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Strong maximum principles for fractional Laplacians

Roberta Musina, Alexander I. Nazarov

Abstract

We give a unified approach to strong maximum principles for a large class of nonlocal op-
erators of order s € (0, 1), that includes the Dirichlet, the Neumann Restricted (or Regional)

and the Neumann Semirestricted Laplacians.

MSC 2010: 35R11; 35B50.
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1 Introduction

In this paper we prove strong maximum principles for a large class of fractional Laplacians of

order s € (0,1), including the Dirichlet Laplacian
(~AFu(z) = Coy - PV / A
the Restricted Neumann Laplacian

N\s .
(_AQ)RU( )=C n,s Pv/yx_y’nws

(also called Regional Laplacian), and intermediate operators, such as the Semirestricted Neu-

mann Laplacian
(—ARgu = X0 - (Afu+ xae - (~AQRu- (1.1)
Here 2 is a domain in R", n > 1, Q¢ = R™ \ Q, yxy is the characteristic function of the set

V CR™, C, _ 22T (5+s)

s = —=x and "P.V.” means ”principal value”.
’ 72T(1—s)



In recent years a lot of effort has been made to develop efficient technical tools suitable
to handle nonlocal operators. Differently from the standard Laplacian, that acts by pointwise
differentiation, nonlocal operators can be used to model phenomena in presence of long-range
interactions (see for instance [8] for a long list of applications). Despite the abundant available
literature, several basic questions about fractional Laplacians are still open, including strong
maximum principles. It is needless to mention that, besides their independent interest, maximum
principles play a fundamental role in existence, uniqueness, comparison and regularity issues.

The monograph [21] furnishes the basic knowledge about the popular operator (—A)’. The
related available literature is quite large; we limit ourselves to cite the recent surveys [8, 15]
and references therein. The fractional Laplacian (—A)’ appears, in particular, as the generator
of the symmetric (2s)-stable process in R™ (the classical Brownian motion is recovered in the
limit case s = 1), and can be used to describe the motion of a particle jumping from any point

z € R" to any y € R™ with a probability density proportional to i

1
z—y[r s

In the so-called censored processes the particle obeys the same power law decay but can
only jump between points that belong to a given (bounded, smooth) domain €; in a quite
naive interpretation, we could say that the region € has a ”reflecting boundary”. To study
these processes one is lead to restrict the kernel W to €2, so that the resulting fractional
operator is (—AY)%. A vaste literature about the operator (—Af)% is available as well; its
relevance with regard to censored processes has been pointed out in [3, 10, 12, 13]. We cite
also [22, 23, 24] where Neumann, Robin and mixed boundary value problems for (—Ag)f%on not

necessarily regular domains (2 are studied.

Different homogenous (for instance) Neumann boundary conditions in a fractional setting
may be introduced by surrounding the domain Q by a fat "collar” U D Q (here we adopt the
terminology from [10]). Roughly speaking, one could imagine a random movement of a particle
that can only jump between points x,y € U; moreover, the region U \ € has a "reflecting effect”,
so that points x € U,y € Q interact with probability density proportional to W, while
jumps between points z,y € U \ € are not allowed. The resulting fractional Laplacian clearly
depends on the collar U.

To obtain the Semirestricted Neumann Laplacian (—AN)S one takes U = R™. The fractional
Laplacian (—AN)S has been proposed in [9] to set up an alternative approach to Neumann
problems; it also can be used to study non-homogeneous Dirichlet problems for (—A)’, see for

instance the survey [17].



In this paper we propose a unifying approach to handle all the above-mentioned fractional
Laplacians. More precisely, for any domain 2 C R™ we consider collars that are given by the
union of two open sets Uy, Us C R"™ such that 2 C Uy N Us. We allow only jumps from x € U;
to y € Us, and vice versa. Thus the symmetric difference (U; \ U2) U (Usz \ U1) has a "reflecting
property” in the sense that, for instance, a point € U; \ Uz can only interact with points
y € Uz. Next we put

Z= (U xUs) U (UyxUp) CR"xR",

so that @ x Q2 C Z. For s € (0,1) we introduce the space

X*(Q;Z) = {u: U1 UU; — R measurable } 1 +u(x)

W S Ll(Ul U UQ), u e HISOC(Q) }

Notice that, in particular, X*(Q; Z) contains functions u € L{ (U; U Us) such that

loc

u(z) — u(y))?
Es(u; 7)) = C;L’s // ( ’i: )_ y’nS-yQ?s) dxdy (1.2)
Z

is finite. For v € X*(2; Z) we introduce the distribution £5,u € D'(Q2) defined via

(S5, ) = O;,s // (u(x)—r(y))(w(m)—ﬂy)) dudy o€ CR(Q),
Z

T — y|n+2s

see Lemma 2.1.

We understand the inequality £54 > 0 in €2 in distributional sense, that is,
(Zu,9) 20, if @elP(Q), p20.

Clearly, (—AY is recovered by choosing Uy = Uy = R", the Restricted Laplacian is obtained by
taking Uy = Uy = (2, while the intermediate case (—AN) is given by core Uy = R™, Uy = (.

In our main result, see Theorem 4.1, we provide a strong maximum principle for solutions
to £5u > 0 in Q, with no assumptions on §2. To prove Theorem 4.1 we follow the outlines of
the arguments in [14, Theorems 2.4 and 2.5, that cover the case £5, = (—=A)’ Q bounded and
smooth, n > 2, u € H*(R") and u > 0 in R™ \ . We cite also [6, Theorem 1.2] for a related
result involving the fractional Dirichlet p-Laplacian.

Our approach can be easily generalized for a wider class of kernels % with A measur-

able, symmetric, bounded and bounded away from zero.



The paper is organized as follows. In Section 2 we prove some auxiliary statements. Sec-
tion 3 is devoted to Caccioppoli-type estimates and to De Giorgi-type maximum estimates for
(sub)solutions. In Section 4 we state and prove Theorem 4.1, and formulate corresponding
results for the Dirichlet, Restricted and Semirestricted Neumann Laplacians.

In the Appendix we collect some more strong maximum principles for nonlocal Laplacians.
First, we formulate a strong maximum principle for (—A)’ that is essentially contained in the
remarkable paper [19] by Silvestre, who extended the classical theory of superhamonic functions
to the case of fractional Laplacian. Then we discuss strong maximum principles for spectral
fractional Laplacians. The Spectral Dirichlet Laplacian (—Ag)gp (also called the Navier Lapla-
cian) is widely studied. Notice that for @ = R" we have (—Agq)§, = (—A)’, for other Q2 these
operators differ, see [16] for some integral and pointwise inequalities between them. The Spec-
tral Neumann Laplacian (—Ag)gp is less investigated; we limit ourselves to cite [1, 4, 11] and

references therein.

Notation. Here we recall some basic notions taken from [21]. For Z C R™ x R™ and u measurable, let
Es(u; Z) be the quadratic form in (1.2). We put

H*(R") = {u € L*(R") | &(uw; R" xR™) < 0o},
that is an Hilbert space with respect to the norm
el oy 1= Es(us R XR™) + ]2 s
For any domain G C R", we introduce the following closed subspace of H*(R"):
H*G)={uec H*R") |u=0 on R"\ G },

and its dual space H*(G)'.
We write w € Hf () if for any G € Q, the function u is the restriction to G of some v € H*(R"),
and we put
lull =) := inf {||v]|gs@®n) | v=u on G }.
It is well known that v € H () if and only if nu € H*(Q) for any n € Cg°(R), see for instance [21,
Subsection 4.4.2].
We adopt the following standard notation:

B, () is the Euclidean ball of radius r centered at z, and B, = B,(0);

u? = max{4u,0}; supu and iréf u stand for essential supremum /infimum of the measurable function
G

u on the measurable set G;
Through the paper, all constants depending only on n and s are denoted by c. To indicate that a

constant depends on other quantities we list them in parentheses: ¢(---).



2 Preliminaries

For any function ¢ on R™ we put

) — 2
%@)zwﬁgﬁgf (2.1)

LEMMA 2.1 Letu € X*(Q; Z). Then £5u is a well defined distribution in Q. Moreover, for
any Lipschitz domain G € €2, we have £5u € H*(G) and

/ lu(z)u(y)|Vy(z,y) dedy < oo for any ¢ € C°(QG).
GxG

Proof. Let ¢ € C5°(€2). In order to have that £5u is well defined we need to show that

o(z.y) = (u(x) —T;Ey_))y(‘szia;z— v(y) LN(2).

Take two Lipschitz domains G, G, such that supp(p) C G € G € Q. From u € HS(C:’), we have

/ / l9( )| dady < [ull o ) Il

GxG

Next, since ¢ vanishes outside GG, and since
w\@xéﬂwﬁxaa:@x«mu@néﬂu[mhmm\Qxay (2.2)

it is enough to prove that g € L' (G x (U1 UUs) \ G)). We have

] s [ [ i

(U1UU2)\G) (U1UU)\G

: ~ u(y ~
< C(dlst(G,3G))<H<PHL2(G)HU||L2(G) el [ i i) < €6 Gl

U1UUs

We proved that £5u € D'(€2) and actually £5u € H*(G)', by the density of C3°(G) in H*(G).
Further, take again ¢ € C§°(G) and notice that Uy (x, - ) € LY(R") for any z € R™, because

X{|z—y|<1} X{|z—y|>1}
qj@(x7 y) < C(‘P) ( ‘x - y‘n—Q(l—s) + ’1- _ y’n+25)'

5



Actually / o(x,y)dy < c(p), and by the Cauchy-Bunyakovsky-Schwarz inequality we infer

/ lu(z)u(y)| ¥, da:dy<//|u )2V, dedy < ey /]u WP dz < c(u, 0, G) < .

GxG GxG
The lemma, is proved. 0
Next, for any domain G C U;NUs we introduce the relative killing measure MZ € L (G),
dy
Z —
MG (iﬂ) == Cn,s / |ZE — y|n+23 5 T € G .

(U1UU2)\G

When U; U Uy = R™, that happens for instance in the Dirichlet and in the Semirestricted cases,

see Section 4, the weight Mg coincides with so-called killing measure of the set G:

dy

o) o= ME ) = G [

R™\G

In the Restricted case we have U; U Uy = Q and Mé = MgXQ; if @ C Q then MgXQ is the

difference between the killing measures of the sets G and (2.

LEMMA 2.2 Let G C Uy NUsy be a Lipschitz domain. If u € PNIS(G), then

Es(u; Z) = Es(u; G x G) —i—/ ME (x)|u(z)|? dx

and in particular u is square integrable on G with respect to the measure Mg(x)dx

Proof. Trivially &(u; Z) < oo, as u € H*(G) < H*(R™). Since u vanishes on G, using
(2.2) with G = G we have

Ew;Z) = E(u;G x G)+26,(u; G x [(UyUT)\ G])

dy
= &(u;G xG)+ Cn,s/|u($)|2 ( / W)dm’
G (U1UU2)\G

and the lemma is proved. O



The next two elementary lemmata deal with certain quantities, depending on functions
u € X*(Q; Z), that will be involved in the crucial Caccioppoli-type inequality in the next section.
For u € X*(§2; Z) and for any domain G C 2 we use Lemma 2.1 to introduce the distribution

(- B o) = o ) = WAL = 20D gy, e civ(6)

G [(U1UU2)\G}

that is the restriction on G of the Regional Laplacian of u relative to the set (U; UUs) \ G.
LEMMA 2.3 Let G C Q2 be a domain, v € X*(Q; Z). Then for any ¢ € C§°(G)
2 |u(z) — u(y)|
/ [u(@)] () ( / e dy)dz < . (2.3)
G (

U UU2)\G

In particular, u - (—A](VUILJUQ)\G)EU € Lioo(G).

Proof. Similarly as in the proof of Lemma 2.1, we estimate the integral in (2.3) by

[u@iep| [ RO o
G (

U1UU2)\G
. uly
< c(dist(supp(): G215 (i + il oo | H’fy,)L dy) < .
U1UU>
and the lemma follows. O

LEMMA 2.4 Ifu € X*(Q; Z), then ut € X*(Q; Z); moreover for any G € Q we have
EWTGxG)<Euw;GxG), E(ul;GxG)<&wGxa)
unless u has constant sign on G.

Proof. We compute
(u(x) = u(y))® — (u* (2) = (1) = (™ (@) = u™ () + 2(u @u" (@) + v @t ()) = 0.
Thus E(ut;G x G) < E(u;G X G) < ¢ for any G € Q. Therefore ut € Hf (Q), and u™ €
X?*(Q; Z) follows.
Next, assume that £(u; G X G) = E(u™; G X G) on some domain G € Q. Then
(u™ (@) = u” )+ 2(wF @)u (v) + v (@)t (y)) =0
for a.e. (z,y) € G x G. We infer that u~ is constant a.e. on G. If 4~ = 0 then v > 0 on G if

u™ # 0 we get u™ = 0, that is, u < 0 on G. The proofs for v~ and |u| follow in a similar way. (]



REMARK 2.5 If u € LL (U UUs) and Es(u; Z) is finite, then E(u™; Z) < E(u; Z) and

loc

Es(lul; Z2) < Es(u; Z), unless u has constant sign on Uy U Us. The proof runs with no changes.

Our proof of Theorem 4.1 requires the construction of a suitable barrier function. The next

lemma slightly generalizes a result by Ros-Oton and Serra [18].

LEMMA 2.6 Let Br(z®) C Q. For any r € (0, R) there exists a constant ¢ = c¢(R/r) > 0
and a function ® € H%(R™) satisfying
7 <0 in Br(z%)\ B,(z°) ;
d=1 in B, (%), ®=0 inR"\Bgr(z"), &)>c(R-|z))* in Br(a) . (2.4)

Proof. Without loss of generality we can assume x° = 0. Lemma 3.2 in [18], see also [14,
Lemma 2.2], provides the existence of ® € H*(Bg) satisfying (2.4) and (—AY® < 0 in Bg \ B,.
To conclude we claim that the distribution (—A)'® — £7,® is nonnegative in 2. Indeed, take a

nonnegative function n € C§°(€2). Since both ® and 1 vanish on R™ \ Q, we have

(cara- o - G [[OW=00I0N 1),

RQTL\Z
dy
= Cus [ 2@ o ).
Q R™\ (U1UU2)
and the claim follows. In particular, £5,® < (—=A)’® < 0 in Bg \ B, and we are done. O

REMARK 2.7 It is worth to note that if Z C Z' then for any nonnegative ® € I;TS(Q) the
inequality £5,® < £7,® holds in ). The proof runs without changes.

We conclude this preliminary section by the following remark. We fix an exponent p > 2;

precisely we choose p = 4 (for instance) if n = 1 < 2s, and p = 2} = nZ—ZS if n > 2s. Take any
5 \2/P
radius r € (1,2]. The Sobolev embedding theorem implies & (u; R™ x R™) > ¢ (/ |ulP da:)
~ BT
for any u € H*(B,).
Now let p € (1,7). Since for u € ﬁs(Bp) one has
Eu(us B X B") = £,(u B, x By) + O [ Ju(a)? L)dm
s I - s ) A A n,s |x o y‘n+28 )

By R™\ B,



we plainly infer that

1 ) oz N
T \2s dx > Pd f H%(B,). 2.5
+(r_p)25/’u x_c(/]u\ x) or any u € (B,) (2.5)

B, B,

Es(u; By x By)

3 Pointwise estimates for £7-subharmonic functions
First, we prove a Caccioppoli-type inequality. We use again the notation introduced in (2.1).

LEMMA 3.1 Let G C Q be a Lipschitz domain, w € X*(Q; Z) and ¢ € C°(G). Then

Es(pw™:G xG) < Sw, p2w ) (3.1)
Ce / / U, (2, y) dady — / W' (= Ay de
GxG G

Proof. Note that all quantities in (3.1) are finite by Lemmata 2.1, 2.3 and 2.4. We compute

to infer

(5w, p*w

by _ G // (@) — we) (o) @) - (PuH ),

|33 _ |n+2s

Es(pw™; Z) Cns // y) ¥, dxdy

C?’LS
— et Gx G+ / M)t o do— 2 [ [ wt @t () vdody
G

v

by Lemma 2.2. We compute

[l ePae = [or@ipwp( [ O ) g,
G

T — y|n+2s
G (U1V02)\G

wt(y
:/ +\<,0] (— UIUUQ)\G)R“) dx—i—Cns/ (g;)|2 ( / |ac—y(|”125dy>dx.

G (U1UU2)\G




Since ¥, = 0 on G x G we have, by (2.2) with G=0aG,

ns// Y)Y, dxdy

= ”S// Y)Vy, dxdy + Cp s | wh(z / w+(y)\ll<pdy>d:b

GxG G (U1 UU2)\G

+
_ n S + w (y)
= // Y)W, dxdy—i—Cns / [P T=r dy)dx,
GxG U1UU2)\G
and the lemma follows. O

REMARK 3.2 Inequality (3.1) was essentially proved in [7, Theorem 1.4], in a weaker form
but in a non-Hilbertian setting and for more general kernels.

The next De Giorgi-type result is obtained by suitably modifying the argument for [7, The-
orem 1.1].

LEMMA 3.3 For any u € X*(§%; Z) such that £5,u < 0 in Q and for every ball Ba,(2°) C Q,

one has ) N
sup u < / lut(z)|? d:c 2 / %dm7 (3.2)

By(
Bgr (z0) (U1UU2)\ By (9)

where ¢ > 0 depends only on n and s. In particular, u is locally bounded from above in €.

Proof. First of all let us recall that for U; UUs = R” the last term in (3.2) is called nonlocal
tail. For Z # R™ x R"™ we call this term relative nonlocal tail and denote it by Tailz(u*; 20, r).
By rescaling we can assume without loss of generality that » = 1 and z° = 0. We introduce

a parameter k > 0 satisfying
k > Tailz(u";0,1) (3.3)

(its value will be chosen later). For any integer j > 0 we put

rp=1+27, kj=k(1-27), Bj=5B,;
, . - ki + k. .
fj:L;ﬁl, kj:%, B =B, :
~ 1
wj = (u—kj)*, W= (u-kj)", Oéjz(/leIQd:c)?.
B

10



The following relations are obvious:

Tj\(l, Tj+1<fj<rj; kj/‘];, kj<];3j<kj+1;

" _ w2 2j+2

w; < wj , w; < = ] == wy ; (3.4)
ki — k; k
a%_/\u“‘Qd:p, aj2—>/](u—l~c)+\2dx as  j — 00. (3.5)
BQ Bl
In addition, we have B
2 kNP2 _ o 7 \P=2 o ~P

Wit1 (W) = wj+1(kj+1 - kj) < w; (3.6)

where the exponent p > 2 was introduced at the end of Section 2.

Next, for any integer j > 0 we fix a cut-off function ¢; satisfying
0 €C(B)), 0<¢;<1, @=1 onBj, [[Volew<2™
Since wjp; € ﬁIS(Bj) and 1 < 7; <rj <2, by (2.5) with p = 7; and r = r;, we have

’@j@j‘Q dx. (37)

2 ‘
C(/ !’%‘%lﬁ)p < &(Wjpj; B x Bj) + 220+2)
Bj B]

Notice that (£5(u — k;), @wp]z) <0, since £5(u — k;) = £5u < 0 in B; and f@-g@? € ﬁS(Bj)

is nonnegative. Using Lemma 3.1 with w = u — l;:j, we infer

ey By x By) < [ [ @)@ )W, (o) dady — [ @503~ )5

BjXBj Bj
so that )
_ = ~ . -\ 2
</ ‘@j(ﬂj’p dx) i S C(Jl - J2 + k‘g 228] (%) ) (3.8)
B

by (3.7), where
Ji = // W (2)w;(y) Uy, (z,y) dady , Jp = /ijf(—A]{UIUUz)\Bj)aaj)da;_
B]'XBJ' Bj
We estimate from below the left-hand side of (3.8) via (3.6):
|{E |ﬁdl’ > ‘ﬁ;|ﬁd$ > C(];:>p2 |1,U ’2d{L‘:CZ;ﬁ2J(2_I_’) (%)2 (3 9)
7P = i =c\5; 41 z . .
B

j Bjt1 Bjt1

11



We estimate J; by using

\I’ij (:E,y) < HV(p]HgO |gj — y‘_(n+28—2)§ 022j |£C _ y|—(n+2s—2)

and the Cauchy-Bunyakovsky-Schwarz inequality, to obtain

w;(y) |w; (2
Jl S 0227 // n+25 2 n+2s 2 dIdy < C22] ’l’ ] |n+28 dedy
BB, Iw—yl |z -yl BixB,

dy R 2
= C2j/|wj /Mw)dm<c7’2 2 223(1 <Ck222j(k) . (310)

]

We handle J; as follows. For z € supp(y;) C Ej and y € '\ B; we have

19l <1+ i <1+L~§c2j.

o=yl = eyl T =Ty

Hence, using also (3.4) we can estimate

~ w;(y) —wj(z) _ c n+2s+1) Wi(Y)
w;(z)|p;(z )\2W§2| ()| 27+ +1)W7
so that
_ — e ()2 M
n = [w@e@k( [ = dy) da
B; (U1UU2)\Bj
Cc . w;
< Z j(n+2s+1) / j(y) / 12
=7’ ( i) [ lusl do
(U1UU2)\B; B;

- -\ 2
< cki(nt2s+1) Tailz(u™;0,1) (%)
because B; D By and wj < u*. Comparing with (3.8), (3.9) and (3.10) we arrive at

9 5t (‘”k“) < ¢2i(n+2stD) (1 + k7 Tailz (u™;0, 1)) (?)2

Taking (3.3) into account, we can conclude that

Qj+1
k

B _1. ./qi\B+1
< (¢2 J( =L )
<(czn )y (k) ; (3.11)

12



DO |3

where ==—-1>0, n= 95(n+25+1)+8 1 Now we choose the free parameter &, namely

1
2

k = Tailz(u't;0,1) —I—/C%Oéo = Tailz(u™;0,1) + (E/ |u+\2d:n) ,
Bi

compare with (3.2). The above choice of k guarantees that

/QOéj _
C2T§T]
k

.

(3.12)

for 5 = 0. Using induction and (3.11) one easily gets that (3.12) holds for any j > 0. Thus

aj — 0 and hence (u — k)T =0 on By by (3.5). The proof is complete. O

4 Main results

We are in position to state and prove a strong maximum principle for the nonlocal operator £,

that is the main result of the present paper.

THEOREM 4.1 Let u be a nonconstant measurable function on Uy U Uy such that

u € Hio(2) / mdx<oo, Zu >0 in Q.
U1UU5

Then u is lower semicontinuous on €2, locally bounded from below on € and

u(x) > Inf u or every x € Q.
(z) At f Y

Proof. First, local boundedness from below follows from Lemma 3.3.
To check the first claim it suffices to show that u has a representative that is lower semicon-

tinuous on any fixed domain G € ). From

ulxr)—u 2
([ e
G G

[, m

|y — x| t2s

we infer that

13



for a.e. © € G. Let Go be the set of Lebesgue points € G for u that satisfy (4.1). We can

assume that u(2°) = lim ir&fu(:c) for any 2° € G'\ Gy, because G\ Gy has null Lebesgue measure.
T—T

Our next goal is to show that u(z%) < lim i%fu(x) for any 2° € Gy. We use Lemma 3.3 with

Tr—x
u replaced by u(z") — u to get
- 1
Bi?gfo) u > u(2°) — Tailyz ((u(x®) —u) ;2% r) — (7% / |(u(z) — u)T? dm) ’ (4.2)
Ba,(z9)

for any r > 0 small enough. First we split

. 0 +...0 _ .25 ’U(l’o)—u(%)‘
Tailz ((u(z”) —u) ¥, r) = Tz — 20t
(U1UU2)\BQT(IO)
0 0
< 28 [u(2”)] + [u()| 2 / [u(@®) —u(@)| , _
. / e i o= Pt Q;
(U1UU)\G G\Bar(20)

dzx

We readily obtain

|u(z%)] + |u(=)]

1 [P drx — 0

P, < c(dist(z°, 0G)) r*® /

(U1UU2)
as r — 0. Next we use the Cauchy-Bunyakovsky-Schwarz inequality to estimate

’U,ﬂfo —'U/.%'Q % T % s 'LL.TO —’U,I'2 %
Qr ST%(G/( ’i; _)xO‘nS-Z)s) d:v) ( / ’x_ioynws) - (G/( ‘; _)m(]’ns-l)s) dx) :

R”\BQT ($O)

Since (4.1) is satisfied at x = 27, we have that Q, — 0. Thus Tailz((u(z°) — u)*;2°% r) — 0 as

Y is a Lebesgue point for

r — 0. Further, the last term in (4.2) goes to zero as r — 0 because z
u. Thus lim inf u(z) > u(z?), and the first statement is proved.
T—T
Next, assume by contradiction that u is bounded from below and

Qy = Q := inf
+={xeQulx)>m nf v }

is strictly contained in 2. Since w is lower semicontinuous on 2, the set {24 is open and has a
nonempty boundary in 2.

Fix a point £ € QNIN, so that u(£) = m. Using again the lower-semicontinuity of u, we can
find R > r > 0 and a point z° € €, such that £ € Br(2°) € Q and u(z) > 3(u(z®) + m) >m
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for every x € B,(z°). We can assume that 2 = 0 to simplify notations. Thus we have the

following situation:

E€EBRCQ, ul)=m, iélfu(x)Zm—}—é (4.3)

for some 6 > 0. Let ® be the function defined in Lemma 2.6. We claim that © > m + 0® > m
in Bg \ By, that gives a contradiction with (4.3).
Indeed, define v = u — 0P, so that

v=u—3d>m inB,, v=u>m in (U3 UUs)\ Bg.

Our goal is to show that v > m also on B\ B;.
Clearly v € X%(Q;Z) as u,® € X*(Q;Z). By Lemma 2.4 this implies v := (v — m)* €
X*(Q; Z). Next, notice that v™ = 0 out of Bg \ B,. Therefore v™ € H*(Bg \ B,), and using

Lemma 2.1 we obtain
(L5, 0™) = (£5u, ™) — 6(L£5,P,v™) > 0. (4.4)

However,

(e5p,umy = Cns / / (@) =m) = (v(y) = M) (@) =) ;o

|z —y["+e

_ // |x /) |nj2s dxdy — E,(v"™: Z)

S _58( 77BR X BR)7

so that (4.4) implies &(v™; Br x Bg) = 0, that together with v™ € H*(Bg \ B,) gives the
conclusion. 0

By choosing U; = Uy = R" we have Z = R" x R™. It is well known that £, gntt = (=AY u
pointwise on R™ if u € C?(R"). Thanks to Lemma 2.1, we can say that £5, pou = (—A)u in
H5(GY, for every u € X*(; R" x R") and for any Lipschitz domain G € Q. From Theorem 4.1

we immediately infer the next result.

COROLLARY 4.2 (DIRICHLET LAPLACIAN) Let 2 C R" be a domain, and let u be a non-

constant measurable function on R™ such that

u € Hipe(2) /%dw<oo, (=AYu >0 in Q.

15



Then w is lower semicontinuous on 2, locally bounded from below on  and u(zx) > 1Ié1nfu for

every x € Q.

The Restricted Laplacian is obtained by choosing U; = Uz = Q. In fact, £¢,, qu = (—A%)f}{u
on Q2 if u € C*(), and &5, qu = (—AY)gu in H*(G)', for every u € X*(€;R" x R") and every

Lipschitz domain G € 2. From Theorem 4.1 we infer the next result.

COROLLARY 4.3 (RESTRICTED LAPLACIAN) Let Q C R™ be a domain, and let u be a non-

constant measurable function on Q0 such that

u € Hp (), /% dr < oo , (—Ajg\g)ﬂu >0 inQ.

Then u is lower semicontinuous on €2, locally bounded from below on Q and u(x) > igfu for

every x € €.

Next, we choose U; = Q,Us = R™, so that Z = R?"\ (Q°)2. By [9, Lemma 3] we have that
Lony (o2t = (—AY)Su if u € C?(R™) N L>°(R"), compare with (1.1). From the computations
there and thanks to Lemma 2.1 we can identify the distributions ,SJSR%\(QC)QU and (—Ag)gru for
functions u € X*(;R?™\ (2)?) (see also [9, Definition 3.6]). Theorem 4.1 immediately implies

the next corollary, see also [2, Theorem 1.1] for a related result.

COROLLARY 4.4 (SEMIRESTRICTED LAPLACIAN) Let Q C R™ be a domain, and let u be a

nonconstant measurable function on R™ such that

u € Hﬁ)c(Q) ) /% dl’ < 0 5 (—Ag)gru Z 0 Q.

Rn

Then u is lower semicontinuous on 2, locally bounded from below on Q and u(x) > h&fu for

every x € €.

We conclude by recalling that in the local case s = 1, the strong maximum principle states
that every nonconstant superharmonic function u on 2 satisfies u(z) > igf u for every x € Q.
Notice that in the non local, Neumann Restricted case we reached the same conclusion. In
contrast, in the Dirichlet and in the Semirestricted cases a similar result can not hold, see the

example in the next remark.
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REMARK 4.5 Take any bounded domain 1 € R™ and two nonnegative functions u, €
Co°(R™) such that 0 <u <1, u=1 on Q, suppyp C Q. For any x € Q we have

CAYu(z) = (—ANE w(z) = ) 1—7u(y)
(~AYulz) = (~AYgu(z) = G P-V-R[ P

~ 35 dy > 0.

Since (—A)Yu, (=AY are smooth functions, we have that (—AY (u — &) > 0 in Q, for some
small € > 0. Then u — € satisfies the assumptions in Corollaries 4.2 and 4.4, but igf(u — &)
is achieved in ), and actually w — € has a strict local minimum in Q if Y has a strict local

mazimum. Clearly, %f(u —e)) = 0 is not achieved in §Q.

Appendix

We start with a proposition in fact proved in [19]. It gives the same conclusion as in Corollary
4.2 under weaker summability assumptions on u. Notice however that n > 2s is needed (this is
a restriction only if n = 1), and that Silvestre’s construction cannot be easily extended to more

general operators such as the Restricted and Semirestricted ones.

PRrROPOSITION A.1 Assume n > 2s and let u be a nonconstant measurable function on R™

such that H\Ux(% € LY(R") and (—AYu > 0 in the distributional sense on Q, that is,

(—AYu, ) = / W(=Afpdr>0  forany ¢ € CE(R™), ¢ >0.
RTL

Then w is lower semicontinuous on  and u(x) > iﬂgfu for every x € €.

Proof. First, notice that (—A)u is a well defined distribution, as (1 + |z|"*2%) (=AY is
a bounded function on R", for any ¢ € C§°(R™). Proposition 2.2.6 in [19] gives the lower

semicontinuity of u in € and the relations u(zg) > u(z)y; (o — x)dr > —oo for any ball

Rn”
By (z9) C Q, where ~¢ is certain continuous and positive function on R". If u is unbounded from
below we are done; otherwise, we can assume iﬂgf u = 0. Suppose that there exists zo € ) such

that u(xg) = 0. Take a ball B,(z¢) C Q. Then 0 > / u(z)y; (xo — x) dr > 0, that immediately

n

implies © = 0 in R", a contradiction. U
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Now we recall that the Spectral Dirichlet/Neumann fractional Laplacian is the s-th power
of standard Dirichlet/Neumann Laplacian in €2 in the sense of spectral theory.
A strong maximum principle for the Spectral Dirichlet Laplacian follows from [5, Lemma

2.6] and reads as follows.

PROPOSITION A.2 Let Q C R™ be a bounded domain, and let a function u € H*() be such
that (—Ag)gpu >0 in § the sense of distributions. Then either u =0 or i%fu > 0 for arbitrary
compact set K C Q.

A strong maximum principle for the Spectral Neumann Laplacian can be obtained from the

results in [5].

THEOREM A.3 Let Q C R™ be a bounded Lipschitz domain, and let a function uw € H*(2)
be such that (—A]S\g)gpu > 0 in a subdomain G C ) in the sense of distributions. Then either

u = const or i%fu > igfu for arbitrary compact set K C G.

Proof. It is well known, see [20], [4] and [1] for a general setting, that for any v € H*(Q)

the boundary value problem

—div(y!"*Vw) =0 in QxRg; w}yzo = u; 8nw’ 0, (A1)

z€d0

has a unique weak solution w® (z,v), and

225—1F
- ) i y' P oywl (2, y)

(—AY & ulz) = T —s)

(the limit is understood in the sense of distributions).

Without loss of generality we can assume that igf © = 0. Then by the maximum principle

for (A.1) we have w > 0. By [5, Lemma 2.6] the statement follows. O

Acknowledgments.
R. Musina is partially supported by Miur-PRIN project ” Variational methods, with applications
to problems in mathematical physics and geometry” 2015 KB9WPT_001.

A.L. Nazarov is partially supported by RFBR grant 17-01-00678. He also thanks SISSA
(Trieste) for the hospitality during his visit in January 2017.

18



References

[1]

8]

[9]

[10]

[11]

W. Arendt, A. F. M. ter Elst and M. Warma, Fractional powers of sectorial operators via
the Dirichlet-to-Neumann operator, Comm. Partial Differential Equations, online first (2017),
doi:10.1080/03605302.2017.1363229.

B. Barrios and M. Medina, Strong maximum principles for fractional elliptic and parabolic problems with
mixed boundary conditions, preprint arXiv:1607.01505v2 (2016).

K. Bogdan, K. Burdzy and Z.-Q. Chen, Censored stable processes, Probab. Theory Related Fields 127
(2003), no. 1, 89-152.

L. A. Caffarelli and P. R. Stinga, Fractional elliptic equations, Caccioppoli estimates and regularity, Ann.
Inst. H. Poincaré Anal. Non Linéaire 33 (2016), no. 3, 767-807.

A. Capella, J. Dévila, L. Dupaigne and Y. Sire, Regularity of radial extremal solutions for some non-local
semilinear equations, Comm. Partial Differential Equations 36 (2011), no. 8, 1353-1384.

L. M. Del Pezzo and A. Quaas, L. M. Del Pezzo and A. Quaas, A Hopf’s lemma and a strong minimum
principle for the fractional p-Laplacian, J. Differential Equations 263 (2017), no. 1, 765-778.

A. Di Castro, T. Kuusi and G. Palatucci, Local behavior of fractional p-minimizers, Ann. Inst. H. Poincaré
Anal. Non Linéaire 33 (2016), no. 5, 1279-1299.

E. Di Nezza, G. Palatucci and E. Valdinoci, Hitchhiker’s guide to the fractional Sobolev spaces, Bull. Sci.
Math. 136 (2012), no. 5, 521-573.

S. Dipierro, X. Ros-Oton and E. Valdinoci, Nonlocal problems with Neumann boundary conditions, Rev.
Mat. Iberoam. 33 (2017), no. 2, 377-416. to appear.

C. G. Gal and M. Warma, Elliptic and parabolic equations with fractional diffusion and dynamic boundary
conditions, Evol. Equ. Control Theory 5 (2016), no. 1, 61-103.

G. Grubb, Regularity of spectral fractional Dirichlet and Neumann problems, Math. Nachr. 289 (2016),
no. 7, 831-844.

Q. Y. Guan, Integration by parts formula for regional fractional Laplacian, Comm. Math. Phys. 266 (2006),
no. 2, 289-329.

Q. Y. Guan and Z. M. Ma, Boundary problems for fractional Laplacians, Stoch. Dyn., 5 (2005), 385-424.

A. Tannizzotto, S. Mosconi and M. Squassina, H® versus C°-weighted minimizers, NoDEA Nonlinear Dif-
ferential Equations Appl. 22 (2015), no. 3, 477-497.

M. Kwasnicki, Ten equivalent definitions of the fractional laplace operator, Fract. Calc. Appl. Anal. 20
(2017), no. 1, 7-51.

R. Musina and A. I. Nazarov, On fractional Laplacians, Comm. Partial Differential Equations 39 (2014),
no. 9, 1780-1790.

X. Ros-Oton, Nonlocal elliptic equations in bounded domains: a survey, Publ. Mat. 60 (2016), no. 1, 3-26.

X. Ros-Oton and J. Serra, The Dirichlet problem for the fractional Laplacian: regularity up to the boundary,
J. Math. Pures Appl. (9) 101 (2014), no. 3, 275-302.

19



[19] L. Silvestre, Regularity of the obstacle problem for a fractional power of the Laplace operator, Comm. Pure
Appl. Math. 60 (2007), no. 1, 67-112.

[20] P. R. Stinga and J. L. Torrea, Extension problem and Harnack’s inequality for some fractional operators,
Comm. Partial Differential Equations 35 (2010), no. 11, 2092-2122.

[21] H. Triebel, Interpolation theory, function spaces, differential operators, Deutscher Verlag Wissensch., Berlin,
1978.

[22] M. Warma, The p-Laplace operator with the nonlocal Robin boundary conditions on arbitrary open sets,
Ann. Mat. Pura Appl. (4) 193 (2014), no. 1, 203-235.

[23] M. Warma, The fractional relative capacity and the fractional Laplacian with Neumann and Robin boundary
conditions on open sets, Potential Anal. 42 (2015), no. 2, 499-547.

[24] M. Warma, A fractional Dirichlet-to-Neumann operator on bounded Lipschitz domains, Commun. Pure
Appl. Anal. 14 (2015), no. 5, 2043-2067.

R. Musina

Dipartimento di Scienze Matematiche, Informatiche e Fisiche,
Universita di Udine,

via delle Scienze, 206 — 33100 Udine, Italy.

e-mail: roberta.musina@uniud.it

A.I. Nazarov

St. Petersburg Department of Steklov Institute,
Fontanka 27, St.Petersburyg,

191023, Russia,

St. Petersburg State University, Universitetskii pr. 28, St.Petersburyg,

198504, Russia.

e-mail: al.il.nazarov@gmail.com.

20



