ponents under thermal loads.

The first part of the thesis provides an overview of the theoretical frame-
work about thermal stress that has been developed over years, in order to
assess some basic problem solving techniques. Particular attention has been
devoted to achieve analytical and numerical strategies that can be of practi-
cal use in an industry-oriented approach: interpretative analytical models are
developed to gain insights into mechanisms which give rise to thermal stresses
and to quickly assess the relevant parameters suitable for design optimiza-
tion; plasticity models, as well as mechanical behavior under cyclic loads, are
investigated in order to evaluate the progressive damage of the component
and to perform accurate life predictions; numerical methods are also treated
as an useful tool, especially dealing with coupled problems involving complex
geometries and loading conditions. Numerical calculations and simulations
are performed adopting ANSYS R©and MATLAB R©commercial software. Some
examples of developed lines of code are provided across the work to further
help the reader to become familiar about the implementation of a particu-
lar concept or loading condition. Although commands are specific for the
adopted one, similar procedures can be used also for different software.
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2 Introduction

Examples concerning metallurgical plants and naval engineering are deeply
investigated in the second part of the thesis, where the interpretative models
previously developed are shown to be capable of well describe the behavior
of the components during operational conditions. Analytical and numerical
models adopted to define stress and strain levels are developed in order to
guarantee a computational effort compatible for the daily industrial practice.

The thesis is organized in four chapters, as described in the following:
In Chapter 1 heat transfer mechanisms and the rise of thermal stress from

temperature distribution are briefly revised. Usually the structural designer
is not used to perform thermal calculations, but a correct evaluation of the
temperature field is a crucial aspect in order to obtain accurate results in
terms of stress and strain. Chapter 1 provides also some fundamentals about
numerical methods with some useful guidelines for increasing the efficiency
of the analysis and reducing the computational time. Temperature effects
on metals, which should be taken into account dealing with stresses arising
from temperature distribution, are also analyzed.

In Chapter 2 damage induced by repeated thermal loads, which are often
present in engineering applications, is evaluated. Cyclic behavior of materials
is considered, with particular focus about modeling of cyclic plasticity in
relation to thermal stress problems. Fatigue-life relations are then treated,
with a special focus on predictive models that can be of practical use in
industrial design, when experimental data at high temperatures are often
not available.

The remaining chapters are completely dedicated to application examples.
In particular, Chapter 3 deals with the thermo-mechanical analysis of two
elements of steel industry: an anode adopted in electric arc furnaces and a
mold used in continuous casting processes. The behavior of these mechanical
components under operative conditions is investigated in order to compare
the performances of different materials and to find optimization strategies
that can reduce stress levels and increase their life.

In Chapter 4 fire doors for naval applications are analyzed, comparing
numerical results with measurements obtained from extensive campaign of
experimental tests. Fires doors are subjected to standard fire tests to evaluate
their fire resistance. If the model response under a simulated standard fire
fits well with experimental measurements, different loading conditions, such
as longer or real fire exposure, can be simulated. Furthermore, the behavior
of doors with different size and shape can be achieved reducing the number
of tests needed for extended applications.



Chapter 1

Thermal Loads: Theoretical
Framework

In this chapter an overview of the remarkable mechanisms of thermal
loads is given. Thermal stresses in a mechanical component arise from a
particular temperature field of the element itself, combined with external
constraints that restrain its free expansion. Usually the structural designer
is not used to perform thermal calculations, but a correct evaluation of the
temperature distribution is a crucial aspect in order to obtain accurate results
in terms of stress and strain. For this reason an extended review of heat
transfer mechanisms is here proposed, in order to assess some fundamental
laws that will be adopted also in the following.

After these preliminary considerations, mechanisms which give rise to
thermal stresses are treated, and some interpretative models are developed
to gain insights into the structural behavior of simple structures. In practical
application, further aspects need to be considered: complex geometries and
loading conditions, as well as temperature effect on material properties and
phase changes should be taken into account. Numerical methods represent a
powerful tool to perform such calculations, but some simplifications are com-
pulsory in order to obtain fast simulations, suitable for mechanical industry
where timing is always restricted. However, the accuracy of results need to
be preserved and simplified models need to maintain high levels of reliability,
as proposed in the last section of the chapter.

1.1 Overview of Heat Transfer

Heat transfer mechanisms are deeply investigated in literature, and many
heat transfer textbooks propose detailed dissertation about basic principles of

3



4 Thermal Loads: Theoretical Framework

heat transfer [1, 2, 3, 4, 5]. Usually structural designer are mainly concerned
in evaluating the effects of mechanical loads, without a deep investigation
on the causes that give rise to temperature fields that may lead to critical
stress and strain into the component. Heat transfer mechanisms are then
briefly revised, with the aim of asses some fundamental laws that will be
adopted also when treating examples concerning metallurgical plants and
naval engineering, proposed in Chapter 3 and 4.

Heat is defined as energy that can be transferred from one system to an-
other as a consequence of temperature difference. It flows always from regions
of higher temperature to regions of lower temperature. The basic modes in
which the heat can be transferred are conduction, convection and radiation.
In the following some key aspects of these mechanisms are presented. More
detailed discussions can be found in many heat transfer textbooks [1, 4]. Ac-
cording to current practice, in the following the amount of heat transferred
during the transfer of thermal energy is denoted by Q, while the rate of heat
transfer per unit time is denoted by Q̇. For a given time interval ∆t these
quantities can be related by the following expression.

Q =

 ∆t

0

Q̇ dx (1.1)

The rate of heat transfer per unit area normal to the direction of heat
transfer is named heat flux and it can be expressed as:

q̇ =
Q̇

A
(1.2)

being q̇ is the heat flux and A the heat transfer area.

1.1.1 Heat Transfer Mechanisms

Conduction is the transfer of heat from one part of a body at a higher
temperature to another part of the same body at a lower temperature, or
from one body at a higher temperature to another body in physical contact
with it at a lower temperature. The conduction process takes place at the
molecular level and involves the transfer of energy from the more energetic
molecules to those with a lower energy level [2]. In solids, energy exchange
process is due to vibration of atoms in their sites that causes lattice waves. In
solids that are good conductors of electricity (metals), this lattice vibration
mechanism is only a small contribution to the energy transfer process and
an additional mechanism of conductive heat transfer is present due to the
motion of free electrons, which move in a similar way to molecules in a gas [6].
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That’s why good electrical conductors tend to be good thermal conductors.
At the macroscopic level the rate of heat transfer Q̇ is proportional to the
temperature gradient, accordingly to the one-dimensional form of Fourier’s
law of heat conduction

Q̇ = −λA
∂T

∂x
(1.3)

and actually represents a current of heat (thermal energy) that flows in the
direction of the steepest temperature gradient. Since the temperature gra-
dient is negative, the minus sign is inserted to get positive value for the rate
of heat transfer in the direction of decreasing temperature. λ is the thermal
conductivity and it is a measure of the ability of the material to conduct heat.
The behavior of thermal conductivity with increasing temperature is highly
material dependent: at the absolute zero the conductivity is zero since there
is no mechanism for heat transfer because atoms are not vibrating. Metals
usually show maximum values at room temperature, and then the thermal
conductivity decreases with increasing temperature. Insulating materials, on
the contrary, are characterized by a thermal conductivity that increases with
temperature. Example values of thermal conductivity at room temperature
for various materials are given in [6], while in the last part of this chapter
some considerations about the variation of conductivity against temperature
are provided. An effective example of conduction mechanism is given in Fig-

Figure 1.1: Conduction in a plane wall.

ure 1.1 where heat transfer in a plane wall of thickness L, but of very large
extent in both other directions, is considered. The wall has temperature T1

on one side and T2 on the other. If the thermal conductivity is considered to
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be constant, then Equation (1.3) can be directly integrated, thus obtaining:

Q̇ =
λA

L
(T2 − T1) (1.4)

Conduction heat transfer can be modeled adopting an electrical analogy,
where current is represented by Q̇ and the analogue of voltage difference is
temperature difference T1 − T2. From this perspective the slab is a pure
resistance to heat transfer and the conductive thermal resistance can be thus
defined as:

Rcond =
L

λA
(1.5)

The electrical analogy may be used to solve more complex problems involving
both series and parallel resistances, as for example in a composite planar heat
transfer surface. As an example, the method can be adopted to solve the
problem sketched in Figure 1.2a, in which the heat is transferred through
several layers in a composite wall. The heat quantity in each phase is the
same, and it can be modeled in the same way as current flowing in a series
of electric resistances. Then from this analogy it is possible to express the
amount of heat transferred as:

Q̇ =
T1 − T2

Rtot

=
T1 − T2

R1 +R2 +R3

(1.6)

where R1, R2, R3 are the thermal resistances of each layer and can be eval-
uated from Equation (1.5). Figure 1.2b refers instead to a parallel thermal
circuit, in which heat is transferred in parallel through several heat transfer
conduits. In this case the amount of heat transferred is

Q̇ =
T1 − T2

Rtot

=
T1 − T2

1
R1+R2+R3

(1.7)

Convection is a mechanism of heat transfer between a flowing fluid, liquid
or gas, and an adjacent solid object. The convective heat transfer increases
if the fluid moves faster. For this reason the fluid motion is often induced by
external means such as a pump or a fan. In this case the process is called
forced convection. On the other hand, if the fluid motion occurs as a result
of the density difference produced by the temperature difference, the process
is called free or natural convection [1]. In convective processes the rate of
heat transfer is observed to be proportional to the temperature difference, as
expressed in Equation (1.8), which is known as Newton’s law of cooling:

Q̇ = hA(T∞ − T1) (1.8)
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Figure 1.2: Schematic representation of thermal-electrical analogy: (a) series
connection, (b) parallel connection.
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Figure 1.3: Convection in a plane wall.

Here T1 is the surface temperature and T∞ is the temperature of the fluid
sufficiently far from the surface (also named bulk temperature). It has to
be noted that at the surface the fluid assumes the same temperature of the
solid, as sketched in Figure 1.3. The heat transfer coefficient h is related
to the physical properties of the fluid, but it is also sensitive to variables
influencing convection such as surface geometry and fluid velocity. There
are also some special situations in which h can depend on the temperature
difference [2]. Also for convective heat transfer it is useful for calculations to
define a thermal resistance, given by:

Rconv =
1

hA
(1.9)

Thermal radiation is electromagnetic radiation emitted by a body because
of its temperature, at the expense of its internal energy. Unlike conduction
and convection, radiation requires no medium for its propagation and it can
travel in vacuum (this is how the energy of the sun reaches the earth). Ther-
mal radiation is similar to other forms of electromagnetic radiation such as
visible light, x-rays, and radio waves, differing in wavelengths and source of
generation. Although radiative heat transfer is apparent when a hot body
becomes self-luminous, all solids and liquids, as well as some gases, at a tem-
perature above absolute zero emit thermal radiation [1]. On the macroscopic
level, the calculation of thermal radiation is based on the Stefan-Boltzmann
law, which relates the energy flux emitted by an ideal radiator (or blackbody)
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Figure 1.4: Radiation in a plane wall.

to the temperature, with the well known law:

Q̇ = σT 4 (1.10)

in which σ is the Stefan-Boltzmann constant, with a value of 5.669 · 10−8

W/(m2K4). It has to be noted that heat transfer from a radiating body
increases much more rapidly with increasing temperature than conductive
heat transfer (the heat exchange is proportional to the difference in T 4).
Engineering surfaces in general do not perform as perfect emitters of radiant
energy, and for real surfaces Equation (1.10) need to be modified:

Q̇ = eσT 4 (1.11)

The term e is called the emissivity of the surface and has a value between 0
and 1. If a surface of emissivity e and surface area A at a temperature of T1 is
completely enclosed by a much larger surface (surroundings) at temperature
T∞, the net rate of radiation heat transfer between these two surfaces is:

Q̇ = σeA(T 4
∞ − T 4

1 ) (1.12)

When, because of the geometric arrangement, only a fraction of the energy
leaving one surface is intercepted by the other surface, a further coefficient,
usually called a shape factor or a view factor F12, is needed in the right
term of Equation (1.12). It is sometimes useful to express the radiation
heat transfer as a linear function in the temperature difference between the
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surface temperature and the fluid temperature. As well as for conduction and
convection, this procedure leads to obtain an equivalent thermal resistance:

Rrad =
1

σeA(T∞ − T1)(T 2
∞ − T 2

1 )
(1.13)

It has to be noted that in this case the thermal resistance strongly depends
on temperature. Equation (1.12) can then be expressed in analogous man-
ner to conduction and convection, where the heat flow rate is function of a
temperature difference:

Q̇ =
(T∞ − T1)

Rrad

(1.14)

1.1.2 Simultaneous Heat Transfer Mechanisms

The aforementioned heat transfer mechanisms can act simultaneously in
the same body: as an example, the outer surfaces of a hot steel bar will cool
down as a result of heat lost by convection and radiation, while in the inner
parts of the slab heat is transferred by conduction. The starting point in
treating heat transfer planar problems with no internal heat generation and
constant material properties is the general Fourier’s Law:

∂2T

∂x2
=

1

κ

∂T

∂t
(1.15)

where κ is the thermal diffusivity, defined as:

κ =
λ

ρc
(1.16)

where λ is conductivity , c represents the specific heat and ρ the density.
Equation (1.15) is a partial derivative equation (PDE) that requires adequate
initial and boundary condition to be solved. A simple example involving one-
dimensional heat transfer in the x-direction in a plate of thickness L, shown
in Figure 1.5 is adopted to discuss the problem solving technique. If the plane
wall is initially at temperature T0, the initial condition can be expressed as:

T (x, 0) = T0 (1.17)

being T0 the initial temperature. Boundary conditions are related to the
surfaces of the plate. Focusing only the left side of the plate (x = 0) several
boundary conditions can be imposed, considering T∞,1 the bulk tempera-
ture related to this side. For example, a given, fixed temperature can be
considered:

T (0, t) = T∞,1 (1.18)
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Figure 1.5: Plane wall subjected to initial (IC) and boundary (BC) condi-
tions.

while a convective heat transfer can be imposed as:

− λ
∂T

∂x
= h(T∞,1 − T (0, t)) (1.19)

A radiative heat exchange is obtained with:

− λ
∂T

∂x
= σ(T∞,1 − T (0, t)4) (1.20)

This strategy can be applied also for the right side of the plate (x = L),
where a bulk temperature T∞,2 is considered, and also when different mech-
anisms act on the same side, by simply superimposing the related boundary
conditions. As an example, the plate is now considered to undergo a con-
vective and radiative heating on the left side, while convective cooling acts
on the right side. This situation is representative of thermal loading condi-
tion for a fire door subjected to standard fire test, whose thermo-mechanical
behavior will be investigated in Chapter 4. The boundary conditions are
then: 

− λ
∂T

∂x
= h(T∞,1 − T (0, t)) + σ(T∞,1 − T (0, t)4)

− λ
∂T

∂x
= h(T∞,2 − T (0, t))

(1.21)

It is not possible to obtain analytic solutions of Equation (1.15) with
all the proposed boundary conditions and, especially when radiative heat
transfer mechanism is present, a PDE solver is required to achieve the so-
lution. As an example, combining Equation (1.17) with Equation (1.21),
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Equation (1.15) can be numerically solved and the temperature distribu-
tion into the plate for any given time can be evaluated, as represented in
Figure 1.6. The following MATLAB R©command lines can be adopted to nu-
merically solve the problem:

function CondConvIrr
global alfa Ti TA TB hA hB k sigma

TA=945+273;
Ti=20+273;
TB=Ti;
hA=25;
hB=10;
k=40;
ro=7800;
cp=500;
L=0.5;
sigma=5.6696*10e-8;
tf=60000;
alfa=k/ro/cp

m = 0;
x=linspace(0,L,50);
t = linspace(0,tf,200);
sol = pdepe(m,@pdeLap,@pdeLapic,@pdeLapbc,x,t);

function [c,f,s] = pdeLap(x,t,T,DTDx)
global alfa
c = 1/alfa;
f = DTDx;
s = 0;

function T0 = pdeLapic(x)
global Ti
T0 = Ti;

function [pl,ql,pr,qr] = pdeLapbc(xl,Tl,xr,Tr,t)
global hA hB k TA Ti sigma
pl = hA*(Tl-TA)+sigma*(Tl∧4-TA∧4)
ql = -k;
pr = Tr-Ti;
qr = k/hB;

On the other hand, if the set of boundary conditions is easy to handle
and the geometry is simple, analytic solution can be achieved for both steady
state and transient heat transfer adopting Equation (1.15) as a starting point.
The following examples are described to clarify this aspect.
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Figure 1.6: Temperature distribution into the plate.

1.1.3 Closed-Form Solutions

Heat transfer problems are often classified as being steady or transient.
The term steady implies no change with time at any point within the medium,
while transient implies variation with time or time dependence. Therefore,
the temperature or heat flux is constant in time during steady heat transfer
through a medium at any location. Most practical heat transfer problems
are transient in nature, but they are usually analyzed under some presumed
steady conditions since steady processes are easier to analyze. Transient
analysis, in fact, usually requires more sophisticated techniques to obtain
analytical solutions. In the following some simple problems involving tran-
sient and steady state heat transfer are analytically solved.

Transient heat transfer: analytic method

A slab of metal, initially at a temperature T0 and then placed on a hot-
plate is considered. Two hot-plates with different temperatures (T1 > T2 >
T0) are suddenly placed on the opposite faces. It is evident that the heat
flowing into the metal would initially contribute to a temperature rise in
the material, until ultimately a linear temperature gradient forms between
the hot and cold faces, thus establishing a steady state heat transfer. Fig-
ure 1.5 can be adopted as an effective scheme of the problem, the boundary
conditions being: 

T (0, t) = T1

T (L, t) = T2

(1.22)
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The determination of the transient temperature distribution T (x, t) can be
obtained solving Equation (1.15). Introducing two new functions, I(x) and
J(x, t), the temperature field can be written as:

T (x, t) = I(x) + J(x, t) (1.23)

Equation (1.15) then leads to:

d2I

dx2
= 0 (1.24)

and
∂2J

∂J2
=

1

κ

∂J

∂t
(1.25)

while the boundary conditions become:
J(0, t) = T1 − I(0)

J(L, t) = T2 − I(L)
(1.26)

and the initial condition is represented by:

J(x, 0) = T0 − I(x) (1.27)

In order to obtain an homogeneous boundary condition for J , the function I
can be chosen as:

I(x) = T1 +
x

L
(T2 − T1) (1.28)

Equation (1.25) can be solved by separation of variables (it has to be noted
that this would be the starting point if a symmetric temperature distribution,
T1 = T2, occurred). Assuming that J(x, t) can be re-written as:

J(x, t) = W (x)N(t) (1.29)

and rearranging Equation (1.25), it is possible to obtain:

1

L

d2W

dx2
=

1

κN

dN

dt
(1.30)

Since W and N can be varied independently, the equality in Equation (1.30)
can hold only if both sides are equal to a constant. For physical reasons
(to avoid that the function N increases indefinitely with time), the required
constant must be negative, and it is indicated by −µ2. Equation (1.30) can



1.1 Overview of Heat Transfer 15

be transformed into the following equivalent system of ordinary differential
equations: 

d2W

dx2
+ µ2W = 0

dN

dt
+ µ2N = 0

(1.31)

whose general solutions are:
W = C1 cos(µx) + C2 sin(µx)

N = C3e
−κµt (1.32)

Substituting back into Equation (1.29) and combining C1,C2 and C3 into
only two constants (C ′

1 and C ′
2 ), it is possible to obtain

J(x, t) = [C ′
1 cos(µx) + C ′

2 sin(µx)]e
−κµt (1.33)

The two boundary conditions of Equation(1.26) can now be applied in order
to determine C ′

1 and C ′
2. The first leads to C ′

1 = 0, while with the second
gives sin(µx) = 0. An infinite number of values of µ can satisfy this condition:

µn =
nπ

L
, n = 1, 2, 3... (1.34)

Each value of µn yields an independent solution satisfying the Equation (1.34)
as well as the two boundary conditions. Therefore an infinite number of in-
dependent solutions can be written, and the principle of superposition allows
the creation of a more general solution by simple linear combination, obtain-
ing

J(x, t) =
∞
n=1

C ′
2,n sin(µnx)e

−κµnt (1.35)

The initial condition in Equation (1.27) is finally adopted to find the values
of the constants C ′

2,n:

J(x, 0) = T0 − I(x) =
∞
n=1

C ′
2,n sin(µnx) (1.36)

This is the Fourier sine series representation of the function T0 − I(x), and,
using the orthonormality property, it is possible to write:

C ′
2,n =

2

L

 L

0

(T0 − I(x)) sin(µnx) dx (1.37)
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Figure 1.7: Temperature distribution in a plane wall subjected to given tem-
peratures on the surfaces.

Equation (1.37) can be then solved, obtaining:

C ′
2,n = −2T0

nπ
[(−1)n − 1] +

2

nπ
[(−1)nT2 − T1], n = 1, 2, 3... (1.38)

Finally, combining Equation (1.38) with Equation (1.35), and considering
Equation (1.28), the temperature field can be evaluated with Equation (1.23),
thus obtaining:

T (x, t) = T1 +
x

L
(T2 − T1) +

∞
n=1

C ′
2,n sin(µnx)e

−κµnt, n = 1, 2, 3 (1.39)

Where C ′
2,n is expressed in Equation (1.38). Figure 1.7 shows the trend of

temperature through the plane wall in different instants for the particular
case in which T1 = 2T2 = 10T0. As expected, starting from a sharp vari-
ation between the surfaces and the inner material, the temperature of the
slab tends to rise, until ultimately a linear temperature gradient is reached
establishing a steady state condition. The proposed methodology, based on
the method of separation of variables, can be used also to evaluate the tem-
perature distribution in case of convective boundary conditions on the sides
of the walls, and also for other simply geometries involving cylindrical or
spherical coordinates.
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Transient heat transfer: lumped formulation

A simplified method of solving transient heat transfer problems is the
lumped formulation method. It is useful in evaluating the temperature re-
sponse of objects to changes in the environmental temperature. The term
lumped implies that the entire object is represented by only one tempera-
ture, so no knowledge about temperature distribution in the object can be
obtained [7]. In this section a simple problem of exchange of radiant energy

Figure 1.8: Temperature evolution in radiative cooling of a billet.

is analyzed, in which a steel billet is initially at high temperature, Thot and
it loses heat by radiation from all of its surfaces to surroundings (at temper-
ature T∞), neglecting convective heat losses [8]. With a lumped transient
analysis it is possible to find a relation between the temperature assumed
from the billet and the time. Considering the internal energy of the billet as
a function of its temperature only:

dU = ρV c dT (1.40)

If only radiative heat is present, combining Equation (1.40) with Equa-
tion (1.12) and integrating, it is possible to obtain:

t =
ρV c

eσA

 T

Thot


1

T 4 − T∞
4


dT (1.41)

where t is an arbitrary instant of time in which the billet assumes a tem-
perature of T . The integral in equation (1.41) can be solved considering
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that:
1

T 4 − T∞
4 =

C1

T + T∞
+

C2

T − T∞
+

C3T + C4

T 2 − T∞
2 (1.42)

where C1, C2, C3 and C4 are constant to be determined, and their values are:

C1 = − 1

4T0
3 , C2 =

1

4T0
3 , C3 = 0, C4 =

1

2T0

(1.43)

The explicit form of equation (1.41) is then:

t =
ρV c

eσA


1

4T∞
3 ln (T − T∞)− 1

4T∞
3 ln (T + T∞)− 1

2T∞
3 tan

−1


T

T∞

 T
Thot

(1.44)
and the relation between time t and temperature T is plotted in Figure 1.8.

Steady state heat transfer

As previously mentioned, a state steady analysis, in which the tempera-
ture distribution reaches a stable condition without changes over time, does
not usually require complex mathematical techniques. For example, consid-
ering the block studied in the previous paragraph, a steady state analysis
will provide a solution in which the steel billet reaches the temperatures of
the surroundings. Moreover, the final linear temperature distribution for the
plane wall analyzed in Par.(1.1.3) can be quickly determined from Equa-
tion (1.3):

∂T

∂x
= const (1.45)

Integrating and considering that T (0) = T1 and T (L) = T2 the temperature
distribution is then:

T (x) = T1 −
T1 − T2

L
x (1.46)

A steady state heat transfer in a hollow cylinder can be also considered.
The inner surface (at r = ri) is heated by a heat flux q̇, while a convec-
tive cooling is applied on the external surface (at r = re). This problem
is then characterized by the presence of two mechanisms, acting simultane-
ously: conduction and convection. The conduction across the thickness can
be evaluated according to Equation (1.4) taking into account a cylindrical
coordinate system:

q̇ = −λ
dT

dr
(1.47)
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Considering that A = 2πrL and solving the integral, it is possible to find the
value of the thermal resistance of the cylinder, according to Equation (1.5)

Rcond =
ri
λ
log

re
ri

(1.48)

Equation (1.9) can be instead adopted to evaluate the thermal resistance of
the cooling fluid.

Rconv =
ri
hre

(1.49)

A series connection between the two thermal resistances can be considered,
thus obtaining the temperature values on the inner and on the external sur-
faces of the cylinder. 

Ti = q̇(Rconv +Rcond) + T∞

Te = Ti − q̇R1

(1.50)

In order to obtain the temperature distribution at any radial coordinate r,
the equilibrium equation can be written as:

r
∂2T

∂r2
+

∂T

∂r
= 0 (1.51)

That can be re-written as
∂

∂r


∂T

∂r


= 0 (1.52)

Obtaining
r∂T

∂r
= const (1.53)

And finally
T (r) = C1 + log r + C2 (1.54)

The value of constants C1 and C2 can be determined considering that the
temperatures at r = ri and r = re are given by Equation (1.50), obtaining:

T (r) =
Ti − Te

log ri
re

log
r

re
+ Te (1.55)

1.2 Thermal Stress

Thermal stress is stress arising from temperature effects. Stress may arise
from temperature distribution in several ways. As an example, non-uniform
heating is one of the causes of thermal stress in mechanical components: when
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Figure 1.9: Hollow cylinder subjected to heat flow and convective cooling.

a material is subjected to a temperature gradient, the various fibers tend to
expand proportionally to their temperature with different amounts. Since
the body needs to remain continuous, thermal strains and associated ther-
mal stress arises accordingly to the shape of the body and the temperature
distribution. Thermal stress may also occur in cases with no temperature
gradient, when the free expansion of the body is somewhat restrained by ex-
ternal constraints. Another cause is the simultaneous presence of materials
having different coefficients of expansion in the heated component. In any
case, it is not thermal expansion itself that causes stresses, but rather its
constraint, as pointed out in [9, 10].

The mechanisms responsible to the rise of thermal stresses are presented
in the following paragraphs, taking advantage of simple geometries and load-
ing conditions. A monodimensional problem is adopted to firstly describe a
favorable condition, where the component is completely free to expand. As
it will be shown, no stresses develop in this situation. A complete conversion
of thermal to mechanical strain is then discussed, while a partial conversion
is treated as representative of real situations. The technique to be adopted
when solving thermal stress problems is then briefly reviewed, and some ex-
amples of closed form solution are proposed. These simple problems allows to
assess the basic theoretical frame that is necessary to treat more complicated
situations, such those proposed in Chapter 3 and 4.
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1.2.1 Free Expansion

A simple monodimensional problem, depicted in Figure 1.10, is adopted
to describe a free expansion of a component. A metal bar is considered
heated from the reference temperature T0, at which the material does not
show thermal expansion, to a final temperature T1, being ∆T = T1−T0. The

Figure 1.10: Free expansion after heating.

bar is isostatically loaded, so its free expansion is allowed on the right side,
and the final elongation ∆l can be calculated as:

∆l = αl∆T (1.56)

where l is the initial length and α is the coefficient of thermal expansion.
For a one-dimensional example, the total strain (εtot) can be related to the
mechanical (εmec) and thermal (εth) strain with the following relation.

εtot = εth + εmec (1.57)

Being the structure free to expand, no mechanical strain arise after heating,
and total strain equals the thermal term, that can be expressed as:

εtot =
∆l

l
= α∆T = εth (1.58)

Free expansion obviously represents the most favorable condition dealing
with thermal stress problems, because no stress arise. In practical situations,
however, the component is partially or totally constrained (high dilatations
could be unacceptable if tolerances are limited) and thermal strain can be
converted into mechanical strain. The following examples are proposed to
clarify these concepts.

1.2.2 Conversion of Thermal to Mechanical Strain

To investigate how the thermal strain can be converted into mechanical
strain a simple problem is here discussed. The bar restrained at its ends of
Figure 1.11 is here considered. No displacements are allowed in x-direction,
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and its length must remain constant. Maintaining this constraint, the bar is
gradually heated from the reference temperature, T0, at which the material
does not show thermal expansion. The final condition is represented by the
temperature T1, being ∆T = T1 − T0. Also in this example Equation (1.57)

Figure 1.11: Complete conversion of thermal to mechanical strain.

remains valid. As previously stated , the thermal strain is not responsible
of any damage into the material, while its conversion into mechanical strain
could lead to static or fatigue failure. During the heating process, a tensile
stress develops in the bar because of the constraint. Since the total strain
(εtot) must be zero, from Equation (1.57) the mechanical strain equals (in
absolute value) the thermal expansion:

εmec = −εth = −α∆T (1.59)

where α is the coefficient of thermal expansion. A complete conversion from
thermal to mechanical strain is then reached, and the related stress can be
calculated as:

σx = Eεmec = −αE∆T (1.60)

where σx represents the stress in x-direction, and E the Young’s modulus
of the material.

1.2.3 Partial Constraint

Thermal strain is not always completely conversed in mechanical strain.
In practical applications, in fact, the thermal expansion is not completely
constrained. The following example, whose original idea is proposed in [9]
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and here it is developed, can be adopted to clarify this concept. Let consider
a two-bar assembly in which the ends of the bars are attached to two rigid
plates respectively and no rotations are allowed, see Figure 1.12. The two

Figure 1.12: Two-bar assembly in which only one bar is heated.

plates have area A1 and A2, respectively, while their elastic moduli are E1

and E2, respectively. One end of the plates is fixed, the other is capable of
displacements only along y-direction. Bar 2 is heated, and for this reason
it tends to expand. Its expansion, however, is partially restrained by bar 1
through attachments, that are rigid enough so that the net lengths of bar
1 and 2 are always equal. Considering that the bars have the same initial
length, and recalling Equation (1.57) it is possible to write:

εmec,1 = εmec,2 + εth,2 (1.61)

since εth,1 is zero, due to the fact that only bar 2 is heated. The equilibrium
of forces implies that:

σ1A1 = −σ2A2 (1.62)

Considering a linear elastic behavior of the material, the stress is related to
the mechanical strain with the Hooke’s law, as described in Equation (1.60).
Combining Equation (1.61) and (1.62) the axial stress in the bar 2 can be
finally related to the axial stiffness ratio:

σ2 =
−α∆TE2

1 +


E2A2

E1A1

 (1.63)

And the axial stress for the bar 1 is:

σ1 =
α∆TE1

1 +


E1A1

E2A2

 (1.64)
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Assuming the bars constituted by the same material (i.e. E1 = E2), it
is evident from Equations (1.62, 1.63) that the stress is directly related to
the bar’s areas ratio. As an example, if A1/A2 increases σ2 reaches higher
compressive values (while bar 1 is characterized by lower values of tensile
stress). Figure 1.13 show the stress variation against the areas ratio. The

Figure 1.13: Stress trends in two-bar assembly related to areas ratio.

two asymptotic conditions are reached when A1 = 0 and A1 = ∞. In the
first condition bar 2 is free to expand (hence σ2 = 0), while the second rep-
resents the complete constraint discussed in the previous paragraph, where
the thermal strain is completely conversed in mechanical strain, and for this
reason σ2 reaches its maximum value and σ1 = 0.

1.2.4 Simple Three- and Two-Dimensional Problems

Many engineering applications involve thermal stresses in three and two
dimensions. Some simple problems, representative of situations that can
be encountered in many industrial problems, are depicted in Figure 1.14.
Figure 1.14a represents a limited volume of hot material, heated an amount of
∆T from the reference temperature, surrounded by a volume of cold material.
The thermal expansion of the heated region is completely restrained by the
presence of cold surroundings (εx = εy = εz = 0), and an hydrostatic stress
state develops.

σx = σy = σz = −αE∆T

1− 2ν
(1.65)



1.2 Thermal Stress 25

Figure 1.14: (a) Confined hot region into a cold volume. (b) Confined hot
area.

In Figure 1.14b a restricted area located on the surface is heated, while the
surrounding material is maintained at room temperature. For this particular
condition, σz = 0 (no stresses develop in z-direction), while εx = εy =
0, because the small heated part would freely expand but it is ”laterally”
constrained by the surrounding large cold portion. A plane hydrostatic stress
state then occurs.

σx = σy = −αE∆T

1− ν
(1.66)

This situation is representative of many practical situations, where only
some regions of a mechanical component are heated, while the remaining part
is maintained at room temperature. As an example, this simplified model
permits to explain the mechanical behavior of a copper mold. As it will be
explained in Chapter 3, during continuous casting, molten steel heats the
inner surface of the mold, while the external part is maintained at constant
temperature with cooling water. The resultant stress status is consistent
with the model proposed in Figure 1.14b.

1.2.5 Problem Solving Technique

The equation for thermal stresses can be derived in exactly the same
manner as those for the general elasticity problem. In fact, equilibrium equa-
tion, which establish that each element in the body is equilibrium under the
action of the forces imposed on it, and compatibility equations, which state
the physical fact that strains cannot vary in a random manner, remain un-
changed. That is due to the fact that the first set of equations is concerned
not with how these stresses arise but rather with relations that must exist
among the stresses that are present, while the second set is not concerned
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with the cause for the displacements but rather with the relation that must
exist among them if they are present [9]. Such equations can be found in
standard texts on elasticity, as [11]. The only ones in the thermal-stress
problem which differ from those in the general elasticity problem are stress-
strain relations : in fact, strains due to thermal expansions must be included
in problems involving temperature changes. The general formulation of the
total strains in rectangular coordinates is:

εtot,x =
1

E
[σx − ν(σy + σz)] + α∆T

εtot,y =
1

E
[σy − ν(σx + σz)] + α∆T

εtot,z =
1

E
[σz − ν(σx + σy)] + α∆T

(1.67)

where α∆T is the thermal expansion that would be present if the element
were permitted to expand freely as the temperature is raised an amount ∆T
above the reference condition of uniform temperature (at which no stresses
are present). It has to be noticed that Equation (1.57), as well as (1.59),
can directly be obtained from the system of Equations (1.67) considering a
one-dimensional problem and neglecting σy and σz. Also Equation (1.65)
and (1.66) can be directly achieved from the system of Equations (1.67),
considering the related simplifications.

A well-established strategy to be used when treating thermal stresses in
more general situation is briefly described in the following. A one-dimensional
problem, in which a body is subjected to a temperature distribution T (x) is
adopted. The difference between this temperature and the reference temper-
ature (T0) is responsible for the rise of thermal stress.

∆T = (T (x)− T0) (1.68)

The problem is sketched in Figure 1.15, in which a mechanical component
is assumed to be heated. The starting point of the strategy, named as
Duhamel’s analogy, is to consider the body to be divided into a series of
slits by cuts along the entire length [9]. Each fiber is considered to be at
uniform temperature; hence it will expand freely in the axial direction an
amount of α∆T . If a compressive stress σ∗ = −Eα∆T is applied, each of
the slits will be brought back to its initial dimension. Since the body now has
its original dimensions, it can be imagined as re-connected along the initial
cuts, so the present system is different from the original one only because of
the presence of an edge stress. A tensile stress σ∗∗ need to be applied along
the edge in order to make it exactly the same. In the re-jointed body, how-
ever, the elemental slits are not free to strain independently, but they must
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Figure 1.15: Steps to follow in solving problems involving thermal stresses.
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strain as a continuous elastic system. Furthermore, the stress distribution
due to the external-force system must be obtained according to elastic the-
ory. If the body’s length is significantly greater than its other dimensions, the
stresses σ∗∗ remote from the edge may be determined applying St. Venant’s
principle, by replacing the external stress system with its static equivalent
(its resultant force and moment). The stress on the component can be fi-
nally evaluated adding together σ∗ and σ∗∗. A more detailed discussion, also
for three-dimensional geometries, can be found in [9]. In the following this
approach will be applied to obtain closed form solutions of some examples of
thermal stresses problems.

1.2.6 Closed Form Solutions

In this section some analytical expression of thermal stresses are proposed.
Closed-form solutions can be achieved for particular geometries, in which the
aforementioned strategy allows to obtain the stress pattern starting from the
temperature field. Temperature distribution can be evaluated referring to
the techniques previously described.

In particular two simple geometries will be considered: a plate and an hol-
low cylinder. The analytical evaluation of stress field caused by temperature
distributions allows to assess some general rules: it will be proved, in fact,
that a linear temperature variation in a rectangular coordinate system can
not give rise to thermal stresses in absence of external restrains. On the other
hand, even in absence of mechanical restraints, in a cylindrical coordinate
system a linear temperature gradient give rise to thermal stresses.

The sets of equations obtained for the plate and the hollow cylinder are
also used as starting point to develop interpretative models of the behavior
of more complex industry applications proposed in chapter 3 and 4. These
models, based on simplified geometries that can be analytically solved, are
adopted in order to gain insights into the physic of the problem and to quickly
assess the relevant parameters. As an example, as it will explained Chapter 3,
the stress field along the thickness of a copper mold can be analytically
evaluated employing a simplified model of an hollow cylinder in which a
significant part of the external portion is maintained at constant temperature.

Thermal stresses in plates

As a first example, a rectangular plate of uniform thickness (2L), in
which the temperature is a function of x, is considered. The problem is
sketched in Figure 1.16. As previously pointed out, the difference between
this temperature (T (x)) and the reference temperature (T0), at which no
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Figure 1.16: Scheme of thermal stresses problem in a plate.

stresses are present, is responsible for the rise of thermal stress. If considered
separately one from the other, each fiber will expand freely in the axial
direction an amount of α∆T . This thermal expansion can be suppressed by
applying to each element of the plate the longitudinal compressive stress.

σy
∗ = −αE∆T (1.69)

The plate is free from external forces, because it is free to expand, so it is
necessary to superpose on the stress of Equation (1.69) the stresses produced
in the plate by tensile forces distributed at the ends. At a sufficient distance
from the ends these forces produce a approximately uniformly distributed
tensile stress of magnitude:

σy
∗∗ =

1

2L

 L

−L

αE∆T dx (1.70)

If the temperature distribution is not symmetric with respect to x-axis, also
bending stresses need to be taken into account. This further contribution can
be determined from the condition that the moment of the forces distributed
over a cross section must be zero, thus obtaining:

σy
∗∗∗ =

3

2L3
x

 L

−L

αE∆T dx (1.71)

The total stress σy can be finally evaluated adding together σy
∗, σy

∗∗, σy
∗∗∗

and the final expression of thermal stresses in the plate with free ends at a
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considerable distance from the ends is then:

σy = −αE∆T +
1

2L

 L

−L

αE∆T dx+
3

2L3
x

 L

−L

αE∆T dx (1.72)

Equation (1.72) allows to calculate thermal stresses in plates for any given
temperature distribution (and hence ∆T ). As an example, it is possible
to evaluate the thermal stresses during the heating of the plate previously
described. In that case, starting from the reference temperature (T0), the
surfaces of the plate (x = ±L) were assumed to be suddenly heated at
two different temperatures (T1 = 2T2 = 10T0). The temperature field that
develops during the transient phase, described by Equation (1.39), can be
adopted in combination with Equation (1.72) in order to obtain the thermal
stresses distribution. If a steady-state heat flows develops, a linear tempera-
ture variation develops along x -direction, as already depicted in Figure 1.7.
By substituting

∆T =
T2 − T1

2L
x+

T2 + T1

2
− T0 (1.73)

in Equation (1.72), it is possible to obtain the resultant stress distribution of
the plate, σy = 0. This result has a general validity: in absence of mechanical
restraints, in a rectangular coordinate system a linear temperature gradient
is not responsible of thermal stresses. If, instead, the plate is restrained at
its ends, thermal expansion is not allowed and a compressive stress given by
Equation (1.69) arise.

Thermal stresses in a hollow cylinder

The proposed strategy can be adopted to solve also problems in non-
rectangular coordinate systems. An hollow cylinder is here considered, in
which the inner surface is considered heated by a heat flow, while a convective
cooling is applied on the external surface. The thermal problem has been
previously treated to evaluate the temperature distribution in steady-state
condition. That temperature field will be used as input to establish the
stress at any radial coordinate. The followed strategy, described in [11] is
valid in the case with ends free to expand. A solution for restrained ends
is also proposed. As it will be shown, an imposed linear temperature field
in this case causes the development of stresses even if the cylinder is free
to expand. In a cylindrical coordinate system the stress-strain relations in
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Equation (1.67) become:
εr =

1

E
[σr − ν(σϑ + σz)] + α∆T

εϑ =
1

E
[σϑ − ν(σr + σz)] + α∆T

εz =
1

E
[σz − ν(σr + σϑ)] + α∆T

(1.74)

where εr, εϑ and εz are the total strains for radial, hoop and axial direction
respectively. As previously illustrated in the general procedure, the axial
displacement induced by thermal expansion is assumed to be completely
restrained. Since εz = 0, the last of Equation (1.74) becomes:

σ∗
z = ν(σr + σϑ)− α∆T (1.75)

then substituting Equation (1.75) in Equation (1.74), it is possible to obtain:
εϑ =

1− ν2

E


σϑ −

ν

1− ν
σr


− (1 + ν)α∆T

εr =
1− ν2

E


σr −

ν

1− ν
σϑ


− (1 + ν)α∆T

(1.76)

Solving Equation (1.76) for σr and σϑ allow to write:
σr =

νE

(1 + ν)(1− 2ν)


1− ν

ν
εr + εϑ −

1 + ν

ν
α∆T


σϑ =

νE

(1 + ν)(1− 2ν)


1− ν

ν
εϑ + εr −

1 + ν

ν
α∆T

 (1.77)

Recalling that the equilibrium equations in polar coordinates with no body
forces can be written as:

dσr

dr
+

σr − σϑ

r
= 0 (1.78)

equation (1.77) leads to

rν

(1 + ν)(1− 2ν)

d

dr


1− ν

ν
εr + εϑ


+

εr − εϑ
ν(1 + ν)

=
αr

1− 2ν

d∆T

dr
(1.79)

If u indicates the radial displacement, compatibility equations are:
εr =

du

dr

εϑ =
u

r

(1.80)
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These equations can be substituted in Equation (1.79):

d2u

dr2
+

1

r

du

dr
− u

r2
= (1 + ν)α

d∆T

dr
(1.81)

Equation (1.81) can be integrated, obtaining a general expression for u with
two constants (C1 and C2) to be determined. The stress components can be
found using this solution in Equation (1.80) and substituting the results in
Equations (1.77, 1.75). However, it has to be taken into account that if no
mechanical constraints are present, the resultant force on the free ends will be
zero. For this reason, a uniform axial stress (σ∗∗) need to be superimposed,
accordingly to the general procedure. This axial stress affects also radial
displacements, by an amount of −νσ∗∗/E. The general expression for u,
σr,σϑ, σz are then:

u =
1 + ν

1− ν
α
1

r

 r

ri

∆Tr dr + C1r +
C2

r
− νσ∗∗

E

σr = − αE

1− ν

1

r2

 r

ri

∆Tr dr +
E

1 + ν


C1

1− 2ν
− C2

r2


σϑ =

αE

1− ν

1

r2

 r

ri

∆Tr dr − αE∆T

1− ν
+

E

1 + ν


C1

1− 2ν
+

C2

r2


σz = σ∗ + σ∗∗ = −αE∆T

1− ν
+

2νEC1

(1 + ν)(1− 2ν)
+ σ∗∗

(1.82)

The constants C1 and C2 can be determined from the condition that the inner
and the outer surface must be free from radial stresses, hence σr(ri) = 0 and
σr(re) = 0. 

C1 =
αE

r2e − r2i

(1 + ν)(1− 2ν)

1− ν

 re

ri

∆Tr dr

C2 =
αEr2i
r2e − r2i

1 + ν

1− ν

 re

ri

∆Tr dr

(1.83)

Considering that the resultant of the uniform axial stress σ∗∗ must be equal
to the resultant of axial stress σ∗

z it is possible to write:

σ∗∗π(r2e − r2i ) =

 re

ri

2πrσ∗
z dr (1.84)

Substituting the last of Equations (1.82) in this relation the value of σ∗∗ can
be determined as:

σ∗∗ =
2αE

r2e − r2i

 re

ri

∆Tr dr (1.85)
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The final expressions for u, σr,σϑ, σz are then:

u =
1 + ν

1− ν
α
1

r

 r

ri

∆Tr dr +
α

r2e − r2i

r2(1− rν) + r2i (1 + ν)

r(1− ν)

 re

ri

∆Tr dr

σr =
αE

1− ν

1

r2


r2 − r2i
r2e − r2i

 re

ri

∆Tr dr −
 r

ri

∆Tr dr


σϑ =

αE

1− ν

1

r2


r2 + r2i
r2e − r2i

 re

ri

∆Tr dr +

 r

ri

∆Tr dr −∆Tr2


σz =
αE

1− ν


2

r2e − r2i

 re

ri

∆Tr dr −∆T


(1.86)

The temperature field previously evaluated can be now used to explicitly cal-
culate the stress distribution in radial direction. If the inner surface is heated
by a heat flux and a convective cooling is applied on the external surface,
the non-linear temperature distribution of Equation (1.55) arise in steady-
state conditions. Considering T0 as the reference temperature, for which no
stresses are present, it is possible to calculate the effective temperature range.

∆T (r) =
Ti − Te

log ri
re

log
r

re
+ Te − T0 (1.87)

Equations (1.86) can be then analytically solved, obtaining the following set
of expressions:

σr =
αE(Ti − Te)

2(1− ν) log re
ri


− log

re
r
− r2i

r2e − r2i


1− r2e

r2


log

re
ri


σϑ =

αE(Ti − Te)

2(1− ν) log re
ri


1− log

re
r
− r2i

r2e − r2i


1 +

r2e
r2


log

re
ri


σz =

αE(Ti − Te)

2(1− ν) log re
ri


1− 2 log

re
r
− 2r2i

r2e − r2i
log

re
ri

 (1.88)

This set of equation is valid if the ends of the cylinder are free to expand, and
the stress field is represented in Figure 1.17 for an hollow cylinder (re = 2ri
is considered) heated in the inner part by a thermal flux and cooled in the
outer surface. The temperature field previously evaluated is also plotted for
clarity. As can be seen, the inner portion is characterized by compressive
values of hoop and axial stresses, while a tensile stress condition develops in
the cold region. Radial stress assumes negligible values in the domain. If
the ends are not free to expand, the expressions for σr and σϑ remain valid,
while σz need to be modified because there is no necessity of superimpose
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Figure 1.17: Thermal stresses in an hollow cylinder for different constraints
and temperature distributions.
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the axial stress σ∗∗ in the fourth of Equation (1.82). The analytic expression
of axial stress in this case becomes:

σz =
αE

1− ν


2ν

r2e − r2i

 re

ri

∆Tr dr −∆T


(1.89)

and substituting the temperature field of Equation (1.87) the final expression
is:

σz =
αE

(1− ν)


Ti − Te

log re
ri


2ν

r2e − r2i


−r2e

4
+

r2i
4
+

r2i
2
(log re − log ri)


− log

r

re


+ (ν − 1)(Te − T0)


(1.90)

As it can be seen in Figure 1.17, due to the fact that the free expansion of the
fibers is not allowed, the constrain of the ends give rise to a higher compressive
strain in axial direction. System of Equations (1.86) can be adopted to
evaluate stresses for any given temperature distribution. As already pointed
out, Equation (1.55) describe the temperature field that spontaneously arise
in steady-state conditions if the inner surface is heated by a heat flux, while
a convective cooling is applied on the external surface. Assuming that a
linear temperature variation occurs in the hollow cylinder, it is possible to
evaluate the related stress field simply by substituting in Equations (1.86)
the appropriate temperature range ∆Tlin(r):

∆Tlin(r) = −Ti − Te

re − ri
r +

Tire − Teri
re − ri

− T0 (1.91)

As shown in Figure 1.17, the resulting stress distribution is very similar to
that obtained from a non-linear temperature variation, and also this result
has a more general validity: even in absence of mechanical restraints, in
a cylindrical coordinate system a linear temperature gradient give rise to
thermal stresses.

1.3 Numerical Methods and Temperature Ef-

fects on Metals

Problems involving simple geometries with simple boundary conditions
can be solved analytically, as shown in previous paragraphs. Temperature
distribution, as well as related stresses, can then be found with closed-form
expressions which are defined at every point of the domain. But many prob-
lems encountered in engineering practice involve complicated geometries with
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complex boundary conditions and variable material properties, and cannot
be analytically solved. Numerical methods allow to obtain sufficiently accu-
rate approximate solutions when dealing with such problems. Basically, they
are based on replacing the governing differential equation of the problem by
a set of algebraic equations for the unknowns (temperature, displacements)
at some selected points (nodes) of the domain. The simultaneous solution of
these equations, leads to then to an answer valid at discrete points. Among
all numerical methods available, the finite element method (FEM) is an ef-
ficient technique used in practice. In simple terms, it allows to divide a
complex problem into small elements that can be solved in relation to each
other.

The mathematical and theoretical framework of finite element technique
is fully investigated in many standard handbooks, such as [12, 13], while
this paragraph focuses on some practical hints and techniques to be adopted
dealing with thermal stresses problems. All the numerical simulations are
performed using ANSYS R©, a commercial software dedicated to finite element
analysis. In the following, some examples of parametric design language
(APDL) codes will also be given, to further help the reader to become familiar
about the implementation of the model. Although commands are specific for
the adopted one, similar procedures can be used also for different softwares.

Dealing with thermal stresses problems, two different analysis need to
be performed: a thermal analysis, where heat loads give rise to the temper-
ature field, and a structural one, in which stresses arising from the given
temperature distribution are evaluated (with or without superimposition of
mechanical loads). A careful evaluation of the entity of deformations could

Figure 1.18: Coupled and uncoupled thermo-mechanical analysis.



1.3 Numerical Methods and Temperature Effects on Metals 37

lead to treat the two analysis as uncoupled : if the structural deformations
do not alter the absorbed heating and temperature distributions, the ther-
mal analysis can be firstly performed, and then the resulting temperature
distribution can be adopted as input for a subsequent structural analysis. In
ANSYS R©it is possible to run an uncoupled analysis without re-modeling the
structure, by simply switching from thermal elements to structural element:

!Commands for Thermal Analysis
...
ETCHG,TTS ! Switch Thermal To Structural
!Commands for Structural Analysis
...

This strategy permits to reduce computational time, without affecting
results in a significant way. In a coupled analysis, in fact, the thermal solution
need to be recalculated at each substep as the mechanical solution is partially
updated. Figure 1.18 sketches these concepts.

Dealing with stresses arising from temperature distribution, the temper-
ature effect on material properties should be taken into account. Thermal
conductivity and specific heat of metals are greatly affected by temperature,
as well as other mechanical properties such as tensile strength, yield strength,
thermal expansion. As already pointed out, thermal conductivity in metals
decreases with increasing temperature. The same behavior can be usually
observed for tensile and yield strength (although tensile strength changes
only a small amount until a certain temperature is reached, and then it falls
off rapidly [14]). Specific heat exhibits a more complex response, with a
peak around 750 ◦C, due to a phase change in the steel. A complete review
of thermal and mechanical properties of steels and other materials related
to temperature variation are available in [15, 16, 17]. Figure 1.19 shows the
temperature variation of conductivity and specific heat, while Figure 1.20
represents the reduction factors to be applied at Young’s modulus and yield
stress measured at room temperature (E20, σy,20) in order to evaluate the
corresponding value at an higher temperature. In practice, the tempera-
ture effect on mechanical properties can be suitably modeled in commercial
softwares by defining a table that includes the temperatures and the related
mechanical properties. In ANSYS R©the variation of thermal conductivity and
specific heat for the steel proposed in Figure 1.19 can be implemented as:
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Figure 1.19: Variation of (a) thermal conductivity and (b) specific heat of
steel against temperature.
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Figure 1.20: Variation against temperature of (a) thermal expansion and (b)
reduction factors for Young’s modulus and yield stress.
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MPTEMP,,,,,,,,
MPTEMP,1, 20 , 135, 260, 385, 510, 600
MPTEMP,7, 650 , 700, 720, 730, 735, 740
MPTEMP,13, 750 , 780, 800, 850, 900, 1000

MPDATA,KXX,1,1, 53.34, 49.545 , 45.42 , 41.295, 37.17, 34.20
MPDATA,KXX,1,7, 32.55, 30.90, 30.24, 29.91, 29.745, 29.58
MPDATA,KXX,1,13, 29.25, 28.26, 27.60, 27.60, 27.60, 27.60

MPDATA,C,1,1, 489, 512, 548, 599, 682, 760
MPDATA,C,1,7, 813, 1008, 1388, 2291, 5000, 2525
MPDATA,C,1,13, 1483, 908, 803, 695, 650, 650

While the parametric reduction of elastic modulus depicted in Figure 1.20
can be implemented as:

E20=205000*1e6
MPTEMP,,,,,,,,
MPTEMP,1, 20, 200, 400, 600, 800, 1000
MPDATA,EX,1,1, E20, 0.9*E20, 0.7*E20, 0.21*E20, 0.09*E20, 0.045*E20

A noteworthy effect on metals subjected to constant loads for long periods
of time at elevated temperatures need to be briefly discussed. The specimens
are found to be permanently deformed during the tests, even though the ac-
tual stresses are less than the yield strength of the material obtained from
short-time tests made at the same temperature. This continuous deformation
under load is called creep [14]. One of the most useful tests to have been de-
vised is the long-time creep test under constant load, where a standard cylin-
drical tension specimen is heated up to the temperature T = (0.3 ÷ 0.5)Tm

(Tm is the melting temperature of the material) and loaded by a tensile force.
The value of the normal stress in the specimen is usually much less than the
yield limit of the material. The instantaneous material response is therefore
elastic. The load and the temperature are kept constant during the test and
a typical material response is shown in Figure 1.21, where the rate of defor-
mation is plotted against time. It is possible to observe three characteristic
periods of time during which the creep rate with time is sequentially decreas-
ing, remaining constant, and increasing [18, 19]. These are often called the
periods of primary, secondary, and tertiary creep. The primary stage of creep,
which begins immediately after application of the load, is usually very short
in duration but the rate of creep is high. The amount of strain developed
during the secondary creep period is large compared with that in the primary
creep period. At this stage the creep curves are usually approximated by a
straight line. The tertiary stage of creep follows the secondary period and is
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Figure 1.21: Strain vs. time curve under constant load and temperature.
1) primary creep, 2) secondary creep, 3) tertiary creep.

characterized by a rather rapid increase in the creep rate which eventually
causes rupture in the material [20]. All of these stages of creep can be mathe-
matically described by the constitutive equation of creep. The purpose of the
constitutive equation is to provide a suitable means for calculating stresses
and strains in a structure subjected to creep, where the intended lifetime of
the structure is of particular importance. According to [21], the deformation
depends on three main parameters: stress, time and temperature. Therefore
the most general creep equation can be written as:

εcr = f(σ, t, T ) (1.92)

A mathematical dissertation of creep can be found in [22], while in [21]
a review of fundamental laws is provided. An useful way of summarizing
information about the range of dominance of each creep mechanisms, and
the rates of flow they produce is given by Deformation-Mechanisms maps,
provided in [23]. It was experimentally evidenced that the data fit reasonably
well with various mathematical relations, depending on the material and test
conditions, as mentioned in [24, 25]. This is the reason why creep parameters
are usually available only for a well specified temperature or stress range,
and it is difficult to perform prediction for creep behavior for temperatures or
stresses away from this range. Due to the high non linear relations with stress
or temperatures, the adoption of a non adequate set of creep parameters
could lead to erroneous results, even of some orders of magnitude in terms
of strains. Calculations involving creep should be then performed carefully.
In Chapter 2 the effect of creep in the evaluation of fatigue-life relations will
be discussed.
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As a result of temperature variation, an important effect to consider is
phase transition. Phase transition is the conversion of a thermodynamic
system from one phase or state of matter to another. Three states of matter
are known in everyday experience: solid, liquid, gas. Melting is the conversion
of a solid to a liquid, vaporization is the transformation of a liquid to a gas,
while the conversion of a solid directly to a gas without going through the
liquid state is called sublimation. These processes are endothermic, since
energy must be supplied to overcome the intermolecular forces that hold
molecules together in the starting state.

The difference in enthalpy per mole of molecules between the liquid and
solid states of a substance is called the enthalpy of fusion, ∆Hm. The en-
thalpy of vaporization, ∆Hv, and of sublimation, ∆Hs, can be defined in a
similar way (obviously referring to different states of the matter). Some texts
refer to ∆Hm as a heat of transformation, heat of fusion, or latent heat of fu-
sion. The specific names for the phase transitions are shown in Figure 1.22.

Figure 1.22: Phase changes from one state to another.

Melting, vaporization and sublimation are reversible and the enthalpy of the
reverse phase change will have the same value but opposite sign. As already
pointed out, the three phase changes described require energy input, while
freezing and condensation release energy. During phase change, tempera-
ture of matters stay constant. Figure 1.23a shows the temperature variation
against time when phase changes occur, while the enthalpy variation against
temperature is plotted in Figure 1.23b. It is possible to notice that in inter-
vals 1 (solid phase), 3 (liquid phase) and 5 (gas phase) the temperature of
matter increases. The heat gained in these intervals can be expressed as:

Q = mc∆T (1.93)

where; m is mass, c is specific heat capacity and ∆T is change in the
temperature between the final and initial instant considered. In intervals 2
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Figure 1.23: Temperature variation against time and enthalpy variation
against temperature during phase changes.

and 4 temperature of matter stays constant because matter is changing phase.
On the contrary, during phase change, distances between molecules increase,
thus potential energy of matter also increases. In these intervals there is an
heterogeneous mixture: as an example, in interval 2 there is the presence of
both solid and liquid. Heat required in this interval can be expressed as:

Q = m∆Hm (1.94)

As pointed out for creep, also phase changes are time dependent phe-
nomena. Problems involving phase changes, as well as creep, require then
transient analysis, in which the time needed for the conversion into the new
phase of matter (or for the fulfillment of a new state of stress after creep-
relaxation) has to be considered. This, in turn, lead to more sophisticated
analysis with complex mathematical techniques, that usually induces a huge
amount of time in performing numerical analysis.

As will be clarified in Chapter 3, an industrial oriented approach should
adopt simplified strategies in order to obtain reliable solutions avoiding oner-
ous (in terms of calculation time) models.

A simplified, but accurate procedure is here developed to deal with melt-
ing adopting a numerical model. This situation is representative of a practical
case study described in Chapter (3), where the thermo-mechanical analysis
of an anode adopted in electric arc furnaces is performed. The problem,
sketched in Figure 1.24, involves a cylindrical steel bar heated by means of a
thermal flux on the upper part, and cooled into the lower part, where a con-
vective condition is present. The usual approach [26, 27] to simulate a phase
change is to consider a thermal analysis with a linear enthalpy variation for
both solid and liquid phases.

Taking advantage of axial symmetry, a two-dimensional model is adequate
to describe the problem. Material properties considered for the problem
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Figure 1.24: Simple problem involving phase change.

are collected in Table (1.1), where two different values of conductivity are
considered: λsol for solid material and λliq for molten material. As well as
thermal expansion, elastic modulus is considered to vary against temperature
with reduction factors, as proposed in Figure 1.20, starting from a value at
room temperature of E20 = 205 GPa.

The enthalpy variation between two temperatures, Ti,j, can be computed
as:

H = ρc

 Tj

Ti

dT (1.95)

During melting a transition range (∆Tfus) need to be considered, to avoid
convergence problems. In this region the slope of enthalpy curve can be
calculated as ρ∆Hm/∆Tfus.

In ANSYS R©the instructions for implement the variation of enthalpy pro-
posed in Figure 1.24 are:
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Table 1.1: Parameters adopted in simulations.

Parameter Value

l, m 1
r, m 0.1
λsol, W/(mK) 40
λliq, W/(mK) 400
c, J/(kgK) 500
∆Hm, J/(kg) 272000
ρ, kg/m3 7800
Tm,

◦C 1500
∆Tfus 100
q̇, W/m2 100000
Tb,

◦C 20

Tb = 20
deltat=100
Tm = 1500
rho= 7800
Cp= 500
CL= 272000

y1=rho*Cp*0
y2=rho*Cp*(Tm-Tb)
y3=rho*CL+y2
y4=rho*Cp*(Tm)+y3

MPTEMP,,,,,,,,
MPTEMP, 1, 20, Tm, Tm+deltat, Tm+deltat+Tm
MPDATA,ENTH, 1, 1, y1, y2, y3, y4
MPPLOT,ENTH,1,

A transient thermal analysis is required to achieve the temperature dis-
tribution along the bar. As it can be seen in Figure 1.25, at the beginning
of the analysis the temperature of the upper portion of the bar constantly
increases. After that period, the temperature stabilizes around the melting
temperature, Tm, because the thermal flux is high enough to cause melting of
the upper portion of the bar. Temperatures on the lower part require greater
time to stabilize.

A subsequent structural analysis, where the cylindrical bar is considered
simply supported on the lower part, can be used to evaluate displacements
and stress field. As depicted in Figure 1.26 the lower, cold portion exhibits
the highest values of Von Mises stress.

As previously mentioned, at melting point the enthalpy shows a sharp
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Figure 1.25: Temperature distribution during transient heating.

Figure 1.26: Stress distribution after heating.
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variation, corresponding to the latent heat of the given material, which may
give rise to numerical problems. Furthermore, this approach requires a tran-
sient analysis to be performed, thus strongly increasing the computational
time, exponentially if the number of elements become higer. As it will be
shown, an alternative simplified approach, reducing the computational time
without introducing significant errors in results, can be followed.

The crucial point to avoid a more sophisticated transient analysis with
enthalpy variation is related to a possible interpretation of the effect of the
molten region on the mechanical behavior of the structure. The upper tem-
perature of the slab in steady state conditions can be analytically achieved,
considering absence of melting, with Equation (1.4) and (1.8).

T2 = Q̇


L

λsol

+
1

h


+ Tb = 2522 ◦C (1.96)

This temperature is clearly unrealistic from a physical point of view, and
the area that exceeds the melting point is identified with white color in the
close view of Figure 1.27a, where the temperature scale is limited to material
melting temperature.

Figure 1.27: Techniques to simulate melting: (a) removed elements , (b)
room temperature imposed and (c) melting temperature imposed.

Obviously this region (that is assumed to be liquid) does not affect the
mechanical behavior of the underlying structure (still solid) and therefore
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it could be simply removed. In practice, at the beginning of mechanical
simulation, those elements corresponding to the molten part are substituted
with ”soft” elements, characterized by a very low thermal expansion and
modulus of elasticity, as schematically represented in Figure 1.27. It should
be noted that the described strategy is somewhat approximate, as ”soft”
elements should be removed incrementally (when actual element temperature
exceeds melting point) and not from the first load step. In fact, the analysis
is non-linear and in the numerical solution algorithm (Newton-Rapshon), the
applied thermal load is divided in load increments and increased step by step,
thus the solution is ”load path dependent”.

On the other hand, in structural analysis the molten portion of the bar
simply represents a mechanical constrain at interface between solid and
molten material. From this standpoint, the adopted strategy represents a
sort of ”lower bound”, in which all nodes at interface are completely free.
An ”upper bound” would be obtained by over-constraining displacements
at the boundary nodes, which corresponds to impose a fixed fictitious room
temperature to the portion of bar that melts (Figure 1.27b). If a portion of
the cylindrical bar far from the molten region is considered, a similar stress
status has been found to develop. The solution can then be considered as
”path independent” and therefore, the modeling strategy characterized by
the lowest computational time can be adopted.

As shown in Figure 1.27c, the temperature of all elements exceeding melt-
ing point is modified by simply imposing the melting temperature. In this
way an ”intermediate” boundary condition is found, where the interfacial
nodes are constituted by a very smooth stiffness. This strategy permits to
improve convergence and it also accounts for the leveling of temperatures
that occurs during phase changes, as depicted in Figure 1.25. A similar ap-
proach is followed in Chapter (3), where the thermo-mechanical behavior of
an anode adopted in electric arc furnaces is investigated.



Chapter 2

Damage Induced by Repeated
Thermal Loads

Cyclic temperature oscillations could lead to severe damage in mechanical
components, inducing irreversible strains and fatigue failures. In the follow-
ing some typical material response under these loads are briefly investigated.

Some considerations about modeling of cyclic plasticity are then pro-
posed: several models are available in literature to describe the actual be-
havior of material subjected to repeated loads involving plasticity, and their
accuracy usually increases with complexity. However, for thermal stresses
problems, it will be shown that simplified models can be adopted with a
tolerable accuracy.

A correct evaluation of stress and strain levels can be useful to perform
life predictions. In the last part of the Chapter an overview of fatigue-life
relations is given, with particular emphasis to techniques that can be adopted
in absence of cyclic data in treating thermal stresses problems.

2.1 Cyclic Thermal Stress

Periodical heating and cooling of mechanical parts component can give
rise to cyclic stress-strain response pattern, which in turn cause damage and
failure. In this section the effect of this alternate loading on thermal stresses
is investigated, and a particular condition resulting from cyclic thermal loads
acting together with a static mechanical load is then analyzed.

49
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2.1.1 Effect of Repeated Heating and Cooling

A simple problem involving a bar cyclically heated and cooled, originally
proposed in [9], is adopted to investigate the effect of repeated heating and
cooling. The stress-strain curve for the material is assumed to follow an
elastic-perfectly plastic model, with a straight line up to the yield stress
(σy) and after the yielding point the stress is constant. The yield stress
in compression is here assumed to be equal to the yield stress in tension.
Further details about modeling of cyclic plasticity are given in the following.
As previously stated, the thermal strain is not responsible of any damage

Figure 2.1: Bar constrained at its ends and cyclically heated.

into the material, while its conversion into mechanical strain could lead to
static or fatigue failure. At the beginning of the process, the bar is assumed
to be heated, so it is unstressed because its free expansion is allowed. As
schematically represented in Figure 2.1, the bar is then constrained at its
ends such no displacements are allowed in x-direction, and its length must
remain constant. Maintaining this constraint, it is gradually cooled and
heated between two temperature limits. The lower limit is assumed to be
the reference temperature, T0, at which the material does not show thermal
expansion, while the upper limit is represented by the temperature T1, being
∆T = T1 − T0. As discussed in Chapter 1, during the first cooling process,
a tensile stress develops in the bar because of the constraint. A stress due
to thermal effects then arise, the amount of which, as well as the behavior
of the material under subsequent heating and cooling phases, is related to
the cyclic temperature range. Three different conditions are analyzed in the
following, referring to increasing values of temperature range. The resulting
mechanical stress-strain curves are plotted in Figure 2.2.
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Figure 2.2: σ-ε curves for increasing values of temperature range: a) ∆T1

not inducing plastic flow, b)∆T2 > ∆T1 inducing plastic flow in tension, c)
∆T3 > ∆T2 inducing plastic flow in both tension and compression.

Considering a temperature range ∆T1 that does not induce a thermal
strain higher than the strain at the yielding point, σy, the resultant stress
is directly proportional to the mechanical strain. In this case the following
loading cycles lead the material to oscillate between a point beneath the
yielding point and the no-stress condition. If the upper temperature is in-
creased (∆T2 > ∆T1), there is the possibility to induce into the material a
strain that is greater than the strain at the yielding point under the first
cycle of temperature reduction, so plastic flow occurs in tension. When the
temperature is again raised to its initial value, the bar will reach a com-
pressive state of stress, till the achievement of a zero strain condition when
T1 is finally reached. No further plastic flow is observed. This condition is
achieved until the temperature difference of cycling is high enough to pro-
duce a thermal strain twice the elastic strain, but not greater. The following
cycles will elastically occur between the yield stress in tension and the yield
stress in compression. If the temperature difference induces a thermal strain
greater than twice the elastic strain (∆T3 > ∆T2), during the first cooling
cycle the yielding point is reached and plastic flow occurs. As the bar is
heated again, it unloads elastically but at the yielding point in compression
it still has not achieved its initial length, and therefore, as the temperature
is brought back to the initial value, plastic flow in compression also occurs.
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During the subsequent cycles, an alternate tensile and compressive plastic
flow can be observed. As it will be discussed in the following, the total me-
chanical strain εmec can be split into two parts: the elastic strain (εel) related
to the stress through the elastic law, and the plastic strain (εpl).

εmec = εel + εpl (2.1)

A plot of strains versus time can then be used to better clarify the relative
amount of plastic, elastic and thermal strain in the bar for the case in which
∆T3 is applied. As it can be seen, the sum of elastic and plastic strain

Figure 2.3: Elastic, plastic and thermal strain versus time when a high tem-
perature range is applied.

equals (in absolute value) the thermal strain at any given time, as can be
analytically obtained substituting Equation (2.1) in Equation (1.59). Such
strain pattern can be responsible of low cycles fatigue failure of the material.

2.1.2 Ratcheting

Thermal and mechanical loads can be cyclically applied in a combined way
to a body. There is the possibility that the resulting condition that finally
develops implies a progressive increase in stresses and strains even though
the magnitude of the external loading does not increase in successive cycles.
In such cases the failure of the structure may be due to excessive deformation
or exceeding the static load-carrying capacity of the structure, rather than
fatigue. For this reason thermal loads need to be accurately evaluated and
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considered during the design phase of mechanical components. The following
example from [9] is used to better clarify the development of this dangerous
situation, named ratcheting.

Figure 2.4: Two-bar assembly in which only one bar is heated and a load is
applied.

Referring to the two-bar model analyzed in Chapter 1 to explain the
partial constrain, an external load P is now applied to the attachment capable
of displacements only along y-direction, as depicted in Figure 2.4. Also in
this example, bar 2 is heated and cooled cyclically, while bar 1 is maintained
at the reference temperature. The external load must be supported by the
two bars together, but the fraction of the load carried by each bar is not
constant during heating and cooling, as a result of progressive plastic flow.
As in the previously analysis, ideal plasticity is here assumed, and the results
are plotted in the σ-ε graph of Figure 2.5. At the starting point (a) the load
P is uniformly distributed over the entire area A1 + A2, so that the average
stress is:

σ∗ = P/(A1 + A2) (2.2)

The initial stress and strain relation of bar 1 and 2 are clearly identified by
points (1a, 2a) in Figure 2.5, on the elastic portion of the stress-strain curve.
If the temperature of bar 2 is uniformly increased, its expansion will transfer
some of the load to the other bar that is kept at constant temperature; if α∆T
is small, the action may be completely in the elastic range of the material,
but if α∆T is large enough, the condition indicated by 1b, 2b may develop at
the end of the first heating. Bar 1 experienced plastic flow, while bar 2 has
unloaded elastically (points 1b, 2b). The stress at point 2b can be determined
considering that the total load sustained must still be P and σ1 has become
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the yield stress:

σ2 =
A1 + A2

A2

σ∗ − σy (2.3)

The strain at 1b is greater than the strain at 2b by an amount α∆T . When

Figure 2.5: σ-ε curve in presence of ratcheting.

the temperature of bar 2 is returned to the reference value, bar 1, which
has been permanently stretched, unloads elastically (line 1b1c), while bar 2
reaches the yielding point (line 2b2c). The stress at 1c again is determined
from the total load that must be supported:

σ1 =
A1 + A2

A1

σ∗ − A2

A1

σy (2.4)

The strain at 1c is determined from the fact that since the two bars are now at
the same temperature and their total lengths must be equal, their mechanical
strains must be the same. It has to be noticed that, although bar 1 undergoes
to tensile plastic flow during heating, no corresponding reverse plastic flow
occurred during cooling. On the opposite, in bar 2, which was elastic during
heating, tensile plastic flow occurs during cooling. The proposed strategy
can be adopted to assess the stress-strain levels in the subsequent phases of
heating and cooling (points d and e) in Figure 2.5.

It has to be noted that strains and plastic flow grow after each thermal
cycle, and the overall length of the total assembly is permanently increased.
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The increase in length per cycle, ε, is determined in [9] as:

ε = α∆T − σy − σ2

E
− σy − σ1

E
(2.5)

where σy, σ1, σ2 are the stresses at the extremes of the cycles as shown
in Figure 2.5. Ratcheting occurs whenever ε > 0 or when the initial stress
and the temperature range are sufficiently high to induce plastic flow in the
non-heated bar during the first cycle. The relation among these quantities
can be written as:

σ∗ > σy −
EαT

2 + A1/A2 + A2/A1

(2.6)

As can be easily understood, ratcheting is a particularly serious form of
thermal deterioration. In some cases the progressive distortion may reduce
the functionality of the mechanical component. Even when increasing strains
can be tolerated, however, the life can be drastically shortened.

2.2 Considerations About Modeling of Cyclic

Plasticity

In this section, after some preliminary remarks about materials stress-
strain response in monotonic loading, the behavior under cyclic loading in-
volving plasticity is considered. Several models are available in literature
to describe the mechanism of plastic strain. In a general situation related
to mechanical loads, the choice of the material model is crucial in order to
obtain accurate results; however, for thermal stresses problems, it will be
shown that simplified models can be adopted with a tolerable accuracy.

2.2.1 Plastic Behavior in Monotonic Loading

Almost all materials have a range of loading below which the only mech-
anism of strain is reversible, giving rise to the phenomenon of elasticity. The
limit above which permanent or irreversible strains exist is called yield stress
(σy). Figure 2.6 schematically represents the behavior of a ductile material
during a monotonic tensile test. At the beginning, the material exhibits lin-
ear elastic behavior, defined by a linear (E represents the elastic modulus)
stress-strain relationship in which deformations are completely recoverable
upon removal of the load. Beyond this linear region, deformations are plas-
tic and can not be recovered during unloading. After the yield point, ductile
metals will undergo a period of strain hardening, in which the stress increases
again with increasing strain, and they begin to neck, as the cross-sectional
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area of the specimen decreases due to plastic flow. In a sufficiently duc-
tile material, when necking becomes substantial, it causes a reversal of the
engineering stress-strain curve; this is because the engineering stress is calcu-
lated assuming the original cross-sectional area before necking and the test
is ”strain-controlled”. The reversal point is the maximum stress on the en-
gineering stress-strain curve, that is usually defined as the tensile ultimate
strength, σUTS.

Figure 2.6: Elastic and plastic strain in a monotonic tensile test.

According to Equation (2.1), it is possible to split the mechanical strain,
into two parts (elastic and plastic strain). The partial amount of these quan-
tities can be easily understood referring to a general point P in Figure 2.6.
The material behavior under monotonic tensile loads need to be modeled in
a simplified way in order to obtain a solution to a deformation problem [28].
Several models are available in literature, with different levels of complexity.

An Elastic-perfectly plastic model, schematically represented in Figure 2.7a,
neglect the effect of work hardening, assuming that the material is linear elas-
tic and as the load on material increases to yield point it’s stress state remains
constant. The uniaxial tension stress-strain relation may be expressed as: ε =

σ

E
for σ ≤ σy

ε =
σ

E
+ C for σ > σy

(2.7)

where E is Young’s modulus and C is a scalar greater than 0 to be deter-
mined.
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Figure 2.7: (a) Elastic-perfectly plastic model and (b) Elastic-linear work-
hardening model.

In an Elastic-linear hardening model the material behavior is approxi-
mated by two straight lines, the first one representative for the elastic do-
main and the second one for the plastic domain, as depicted in Figure 2.7b.
The first has a slope corresponding to Young modulus, while the slope of
the second line is representative of the characteristic hardening of actual
stress-strain curves and it is generally named tangent modulus, Et.

ε =
σ

E
for σ ≤ σy

ε =
σy

E
+

1

Et

(σ − σy) for σ > σy

(2.8)

In addition to the yield stress parameter, that identifies the transition point
between the two lines, only the tangent modulus Et is then needed to com-
pletely describe the plastic region. If Et = 0 the model collapses into an
elastic-perfectly plastic scheme.

In an Elastic-exponential hardening model the plastic portion of the stress-
strain curve is represented adopting an exponential law, see Figure (2.8)a.

ε =
σ

E
for σ ≤ σy

ε =


σ

H1

 1
n1

for σ > σy

(2.9)

The characteristic constants H1 and n1 can be determined in order to fit
the experiments curve (n1 = 0.05 ÷ 0.4 for metals ). The starting point of
the plastic curve is represented by the yielding stress and the corresponding
strain. For this reasons H1 and n1 are strictly related to σy.



58 Damage Induced by Repeated Thermal Loads

Figure 2.8: (a) Elastic-exponential hardening model and (b) Chaboche
model.

Adopting a Chaboche model, according to [29, 30] , after the yielding
point the stress can be related to the plastic strain with the following expres-
sion:

σ − σy =
C

γ
tanh(γ∆εpl) (2.10)

Where C represents the initial hardening modulus, as depicted in (2.8)b. It
is evident that the hardening modulus decreases with the increase of plastic
strain, the constant γ being responsible of the rate at which the hardening
modulus changes. The asymptotic value of stress for large strains can be
obtained as:

σ∞ = σy +
C

γ
(2.11)

2.2.2 Plastic Behavior in Cyclic Loading

Considering cyclic loading conditions, in which the material is periodically
loaded in both tension and compression, the evolution of elastic and plastic
strain needs to be taken into account. Referring to Figure 2.9, in which a
sample is subjected to a sequence of strain-controlled cycles, according to
a perfect plasticity scheme, a stabilized condition can be obtained after the
first cycle. But some materials exhibit more complicated behavior under
cyclic loading, such as hardening and softening, as schematically represented
in Figure 2.9, and stabilized conditions are often reached only after a huge
amount of periodical stress-strain cycles. For initially soft materials, such
as annealed metals, the early cycles may show increasingly higher stresses
developing as measured at the tip ends of the hysteresis loop. Materials that



2.2 Considerations About Modeling of Cyclic Plasticity 59

have been previously work hardened will soften from cycle to cycle as they
are strained repeatedly. Successive cycles of plasticity reduce the stresses
required to induce a specified strain. But, as with hardening, the softening
diminishes with applied cycles, eventually reaching a stable hysteresis loop
before the life of the specimen is exhausted [31]

Figure 2.9: (a) Strain-controlled test with cyclically (b) softening and (c)
hardening material response.

As stated before, materials have an elastic range within which they re-
spond in a purely elastic manner. The boundary of this range, in either
stress or strain space, is called the yield surface. The shape of the yield
surface depends on the behavior of material and on the entire history of de-
formation. Inside of the yield surface is the elastic domain, while plasticity is
described by the surface itself [32]. Several models can be found in literature
to describe the yield surface [33, 34]. As proposed in [35] the yield surface is
expressed in terms of three-dimensional principal stress space (σ1, σ2, σ3), as
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Figure 2.10: Examples of yield surfaces in principal stress space.

schematically represented in Figure 2.10, in which also the deviatoric plane
π (perpendicular to the hydrostatic axis) is represented. According to the
Tresca criterion, also known as the maximum shear stress theory, the yield
surface is expressed as:

1

2
max(|σ1 − σ2|, |σ2 − σ3|, |σ3 − σ1|) =

1

2
σy (2.12)

where σy is the tensile yield strength. As depicted in Figure 2.10, the yield
surface is a prism of six sides with infinite length. This means that the
material remains elastic when all three principal stresses are equivalent (hy-
drostatic pressure). However, when one of principal stresses becomes smaller
(or larger) than the others the material is subject to shearing. In such situ-
ations, if the shear stress reaches the yield limit then the material enters the
plastic domain.

The von Mises criterion seems to agree somewhat better, in general, with
experimental data related to ductile materials, such as metals. It expresses
the yield surface as:

(σ1 − σ2)
2 + (σ2 − σ3)

2 + (σ3 − σ1)
2 = 2σy

2 (2.13)

The yield surface is then a cylinder of infinite length, the axis of which lies
along the value σ1 = σ2 = σ3 (hydrostatic axis), as represented in Figure 2.10.
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To account for the behavior of materials with different limit in traction and
compression, other criteria have been developed, such as the Drucker-Prager,
the Mohr-Coulomb, the Bresler-Pister criterion. An exhaustive review of
existing models can be found in [35, 34].

In order to correctly model the mechanism that give rise to hardening or
softening behavior, a brief overlook about the evolution of yield surface and
the so-called hardening rules is given.

The shape and size of the yield surface change as the plastic deformation
evolves. Hardening rules describe how the yield surface changes as yielding
occurs. A change of the yield surface size is connected to isotropic hardening
and a change of location of the center to kinematic hardening. Referring
to Figure 2.10, hardening rules will be presented in a plot where the yield
surfaces are sketched in principal stress space. In particular the behavior
on deviatoric plane π is considered adopting the Mises criterion, in com-
parison with the resulting effect on an elastic-linear hardening model. This
is a schematic, but effective, procedure that can be used to evaluate the
differences between the various rules.

The basic rule describing the behavior in the plastic domain is the isotropic
hardening. Isotropic hardening describes a dilation or isotropic expansion of
the yield surface. It implies that the position of the center of the yielding
surface remains the same during plastic flow. This property leads to an in-
crease of yield stress with no correlation to the loading direction, as can be
seen in Figure 2.11. Since the elastic domain expands uniformly, if loading
is reversed yielding occurs at a value of 2σmax.

Figure 2.11: Schematic evolution of isotropic hardening model.



62 Damage Induced by Repeated Thermal Loads

When the yield surface translates its center to a new position, as depicted
in Figure 2.12, kinematic hardening takes place. This rule was developed to
model the Bauschinger effect (named for the German scientist who first de-
scribed it around 1860), according to which the yield stress is higher when
the material is loaded under tension and gets smaller for a compressive load-
ing case, a behavior seen by most metals. Hence, if loading is reversed,
yielding occurs in compressing at a value of 2σy with respect to actual stress
state. Obviously, during the first tractive loading, kinematic and isotropic

Figure 2.12: Schematic evolution of kinematic hardening model.

hardening rules provide the same material response.
A more complex behavior can be described by a combined model, which

causes a simultaneous expansion and translation of the yield surface as rep-
resented in Figure 2.13.

The evolution of yield surface can be expressed with a non-linear hard-
ening law, such as in [36].

σy = σy0 +Q[1− e(−bεpl)] (2.14)

where σy0 denotes the initial size of the yield surface, Q the maximum change
in the size of the yield surface and b defines the rate at which the size of the
yield surface changes as plastic straining progresses.

2.2.3 Simulated Cyclic Behavior

In this section the cyclic behavior of a material modeled in different ways
is considered. In particular an isotropic, a kinematic and a combined model
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Figure 2.13: Evolution of yield surface in a combined model.

are taken into account, with the same value of initial yield stress. Cyclic
tests under four different loading conditions are performed: stress-controlled,
strain-controlled, thermal and thermo-mechanical cycles are considered, in
order to evaluate the evolution of stress-strain curves and assess the most
appropriate model to be adopted.

As sketched in Figure 2.14, simple geometries are adopted, to focus only
on the material behavior. A bar and an hollow cylinder allow to investi-
gate the whole set of aforementioned loading conditions. Simulations are
performed with ANSYS R©software, and in Figure 2.15 the geometrical pa-
rameters of the models are depicted, while their values, as well as the input
loads, are summarized in Table 2.1.

In the following, the elastic-linear hardening model is adopted for the im-
plementation of the isotropic and the kinematic rule, while, according to sev-
eral works in literature [37, 38], a mixed model based on non-linear isotropic
hardening, Equation (2.10), and the non-linear kinematic hardening law,
Equation (2.14), is adopted to account for cyclic hardening (or softening).

An example of ANSYS R©parametric syntax for the implementation of the
isotropic, kinematic and combined model is here proposed.
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Figure 2.14: Loading conditions investigated: (s) stress-controlled, (b) strain-
controlled, (c) thermal and (d) thermo-mechanical load.

Figure 2.15: Numerical models adopted in simulations.
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Table 2.1: Geometrical parameters and loads adopted in simulations.

Parameter Value

Bar
l, m 0.2
u, m 0.001

P , MPa 450

Cylinder

l, m 0.5
ri, m 0.05
re, m 0.01
T0,

◦C 20
T1,

◦C 450
P , MPa 180

TB,BISO,1,1
TBTEMP, 20
TBDATA,, Rs, Et

!----------------------

TB,BKIN,1,1
TBTEMP, 20
TBDATA,, Rs, Et

!-----------------------

TB,CHABOCHE,1,1
TBTEMP,20
TBDATA,,Rs,Et,gamma
TB,NLISO,1,1
TBTEMP,20
TBDATA,,Rs,0,Q,b

Table 2.2 summarizes the material parameters adopted in simulations. It
has to be noticed that these values are not representative of a given material,
but they are used in simulation with the methodological aim of understanding
the model response under different loading conditions. The combined model
is set up in order to obtain a softening response of the material under repeated
loads. In practice, a huge amount of experimental data is required to assess
an appropriate calibration for a given material, as pointed out in [37, 36].

As can be seen in Figure 2.16a, for a stress-controlled test, a sample
clamped at an end is considered, while a periodic pressure P is imposed on
the free end in the axial direction. The peak values of the applied pressure
(both in tension and compression) are higher than the value of yield stress.

A similar approach is adopted to evaluate the effect of different material
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Table 2.2: Material parameters adopted in simulations.

Parameter Value

Elastic line
E, GPa 210

ν 0.3

Kin/Iso hardening
σy, MPa 400
Et, MPa 10000

Combined model

C, MPa 150000
G, MPa -150

γ 500
b 80

models in the case of strain-controlled test, where a strain sufficiently high to
cause plasticity is imposed in tension and compression to the same specimen.
The free end of the cantilever in this case is forced to follow a periodic
displacement u, as sketched in Figure 2.17a. In order to obtain a pure thermal
loading, a different model need to be considered: as already pointed out,
thermal stresses in a bar results from external restrains on its ends, while
other geometries can be considered as self-restrained towards thermal loads.
In this simulation an hollow cylinder is considered: the cyclic stress is due to
a sequence of heating and cooling at temperature T of the inner part, while
the external surface is maintained at a constant temperature T0, as sketched
in Figure 2.18. It has to be noticed that the analytical evaluation of thermal
stresses for the whole domain of this model has been treated in Chapter 1,
while the focus is now on the stress-strain evolution in a single point on the
inner hot surface. When performing a simulation in which the component
undergoes temperature gradients, the variation of yield stress and elastic
modulus with the increase of temperature should be considered, as already
pointed out. In this case the aim is not to obtain the exact distribution of
stresses, but to analyze the cyclic evolution of stress-strain curves for a given
material model under different loading conditions. For this reason values in
Table 2.2 are considered for the whole temperature range. Results are shown
in Figures 2.16, 2.17, 2.18, 2.19 in terms of stress-strain cycles.

As can be seen, a model with isotropic hardening tends to stabilize into a
purely elastic loop. In a stress-controlled simulation, the stabilization takes
place after the first loading, while in the other tested condition the elastic
shakedown occurs after some repeated loadings. For this reason it can be con-
cluded that purely isotropic hardening is not the appropriate choice dealing
with cyclic loads, and it is generally used for modeling under unidirectional
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monotonic loading.
Considering results from stress-controlled, strain-controlled, and thermal

simulations, it can be noted that models based on kinematic hardening rules
show a stabilization into an elastic-plastic hysteresis loop after the first cycle.
On the opposite, simulations in which a combined model was implemented,
correctly represent the softening behavior of the material. The use of an
inadequate model may than affect life predictions and an incorrect stress
distribution can be found. A calculation made with asymptotic conditions
(i.e. with a low yield stress) leads to consider as plastically deformed some
regions which actually remain elastic and are never softened [39]. However,
sophisticated models require a calibration for a bigger number of material
parameters, and a simulation for the total number of cycles should be im-
plemented, which is often computationally unfeasible in the case of complex
geometries.

Considering in a more detail the results obtained for the cylinder ther-
mally loaded, it is possible to notice that, although the shapes of stabilized
cycles in Figure 2.18b and Figure 2.18c are different, the resultant total strain
range is the same, due to the fact that in this case the material undergoes
a sort of strain-controlled cyclic loading. These results confirm that, for the
particular case of mechanical components only thermally loaded, the choice
of material model is not as relevant as for other loading conditions: the rel-
ative amount of elastic and plastic strains strongly depends on the adopted
material model, but, as the problem is characterized by self-imposed con-
strained thermal expansion, the total amount of strain remains constant.
This consideration leads to the adoption of a simple kinematic hardening
model to perform preliminary life calculations.

This approach is not further valid in the case of thermo-mechanical loads.
In fact, as shown in Figure 2.19, a superimposition of an external load, P , give
rise to the previously treated ratcheting condition, for which no stabilized
condition can be found. In that situation the correct choice of material model
is crucial to correctly predict the behavior under cyclic loads.
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Figure 2.16: Stress-strain cycle in a stress-controlled test. (a) Scheme of the
simulation, (b) isotropic hardening model, (c) kinematic hardening model
and (d) combined model.
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Figure 2.17: Stress-strain cycle in a strain-controlled test. (a) Scheme of the
simulation, (b) Isotropic hardening model, (c) kinematic hardening model
and (d) combined model.
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Figure 2.18: Stress-strain cycle in a thermal stressed component. (a) Scheme
of the simulation, (b) Isotropic hardening model, (c) kinematic hardening
model and (d) combined model.
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Figure 2.19: Stress-strain cycle in a thermo-mechanical stressed component.
(a) Scheme of the simulation, (b) Isotropic hardening model, (c) kinematic
hardening model and (d) combined model.
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2.2.4 Cyclic Stress-Strain Curve

As evident from Figure 2.9, during cyclic loading the mechanical proper-
ties of a material can change. In particular, stress-strain response of cyclically
loaded material can be different from the one when it is loaded monotoni-
cally. During cyclic loading, material may exhibit strain hardening, strain
softening or its response can be stable. The ratio between the ultimate ten-
sile strength and the yielding stress, σu/σy, in a monotonic tensile test is
usually adopted [31] to provide a quantitative measure of whether a material
is likely to harden or soften during cycling. If σu/σy > 1.4, the material will
harden under cyclic loading; if σu/σy < 1.2, the material will soften. For val-
ues between 1.2 and 1.4 some materials exhibit hardening, other softening,
and a few remain stable. After hardening/softening is completed, the cy-

Figure 2.20: Cyclic stress-strain curve.

cled material exhibits a steady-state behavior. Stress and strain amplitudes
have reached their saturated values, and there are no further changes in the
hysteresis loop shape. If a series of strain-controlled tests is performed at dif-
ferent amplitudes (ε∗ and ε∗∗ in the example of Figure 2.20), a set of stable
loops can be obtained for the characterization of the steady-state behavior
for the whole range of the loading amplitudes. The curve connecting the
tips of such stable loop gives the relation between the saturated stress and
strain amplitudes and is called the cyclic stress-strain curve [40]. This curve
can be analytically modeled with a law that allows the description of the
stress-strain relation with a single equation (the so-called Ramberg-Osgood
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Table 2.3: Parameters adopted in simulations.

Parameter Value

Experimental curvea
H ′, MPa 326.6
n′ 0.147

Hardening parametersb

C, MPa 64257
γ 888
G, MPa 76
b 8

a Data from [41]
b Data from [37]

model):

εa =
σa

E
+
 σa

H ′

1/n′

(2.15)

where εa and σa are the amplitudes of stabilized strain and stress re-
spectively, while H ′ and n′ are material parameters (metals usually have
n′ = 0.1 ÷ 0.2). The cyclic stress-strain curve can greatly differ from the
static tensile response for a given material, and a cyclic yield stress, σ′

y, can
also be evaluated. Hence, the cyclic stress-strain curve is one of the most
important characteristic of a material under cyclic loading conditions [40].
Even if the hardening (or softening) is more evident in the earlier cycles and
tends to gradually reduce, a huge amount of repeated loads is required to
reach the stable hysteresis loop. Nevertheless, recognizing that for many ma-
terials the stabilized value of stress is achieved before the specimen fails (a
well-established rule is to consider as fully developed the condition at Nf/2),
suggests that a single specimen can be used to study several strain levels. A
review of the available techniques for the experimental determination of the
cyclic stress-strain curve is given in [31].

In Chapter 3 the thermo-mechanical analysis of an anode adopted in arc
furnaces is performed. As it will be shown, this component undergoes a
cyclic thermal load, and the cyclic response of the material that constitutes
the most critical area of the component (copper) need to be evaluated.

For this reason, a numerical simulation adopting a simplified geometry is
here performed. A planar specimen is considered to be cyclically loaded in
strain-controlled conditions, as depicted in Figure 2.17. Adopting values for
C, γ, G and b parameters available in [37] for the pure copper at room tem-
perature and summarized in Table 2.3, a combined model can be numerically
implemented to account for cyclic hardening or softening behavior.
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Strain-controlled simulations are then accomplished, until the asymptotic
conditions are reached. This procedure is followed for several strain levels,
and the tips from the family of multiple loops are connected to form the cyclic
stress-strain curve. Results from numerical simulations are compared with
experimentally evaluated trend available in [41], and the good agreement of
the trends is shown in Figure 2.21.

Figure 2.21: Numerically evaluated cyclic stress-strain curve for copper.

As already pointed out, a huge amount of cycles is required to reach
a stable condition. Although more accurate, a combined model could be
not appropriate to perform fast simulations, especially dealing with complex
models with an high number of elements. For this reason, as it will proposed
in Chapter 3, the current practice is to refer to an Elastic-linear hardening
model calibrated on the basis of stabilized conditions, neglecting the initial
hardening (or softening) behavior.
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2.3 Fatigue-Life Relations

A metal subjected to repetitive or fluctuating stress is shown to fail at
a stress lower than that required for failure with a static application of the
same load. Literature accounts for failures occurring under cyclic loading
as fatigue failures. Alternating loads on shafts and rods, stresses in turbine
blades due to vibrations, as well as fluctuating thermal stresses during plant
start-stop cycles are some examples of cyclic loading that may cause fatigue.
In the earlier studies about this topic, researchers were focused into the
characterization of the fatigue resistance of many materials.

In more recent years the interest in the study of high-strain, low-cycle
fatigue, has grown, because economic design dictates that some plasticity
can be tolerated, and finite life accepted, at least in the critical regions of
many engineering components. In this chapter a brief review about these
two approaches is described, with a concluding section concerning suitable
predictive models to be adopted in treating thermal stresses problems. More
detailed discussion on this topic can be found in specific literature, such
as [42, 31].

2.3.1 Stress- and Strain-Based Approach

Although the first author who officially works on fatigue of mechanical
components, establishing a correlation between applied loads and durability
of mining chains, was W. Albert in 1839, the modern study of this subject is
generally dated from the work of A. Wöhler, who started his research activity
from 1852. Wöhler was concerned by the failure of axles at loads considerably
less than expected, and he conceived a testing machine, simulating a railcar
axle. A railcar axle is basically a round beam in four-point bending, which
produces a compressive stress along the top surface and a tensile stress along
the bottom. After the axle has rotated a half turn, the bottom becomes
the top and vice versa, so the stresses on a particular region of material at
the surface varies sinusoidally between tension and compression. This is now
known as fully reversed fatigue loading.

Wöhler focus was to determine a stress level below which an indefinite
number of reversals could be sustained without specimen fracture. Basically,
for a constant cyclic stress amplitude, he noted the number of cycles that
led to failure, and he repeated the procedure for various amplitudes of the
applied load. Although he actually never plotted his data, the reports that
he published led engineers later to construct the S-N (stress versus number
of cycles to failure) curve that is attributed to him. Basically, the stress is
plotted on the vertical axis and cycles to failure on the horizontal axis. The
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Figure 2.22: (a) Fatigue in a railcar axle and (b) example of S-N curve.

scale for cyclic life is usually logarithmic in order to plot conveniently the
large variations of life at different stress levels. S-N curves for metals usually
show a linear trend if 103 < Nf < 106, that can be described by the following
equation:

σaNf = K (2.16)

where a and K are parameters characteristic of each material, while Nf is
the number of cycles to failure.

It has to be pointed out that the determination of a S-N diagram for a
single material requires a huge amount of experimental data. In fact each
point in the curve, relating a single value of stress to its corresponding number
of cycles to failure, is the result of a statistical fitting of several test for that
given stress amplitude.

Furthermore, some limitations of a stress-based approach are pointed out
in [31]. Most of the critiques concern the fact that stress levels used in this
procedure are in the elastic range of the materials, and for this reason a
stress-based approach is not the ideal framework to be used when some plas-
ticity occurs. This consideration, together with the ever increasing demand
of design in the planned lifetime of mechanical components, led to the devel-
opment of a strain-based fatigue approach, in which the amount of plastic
and elastic strain is related to the number of cycles to failure.

The major contribution on the development of this theory is certain to
be attributed to S.S. Manson, who firstly stated that the amount of cyclic
plastic strain governs life. Several tests on different materials, in which the
specimen was loaded in strain-controlled conditions, revealed that the plastic
strain range can be related to the cyclic life with a power-law equation.
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Figure 2.23: Scheme of a ε-N curve.

This rule has come to be known as the Manson-Coffin equation, because
both researchers independently arrived at the same equation at about the
same time. However, its direct use for engineering applications is difficult
because it is difficult to measure plastic strain directly. Further extensions
were then made in order to include the elastic strain range in the equations,
and consequently the total strain range. The basic relation between total
strain range (∆εtot) and cyclic life consists of two power-law terms: one for
the plastic strain, and the other for elastic strain:

∆εtot = ∆εel +∆εpl = X(Nf )
x + Y (Nf )

y (2.17)

where X, x and Y, y are the coefficient and exponent terms related to elastic
(∆εel) and plastic (∆εpl) strain range respectively, while Nf represents the
number of cycles to failure. Also in this case, the coefficients and exponents
should be experimentally determined with several test for each material of
interest.

2.3.2 Critical Comparison

Although Wöhler and Manson proposed theories in completely different
historical contests, and the representation of their results seems extremely
different, a relation between the two theory exists, and it can be pointed
out considering the cyclic stress-strain curve of a material. More precisely,
the aim of this section is to show that an S-N curve can be converted into
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a strain-life pattern, obtaining the same results if Manson’s approach were
applied from the beginning.

Figure 2.24: Schematic of S-N to ε-N conversion.

The basic idea is to adopt the cyclic stress-strain curve to implement the
transition between the two data sets. As sketched in Figure 2.24, starting
from an S-N diagram, for a given stress range (∆σ∗) a defined number of
cycles to failure (Nf

∗) can be found. Adopting the corresponding stress
amplitude (∆σ∗/2) as input for the cyclic stress-strain curve representative
of the same material, a value of total strain (ε∗) can be determined . This
strain level can be then related to the previously evaluated number of cycles,
in a ε-N plot. The same approach can be repeated for all the data defining
the S-N curve, thus obtaining a ε-N curve.

Clearly, this procedure can be followed also in the opposite direction, in
order to obtain a S-N curve from a ε-N one.

In literature only few works are concerned of determining both stress
and strain life relations, while the proposed strategy can be validated only
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with a complete set of experimental data, referring to both stress-life and
strain-life curves and also to cyclic stress-strain relation for the material
under investigation. Here the experimental results obtained in [43] and [44]
are adopted to confirm the effectiveness of the method: an experimentally
evaluated S-N is ”converted” into a ε-N one, and the resulting trend is
compared with measured ε-N relation for the same material.

In [43] analytic relations for S-N and ε-N curves, as well as for cyclic
stress-strain relations are provided for C45 steel. The S-N curved is shown
to be described by the following relation:

log σ = −0.10201 logNf + 2.9611 (2.18)

while the ε-N relation evaluated in the same test condition is found to be:

∆ε

2
=

1411

E
(2Nf )

−0.1246 + 0.4991(2Nf )
−0.5699 (2.19)

in which it is possible to identify the elastic and the plastic contribution
according with Equation (2.17). Cyclic stress-strain curve determined in the
range of controlled stress conditions is also experimentally determined:

ε =
σ

215000
+
 σ

1121

5.5

(2.20)

Following the procedure described in Figure 2.24 it is then easy to convert
the S-N relation into a ε-N one. The first plot of Figure 2.25 clearly shows
that the two curves are practically coincident.

The same approach has been followed for data available in [44], where
analytic expression for ε-N and cyclic stress-strain curve are provided, while
only a discrete set of values is reported in relation to stress range against
the number of cycles to failure, and here summarized in Table 2.4. The ε-N
curved is described by the following relation

∆ε

2
= 0.00427(2Nf )

−0.118 + 0.160(2Nf )
−0.412 (2.21)

while on the basis of values in [44], the cyclic stress-strain curve can be
written as:

ε =
σ

206840
+
 σ

1441

3.5336

(2.22)

If converted by means of cyclic stress-strain curve, values of Table 2.4 lie on
the analytical expression of ε-N curve of Equation (2.21), as clearly shown
in Figure 2.26.

It is then possible to compare in a same graph a stress-based and a
strain-based approach, and the agreement between the two methodologies
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Figure 2.25: Example of conversion of S-N curve into ε-N curve. (Experi-
mental data from [43])
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Figure 2.26: Example of conversion of S-N curve into ε-N curve. (Experi-
mental data from [44])
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Table 2.4: S-N valuesa

∆σ, MPa Nf

765.2 248
744.6 950
704.6 1300
630.2 2795
558.4 17150
452.2 69500
369.6 163000
359.8 290000
314.4 750000

a Data from [44]

is evident: the total strain curve achieved with a ”Manson’s approach” is
coincident with the total strain relation obtained from a S-N curve exper-
imentally derived according with Wöhler philosophy and then ”converted”
into a total strain relation by means of cyclic curve.

2.3.3 High Temperature and Fatigue

Fatigue is a complex phenomenon, and it can be affected by several fac-
tors. Size effects, as well as surface effects can strongly influence the per-
formance of a given material, while the statistical nature of fatigue is a
key-aspect to consider dealing with endurance data and evaluation of cumu-
lative fatigue damage. Several works in literature, such as [45, 46, 47, 48,
49, 50, 51, 42, 9, 31] account for these aspects.

This work deals with components which are subject to thermally induced
stresses, so the focus of this paragraph is on the possible interaction interac-
tion between thermal and mechanical loads, and the role that temperature
plays in affecting fatigue endurance of materials.

Thermal and mechanical loads could act individually or in a combined
way on a mechanical component. Thermal fatigue (TF) failure is the result
of temperature cycling (without external loading), as opposite to isothermal
fatigue caused by stress-strain cycling at constant temperature [52]. It has
to be noted that classic fatigue is a subset of fatigue at high temperatures, in
which the temperature is kept constant at room temperature values.Thermo-
mechanical fatigue (TMF) arise, instead, when changes in temperature and
in mechanical strain act simultaneously. Figure 2.27 shows a schematic re-
view of these fatigue mechanisms. The thermal load (T ) is represented on the
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Figure 2.27: (a) Isothermal, (b) thermal and (c) thermo-mechanical fatigue.

upper portion of the graphs, while the mechanical stress (σ) is depicted in
the lower part. Several combination are possible: as an example, in Thermo-
Mechanical fatigue, maximum temperature peaks could coincide with max-
imum values of stress (in-phase cycles) or with lowest values (out-of-phase
cycles). Some examples of thermal and thermo-mechanical loading in daily
engineering practice are available in [53].

Fatigue damage due to thermo-mechanical cyclic loads differs from that
related to only temperature oscillations, and, in general, it is difficult to
perform a life prediction for thermo-mechanical fatigue on the basis of data
representative of thermal fatigue, and vice versa [54, 55]. As will be shown in
the following, some predictive models are available in literature to perform
a preliminary assessment of fatigue performance at high temperatures.

Referring to Figure 2.27a, where only mechanical loads are considered to
vary in time, further considerations can be carried out in order to understand
the effect of high temperature on fatigue performances. In general, the fa-
tigue strength of a metal decreases with increasing temperature above room
temperature. At high temperatures (greater than half the melting point for
the material), creep becomes important, and damage due to both fatigue and
creep have to be taken into account.

The transition from fatigue failure to creep failure with increasing tem-
perature will result in a change in the type of failure from the usual transcrys-
talline fatigue failure to the intercrystalline creep failure. A strain-controlled
fatigue test with a holding period (hold time) during some portion of the
test, can be adopted to investigate on this mechanism, because creep is al-
lowed to take place, see Figure 2.28. In pure fatigue tests (higher frequencies
and short hold times) the fatigue mode dominates and failures start near
the surface and propagate transgranularly. As the hold time is increased,
or the frequency decreases, the creep component begins to play a role with
increasing creep-fatigue interaction. In this region, fractures are of a mixed
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Figure 2.28: Schematic of fatigue-creep test.

mode involving both fatigue cracking and creep. With prolonged hold times,
creep processes completely dominate and damage can be treated almost as
pure cases of creep. The life of the component under the mixed mode can
be drastically shortened, probably because the intercrystalline cracking by-
passes the large number of cycles required to initiate a crack in the sub-creep
range [56].

A complete review of these and others experimental approaches, as well as
the description of damage rules that have been developed in order to model
materials behavior under creep-fatigue conditions can be found in [42, 31, 57],
while some examples of creep failures are available in [23, 58].

Considering some actions that can improve fatigue performance, it has
to be noted that the metallurgical treatment which produces the best high
temperature fatigue properties does not necessarily result in the best creep
of stress-rupture properties. Grain size can be adopted as a key parameter
to understanding this effect. In fact, while the fine grain size is desirable at
room temperature, coarser grains become more advantageous in the creep
range, and recent works on turbine blades provide the best performances
adopting a controlled solidification with the development of single crystals
with no grain boundaries [31].

2.3.4 Predictive Models

The most accurate approach to determine the fatigue characteristic of a
material is to establish its behavior by actual experiment. However, it fre-
quently is impractical to attempt an extensive experimental program either
because facilities are lacking, because the simulated environmental conditions
are too difficult or expensive, or because it is desirable to first scan a large
number of materials in order to find a few promising ones that can later be
studied more extensively. Literature data usually refer to room-temperature
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fatigue tests, relatively easy to be obtained, but some corrections can be
applied in order to get some informations about material response at high
temperatures.

It is also desirable to be able to estimate the life in advance of laboratory
tests in order to appropriately choose the test parameters. Several methods
have been developed for this purpose, and a comprehensive overview about
these models can be found in [31]. In the following a brief summary of
available techniques to evaluate the life without involving prior knowledge of
fatigue behavior is given. More precisely, the possibility to realize S-N and ε-
N curves on the basis of static tensile properties of a material is investigated,
which could be of practical use in an industrial approach.

Estimated S-N curve

The usual method to describe the cyclic behavior of a material with a
S-N curve if only static properties are available is to detect two distinct
points into the diagram and then connect them with a straight line, in order
to obtain the power relationship of Equation (2.16). As stated before, for

Figure 2.29: Simplified approach to obtain a S-N curve from static tensile
properties.

metals this procedure is valid only in the range from 103 to 106 cycles, and
in terms of stress, the lower value, corresponding to 106 cycles, is represented
by the so-called endurance limit, σl. Through many years of experience,
the ratio between the endurance limit and the ultimate tensile strength was
found to range from 0.35 to 0.60, depending on the material. For steel, the
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endurance strength can be approximated by:
σl = 0.5σUTS if σUTS < 1400MPa

σl = 700MPa if σUTS > 1400MPa
(2.23)

In addition to this relationship, for steels the stress level corresponding to
1000 cycles can be approximated by:

σ1000 = 0.9σUTS (2.24)

Utilizing these approximations, a generalized S−N curve for wrought steels
can be created by connecting the σ1000 cycles with the endurance limit, as
shown in Figure 2.29. In this case coefficient a of Equation (2.16) can be
written as:

a =
logN2 − logN1

log σ1 − log σ2

(2.25)

while coefficient K is directly achievable from Equation (2.16):

K = σa
1000 · 103 = σa

l · 106 (2.26)

Although the proposed procedure is very general, and it does not account for
factor affecting fatigue, it remain useful for engineers in assessing preliminary
fatigue performance starting from static tensile properties.

Estimated ε-N curve

A possible approach to establish the strain-life relation using only static
tensile test properties is illustrated by Manson himself [31] and leads to
the definition of Universal Slopes equation. Elaborating fatigue data for 29
different materials in the early 1960s, he noted that a good fitting of the
results could be obtained adopting 0.12 and 0.6 for the slopes of the elastic
and plastic line, respectively (hence the name universal slopes). On the basis
of the average values, it was also possible to define the intercept point of the
two lines on the strain axis at Nf = 1. For the elastic line, this intercept
point was found to depend only on the ultimate tensile strength σUTS and
the elastic modulus E. For the plastic line, the intercept point was found to
depend only on ductility D, defined as:

D = log
100

100−%RA
(2.27)

where RA is the reduction of area in a tensile test. On the basis of these
parameters, the Universal Slopes Equation becomes:

∆εtot = 3.5
σUTS

E
N−0.12

f +D0.6N−0.6
f (2.28)
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Figure 2.30: Universal Slopes method.

Thus, only the tensile properties σUTS, D, and E are required to determine
the relations between cyclic life and strain range. After a more detailed exper-
imental campaign, on the basis of data from many more materials, a modified
equation has been proposed, which predicts the average fatigue behavior of
the tested materials slightly better than the original equation. In individual
cases, however, one or the other could be better. That is the reason why
in this work only the original equation has been cited, further details about
the modified method being available in [31]. A careful study of this relation
reveals that when the imposed strain is high (of the order of 1 to 5%, or
more, for most materials) the governing property is ductility; the higher the
ductility, the longer will be the life. Below this strain range most materials
benefit more from improved tensile strength than from increased ductility.
So the question of trade-off between strength and ductility (generally if one
increases, the other decreases) needs to be carefully evaluated on the basis
of operative strain levels. Another remarkable effect concerns the fact that,
even if stress is uniaxial, the strain is always triaxial. An equivalent strain
range has to be then computed:

∆εeq =

√
2

3


[∆ (ε1 − ε2)]

2 + [∆ (ε1 − ε3)]
2 + [∆ (ε2 − ε3)]

2 (2.29)

where ∆ (εi − εj) is the range of the relative difference between principal
strains εi and εj. In order to use ∆εeq with the uniaxial ε-N curve, the elastic
part in Equation (2.28) must be corrected as suggested in [9], while the plastic
line remains unchanged. The curve for total strain range is thus displaced
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slightly downward, the displacement being the greatest in the region of high-
cycle fatigue where the elastic component dominates. The following relation
is finally obtained:

∆εeq =
2

3
(1 + ν)


3.5

σUTS

E


Nf

−0.12 +D0.6Nf
−0.6 (2.30)

The approach for high-temperature fatigue analysis on the basis of the Uni-
versal Slope equation is of great interest when treating thermal stresses prob-
lems. Equation (2.30) has been shown to provide reasonable estimates of the
life at sub-creep temperatures. However, at elevated temperatures, where
creep and environmental interaction may occur, this equation has been found
to be non-conservative. Data from experimental tests at high temperatures
give rise to the development of the 10% rule, in which approximate results
can be obtained by assuming that the life under creep and environmental
interaction conditions could cause as much as 90% loss of cyclic life, leaving
only 10% of that calculated by the Universal Slopes Method. Results are
normally expressed in terms of life bounds: the Universal Slopes Equation
gives the upper-bound life, while the 10% rule gives the lowest expected life.
Median expected life is estimated to be two times the lower-bound life.

This strategy is characterized by simplicity and allow a preliminary es-
timate of fatigue at high temperatures. Although it specifies only upper
and lower bounds, and hence it cannot be adopted for refined calculations,
it remains an useful tool for engineers in assessing preliminary fatigue per-
formance at high temperatures, without the necessity to implement a creep
formulation of the material.

Furthermore, as it will be proposed in the following chapter dealing with
the thermo-mechanical analysis of an anode, Equation (2.30) can be improved
if the relation between plastic (or elastic) strain range and life is available
from literature data, or when, in presence of softening and hardening behav-
ior, the stabilized curves are available.



Chapter 3

Steel Industry Applications

Several examples of thermal stresses problems can be found in steel in-
dustry, where the high temperatures required to produce and shape metallic
products may cause relevant stresses in the constitutive elements of the plant.

Usually the design of steelmaking plants makes use of well established
methodologies. In fact the uncertainties related to a strongly approximated
simulation of the technological process, as well as the lack of accurate math-
ematical models of the structural behavior, could be easily overcome simply
by over sizing the most critical mechanical elements. Recently, the demand
of a strong improvement in term of productivity and reliability, accompanied
by cost reduction requirements are changing completely the design approach
of such components. Therefore it is necessary to take into account, often with
Finite Element (FE) models, quite complex phenomena such as plasticity at
different temperatures, creep, low-cycle thermal fatigue, phase transition.

These aspects have been already developed, particularly in the field of
aeronautic and automotive applications. On the other hand, it is not com-
pletely clarified how these approaches can be adapted to steel making plants
design. A possible approach to evaluate thermal stresses in two mechanical
components of a steel making plant will be presented. Simplified, but effec-
tive, procedures are adopted due to the difficulty in achieving reliable experi-
mental data, related to both operative conditions and to material properties,
and interpretative models are provided to explain the stress-strain response
under cyclic loads. Fatigue-life relations are also provided, in order to gain
insights for an optimization of the component design. In particular, two
elements of a steelmaking plant will be considered:

• A water cooled anode, a crucial part of electric arc furnaces.

• A copper mold, a key component in continuous casting process.
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The behavior under operative conditions of these components is presented in
the following, while some preliminary results have been proposed in [59, 60,
61, 62].

3.1 Thermo-Mechanical Analysis of an An-

ode

A possible approach for the thermo-mechanical analysis of a water cooled
conductive jacket of a bottom electrode for an arc furnace is presented. The
behavior after a single heating is firstly considered, in order to evaluate the
influence of phase transition in modeling. The operative condition, in which
the heat flux oscillates between two boundary values, is then evaluated and
the response of two different sets of materials is investigated.

3.1.1 Component Description

An electric arc furnace melts the charged material by means of an elec-
tric arc. Conventional alternating current arc furnaces operate with an elec-
tric current flowing from one electrode to another through the scrap charge.
The equipment needed for a direct current electric furnace shows a similar
configuration, with an additional bottom electrode (anode) [63, 64]. This
work deals with direct current furnaces equipped with billet type anodes, as
sketched in Figure 3.1. The anode is constituted by a steel billet welded to a
water-cooled copper jacket. The component has an axial-symmetric geome-
try and it can be considered simply supported, therefore only thermal loads
have to be taken into account. The billet in contact with the steel bath may
melt almost up to furnace shell due to high temperature levels reached inside
the furnace. As the component is surrounded by a thick layer of refractory
material, adiabatic condition can be considered along the lateral surface.
The thermo-mechanical load is therefore due to a non-uniform temperature
field given by an input thermal flux on the upper part of the component
and a water convective cooling in the lower part. During furnace operation
the thermal flux fluctuates between a lower value (q̇min) and an upper value
(q̇max). The extensive melting of the billets imposes extreme working condi-
tions on the copper jacket that may lead to severe damage. The main design
requirement is to avoid the risk of crack formation on the lower part of the
component that is water cooled, in order to prevent leaks of cooling fluid in
the internal part of the furnace. A damage of the upper part of the compo-
nent during operation could be tolerated as periodic maintenance is planned
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Figure 3.1: Geometry of the component [59].

when the plant is switched off and the furnace can be partially or completely
emptied.

3.1.2 FE Model and Behavior After a Single Heating

The thermo-mechanical behavior of the component is modeled using the
Finite Element method. Due to axial symmetry of geometry, loading and
boundary conditions, a 2D axial-symmetric model can be adopted. As can
be seen in Figure 3.2, the mesh is mapped for the most part of the domain
and refinements are improved in the transition area between steel and cop-
per. The strongly non-linear dependence of material properties (λ, E, σy)
with temperature need to be taken into account. As already pointed out
in Chapter 1 in the case of steel, also for copper alloys these quantities are
shown to decrease with increasing temperatures [65]. Starting from a value
of 390 W/m2K 118 GPa and 70 MPa for conductivity, Young’s modulus and
yield strength at 20 ◦C respectively , a suitable variation with temperature
is imposed.

Preliminary computational tests allow assessing that flux variation has
a period significantly higher than that of the thermal transient observed in
the model, therefore a steady state analysis is performed. Since the result-
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Figure 3.2: Finite element model of the component.

ing displacements do not affect the temperature field, the thermo-mechanical
phenomenon is considered uncoupled. A thermal analysis followed by a sub-
sequent mechanical analysis is then considered, as pointed out in Chapter
1.

The thermal analysis is performed imposing an appropriate (resulting
from in plant measurements) thermal flux on the top of the electrode. The
cooling water flowing in the inner side can be modeled imposing convective
heat transfer on the lower part of the anode. In this operative conditions,
the material partially melts and therefore phase changes have to be taken
into account.

As previously mentioned in Chapter 1, at melting point the enthalpy
shows a sharp variation, corresponding to the latent heat of the given ma-
terial, which may give rise to numerical problems. Furthermore, this ap-
proach requires a transient analysis to be performed, thus strongly increasing
the computational time. The alternative simplified approach illustrated in
Chapter 1 is followed to reduce the computational time without introducing
significant errors in results.

Considering the heating from room temperature (no input flux) to that
corresponding to a thermal flux q̇min in steady state condition, the final
thermal configuration is that represented in Figure 3.3: as can be seen, this
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Figure 3.3: Temperature contour map after a single heating with close view
of molten region [59].

steady state analysis provide results with no physic sense on the top region,
where the temperatures exceed the melting point of the steel (Tm,steel =
1600◦C).

As proposed in Chapter 1, the crucial point to avoid a more sophisticated
transient analysis with enthalpy variation is related to a possible interpre-
tation of the effect of the molten region on the mechanical behavior of the
structure. This area is clearly identified with white color in the close view
of Figure 3.3, where the temperature scale is limited to Tm,steel. This region
(that is assumed to be liquid) does not affect the mechanical behavior of the
underlying structure (still solid). As already pointed out, this portion simply
represents a mechanical constrain at the interface between solid and molten
material. For this reason three techniques have been investigated: a ”lower
bound”, where molten elements are simply removed; an ”upper bound”, ob-
tained by over-constraining displacements at the boundary nodes imposing
a fictitious room temperature to the portion of anode that melts. Figure 3.5
shows the Von Mises stress (σVM) contours obtained following this strategies.
It can be shown that results are quite similar, particularly if the portion close
to the molten material is not considered.

According to the simplified model proposed in Chapter 1 the temperature
of all elements exceeding melting point can be modified by simply imposing
the melting temperature. This strategy permits to improve convergence and
it also accounts for the leveling of temperatures that occurs during phase
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Figure 3.4: Techniques to simulate melting: (a) removed elements , (b) room
temperature imposed and (c) melting temperature imposed.
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Figure 3.5: Von Mises stress contours after heating with q̇min: (a) removed
elements , (b) room temperature imposed and (c) melting temperature im-
posed.

changes.

3.1.3 Considerations About Selected Materials

As already stated, the most critical part of the component is made of
copper. The yield strength and the cyclic behavior of pure copper is strongly
influenced by previous thermo-mechanical treatments. According to experi-
mental tests performed in [41], two values were considered, respectively refer-
ring to an annealed material and to a cold worked copper. Annealed copper
is shown to have very low values of yield stress, but after repeated cycles
it exhibits a strong tendency to hardening behavior. On the opposite, cold
worked copper tends to soften from cycle to cycle as it is loaded repeatedly.
In [41] Ramberg-Osgood coefficients for the cyclic curve are provided for both
materials, so the cyclic yield stress can be evaluated setting it at 0.2% of the
strain and the comparison with static values is provided in Table 3.1.

As already pointed out, a numerical simulation involving hardening or
softening behavior requires a huge amount of cycles to be modeled in order
to achieve a stable condition, as clearly arguable from Figure 2.21. For this
reason, a bilinear model with kinematic hardening is adopted, according to
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Table 3.1: Parameters for annealed and cold worked copper.

Annealed Cold Worked

Static
E, GPa 118 118
σy, MPa 25 230
σUTS, MPa 211 385

Cyclic
H ′, MPa 326.6 418.7
n′ 0.147 0.102
σ

′
y, MPa 93.5 175

ε-N
Y 0.83 0.51
y -0.59 -0.59

the theoretical dissertation introduced in the previous Chapter. Only the
asymptotic condition represented by the cyclic yield stress is considered,
neglecting the initial hardening or softening. A suitable variation of material
properties with temperature is taken into account.

As it will be clarified in the following, the most critical area is subjected
to cyclic strains produced by cyclic temperature gradients, occurring far from
this region, which is maintained at constant temperature by the cooling fluid.
It is thus possible to refer to this particular loading condition as thermal
fatigue under isothermal condition. In particular, there is no necessity of
fatigue data at high temperatures, because the considered zone does not see
any temperature variation. Starting from these considerations, a relation
between cyclic load and life for the two considered materials has to be found.
Since the component is only thermally loaded, the total amount of strain
has been shown to be insensitive to elastic-plastic model adopted, so a total-
strain life methodology is followed.

As already pointed out, the basic relation between total strain range and
cyclic life consists of two power-law terms, one for the plastic strain, and
the other for the elastic strain. As the plastic contribution is known exper-
imentally, a mixed approach is adopted: the plastic component is described
according to Equation (2.17) with the values of the coefficient and exponent
proposed by [41], while the elastic part is evaluated according to the first
term on the right hand side of Equation (2.30). Since the filleted part is
characterized by a biaxial stress status, an equivalent strain range ∆εeq need
to be calculated, according to Equation (2.29). The following relation is
obtained for the two materials, and it is plotted in Figure 3.7.

∆εeq =
2

3
(1 + ν)


3.5

σUTS

E


Nf

−0.12 + Y Nf
y (3.1)
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Figure 3.6: Cyclic stress-strain curves for materials under investigation.

Although cold worked material shows higher values of cyclic yield stress (even
after softening), it is characterized by lower ductility (measured elongation
is about 14 % for cold worked and 64 % for annealed cooper [41]). This
lead to a lower response in terms of cycles to failure in the low cycle region,
where annealed material shows better performances [41]. An opposite trend is
observed for higher values of equivalent strain range. In fact as Nf increases,
elastic strain range, that is only related to σUTS, tends to prevail. It is

Figure 3.7: Equivalent strain range versus cycles to failure.

then crucial to investigate the stress-strain levels of the filleted region under
operative conditions, in order to perform the correct material choice.
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3.1.4 Behavior Under Repeated Thermal Loads

The thermo-mechanical analysis is performed as shown in Figure 3.8. Two
thermal analyses corresponding respectively to thermal fluxes q̇max and q̇min

are performed. According to the previously proposed methodology, those
nodal temperatures exceeding the phase transition point are then modified
imposing the melting temperature.

Figure 3.8: Load cycles [60].

Firstly, the simple case of the component heated up to the maximum oper-
ative conditions q̇max and subsequently cooled to room temperature, without
intermediate oscillations, is considered (ABC path in Figure 3.8). This cor-
responds to simulate furnace start-up and switch off and it allows to gain
insights into the physic of the problem. Figure 3.9 shows the Von Mises
stresses at point B and C of the cycle in the case of cold worked copper.
Even if the component is only thermally loaded and free to expand, rele-
vant stresses occur. This is particularly evident in the central portion of the
component. In practice, due to the high thermal gradient and to the ther-
mal expansion mismatch between the three different materials (steel, copper,
weld alloy), free thermal expansion is partially constrained. The lower and
the upper part of the component are almost free to expand and virtually
stress-free. A possible interpretative model of the filleted area, according to
the theoretical dissertation of Chapter (1), is that of a structure subjected
to partial constraint. The part closer to the cooling fluid is maintained at
constant, low temperature even if it is surrounded by a significant amount of
copper material characterized by a relevant thermal gradient. As schemati-
cally represented in Figure 3.10, these areas can be compared to the two-bar
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assembly of Figure 1.12, where the expansion of area 2 is partially restrained
by bar 1, and a stress status develops in both regions. In this particular case,
due to the proximity of refrigerant fluid, area 1 is considered to be the most
critical, and the choice of performing fatigue calculation referring to isother-
mal condition is here justified, because severe stress oscillations concerns a
region characterized by a constant temperature.

Figure 3.9: Von Mises stress contours (a) after heating up to q̇max , (b) after
cooling to room temperature [59].

Figure 3.11 shows stress versus strain plotted for a sequence of cycles with
a thermal load oscillating between q̇min and q̇max (ABD path in Figure 3.8,
10 complete cycles). The most critical point on the surface of the filleted
area, where the highest values of plastic strain is reached, was considered.
In this region the stress state is biaxial and thus characterized by a hoop
stress and an in-plane stress, tangent to the component profile, while the
radial stress vanishes. These two principal stresses are plotted in Figure 3.11
for the two materials considered in this work. After the first heating step
both materials yields. A reduction of the thermal flux to q̇min evidences a
different behavior for the two materials. In the case of the annealed copper,
yield occurs also in this phase, while the cold worked material shows only an
elastic recovery. Further load cycles show a similar behavior. In conclusion,
depending from the material properties, after the initial plastic strain cor-
responding to the first heating, two resulting stress cycles are obtained: the
first may present a relevant inelastic deformation, the second is characterized
by a pure elastic shakedown. These trends are in good agreement with those
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Figure 3.10: Interpretative models referring to temperature distribution.

proposed in Figure 2.2, where the effect of increasing values of ∆T has been
evaluated. Here the amount of thermal load is the same for both materials,
and the difference in resulting stress-strain patterns is imputable only to the
difference in material properties between annealed and cold-worked copper.

The values of ∆εeq obtained from numerical analysis for the two consid-
ered materials are reported in Table 3.2. It is therefore possible to obtain
from Equation (3.1) the value of Nf respectively for the annealed and cold
worked material. These results are reported in Table 3.2. It can thus be
shown that the cold worked material permits a longer life to be achieved.

Table 3.2: Calculated strain range and cycles to failure.

Annealed Cold Worked

∆εeq 0.0019 0.0016

Nf 212090 7289100
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Figure 3.11: Stress-strain hysteresis loops: (a) annealed and (b) cold worked
copper.
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3.2 Design Improvements for a Copper Mold

This Section focuses on the thermo-mechanical analysis of a copper mold,
a crucial component for the process of continuous casting of steel. Numerical
and analytical models are developed to perform an accurate thermal analysis,
in order to obtain some useful supports for the prediction of the residual
life in actual operation; moreover the effective evaluation of different design
improvement strategies can be achieved.

3.2.1 Component Description

In the continuous casting process molten steel flows through a water-
cooled mold (or crystallizer) which induces the solidification of the outer
shell. The main function of this component is to establish a solid shell into
the steel to contain its liquid core upon entry into the secondary cooling
zone. The mold is basically an open-ended box structure, usually made of a
copper alloy. Different cross sections may be adopted (square, rectangular or
rounded shapes) according the final geometry of the product (billets, blooms
or slabs). The mold controls the shape and the initial solidification of steel,
governing heat transfer and the surface quality of the product [66, 67, 68]. A
reliable, crack-free mold within close dimensional tolerances is a key factor
to guarantee a suitable level of safety, reliable quality and top productivity.

The molten steel induces high thermal fluxes and temperature gradients
into the copper, which in turn generate high stresses levels and plastic strains,
especially in the region close to the meniscus [69, 70]. After the operating
period, a cooling to room temperature induces residual stresses which may
increase with repeated thermal cycling over a campaign. Another source
of cyclic thermal loading during operative condition is represented by the
fluctuation of melt metal level, with a resulting variation of the temperature
peak on the surface of the mold.

Conventional molds consist of a copper tube surrounded by a steel jacket:
in the gap between the two elements cooling water flows [71]. In order to
improve the thermo-mechanical performances, an enhanced design configura-
tion has been recently developed. It consists of a thicker copper tube provided
with drilled holes for cooling Figure 3.12. In this way a high stiffness with
excellent heat transfer capacity are achieved at the same time. As will be
shown in the following, high stress levels are still reached and the meniscus
area, which is found to be the most critical for the component, can be pro-
gressively damaged. Several works in literature account for the presence of
cracks in this location [72, 67], and sometimes cracks were observed after
only 2 or 3 casting sequences [73]. In thin-slab continuous casters the mold
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Figure 3.12: Geometry of the component [61].

surface is periodically machined to remove cracks [74], but for billet casting
this practice cannot be adopted due to restrictions in the cross section.

Figure 3.13 shows the inner surface of a mold after several sequences of
production at 30% productivity higher than conventional. The portion of the
component subjected to higher heat loads clearly appears as a darker surface.
As enhanced by the extended view, in this region several micro-cracks appear
after operation.

3.2.2 Numerical Results and Interpretative Models

The component is characterized by four planes of symmetry, therefore it
is possible to adopt a reduced model as represented in Figure 3.14. Even if a
plane approach could be useful as a preliminary thermo-mechanical analysis,
due to the non-uniform distribution of the thermal flux in the direction of
the mold longitudinal axis, a three-dimensional (3D) model is necessary.

In this section a linear elastic behavior is previously considered, in order to
gain insights in the physic of the problem. As it will be shown in the following,
in the most critical portion of the mold, stresses exceed the elastic limit and
therefore an elastic-plastic model is needed. The results of the elastoplastic
analysis, which differ from the linear case only in limited localized areas, will
be presented in the following sections.

The thermal analysis is performed considering an imposed thermal flux
acting on the inner part of the mold, whose characteristic trend is proposed
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Figure 3.13: Inner mold surface with closed view of the meniscus region with
cracks [61].

in [67, 69], and the steady state condition is evaluated. The outer surface is
characterized by adiabatic condition, while a convective boundary condition
is imposed in the inner surface of the water cooling channels. A non-linear
thermal analysis is required in order to take into account the variation of
thermal conductivity and specific heat with temperature. As the problem

Figure 3.14: Top view of 3-D FE mechanical model [61].

is uncoupled, a subsequent mechanical analysis is performed imposing the
nodal temperature distribution obtained from the previous analysis. The
in-plane and axial thermal expansion of the component are allowed. It fol-
lows that stress-strain behavior depends only on the internal temperature
distribution. Also in this case a non-linear analysis is required. In fact the
dependence of Young’s modulus and yield stress with temperature needs to
be considered. Figure 3.15a shows the temperature distribution obtained at
the maximum flux in the steady state condition. It can be noticed that the
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maximum temperature occurs in the region close to the meniscus. If a sec-
tion orthogonal to the mold axis in proximity of the meniscus is considered,
it can be shown that a relevant ”radial” temperature gradient occurs up to
the inner portion of the cooling pipes. In the outer part of the mold a quite
constant room temperature is observed.

Figure 3.15: (a) Temperature and (b) stress distribution during operative
condition [62].

Figure 3.15b shows the Von Mises stress distribution corresponding to the
previous thermal analysis. It can be noticed that the maximum stress occurs
close to the corner (point B in Figure 3.14), although higher temperatures
occur at point A. The outer part of the mold shows a uniform negligible
stress state. According to the procedure previously followed for the anode,
some interpretative models can be adopted also to describe the behavior of
some particular areas of the mold, as shown in Figure 3.16.

The stress distribution around at the corner (point B of Figure 3.14) can
be interpreted using a simple structural model which refers to a square frame
filleted at the corners undergoing a thermal gradient across its thickness. If
the temperature variation is linear it causes a uniform bending moment and
therefore maximum stresses occur at the corners which behave as curved
beams. Figure 3.17 shows the ”hoop” stress variation along the thickness
evaluated with the finite element (FE) model (re represents the outer curved
beam radius), compared with that obtained according to curved-beam the-
ory [11]: a quite good agreement can be noticed. Even if stress in point B
reaches the maximum value, it occurs in the colder portion of the inner part
of the component (see Figure 3.14), at a safe distance from water. It follows
that the most critical portion of the mold is located at the meniscus mid-face
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Figure 3.16: Interpretative models referring to temperature distribution.

Figure 3.17: Stress variation through the thickness at the corner [62].
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(point A). In order to develop an interpretative model of stress distribution in
this area it is useful to investigate the principal stress pattern along the thick-
ness. In Figure 3.18 axial, ”hoop” and ”radial” are represented respectively

Figure 3.18: Stress variation through the thickness in the hottest part [61].

stresses (i.e. the principal stresses in the axial direction and those contained
in a plane orthogonal to the longitudinal axis and respectively parallel and
perpendicular to the inner mold surface). It can be noticed that the latter
stress assumes negligible values in the whole range (L represents thickness).
In the inner mold surface axial and ”hoop” stresses show similar compressive
values which decrease almost linearly maintaining quite comparable values.
It can therefore be concluded that the hottest portion undergoes a plane
hydrostatic state of stress, similar to that described in Figure 1.14, where a
restricted region located on the surface is heated an amount of ∆T from the
reference temperature, while the surrounding material is maintained at room
temperature. In a cylindrical coordinate system Equation (1.66) becomes:

σϑ = σz = −αE∆T

1− ν
(3.2)

In other words a small heated part would freely expand but it is ”laterally”
constrained by the surrounding large cold portion.

Figure 3.19 shows the principal stress evaluated on the mold surface along
the axial direction (z = 0 corresponds to the upper edge of the mould whose
height is l ). It can be clearly noticed that a plane hydrostatic stress state
occurs and it is directly proportional to temperature, according to Equa-
tion (3.2). The analogy with the two-bar assembly of Figure 1.12, where the
expansion of area 2 is is partially restrained by bar 1, is once again suitable
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Figure 3.19: Principal stresses on the mold surface along the axial direc-
tion [61].

to describe the rising of thermal stress. Differently from the anode, here the
most critical area near the refrigerant fluid is the hottest one. From a phys-
ical point of view the component can therefore be considered as constituted
by two layers: an inner hot layer (that would expand) constrained by a colder
layer that is maintained at low temperature by water cooling. It is thus pos-
sible to conclude that a suitable interpretative structural model of the stress
and strain status in the area surrounding point A could be that of a hollow
cylinder whose external part (from a radius rf corresponding to the position
of inner surface of the water channel) is maintained at constant temperature,
such as depicted in Figure 3.20. The inner surface undergoes a thermal flux,
and following the procedure described in Chapter 1, it is possible to find the
temperature variation along the radial coordinate:

TA(r) =
Ti − Tf

log ri
rf

log
r

rf
+ Tf

TB(r) = Tf

(3.3)

The solution in terms of stresses has the same expression of that obtained
in Chapter 1 for the case of an hollow cylinder free to expand in axial di-
rection (this condition is the most similar to the actual mold state). The
representative stress state is then given by Equation (1.88), but in this case,
due to the fact that the temperature is described by two functions, four con-
stants Ci have to be determined, respectively for the inner and the outer part.
The values of Ci can be analytically obtained by imposing at the interface
(r = ri) the compatibility condition in terms of radial displacements and the
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Figure 3.20: Hollow cylinder constituted by a ”hot” and a ”cold” part.

continuity of stresses: 
σr

A(ri) = 0

σr
B(re) = 0

σr
A(rf ) = σr

B(rf )

uA(rf ) = uB(rf )

(3.4)
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where:
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Figure 3.21 shows the stress in radial, hoop and axial direction. By
comparing Figure 3.21 with Figure 3.18 it is possible to notice a significant
similarity especially in the more stressed area.

Figure 3.21: Stress distribution according to the proposed structural model.

This analytic model will be adopted in the following to quickly perform
a sensitivity analysis and to evaluate the effect on stress distribution of some
geometrical parameters. An optimization strategy can then be assessed.

3.2.3 Cycling Loads and Life Assessment

The component undergoes two typologies of loading cycles (see Figure 3.22
and Figure 3.23 ). The first one, which may be referenced as macro-cycle,
is characterized by a load cycle between the condition of uniform room tem-
perature and that one corresponding to the maximum heat flux during the
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Figure 3.22: Scheme of the macro-cycle [61].

steady production. It represents the interval time production between a
start-up and shut-down sequence.

The second loading condition, which may be named micro-cycle, is repre-
sentative of metal-level fluctuations normally occurring during casting con-
ditions. Mold oscillation is necessary to minimize friction of the solidifying
shell, and avoid shell tearing and liquid steel breakouts, which can lead to
severe damage on equipment [67]. Whereas the first load cycle occurs in a
quite long period of time compared to that required to achieve the steady
state condition, in the second case the frequency is high enough to establish
a continuous shift in the temperature map across the nominal meniscus po-
sition. For this reason, whether in the former case a static thermal analysis
could be a satisfactory approximation, for this latter condition a transient
thermal analysis is compulsory, as long as a full steady state condition is
never established.

Figure 3.23: Scheme of the micro-cycle [61].
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Due to the fact that in the most critical portion of the mold stresses are
shown to exceed the elastic limit, an elastic-plastic model is adopted to model
in a proper way the material behavior. For this purpose a bilinear model with
Von Mises plasticity and kinematic hardening rule is adopted, because, as
pointed out in Chapter 2, despite its simplicity, it allows to obtain accurate
results dealing with thermal stress (strain imposed) problems. Cyclic stress-
strain curves and their temperature dependency for the particular copper
alloy adopted are available in [75]. Figure 3.24 shows the stress-strain rela-
tion in point A when the mold undergoes the two types of load cycles; only
”hoop” stresses are reported, since similar trends can be obtained consider-
ing axial stresses. In the case of the ”start-up and switch-off” cycles, after
the first heating, a compressive stress is produced which strongly exceeds
the yield strength of the material. In the subsequent cooling phase (point 3
of Figure 3.14) residual tensile stresses are produced. A value of equivalent
stress slightly higher than the yield stress of the material is reached. The
subsequent cycles are therefore characterized by the typical elastoplastic hys-
teresis loop. In the case of the micro cycles due to the meniscus oscillation, a
similar behavior is produced, but in this case the yield stress of the material
is exceeded only in the first heating, therefore the following cycles occur only
in the elastic domain.

Figure 3.24: Stress-strain macro-cycles and micro-cycles [61].

The durability of the critical zone in the inner part of the mold can be
then connected to the cyclic loading adopting a strain-based thermal fatigue
approach. The durability analysis of continuous casting molds is deeply in-
vestigated in literature [74, 76, 75, 77]. As it is well known [73] the usual
method to relate strain and life refers to the evaluation of the plastic strain
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range which the material undergoes. In this work a different approach has
been followed, according to the considerations pointed out in Chapter 2: the
mechanical component here considered is characterized by self-imposed con-
strained thermal expansion as a consequence of cyclic temperature gradients.
It follows that the total strain depends only on temperature distribution and
it is independent from the elastoplastic model of the material. A total strain
range approach seems than the most appropriate choice.

Figure 3.25: Manufacturing operation to obtain the tensile-test speci-
mens [61].

It is therefore necessary to find a relation between total strain range and
number of cycles to failure, such that proposed in Equation (2.30). All the
coefficients and exponents proposed in that relation need to be determined
experimentally; in the case of the copper alloy considered in this work exper-
imental data of low cycle-fatigue test are available in terms of plastic strain
only [74]. Other works present correlation between total strain range and
life, but in different temperature-testing conditions or for different copper
alloys [76, 75]. The Universal Slopes method proposed in Chapter 2 could
be a alternative approach of practical use. In fact it relates only parameter
obtained from tensile test (ultimate tensile strength, ductility, and modulus
of elasticity) to fatigue life for a given strain range. In order to characterize
the mechanical properties of the copper alloy after use, more than 20 test
specimens have been obtained (see Figure 3.25) in different locations. The
results of the tensile tests are reported in Table 3.3. The values obtained
show a limited scatter confirming that the material properties are not sig-
nificantly affected by service condition. The elevate temperature reached in
this area justifies the adoption of 10% rule to obtain the lowest expected life,
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Table 3.3: Mechanical characteristics of CuCrZr alloy.

Mean Value Std. Deviation

E, GPa) 130 -

σy, MPa 260 21

D 0.84 0.05

while the median expected life is estimated to be two times the lower bound
life.

The resulting curve is plotted in Figure 3.26. Values proposed in literature
for copper alloy with chemical composition that only slightly differs from that
of the material used in this work are also reported.

Figure 3.26: Equivalent strain range versus cycles to failure [61].

It can be noticed that the curve proposed in [76] refers to a series of
test performed at room temperature; these data fits well with the Universal
Slopes Equation without temperature correction. In [77] experimental test
were performed at 300 ◦C; also in this case the obtained results are in good
agreement with USE corrected with the 10% rule, and the median estimated
life falls in a range between these two experimental data. These comparison
seems therefore to confirm the correctness of the procedure proposed in this
work. The results of the durability analysis are summarized in Table 3.4. It
can be noticed that the number of cycles to failure is strongly lower in the case
of the macro-cycle, characterized by a higher level of total strain range. On
the other hand this result could be misleading. In fact, in a single operating
sequence characterized by a start up and a switch off, a huge amount of
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Table 3.4: Fatigue life calculation parameters.

Frequency ∆εeq Nf Ns

Macro-Cycle 1/20 hours 0.0040 6358 6358

Micro-Cycle 0.25 Hz 0.0027 25350 1.5

micro-cycles occurs, due to the high frequency of the meniscus oscillation.
Therefore, a lower number of sequences is obtained from micro-cycles. The
durability of the component has to be evaluated in term of casting sequences
(Ns), and from this perspective it can be noticed that in the failure analysis
of the component, the strain range produced by the micro-cycle loads has to
be primarily accounted for.

3.2.4 Design Improvements

The proposed models can be an useful support for the prediction of the
residual life in actual operation if the tracking of the component load his-
tory is performed; moreover, they allow to define some strategies in order
to improve mold’s life. As already pointed out, the component is simply
supported and only thermal loads are present, so stresses are self-induced in
some regions where the thermal expansion is partially restrained because of
the particular geometry of the mold. As a consequence, some geometrical

Figure 3.27: Sensitivity analysis related to width variation of cold area.

parameters could be modified in order to obtain a lower (in absolute value)
level of stress in the most critical areas. The interpretative analytical model
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proposed in the previous Section can be of practical use to identify some
useful trends.

As an example, in Figure 3.27 are represented the peak values of compres-
sive stress (occurring at the surface) and tensile stress (in the transition area
between hot and cold part) against the variation of ”cold” portion width,
during the heating phase. It is possible to conclude that, from a thermal
stress perspective, the ”cold” region should be as restricted as possible, in
order to enable the greater thermal expansion of the ”hot” region, thus ob-
taining low stress levels on the surface. On the basis of the present mold
design, this result can be achieved reducing the width of material after the
cooling channel system. In order to ”interrupt” the circumferential fibers
and their constraining effect that give rise to thermal stresses, also a portion
of the corner could be removed.

Figure 3.28: Top view of (a) reference and (b, c) enhanced mold configura-
tions.

Some possible enhanced mold geometries are represented in Figure 3.28
against the actual configuration. Life calculations on these two configurations
reveal that the increase in performances is about two and four times greater,
respectively, related to the number of cycles to failure. Although these actions
lead to a ”less stressed” mold, they clash with the requirements of structural
high stiffness that is required in order to control the shape of the product.
For this reason, such geometrical changes could be adopted in the upper
portion of the mold, leaving unchanged, with a suitable stiffness, the lower
part. Some preliminary tests, in which the actual thermal flux is imposed in
the inner part of an hollow cylinder in which the width of the upper portion
is suitable modified, have been performed.

In Figure 3.29 the resultant hoop stress (axial stress shows similar trend,
as depicted in Figure 3.30) is compared to that obtained in a cylinder with a
constant width. It has to be pointed out that this test confirms the validity
of the proposed interpretative model, because for a cylinder with constant
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Figure 3.29: Hoop stress distribution in an hollow cylinder with a modified
upper portion.

width the stress distribution is similar to that obtained for the mold along a
path parallel to the component axis and passing through point A and plotted
in Figure 3.19. Furthermore, if the width is reduced on the upper part, the
peak values of compressive stress decrease according to the trend pointed out
in the sensitivity analysis of Figure 3.27.

Figure 3.30: Axial stress distribution in an hollow cylinder with a modified
upper portion.

A possible enhanced mold can than be that of Figure 3.31, but further
analysis and in plant measurements are required in order to assess its relia-
bility.

As previously pointed out, the strain range related to the micro-cycle
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Figure 3.31: Example of enhanced mold design.

could significantly affect the life of the component. Some key parameters
of optimization are then the frequency and the amplitude of the meniscus
fluctuation. A sensitivity analysis has been performed, in which different
amplitudes were simulated, in a realistic frequency range (values have been
identified from in-plant measurements and literature review). It has to be
noticed that only qualitative trends will be discussed in the following, because
these informations are protected by industrial confidentiality.

As can be seen in Figure 3.32a, the amount of equivalent strain range
increases if the frequency decreases for whole range of amplitudes. This
result is actually quite trivial, because the ever increasing transient time
give rise to an increase of ∆T . The related number of cycles to failure,
plotted in Figure 3.32b, obviously shows a proportional trend: for a given
amplitude, the grater is the frequency, the bigger is the amount of cycles that
lead to failure. A less intuitive result is obtained considering the number of
sequences to failure. In this case, the frequency of meniscus fluctuation plays
an important role, and a saddle can be observed in Figure 3.32c.

As a general rule, it can be concluded that designers should avoid high
meniscus amplitudes with low frequencies, and a correct evaluation of the
saddle point could lead to a considerable increase in mold life.
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Figure 3.32: Schematic of (a) strain range, (b) cycles to failure and (c)
sequences to failure against meniscus fluctuation frequency.
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Chapter 4

Naval Application: Fire Doors

Fires doors are subjected to standard fire tests in order to evaluate their
fire resistance. The certification process of fire doors, according to FTP code
of the International Maritime Organization [78], requires to verify that the
door satisfies some requirements: as an example, the mean temperature on
the unexposed surface should not exceed a defined value. Furthermore, only
small amplitudes of relative displacement between the door and the frame
are tolerated, since no flame of smoke should pass through the door.

In this chapter the thermo-mechanical response of fire doors exposed to
high temperatures is investigated. A realistic simulation of the heating pro-
cess is needed during the design phase in order to reduce as much as possible
the number of fire tests. Moreover, large size doors, for which an experi-
mental trial is not feasible with standard equipment, must be tested only
through computer aided simulations. The problem of defining a suitable Fi-
nite Element model (FEM) is then dealt with. The accuracy of the model is
evaluated by a comparison between the response of the numerical simulation
and the experimental data.

4.1 Component Description

Fire doors are one of the key elements in the fire safety design of buildings
in general. They have to fulfill two functionalities at the same time: usability
under normal conditions and safety and security under fire conditions. This
leads to a complex structure made of different materials that are used either
in the movable part (leaf) or in the fixed part (frame). In naval applications,
also the athwart-ship bulkhead plays an important role, because it can not
be considered as completely rigid (basically it is a steel wall with some lon-
gitudinal reinforces). Each of these parts has to show a certain thermal and
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mechanical stability in order to fulfill the required integrity and insulation
criterion and to ensure the mentioned functionalities. The leaf is usually
constituted by a steel box filled with insulation material, while the frame is
composed by a structure made of steel profiles. Figure 4.1 clarifies how these
parts are assembled together.

Figure 4.1: Naval fire door assembly, with a closed view of the insulating
material.

4.2 Experimental Observation During Stan-

dard Fire Tests

The standard fire resistance test is carried out according to a specified
standard. For naval equipments, the procedure is codified in the Fire Test
Procedures (FTP) code of the International Maritime Organization (IMO).
The average temperature rise on the exposed side should be according to the
following temperature-time relationship:

Tfi = 345 log(8t+ 1) + Ta (4.1)

where Tfi and Ta are the fire and ambient temperatures, expressed in ◦C,
and t is the fire exposure time, in minutes.
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Figure 4.2: Experimental set up: thermocouples, thermographic camera,
laser sensor and real-time controller.
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Endurance tests (60 minutes) are here considered. Fire doors and frames
have to demonstrate the required qualifications of insulation and integrity
during the entire test. Insulation is concerned with excessive temperature
increase on the unexposed surface of the test specimen, while integrity failure
is associated with fire spread through gaps in the test specimen [16].

All endurance tests were carried out at Naval Suppliers 1, a factory spe-
cialized in the production of doors and windows for naval use and off-shore,
where fire doors can be tested by means of an appropriate furnace. The stan-
dard fire test furnace adopted in the tests is a vertical one (4m horizontally
and 3m vertically) with four burners (two per side) that guarantee a quite
uniform temperature during the heating phase. The adopted experimental
set-up includes:

• A set of 12 magnetic TC Direct thermocouples, type K 2, to moni-
tor the temperature variation on different point of the unexposed side
assembly.

• 4 rigid thermocouples TC Direct with mineral insulation 3, located
inside the furnace.

• A 16-Channel isothermal thermocouple input module NI 9214 4, em-
bedded in a real-time controller NI cRIO-9014 5, used to log all the
output signals from the thermocouples.

• A thermographic camera Optris PI 400 6, adopted to gain insights into
the heat transfer mechanisms on the unexposed side.

• A Leica Disto D3a BT laser sensor 7, to monitor the displacements in
several points of the cold side.

Figure 4.2 includes some details of the adopted experimental apparatus.
A sample of images recorded from thermographic camera are shown in Fig-
ure 4.4, while measurements from thermocouples are plotted in Figure 4.5.

Different fire doors were tested, and, even if each test is different from the
others, some basic features were recurrent: from the thermal point of view,
on the unexposed side the higher temperatures were measured near the edges

1http://www.navalsuppliers.com/
2http://www.tcdirect.it/deptprod.asp?deptid=180/42
3http://www.tcdirect.it/deptprod.asp?deptid=190/1
4http://sine.ni.com/nips/cds/view/p/lang/it/nid/209412
5http://sine.ni.com/nips/cds/view/p/lang/it/nid/203500
6http://www.optris.com/thermal-imager-pi400
7http://www.leica-geosystems.com/en/Leica-DISTO-D3a-BT_81303.htm

http://www.navalsuppliers.com/
http://www.tcdirect.it/deptprod.asp?deptid=180/42
http://www.tcdirect.it/deptprod.asp?deptid=190/1
http://sine.ni.com/nips/cds/view/p/lang/it/nid/209412
http://sine.ni.com/nips/cds/view/p/lang/it/nid/203500
http://www.optris.com/thermal-imager-pi400
http://www.leica-geosystems.com/en/Leica-DISTO-D3a-BT_81303.htm
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Figure 4.3: Average temperature inside the furnace.

of the door, while the central area results insulated in a better way. This
suggest the presence of a thermal bridge, due to the fact that door’s edges are
constituted of steel with higher thermal conductivity as respect to insulation
material.

The higher temperature is reached on the frame (it is not insulated), while
the temperatures of the leaf and the bulkhead start increasing only after 20
minutes from the beginning of the test.

The leaf of the door usually shows the greater deformations; the most
critical points, in which a dangerous gap between door and frame could arise,
are found to be the corners on the lock side, as represented in Figure 4.6. On
the opposite side, the presence of three hinges guarantees that displacements
of door and frame are similar during the test. Measurements with a laser
sensor, plotted in Figure 4.7 clearly shows that the relative displacement ∆u
between the leaf and the frame after 60 minutes can reach values up to 40
mm.

Although the standard fire resistance test is a convenient way for quality
control and grading the relative fire performance of different types of struc-
tural members, it is could be not sufficient to completely understand the
realistic structural behavior in fire. In [15] the drawbacks of the standard
fire resistance test method are explained. The main concerns the fact that
the standard fire exposure is only one of numerous types of realistic fire con-
ditions: in many situations, the thermal action from the conventional fire
is representative or over-designed compared to the natural fire. Neverthe-
less, some conditions lead to more severe thermal actions than the one from
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Figure 4.4: Images from thermographic camera during the test.

Figure 4.5: Temperature trends at different locations.
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Figure 4.6: Typical deformed shape of fire doors during the test.

Figure 4.7: Measured gap between leaf and frame during the test.
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conventional fire. Some works in literature, such as [79] , attempt to corre-
late real-world fires with standard fire tests, while in [80] an experimental
investigation of fire doors during a natural fire is performed.

Another limitation is related to furnace dimensions: as test furnaces are
restricted in size, it is generally impossible to test large elements of construc-
tion and thus only representative specimens are tested.

A well calibrated predictive model can be useful to overcome some of
these drawbacks: if the model response under a simulated standard fire fits
well with experimental measurements, different loading conditions, such as
longer or real fire exposure, can be simulated. Furthermore, the behavior of
doors with different size can be achieved (in general it is difficult to apply
scaling to fire test results due to the nonlinear behavior of materials) reducing
the number of tests needed for extended applications.

4.3 Thermo-Structural Analysis

From a thermal point of view, the leaf can be considered as separated
from the frame. In fact heat flowing through the hinges can be neglected
in preliminary calculations. In order to assess a reliable numerical strategy,
only the leaf was firstly modeled. A standard leaf (2m high, 1m wide and 60
cm thick) is considered. As shown in Figure 4.8a the model takes advantage
of symmetries, and it is constituted by solid (for the insulating material) and
shell (for the steel plates) elements. In the close view of Figure 4.8a shell
elements are depicted for seek of clarity with a fictitious realistic thickness.

The thermal analysis is performed taking into account radiative and con-
vective heat exchange on the exposed side of the leaf, while only convection
is considered on the unexposed side. As pointed out in Chapter 1, material
properties vary with temperature. Suitable laws for thermal conductivity and
specific heat of steel and insulating material have then been implemented,
according to data available in [15, 16, 81], while values of convective and
radiative coefficients are imposed according to [82, 83]. The theoretical tem-
perature law of the furnace is then implemented in a non-linear transient
analysis, and the resulting temperature distribution on the door is depicted
in Figure 4.8b.

As can be seen, this model can be considered adequate to accurately
describe the thermal behavior of the leaf: the temperature of lateral edges
are higher than those in the central part for the presence of the thermal
bridge, as experimentally observed. Furthermore, as shown in Figure 4.9b,
c, the evolution of temperatures at different levels on the unexposed side is
similar to the measured trend .
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Figure 4.8: (a) Finite element model of the leaf and (b) numerical tempera-
ture distribution.

A further consideration can be made observing that the temperature on
the hot side reaches the simulated furnace temperature after few minutes
from the beginning of the analysis, and the final temperatures after 60 min-
utes are practically coincident, see Figure 4.9a. Since the slope of these
curves, after the initial time interval, is not extremely high, a steady-state
thermal analysis can be performed with a tolerable accuracy on the results.
As depicted in Figure 4.10, the transient analysis in which radiative and con-
vective heat exchange are considered for the exposed side, can be replaced
in a satisfactory way by a steady-state analysis in which a fixed temperature
(equal to the temperature after 60 minutes of the heating curve) is directly
imposed on the hot side of the leaf.

Adopting this technique, the resulting temperature distribution on the
cold side is very similar to that shown in Figure 4.9. The only difference is
due to the fact that absolute values are somewhat higher, suggesting that
the transient state is not completely concluded. Nevertheless, this drawback
plays not an important role in terms of structural behavior: a preliminary
structural analysis, in which the displacements of nodes corresponding to
hinges positions are restrained, can be performed to assess the validity of
the simplified procedure. According to [15], elastic modulus and yield stress



130 Naval Application: Fire Doors

Figure 4.9: Temperatures of (a) the exposed side and (b, c) of the unexposed
side.
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Figure 4.10: Strategies of thermal analysis implemented: (a) transient (b)
steady state.

of steel are considered to vary with temperature, while insulating material
shows negligible structural properties [83]. Two mechanical analysis (input
temperature filed was from the transient thermal analysis for the first and
from the steady-state analysis for the second) were then accomplished, ob-
taining similar results, in which the maximum displacement in z-direction
differs only of 6%.

A complete model of leaf, frame and athwart-ship bulkhead has been then
performed, in order to validate the calibration of material and simulation
strategies previously mentioned, on the basis of relative displacements of the
parts measured during the standard fire test.

The finite element model is shown in Figure 4.11, where some close views
highlight the particular geometry of reinforcements and frame.

The temperature field obtained is represented in Figure 4.12, where a
complete image of the model is represented for the seek of clarity. A rapid
comparison between the simulated temperature contour map and the exper-
imental one can be achieved by comparing Figure 4.12 and Figure 4.4. The
simulated temperature is in good agreement to that provided by the infrared
camera, and the presence of a thermal bridge is once again confirmed.

For the mechanical point of view, the hinges and the lock are modeled by
simply coupling the displacements of the relative nodes on the leaf to follow
those of the corresponding nodes on the frame.

An elastic-plastic model is implemented, in order to investigate also the
unloading phase, i.e. the cooling at room temperature. This feature is needed
to evaluate the correct functionality of the door after the exposure to a fire.
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Figure 4.11: Finite element model of leaf, frame and bulkhead structure.
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Figure 4.12: Simulated temperature distribution of the structure.
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From this standpoint the model is once again in good agreement with the
related fire test, and after the cooling phase the gap between the door and
the frame is found to be reduced.

Figure 4.13: Out of plane displacements of the structure.

Figure 4.13 shows the displacement field in z-direction at the end of the
heating phase. A comparison with Figure 4.6 clearly evidences that the
model can correctly represent all the relevant aspects pointed out during
experimental measurements. The most critical area of the leaf is represented
by the two corners on the same side of the lock, and a gap between this region
and the frame tends to arise during the standard fire test. The simulated
out-of-plane maximum displacement is about 10 cm and is very close to that
measured with the laser system.

The proposed strategy can be then considered as a valid tool in order
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to reduce as much as possible the number of real fire tests, to evaluate the
behavior under standard fire test of large size doors and also to test fire doors
with different loading conditions, such as longer or real fire exposure.
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Conclusions

This research work is focused on the structural analysis of mechanical
components in presence of thermal loads, with a special focus on an industry-
oriented approach. In order to gain insights into mechanisms which give rise
to thermal stress and to quickly assess the relevant parameters suitable for
design optimization, interpretative analytical models have been developed.
Material behavior under cyclic loading conditions has been deeply investi-
gated, with the aim to individuate the best strategy to modeling cyclic plas-
ticity and to obtain accurate life predictions in presence of thermal fatigue.
Numerical models have been also implemented, paying particular attention
to achieve high accuracy levels with the lowest computational time, a crucial
requirement in daily industrial practice. Some highlights of these method-
ological aspects are summarized in the following.

Dealing with design of mechanical parts under thermal stress, a total
strain approach has been proved to be the most suitable choice, at least for
two reasons: total strain is directly related to restrained thermal expansion
(which remains basically constant for a given temperature field); further-
more, it has been shown that total strain is not dependent from the adopted
model of plasticity. This is particularly useful in evaluating the behavior of
the component under cyclic thermal loads because no sophisticated models
capable of describe material hardening or softening, at the expense of a huge
amount of simulated cycles, are required.

Concerning the evaluation of life curves, total strain range turn out to be
fundamental: in this work the well know Universal Slopes method is found
to be suitable for practical engineering problems, when experimental static
tensile tests are easy to be obtained with respect to fatigue data. A procedure
to convert a stress-based life curve into a strain-based one by means of cyclic
stress-strain curve is also proposed and validated on the basis of literature
experimental data.

Focusing on numerical models, a suitable approach for dealing with prob-
lems involving melting has been developed: in particular, considering the
effect of the molten region on the mechanical behavior of the structure, tran-
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sient analysis with enthalpy variation can sometimes be avoided and a accu-
rate solution can be achieved with a steady-state analysis.

The aforementioned strategies are adopted to evaluate in detail the thermo-
mechanical behavior of three different mechanical components: an anode
used in arc furnaces, a mold adopted in continuous casting processes and a
fire door for naval applications. Although the theoretical framework and the
mechanisms responsible of the rise of thermal stress are basically the same,
each case study evidences some distinctive features, due to the differences in
materials and loading conditions, as well as high temperature effects.

A portion of the anode was shown to partially melt during operational
conditions, and the proposed approach was focused on obtain accurate results
without introducing a complex modeling of melting. The evaluation of stress
and strain levels in cyclic loading conditions, together with an investigation
on suitable materials for the most critical area of the anode, allows to define
which material permits a longer life to be achieved.

The thermo-mechanical analysis of the mold during operational condi-
tions clearly points out that the micro-cycle, although less damaging in terms
of strain levels than the macro-cycle, is responsible of crack formation in the
surface due to its high-frequency. A correct evaluation of frequency and am-
plitude of the cyclic loads is then crucial to increase mold life. An enhanced
mold shape, which should show reduced stress level on the most critical area,
is also proposed on the basis of simplified analytical and numerical models.

The necessity of validate the proposed methodologies with experimen-
tal results is crucial, and temperature variation, as well as displacements
induced by temperature gradients, have been monitored during several fire
tests performed on standard fire doors. The conceived numerical model can
correctly represent all the relevant aspects pointed out during experimental
measurements, and it can be adopted as a starting point to evaluate the
door behavior with different loading conditions, such as longer or real fire
exposure. Furthermore, doors with different size or shape can be simulated,
thus reducing the number of tests needed.
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