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BLOW-UP ANALYSIS AND EXISTENCE RESULTS IN THE SUPERCRITICAL
CASE FOR AN ASYMMETRIC MEAN FIELD EQUATION WITH
VARIABLE INTENSITIES

ALEKS JEVNIKAR

ABSTRACT. A class of equations with exponential nonlinearities on a compact Riemannian surface is
considered. More precisely, we study an asymmetric sinh-Gordon problem arising as a mean field
equation of the equilibrium turbulence of vortices with variable intensities.

We start by performing a blow-up analysis in order to derive some information on the local blow-up
masses. As a consequence we get a compactness property in a supercritical range.

We next introduce a variational argument based on improved Moser-Trudinger inequalities which
yields existence of solutions for any choice of the underlying surface.

1. INTRODUCTION

We consider here the following equation

(1) A hle“ 1 hge an 1
—Au = —— — | —a _—— ]
P\ T evav, 1))~ P2\, hae—ewdv, M|

where a € (0,1), hy, ho are smooth positive functions, p1, pa are two positive parameters and (M, g) is
a compact orientable surface with no boundary equipped with a Riemannian metric g. For the sake of
simplicity, we normalize the total volume of M so that |M| = 1.

Equation (1) arises in the context of the statistical mechanics description of 2D-turbulence: the physical
model was first introduced in [31] and different mean field equations have been obtained according to
different constraints. In the case that the circulation number density is subject to a probability measure,

under a deterministic assumption on the vortex intensities, the model is ruled by the following equation,
see [36]:

et 1
(2) —Au = p/ o ( - > P(da),
[—1,1] fM exvdVy M|

where u denotes the stream function of a turbulent Euler flow, P is a Borel probability measure defined
on the interval [—1, 1] describing the point vortex intensity distribution and p > 0 is a physical constant
related to the inverse temperature. Equation (1) is related to the latter model for the particular choice
P(da) = 1161 (da) + T40—o(dex), where a € (0,1) and 7, 7, are positive parameters such that 7 + 7, = 1.
Observe that we focus just one the different-sign problem since the case suppP C [0,1] presents some
differences and it is considered in [18].

In order to describe the nature of equation (1) and the strategy to attack it, let us first consider the
standard mean field equation obtained from (2) with P(da) = 01, namely

het 1
—Au = —_ .
®) er <theu dVyg M|)

The latter equation has been widely studied since it is related to the prescribed Gaussian curvature
problem [1, 5, 6, 20, 37] and to the mean field equation of Euler flows [4, 19]. For a survey of the latter
equation we refer to [26, 38].

One of the main difficulties in dealing with this class of equations is due to the loss of compactness,
as its solutions might blow-up. As a consequence, the first step is to analyze the bubbling phenomenon.
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2 ALEKS JEVNIKAR

We point out an important property that was observed for (3), see [3, 21, 22]: for a sequence of blow-up
solutions {u}x to (3) relative to py with blow-up point Z the following quantization holds true

. hetr
(4) 5(z) = lim lim Jo,@

=B@ g,
50 koo N T hem dv,

The latter property yields important consequences in many applications, in particular for what concerns
compactness results, see the discussion later on.

In the more general situation of (1) (and (2)) the blow-up analysis has still to be completed. We refer
to [15, 29, 30, 28, 34] for the progress in this direction. We stress that for a = 1 equation (1) reduces to
the sinh-Gordon problem

(5) Ay (hle“_l) _ (hze“_1>
& Sy evdvy M| P JaphoevdVy (M)
which has been very much studied recently [2, 11, 12, 13, 16, 32]. For what concerns the quantization

property (4) a similar result was derived in [15] (see also [17] for a similar approach). Indeed, the authors
proved that for a blow-up sequence {uy} to (5) one has

5 hae" z) hae™
o1(x)=lm lm pqg € 3N, oo(r)=1lm Im pop—-—"7>"———
6 - i I fBé( ) 87N - I i fBa( )

_— € 87N.
§—=0k—+4o0 fM hle“’c dVYg 6—0k—+4oc0 fM hge_“k dVg i

In fact, one can construct such blowing-up solutions [8, 9]. Our plan is to apply the same strategy to
the general equation (1): in this case the quantization does not have a so simple description due to the
asymmetry of the exponential terms in (1). Nevertheless, we are able to derive the following partial result
by assuming an a priori bound. Denoting by H'(M) = {u € H' (M) : [,,u =0} we have:

Theorem 1.1. Let {uy}r C H*(M) be a sequence of blow-up solutions to (1) relative to (P1.k> P2.1) —
(p1,p2) with blow-up point T € M and let 01(Z), 02(T) be the local blow-up masses relative to u, —au,
respectively, defined similarly as in (6). Then, it holds:

8
(1) If p2 < a—;r (resp. p1 < 8x), then (01(Z),02(Z)) is given by

(87,0) <resp. (0, i;T)) .
_ B 167 _ - .
(2) If p1 < 167w, pa < R then (01(Z), 02(Z)) is one of the following types:
8T
(87T', 0)7 (07 CL2> )
8 8T 167
(87T, 0), <0, CL2> 5 (87T, ? + CI,> .

We point out that recently in [35] the authors exhibit a minimum blow-up mass for the two components

as in Theorem 1.1: (87,0) and (0, 8—7;
a

if a >

ifa <

N~ N~

, respectively, and an existence result in the spirit of Theorem 1.3

under some assumptions on the first eigenvalue of —A is provided.

We follow here the argument in [15] concerning the sinh-Gordon case (5) (see also [17, 23] for the
Tzitzéica equation and SU(3) Toda system, respectively). We start by introducing a selection process
to detect a finite number of disks where the local energy is related to that of globally defined Liouville
equations. In each disk the local mass of the two components u; and —auy is quantized according to
a local Pohozaev identity. We then use the bound on the parameters p; to exclude some configurations
which may produce other contributions to the local masses when combining the blowing-up disks.

By standard arguments the information on the local mass in Theorem 1.1 yields some compactness
properties, see for example [16].

Theorem 1.2. We have the following:
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8
(1) Let K be a compactly supported subset either of (R\ {87N}) x (0, Z) C R? or (0,87) x
a

(R\{ZN}) C R2. Then, the family of solutions {u,},cx C HY (M) of (1) relative to

p = (p1,p2) is uniformly bounded in C**(M) for some a > 0.

8 16 8 16
(2) Let K be a compactly supported subset of (8, 16m) X ((C;, a;) \ {ag + aTr}) C R2%. Then,

the same conclusion as in (1) holds true.

Let us now focus on some variational aspects concerning this class of problems. In order to understand
how to handle this kind of equations, let us start with the standard mean field equation (3). In this case
the associated energy functional is given by I, : H' (M) — R,

1
(7) I,(u) = 5/ \Vul? dV, —p(log/ he“dVg—/ udVg>.
M M M

The basic tool in this framework is the Moser-Trudinger inequality

- 1
(8) 871'10g/ et dv, < 5/ |Vul?>dV, + Chrg, ﬂ:][ udVy.
M M M

By the latter inequality we readily deduce that I, is bounded from below and coercive if p < 87 and the
global minimum corresponds to a solution of (3). As soon as p > 87 the functional I, is unbounded from
below and the minimization technique is no more possible. A successful strategy is to introduce improved
Moser-Trudinger inequalities based on the spreading of e over the surface [7]. By using this kind of
inequalities one can show that if p < 8(k+ 1), k € N and I,(u) is large negative, e* need to concentrate
around at most k points of M. It is then natural to introduce the set of k-th formal barycentres of M

k k
(9) Mk{Ztiémi Dy ti=1, xieM}.
i=1 =1

By the above discussion it is possible to prove that the very low sublevels of I, have at least the homology
of My, which is non-trivial. This in turn leads to a solution of (3) for p ¢ 87N.

Let us pass now to the two-parameters case (1). The associated functional is defined by .J, : H' (M) —

R, p = (p1, p2)
(10)

1
Jp(u) = 3 /M |Vul? dV, — p1 <log . hie* dVy — /M udVg> — p2 (log /M hoe™ " dV, + /M au dVg> .

In this framework there is a generalized Moser-Trudinger inequality obtained in [28] which can be
rephrased as

_ 8 . 1
(11) 871'10g/ e AV, + ai;log/ e~ gy, < 5/ \Vul?> dVy + Car,g, a:][ udV.
M M M M

We point out that we can interpret the latter sharp inequality by means of the minimum local blow-up
mass obtained in the Theorem 1.1. Concerning the existence issue to the general problem (1) there are
still a lot of gaps. If we restrict our attention to the symmetric case, namely the sinh-Gordon equation
(5), there are some successful strategies that one could try to pursue also for the general equation. To
this end, let us briefly illustrate them.

In case one of the two parameters p; is small then we can rely on the analysis developed for the
standard mean field equation (3) (see the argument above) and get a solution to (5) [39]. When both
parameters are large the situation is much more subtler due to the interaction of the two components
and —u. In this direction an existence result is derived in [11] via a detailed description of the sublevels
of the associated energy functional. Finally, a general existence result under the assumption the surface
has positive genus is given in [2], while the sphere case is still an open problem. By similar arguments as
before, one can use improved Moser-Trudinger inequalities to show that if p; < 8kmw, po < 8lm, k,l € N,
in the very low sublevels of the energy functional either e is close to M} or e is close to M; in the
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distributional sense, recall (9). This alternative can be expressed by using the topological join of My and
M;. The topological join of two topological sets is given by

(12) A*B:{(a,b,s):aeA,beB,SE[O,l]}/E,
where FE is an equivalence relation such that:
(a1,b,1) £ (a2,b,1) Vai,az € Abe B and (a,b1,0) £ (a,b2,0) Va € A by, by € B.

Hence, the low sublevels of the functional are mapped into My * M;: the join parameter s somehow
measures whether e* is closer to My, or e~ is closer to M;. The assumption on M to have positive genus
is then used in a crucial way to construct two disjoint simple non-contractible curves 71,2 such that M
retracts on each of them through continuous maps R;, Rs, respectively. By means of these retractions
one can restrict the target from My * M; to (1) * (72); only. The non-trivial homology of (1) * (72):
is then used to produce a solution to (5).

Finally, we point out that the general case (1) with a € (—1,1) was treated in [33]: for some suitably
small parameters they are able to derive existence of solutions to (1) in a slightly supercritical regime.

The aim of the paper is to give general existence results in a supercritical case: more precisely, we
will show existence of solutions to (1) in the two supercritical regimes highlighted in Theorem 1.2. The
argument is based on two types of improved Moser-Trudinger inequalities and it works for any choice of
the underlying surface (with the exception of the last result). The first result is the following one.

8r 8w

Theorem 1.3. Suppose either p; < 8w, pa € < k,—(k+ 1)) or p1 € (87k,8m(k + 1)), p2 < 8%, for
a

a2 a?
some k € N, where a € (0,1). Then, there exists a solution to (1) for any underlying surface M.

The latter result follows mainly by the analysis developed for the one-parameter case (3), see for
example [39], and it is based on a macroscopic improved Moser-Trudinger inequality.

On the other hand, the second existence result concerns a doubly supercritical case, namely when both

8
p1 > 8w, p2 > — and therefore it is more delicate to handle due to the non-trivial interaction between
a

the two components v and —au. We have the following result.

8m 16 1 8t 8 16
Theorem 1.4. Suppose p1 € (8, 167) and either ps € —ﬂ-, dil ifa> = orps € —ﬂ7 oy o
a?’ a? 2 a?’ a? a

1
if a < 3 Then, there exists a solution to (1) for any underlying surface M.

1 1
Remark 1.1. We need to take into account the different ranges a > 3 and a < 3 because of the the

different blow-up local masses in the point (2) of Theorem 1.1, see Section 4 for more details.

The argument is based on the description of the low sublevels of the functional J,: the aim is to detect
a change of topology between two sublevels. To this end we will see that one has to take into account
not only the location of the concentration points, but also the scale of concentration, in the spirit of [11]
(first used in [27] for the Toda system, see also [14]). Indeed, we will show that if J,(u) is large negative,
then e" and e™*" are either concentrated at different points or they are concentrated at the same point
but with different scales of concentration. The argument is based on a new improved Moser-Trudinger
inequality which, differently from before, it is scale-invariant. This gives some constraints on the maps
from low-energy levels into the topological join of the barycentric sets. We anticipate that we will have
to consider the set (observing M; = M)

M*M\{(m,x,s:;) :xEM},

where the set we are excluding is made of configurations with the same point and the same scale of
concentration. The join parameter s = % roughly expresses the two components are concentrating with
the same scale.

1 1
The only case left is p; € (87, 167) and ps € (87; + E, i;r
a a’ a

improved inequality as in the above argument to hold, we restrict our attention to positive genus surfaces
and apply the strategy in [2], see the idea below (12).

1
) for a < 5; since we do not expect an
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8T n 167 167
a? a a2
positive genus g(M) > 0. Then, there exists a solution to (1).

1
Theorem 1.5. Suppose p1 € (8w, 167) and ps € ) for a < 3 and suppose M has

The organization of this paper is as follows. In Section 2 we analyze the blow-up limits and prove
Theorem 1.1. In Section 3 we show the strategy to get the existence results of the Theorem 1.3 and
Section 4 we introduce the argument which yields to the proof of the Theorem 1.4. In Section 5 we prove
the Theorem 1.5.

Notation

The symbol B,.(p) will denote the open metric ball of radius r and center p. We will simply write
B, C R? for balls which are centered at 0, while A,(rq,72) is the open annulus of radii 71,72 and center
.

The average of u € H'(M) is denoted by @ = f,, udV,. For the sublevels of the functional J, we will
write

(13) Jy={ue H"(M) : J,(u) < L}.

Let M(M) be the set of all Radon measures on M: we will consider the Kantorovich-Rubinstein distance

/ fdpn — /Mfdug

Throughout the paper the letter C' will stand for positive constants which are allowed to vary among
different formulas and even within the same lines. To stress the dependence of the constants on some
parameter we add subscripts to C, for example Cs5. We will write 0,(1) to denote quantities that tend
to 0 as @ — 0 or a — +00; the symbol O, (1) will be used for bounded quantities.

(14) d(p1, pr2) sup
T

; H, pho € M(M).

2. BLOW-UP LIMITS

We are concerned here with the study of blow-up limits to (1) and with the proof of Theorem 1.1. We
will actually consider the following localized problem:

(15) —Auy, = p1,ph1e"VF — apg hoet in By,
with (p1,x, p2,k) = (p1,p2), where
(16) Ul = Uk — log/ hy €% dVy, U f = —QUE — log/ ho e dVy,
M M
are such that fM ur dVy = 0 and 0 is the only blow-up point in By, i.e.:
17 ik < C s i — .
(17) e vk < O, max {uik(z)} — 00

To set the problem, we suppose that

1 .

(18) hl(O) = hQ(O) =1, 6 < hz(.’lﬁ) <C, ||hz($)|‘03(31) <C, Ve e By, i =1,2,
for some constant C' > 0. Moreover, it is natural to assume bounded boundary oscillations
(19) luik(@) —uik(y)| <C,  Vax,y€ B,
where C' is independent of k. By the normalization in (16) we may assume

1 Pi
20 lim — s phietie < P2
(20) k—1>r-r-10027r/pk ' 21
Letting

1

21 =1 1 _ i whie®ik
(21) 7i 51—r>r(1)ki>nol<>27r/35p’k ¢

the Theorem 1.1 is equivalent to proving that
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8
(1) If po < a—g (resp. p1 < 8), then (o, 09) is given by

- 1o (e (0.4)).

16
(2) If p1 < 167, pa < —277, then (o1, 02) is one of the following types:
a

ao. (0.5).
ao. (o). (15+2).

One can see the details of the above localized argument for example in [24].

if a >
(23)
ifa <

DN = N =

We introduce now some preliminary tools: we refer to [15] for the details. The starting point is the
following process which select a finite number of bubbling disks where the blowing-up limits resemble
globally define Liouville-type equations. One has just to point out that due to the opposite-sign structure
in (15) the argument can be carried out with minor modifications.

Proposition 2.1. Let uy, be a sequence of blow-up solutions of (15) such that (17), (18) and (19) hold

true. Then there exists finite sequence of points Xy = {xf,--- ,ak} (all 2% — 0, j = 1,---,m) and
positive scales 1%, I¥ — 0 such that, letting My = maXZ':LQ{Ui)k<.'L'?)}, we have

(1) Mkvj = maXBl;;(m;“),i:LZ{ui,k} forj=1,---,m.

(2) exp (3My,;) l;“ — oo forj=1,--- ,m.

(3) Letey,; = e~ 2Mei . Setting
(24) oF(y) = ui, (ek,jy + xf) +2logey,; in Bl;; (z;“),

we have the following alternative:
(a) either v¥ — vy in C2,(R?) which satisfies the equation Avy + p1e® = 0 and vk — —oco over
all compact subsets of R? and
1

— pl’khleui'k >4,
27T Bz’?(mé‘c)
J

(b) or vk — vy in C2(R?) which satisfies the equation Avy + a?pge?? =0 and v} — —oo over
all compact subsets of R? and
1

4
o p2,hae®r > —.
277 Bl? (ljc) a
(4) There exists a constant C > 0 independent of k such that
IEfli);{ulk(x)} + 2logdist(z, Xx) < C, Vz € By.
We point out that due to the local mass in the point (3) of the latter result and the bound (20) the

process stops after a finite number of steps. Moreover, by using the point (4) one can get a Harnack-type
inequality outside the bubbling disks as follows.

Proposition 2.2. Letting xg € By \ Xk, there exists C > 0 independent of xo and k such that
lui g (x1) —uin(22)| < C Vay, 22 € Byag,n,)/2(20), 1=1,2.

The latter estimates gives us bounded oscillation away from the blow-up disks and hence the behavior of
a solution can be encoded in its spherical average. More precisely, let xj, € X and 7, = %d(azk, S\ {zr}),
then for z,y € B, (zx) and |z — xx| = |y — x| we have u; ,(z) = u; 1 (y) + O(1) and hence wu; 1(z) =
Uj gz, (r) + O(1) where r = |z, — x| and

i 1
Wiz, (1) = Gy /83,(9%) Wi, k-

We will see in the sequel how to use this property.
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In each bubbling disk of Proposition 2.1 one can derive some information on the local mass by means
of a Pohozaev-type identity. We can easily show that

/ (Pl,kx . Vhleuuc +p2,k$ . Vh26u2,k) + 2/ (pl,khleUI’k + p27kh26u2‘k)
B,

B,
9 1
=T ‘a,,ul’k| — §|V’LL1,]€
0B,

Consider now the above identity in By (xf) and let
J

(25)

2) +T/ (p1,kh1e™ + p2 phoe>").
0B,

1
G (lf) = */ pihie"*
J 2w Bl’?(m?) ’
J

be the local masses in this ball. To estimate the second term on the right hand side of (25) it is useful
to give the following definition: we say u;  has fast decay at z € By if

wi i (x) + 2log dist(z, Xg) < — Ny,
hold for some N, — +oo. If instead
u; i (z) + 2log dist(z, Xy) > —C,

for some C' > 0 independent of k, we say u; , has a slow decay at z. If both u; x, i = 1,2 have fast decay
on OBy (z¥) the second term on the right hand side of (25) is o(1). It is indeed possible to show that

from (25) we get the identity
(26) 4(aF)) +33(15) =(31 (1) — agb (1) + 0(1),
see [15] for the details.

We are now in the position to prove the local mass Theorem 1.1.

Proof of Theorem 1.1. We need to derive the values in (22), (23). We follow here the argument in [15]
with some modification, so we will be sketchy. Let x’; € X, where X, is obtained in Proposition 2.1, and

suppose for simplicity that 2% = 0. Let 7, = 3dist(0, X \ {0}), set

k k 1

or(r, xi) = o;(r) pichie"F,

Com B;-(0)

for 0 < r <7 and T; x(r) = ﬁ faB (0) Wik A useful observation is the following:

d 1 Ou 1 —of(r) + ack(r
7ﬂ17k(1") - 1,k — 7/ Aul,k _ 1( ) 2( ) ,
dr 2rr OB ov 2mr B r

(27) . .
d o1(r) — aos(r)

—U r)=a
dr 2(r) r
. 8m :
Proof of (1). We prove here (22). We are assuming po < — (for the other alternative we can reason
a

in the same way). By Proposition 2.1 we observe that

max{u;(2)} + 2logle| < €, fa] < 7,

and letting —21log 0 = max;ep,, (0) max;=1 2{u; x(x)} we consider

v (y) = wik(Ory) + 2log ok, |yl < 70/

As in Proposition 2.1 one of v¥ converges and the other one tends to minus infinity over the compact
subsets of R?. Suppose that v} — v1 in C2_(R?) and v§ — —oo over any compact subset of R?, where v;
satisfies Av; + pre¥t = 0 in R2. Then by the classifications result of the latter equation one can choose
Rj, — oo such that

1 » 1 :
(28) oM(GLRy) = — / i @Giy) e =41 o(1),  oF(6uRy) = — / posha(Gy) % = o(1).
27T BRk. 27T BRk.
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Then we get 0¥ (05 R) = 4+0(1) and o5 (6, Ri.) = o(1). If instead v§ — vy with Avy+ pae¥? = 0 we would
get o5 (6, Ry) = e + o(1) and o¥(6xRy) = o(1). The latter estimate is not possible by the assumption
on py and the bound (20).

Now, we need to consider the energy’s increasing from Bs, g, to By, . Observe that on 0B;s, g, by (27)
and (28) we have

d
%(EQ,I@(T) +2logr) > 0,

in other words ug ; may become a slow decay component when r increases. If this does not happen the
energy does not change and we keep having

(29) ot(m) =4+o0(1),  oi(m)=o(1),
see for example [15].
If us ;, becomes slow decaying before r reaches 7y, i.e
Uz,k(s) +2logs = —C,

for some C > 0, then uy j starts to increase its energy. In the case 75, = s by Proposition 2.2 we still get

o () = 4+ o(1) with uy j fast decay, while us ) has slow decay and its local mass can not be evaluated

at this point. If instead 7, > s we can find N > 1 such that on 0By

2 4
(30) o5 (N's) Z a3ty o1 (Ns) =4+ o(1),
d d
oy (U2n(r) +2logr) lr=ns< 0, = (u1x(r) +2logr) lr=Ns> 0,

see [15]. The idea is that from r = s to » = Ns the energy of us ; increases and hence the derivative the
associated derivative changes from positive to negative by (27). On the other hand, By Proposition 2.2
uy i still has fast decay and hence its energy does not change. At this point it is possible to take N
tending to +oo slowly such that and on 0Bp,s both u; i, ¢ = 1,2 have fast decay. Therefore, we can use
the Pohozaev identity (26) in By, s and (30) to obtain

(31) of(Ngs) =440(1),  ob(Nys) = % + S +0(1).

Again, the latter estimate is not possible by the assumption on ps and the bound (20).

It follows that in each bubbling disk we have of(7;) = 4 + o(1) with wuy s fast decay. Since it has
fast decay, by Proposition 2.2 the energy contribution of u; ; comes just from the bubbling disks, more
precisely

k

(32) of(r)=>_of(r,2]) + (1) = 4k + o(1).
j=1

As before, by taking r suitable we have both w; 5, i = 1,2 have fast decay and we can use the Pohozaev
identity (26) in B,. By the latter estimate, by the assumption on ps and by the bound (20) the only
possibility is

(05 (r), 05 (r)) = (4,0) +o(1),
which concludes the proof of (1) of Theorem 1.1.

16
Proof of (2). We prove here (23). We assume now p; < 16w, p2 < —;r and we proceed as in the proof
a

of (1). In the first step we observed that one of vF converges and the other one tends to minus infinity
over the compact subsets of R?. In this case both situations are possible. Then, analogously as in (28)
we have (of(6,Ry), 05 (6, Rk)) is a o(1) perturbation of

(33) 4,00  or <0, ;) .

Reasoning as in the proof of (1) concerning (31), starting from (4,0) we could get

(34) (4, 5—2 + i) ,
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4 8 4
while starting from (O, 2) we would get ( +4, 2) . The latter possibility can not happen due to the
a a a

assumption on p; and by the bound (20). Hence, let us focus on (34). We first point out that the latter

1
local mass is present just for a < — due to the assumption on p» and by the bound (20). At this point

the role of u; j, and ug j is exchanged in the above argument: this means that if there is a change in the
local mass then the mass of us ; changes by o(1) while the one of u; , jumps according to the Pohozaev
identity (26). However, it is easy to see that by the assumption on p; and by the bound (20) such a jump
is not possible. Therefore, we exhausted all the possibilities with (33) and (34). Moreover, as before the
component with bigger local mass has fast decay property.

Finally, we have to combine the bubbling disks. We claim there is at most one bubbling disk. Indeed,
using both the assumptions on p;, i = 1,2 and the bound (20) we can not have two bubbling disks with
the same type of local mass. Moreover, by the same reason we can not have both (33) and (34) type

4
disks. The only possibility to have two disks is the case with (4,0) and (0, — | (actually, to be more

2
a
precise we would just know in one disk o¥ (71, 7¥) = 4+ o(1) with uy ;. fast decaying and in the other disk

4

05 (ry, 2¥) = = +0(1) with ug  fast decaying: however, we can treat this case in a similar way). Since in
a

the first group u; ; has fast decay and in the second one us j has fast decay we deduce by Proposition 2.2

that both w; , have fast decay. Similarly as in (32) one can derive that the combination of this two disks

yields to a local mass of the type
4
(4, a2> |

On the other hand, since both u;  have fast decay we can apply the Pohozaev identity (26) to rule out
the latter possibility.

It follows that we have just one bubbling disk and the possibly local masses are those in (33) and (34).

O

3. EXISTENCE RESULTS IN THE SEMI-COERCIVE CASE

Aim of this section is to present the variational argument and to derive the first existence result, see
Theorem 1.3. The strategy relies on the ideas developed for the standard mean field equation (3): in [39]
it was used for the sinh-Gordon case (5). Therefore, we will presents just the main steps, highlighting

8T

8m
the differences. We will focus on the case p1 < 8w, p2 € | —k, —2(16 + 1)) since it requires a few new
a a

estimates. Some of the tools will be presented with full details since they will be used in the next section.

We start by stating two important corollaries of the compactness result in Theorem 1.2. First, we
observe there exists a high sublevel JZ (recall the notation in (13)) containing all the critical points of
the functional. Then, by deforming the space H'(M) onto such sublevel we obtain the following result.

Proposition 3.1. Let K be as in Theorem 1.2. Suppose p = (p1,p2) € K. Then, for some large L > 0,
JpL is a deformation retract of H'(M). In particular it is contractible.

The Palais-Smale condition can by bypassed by using the compactness result as in [25] to get the
following property.

Proposition 3.2. Let K be as in Theorem 1.2. Let a,b € R be such that a < b and J, has no critical
points w € H' (M) with a < J,(u) < b. Suppose p = (p1,p2) € K. Then, J$ is a deformation retract of
Jb.

P

Our aim will be then to show that the very low sublevels of J, have non-trivial homology. The first
tool we need in this direction is an improved version of the Moser-Trudinger inequality (11). To this end
we state a local version of it, in the spirit of [11, 27].
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Proposition 3.3. Let § > 0 and Q1 C Qo C M be such that d(21,002) > 6. Then, for any € > 0 there
exists a constant C = C(e,8) such that for allu € H*(M)

8w log/ ety u dVy + 8% log/
N a Q

Proof. We may assume sz u = 0 and we decompose u so that v = v + w, with fQQ v = sz w = 0 and
v € L*(Q2). Such decomposition will be suitably chosen later on. Let 0 < x < 1 be a cut-off function
such that

—alu— u 1
e ( fo, )dVg < 7/ |Vu\2dVg+s/ |Vul|? dV, + C.
2 Ja, M

1

Xjon =1 Xm\(Bs o) =0, [VX[ < Cs.

Then we have
log/ e"dVy < log/ X dVy + ||v]| Lo (0y),
N M

and similarly for —au. Using the latter estimate and the Moser-Trudinger inequality (11) for xyw we
obtain

8 1
87rlog/ e dVy + —;Tlog/ e dV, < f/ |V(Xw)|2qu+C||UI|Loc(Ql)
(35) oh a oh 2J/m
8
+87T/ deVg——Z/ axwdVy + C.
M a” Jm

By the Poincaré’s and Young’s inequalities we get
(36) / xwdV, < 5/ Vw|? dV, —l—s/ w? dV, + C-..
M Qo Qo
Moreover, by Young’s inequality it holds
(37) [ vtrav, <ae |
M Q

By combining (35), (36), (37) we end up with

|Vw|? dVy + 0573/ w? dV,.
Qo

2

8 1
(38)  8rm 10g/ e dvy, + °r 1og/ e”"MdV, < 1te [Vw|? dVy + Cl|v| Lo (ay) + C/ w? dV,
Q Toa? Q ' 2 Ja, ' Qs '

1

Reasoning as in Proposition 2.3 in [27] we can then choose v,w by decomposing u with respect to a
basis of eigenfunctions of —A in H!(y) with Neumann boundary conditions to estimate the left terms
in (38). O

By the latter result we derive an improved inequality whenever the functions e*, e~*" are spread over
the surface: indeed, it is sufficient to apply the localized inequality of Proposition 3.3 around each region
which contains a portion of the volume of e*, e~ see [2, 17].

Proposition 3.4. Let 6 >0, 0 >0, k,l € N and {Q1, Q2 }icq1,....13,5€(1,...ky C M be such that
d(Ql,iaQLi') Z(S, d(QQ7j7QQ,]‘/) 25, Vi, i’ c {1,,1} UIZch;’éZ/ ,Vj, j/ S {1,,]’(}} thh]#]/
Then, for any e > 0 there exists C = C (g,6,0,k,1, M) such that if u € H (M) satisfies

/ e“dngﬁ/ evdVy, Yie{l,... 1}, / efa“dngﬂ/ e dVy, Vje{l,... k},
Ql,i M Qz,j M
it follows that

_ 8 - 1
8l log/ e dV, + —gk‘log/ e gy, < j/ |Vu|*dV, + C.
M a M 2 Ju

—au

It follows that the more the functions e%,e are spread the better bounds we have on J,. On
the other way round, if we are very low in the energy then e, e™** should be concentrated around
some points. More precisely, in the semi-coercive case at least one of the two components have to be
concentrated as follows (see [2, 39]). Recall the definition of My, d in (9), (14), respectively.
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8
a2

af—2 " ) <
fM h26 au dV
Moreover, for L sufficiently large there exists a continuous retraction

U b = M.

8
Proposition 3.5. Suppose p; < 8w, ps € ( k, —Z(kz + 1)), k € N. Then, for any € > 0 there exists
a

L > 0 such that if u € J;L then

On the other hand, it is possible to construct a reverse map ® : M — JP’L. Indeed, letting o :=
Zle t;0., € My, for large A > 0 we set

2
(39) e ogz (o)

and define ® = ® : My, — H'(M) by ®,(0) = ¢y ,. Then, we have the following property.

Proposition 3.6. Let ¢y , be defined in (39). Suppose p1 < 8w, p2 € <8 k, Si(k + 1)), k € N. Then,

it holds

(40) Jo(pre) = —00  as A = +oo, uniformly in o € M.

Letting ® be defined as above, it follows that for any L > 0 there exists A > 0 large such that
My — J b

Proof. We have the estimates

(41) [Viro(z)] < CA, for every x € M,

where C' is a constant independent of A\, 0 € M}, and

(42) [Voro(x)] < éﬁn(ﬂi)’ for every x € M,

where dyin(z) = Z=I{11nk d(z, z;).

Indeed, it holds

k 2 72 -3 2
Vono(z) = %)\2 Doy ti (kl + N2d*(z, z;)) V(d72x,xi)) .
di=1ti (1+ N2d?(z,z5))
By the fact that |V (d*(z, 2;))| < 2d(x,2;) and
A2d(x, ;)
14+ X2d?(x, ;)
with C a fixed constant, we get (41). Next, we have

-3 k 2 72 =2 _d(z,a;)
227 1 (1 + N d?(x, xl)) d(z,z;) 4 2Zi:1 ti(l +A%d (x,xz)) N HCED)
|V(p)\’g($)| < ) < -A

<CON  i=1,....k

oY (1 VR (r,2,) (1 Rl ay)
—2
%ZfZI L(1+>\2d2($’$1)) dl,mlin(a") _ l 4
Toa Y eeey) T adimn(@)

which gives (42).
From (41) we get

1 1
3 | Vee@Pan, < Vero(@[2av, +C.
2 Jm 2 M\U,; B1 (z4)

Letting
A = {x €M :d(xz,x;) = min d($ 1‘])}

Jj=1,.



12 ALEKS JEVNIKAR

by (42) we derive

1/ 167
5 [Voro (@) dVy < — / 7dv +C< (k+0,\(1)> log A+ C.
2 M\U, B% (%4) Z A; \Bl (x4) dmzn( ) g a?

We end up with
1 9 167
(43) B Voo (z)]*dVy < aTk—‘rO)\(l) logA + C.
M

We consider now the nonlinear term e~ *#*>. To deduce the leading term it is enough to consider

[,
M (1+ X2d(z,T)?)

for some fixed T € M. By a change of variables one readily has

1 —2
/M (1 + Agd(x,f)2)2 dVy =271+ 0(),

which gives
(44) log/ e re dVy = —2log A+ O(1).
M

We are left with fM a o dVy. For simplicity we suppose £ = 1. We have
apre(x) = 410g(max{1,)\d(x,x1)}) +0(1), x1 € M.

Therefore
/ apredVy = 4/ log(Ad(z, z1)) dV, + 4/ dVy +0(1)
M M\B} (z1) B%(Il)
= 4log A M\ By (2)| +4/ log(d(z,21)) dV,, + O(1).
o M\B% (zl)
Recall that |M| = 1. It follows
(45) / apredVy =(4+0x(1)) log A+ O(1).
M

Finally, using first the Jensen’s inequality involving the part e(¥*~%x«) and then (43), (44), (45) we
deduce

1

Jo(ore) = 5/ [Vorol®dVy — p1 (log/ hye? dV, —/ Pro dVg>
M M M
— p2 <log/ hoe™ e dV, +/ aPxe dVg)
M M
1
< */ IVor.o|? dVy — p2 log/ hoe™ e dVy, +/ apyedVy
2 ’ M M ’
167
< <k 2p2 +0x(1 )) log A + O(1).

By assumption ps > k: and hence we get the desired property. O

We prove now the main result of this section.

Proof of Theorem 1.3. Let ¥ : JP’L — My and @ : My — JP’L be the maps defined in Proposition 3.5
and before Proposition 3.6, respectively. The existence of solutions to (1) will follow by showing that
Wo & = Idy, (homotopic equivalence).
Indeed, it is well-known that
h26*a§9x,a
fM hoe™a%x.0 dVg

— g, as A — +oo,
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in the sense of measures, see [2, 26, 39]. We have then just to observe that ¥ is a retraction and hence

v ($> will tend strongly to the configuration ¢. The homotopy equivalence is obtained by

,fM efre vy
letting A — +o0.
Passing to the associated maps between the homology groups we derive

Hy(My) = Hg (J7F).

Clearly, M, has non-trivial homology, see for example [26], and in turn J ” L has non-trivial homology
as well. If by contradiction (1) has no solutions we can apply Proposition 3.2 to get that J, Lis a
deformation retract of J% for any L > 0 (recall that p = (p1,p2) € K). Since J% is contractible for some
L, see Proposition 3.1, J L has trivial homology. We are lead to a contradiction. O

4. EXISTENCE RESULT IN A SUPERCRITICAL CASE

In this section we present the strategy to deal with the doubly supercritical case and to prove the
existence result of Theorem 1.4. As in the previous section our goal is to show the low sublevels of
J, carry some non-trivial topology. To describe the configurations in the low sublevels we will first
introduce the topological join, see (12). Secondly, we need a new improved version of the Moser-Trudinger
inequality (11) which is scaling invariant, differently from the one in Proposition 3.4, which will impose
new constrains on the projection of the low sublevel onto the topological join, see the argument in the
sequel.

8t 16
We start by pointing out the role of the topological join. Let p; € (8m,167) and py € 7T W).

a2’ a?

By the improved inequality in Proposition 3.4 one can readily see that if J,(u) is large negative, then
either e* or e (or both) need to be concentrated around a point of the surface: more precisely, they
are d-close to some 4, (recall the definition of d in (14)). Recalling that M; = M, it is then natural to

map them into the join M % M. We collect these arguments in the following result, see [2, 17].

&t 167
a?’ a?

Proposition 4.1. Suppose p1 € (8m,167) and ps € ( ) with a € (0,1). Then, for any € > 0,

there exists L > 0 such that any u € JP_L verifies either

hie® ) ( hoe™ % )
46 di=d|+—t— M) <e or dy=d |+ M) <e.
(46) ' ( [y Iewav, ° [y hae=audV,

Moreover, for L sufficiently large there exists a continuous map
U J b — M« M.

Proof. We sketch the main steps for the reader’s convenience. Let u € J, L. By Proposition 3.4 it is easy
to show that (46) holds true. Let IT: {d(-, M) < €} — M be the projection. Set

(47) s(d,ds) = F( & ) |

dq + ds
where
0 for z € [0,1/4],
F(z)=4 2z—1% foraxe(1/4,3/4),
1 for x € [3/4,1].

U is then defined as

) ¥ = (0 (i) 1 (fmewear;) )



14 ALEKS JEVNIKAR

4.1. Improved Moser-Trudinger inequality. In this subsection we will introduce the ingredients to
derive a new improved Moser-Trudinger inequality: the latter one will give some extra constrains to the
map VU in Proposition 4.1. Such inequality is based both on the point of concentration of a function and
on the scale of concentration. This concepts where introduced in [27] for treating a Toda system and
then in [11] for the sinh-Gordon case (5) (see also [14]). Differently from the latter references where the
topological cone on M is used, we will rephrase the argument in terms of the topological join M x M.
Recall the definition of d in (14) and that M; = M. Let § > 0 and consider the set

A(;:{fELl(M) : f>0ae. and/ degzl}ﬂ{d(-,M)<5}
M

of normalized functions concentrated around a point of the surface. What we need is the following map
introduced in [27].

Proposition 4.2. Let R > 1 be fized. Then there exist 6 = §(R)>0 and a continuous map:

YAy = M x(0,+00),  ¥(f) =(B,0),
such that for any f € As there exists p € ¥ such that
(1) d(p,B) < Co with C = C(R,6, M).

(2) It holds:
/ fdVy >, / fdVy >,
B (p) Bre(p)°

with >0, 7 =71(R,M).

Proof. The argument is carried out as in [27]. We sketch the main steps for the reader’s convenience. We
start by taking Ry = 3R and setting o : M x As — (0, +00) such that:

(49) / fdvy = / fdvy.
Bo(a,5) (%) Bryo(a, 1) (®)°
We point out that it holds
(50) d(x,y) < Romax{o(z, f),o(y, f)} +min{o(z, f),o(y, ) }.

We then define the mapping T': M x As — R by
T(z, f) = / fdvy.
Bo(e,n) (@)

It is possible to show that if zg € M is such that T'(zo, f) = maxyen T(y, f), then we have

(51) U(.To,f)<30'($,f), VJ?EM,QZ‘?QZ'O.
Exploiting the latter fact, by a covering argument one can prove that there exists a fixed 7 > 0 such that
(52) m%(T(m,f) >T Vf e As.

fAS

We define now a continuous function o : As — R
o(f) =3min{o(z, f): = € As}.
Let 7 be as in (52) and let
(53) S(fy={z e M : T(z,f) > 7, o(z,f) <a(f)},

Observe that by (51), (52) the latter set is a nonempty open set for any f € As. Moreover, from (50) we
have that

(54) diam(S(f)) < (Ro + 1)a(f).

Consider now an embedding of M into R3 and identify M with its image through the latter embedding.
We consider a sort of center of mass m(f) € R3

. | @@.n =" et~ ote.p) av,
m(f) =
| @@= (o) = owp) " av,

Y
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where 27 = max{z,0}. Observe that the integrands become nonzero only on the set S(f). We point
out that for a f € As we have d(f, M) < § and hence most of its volume is accumulated in a ball

(depending on §) centered in a point of the surface. Therefore, by definition there exists a 6 = 6(5) such
that o(f) < 4. For & > 0 sufficiently small, whenever o(f) < & (54) implies that m(f) is close to M.
Letting P be a orthogonal projection from a d-neighborhood of M onto the surface we define 5 : As — M
to be

B(f) = Pom(f).

Then the map ¥(f (6 (f),o( ) satisfies the desired properties: indeed, we have just to observe that by
(54) we have d(8(f ), (f) < (Ro+1)o(f) and that o(f) < 30(z, f) < 30(f) (recall that Ry = 3R). O

The idea is that the latter map ¢(f) = (8, 0) gives us the point of concentration of f and its scale of
concentration around it. The smaller is o the faster is the concentration of f. We state now the main
result of this subsection, i.e. the improved Moser-Trudinger inequality: roughly speaking, whenever the
two functions e“,e”*" concentrate both at the same point and at the same scale of concentration we
derive an improved inequality.

Proposition 4.3. Let ¢ > 0. Then, there exist R = R(e) > 1 and ) as given in Proposition 4.2, such
that for any u € H' (M) such that

eu e*au
v (fM e“dVg> =¥ <fM eaudvg) ’

1
there exists some C' = C(g) such that, if a > 3

167 . 1
(55) 167rlog/ e EdV, + —- log/ e~ gy, < %/ |Vul?dV, + C,
M M M
difa< 1
ana 1 a B
. 8t 16 . 1
(56) 167 log/ et AV, + (Z + ”) log/ e (=) gy, < j/ IVl dV, + C.
M a a M 2 M

The latter result is mainly based on two local versions of the Moser-Trudinger inequality: one in small
balls and the other one in annuli with small internal radius which we prove below. It is inspired by [27]
(see also [11]). In doing this the following lemma concerning Poincaré-Wirtinger and trace inequalities
will be used.

Lemma 4.4. There exists C > 0 such that for any u € H' (M), p € M and r > 0 it holds

1/2
f udng][ udSy| < C / |Vul® dV, :
By (p) 0B (p) Br(p)

Furthermore, for any § € (0,1) there exists C = Cs such that for any uw € H' (M), p € M and r > 0 one

has
1/2
][ udngf udVy| < C / (Vul? dV, .
Bsr(p) B.(p) Br(p)

We start now with the following result which is obtained by a dilation argument.

Lemma 4.5. For any € > 0 there exists C = C(g) > 0 such that

8 1
87rlog/ e dVy, + — log/ e~ dV, gf/ |Vul? dV, +s/ |Vul? dV,
B.ya(p) B./a(p) 2 JB.w) M

1 1
+ 87 (1—) u(s) + 16w (1+2) log s + C,
a

a

(57)
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for any u € HY(M), p € M, s > 0 sufficiently small, where u(s) :][ udVy. Moreover, under the
Bé(p)

1
same assumptions, if a < 3 it holds

16 1
8 log/ v dv, + — log/ e dv, g/ |Vul? dV, + 5/ |Vul? dV,
B.y2(p) a B./2(p) 2 /B.) M

(58)
_ 2
— 8nu(s) + 167 (1 + a) logs+ C.

Proof. Suppose for simplicity the metric around the point p is flat. Consider then a dilation of u given
by

v(x) = u(sz + p).
We clearly have

/ |Vul|*dV, = / |Vl dV,, / e dv, = 52/ e’ dVy, u(s) = ][ vdVy.
Bs(p) B1(0) Bs/2(p) Bi1/2(0) B1(0)

Taking into account the above equalities and by applying the local version of the Moser-Trudinger inequal-

ity stated in Proposition 3.3 to the functions v, —av we get inequality (57). When a < - one observes

16 8 16 8

that —~ < —Z and hence we may apply Proposition 3.3 to v, —av with the constant il replacing —Z
a a a a

to deduce (58). O

We next consider an annulus and derive an improved inequality by exploiting the Kelvin’s transform.

Lemma 4.6. Given ¢ > 0, there exists 1 > 0, 7o = ro(e, M) such that for any r € (0,7¢9) fized, there
1
exists C= C(r,e) >0 such that, for any uw € H*(M) with u =0 on 0B, (p), if a > 5

(59)
u 8 —au 1 2 2
8 log e" dVy + — log e dVy <- Vul*dVy +¢ | |Vu|*dV,
Ap(s,r) a Ap(s,m) 2 Ja,(s/2,2r) M

_8n (1 - Cll) (1+ e)a(s) — 167 (1 + QIQ) (1+2)logs + C,

1
difa< =
and if a 5

8 1
8 log/ e" dVy, + —Z log/ e " dV, gf/ |Vul? dVy + s/ (Vul? dV,
Ay (s,r) a Ap(s,7) 2 Ja,(s/2,2r) M

(60)
+87(1 + &)u(s) — 167 (1 + z> (14+¢)logs+ C,

withp € M, s € (0,r), whereﬂ(s):][ udVj.
B (p)
Proof. Suppose for simplicity the metric around the point p is flat. We introduce the Kelvin’s transform
K : Ay(s/2,2r) — Ap(s/2,2r) defined by
r—p
Klx)=p+rs———.
) |z —pl?
K is constructed in such a way that it maps the interior boundary of A,(s/2,2r) onto the exterior one
and vice versa. By means of the latter map we consider @ € H'(B,(2r)) given by

~ | u(K(z)) —Blog|lz —p| for |z —p|>s/2,
u(z) = { _(510g ();) for |z — p| < s/2,
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where € [f%, 4] will be chosen later. We aim to apply the local Moser-Trudinger inequality given by
Proposition 3.3 to u, —aw. To this end, we need to consider

~ _ |48 2
/ el dVg _ / 6u(K(z))|x 7p|7ﬁ d‘/;] _ / eu(K(z)) |£E 2p|2 (ST‘) - dVg
Ap(s,r) Ap(s,r) Ap(s,r) s°r ILIJ - p‘

(sr)~7 (s7)°~°
(61) :/ u K@) __\°7) 7 AV, = eu(ac)idv7
p(s,m) |K( ) p|4 ﬁ| ( ( ))| Ap(s,r) |x_p|4_6 I

> C’(r)/ @ s2=8 qv,,
Ap(s,r)

where J(K(z)) denotes the Jacobian of K in the last inequality we have used |z| < r and f < 4.
Reasoning in a similar way we get

(62) / e dv, = O(T)/ e~ au@ g2+ad gy
Ap(s,r) Ap(s,r)

where we used g > —%. Therefore, by (61), (62) and then by Proposition 3.3 applied to @, —aw in Ba,(p)
we obtain

8m log/ dV + = ST log/ e~ ou(®) dVy =8 log/ @) dVy + 8—2 log/ e~ ou(®) avy
Ap(s, T) Ap(s,) Ap(s,r) a Ap(s,T)

+ (87r(5 —9)- iZ(aﬁM)) log s + C(r)

63) < ;/B( V@) v, + 87 (1 - i) F(2r) + (877(& —9)— ii;(aﬁ + 2)) log s + C(r),

where u(2r) fB udVg. To estimate the average part we use Lemma 4.4 to deduce

1/2
u(2r) — ][ udS,| <C / |Va(x)[? dV, < s/ \Va(x)? dV, + C.
0B2,(p) Bz (p) Bz, (p)

Moreover, it holds

][ ﬂngz][ udSy + C(r).
B, (p) 0B,(s)

Therefore, still by Lemma 4.4 we have
(64) Tar) —(s)| < < / V()2 dV, + ¢ / V()2 dV, + C.
Ba.(p) Bs(p)

We are left with the estimate of the gradient term. Since « is constant for |x — p| < s/2 we need just to
consider |z — p| > s/2, where we have

827"2 62 T —

Vi(z)|? = |Vu(K (z))|? + + 28Vu(K(x ETP g _q + Ga + Gs.
It is easy to see that
(65) / G1dV, :/ |Vul|* dVy,
Ap(s/2,2r) Ap(s/2,2r)
(66) / GodVy = —271%log s + C(r).
(s/2,2r)
Now, by using the definition of K, by integrating by parts and by u = 0 on dBs,.(p) we get
K(z)—p
Gy dV, =28 / V(K (@) - L1 (K (2))V,
/A,,(s/?,?r) A, (s/2,2r) |K(z) — pl? 7

T—0p T—0p
:25/ Vua:-i —24 u(x) ——— -vdS,,
Ap(s/2,2r) (=) |z |2 9B, 2(p) ( )|~T*p|2 !
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z—p
s/2(p) lz—pl?

r—p

—— v |u(z) - ][ u(z) dS,
/aBs/2<p> |z — pl? ( OB, /2 (p) !
7[ (u(x) - ][ u(x) ng>

335/2(!’) 835/2(?3)
1/2
<C (/ Vu|2dVg>
Bg/2(p)

SE/ |Vu|*dV, + C,
B 2(p)

i i . — _x=p_ __Cc_
where v is the unit outer normal. Observe that fé)B vdSy = 2m and ’ P2 1/‘ < ENEOIE

Therefore,

r—p
u(r) ——— -vdS, — 2777[ u(x) dS
/aBs/rz(p) o —pl> 0B. )1 (p) ’

<cC

where we have used Lemma 4.4. Applying again the latter lemma we deduce that

(67) / GsdV, = —28 (@) —L v ds, = —4npu(s) + ¢ / \Vul2dV, + C.
Ap(s/2,2r) 9B, 2(p) |z — pl B, 2(p)

Finally, by using (64), (65), (66) and (67) in (63) we obtain

8 1 1
87 log / e“® v, + = log / e~ @ qy, < 5 / \Vul?dV, + (87T <1 - > - 27r5> u(s)
Ap(s,r) a Ap(s,r) Ap(s/2,2r) a

8
+ (87r(5 —-2)— a—Z(aﬂ +2)— 7r62> log s
+5/ |Vu|2dVg—|—€/ Vii(2)|? dV,, + C.
M B2T(p)
To conclude we just need to take either 8 =8 (1— 1) fora > § or B =—2 for a <  to get the desired
inequalities (59) and (60), respectively. O

Now we have all the ingredients to prove the main Proposition 4.3.

Proof of Proposition 4.3. The strategy follows the same steps as in the proof of Proposition 3.2 in [27]
or Proposition 3.6 in [11] hence we will just present here the main idea.
Let ¢ be the map defined in Proposition 4.2. Let u € H'(M) be such that

Then, by Proposition 4.2 there exist p1,ps € M, d(p1,p2) < Co such that

/ e dvy > 7'/ e dVy, / e dvy > T/ e dVy,
B (p1) M Bro(p1)° M

/ e dVy > T/ e~ dVy, / e " dV, > T/ e~ dVy,
B, (p2) M Bro(p2)© M

with 7 > 0 independent of o. Suppose for a moment that p; = ps. Then, we may apply Lemma 4.5,
Lemma 4.6: summing the inequalities (57) and (59) if a > 1 (resp. (58) and (60) if a < ) the extra term

1 1 1 2 1
8n(l——)u(o)+ 16w |1+ = |logo, a>— resp. — 8nu(o) + 167 ( 1+ — Jlogo, a < =
a a? 2 a 2

cancels out and we get the desired inequality of Proposition 4.3. However, one needs to face the fact
that in general p; # ps and that w is not identically zero on some 9Bs,(p) as in Lemma 4.6. To deal
with these facts we have to perform some technical modifications involving dyadic decompositions and
harmonic liftings: for full details we refer to [11, 27]. O
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4.2. Topological set and test functions. In this subsection we will introduce the topological set which
will describe the sublevels JP’L: starting from the topological join M x M (recall that My = M) according
to the constraints imposed by the improved Moser-Trudinger inequality of Proposition 4.3. Next, we will
construct test functions modeled on this set.

We need to take into account the local scale o of functions as defined in Proposition 4.2. Since the
latter is defined just for functions f such that d(f, M) < 4, for 6 = dg > 0, we proceed in the following
way. Let

o =int {o()  a(f,00) < 33},

7 (1) = min {UM,U (M) } .

) is not well-defined we will consider oj;. Let ¢ be as in Proposition 4.2 and let

and set

Whenever o (L
I} €Y dVy

s be as defined in (47). We use the notation

(69) " (M) — (8w, 5(u)).

In the spirit of (48) we then set W : Jyb— M« M,

(69) ¥ (u) =(5<u>, B(—au), s((o<u>,a<—au>)).

Observe that the point of concentration g is defined just for functions f such that d(f, M) < é. However,
notice that by the Proposition 4.1 when one of f(u), 5(—au) is not defined the other necessarily is, and
the map is well defined by the equivalence relation, see (12), for L > 0 sufficiently large. Indeed, we have
just to observe that 7 (f) = d(f, M). Moreover, the improved inequality of Proposition 4.3 gives a lower
bound on configurations which have both the same point of concentration S and scale of concentration
@ such configurations are represented by

(70) S:{(pm,;):peM}CM*M.

Therefore, we deduce the following result.

8t 16 1 8T 8 16
Proposition 4.7. Suppose p1 € (8w, 167) and either py € —ﬂ-, il ifa> = orps € l, o + il
a?’ a? 2 a?’ a? a

1 ~
ifa< 3 Let U be as in (69) and let S be as in (70). Then, for L sufficiently large it holds that
-
U g o (M s M)\ S.

Moreover, we can construct a map on the other way round by mapping (M % M)\ S into the sublevels
J; L. More precisely, we will consider a deformation retract Xy of (M % M)\ S which is more suitable
to modeled the test functions on. Indeed, let 6 > 0 be sufficiently small and A > 0 be sufficiently large:
in (M x M)\ S we can either deform two distinct points up to have mutual distance at least & or deform
the join parameter s to be very close either to 0, i.e. s < 1 (when s < 1/2), or to 1,ie. s >1— 1 (when
s> 1/2). In doing this we end up with the set X\ C (M x M)\ S defined as

(71)

_ - 1 1
X z{(p,%s) :p,q € M, d(p,q) >0, s € [0,1]}U{(p,q,8) i p,qg € M, d(p,q) <0, s < X ors>1—A}7

with the convention that whenever s € {0,1} we do not impose any restriction on the points p, ¢ (recall

the equivalence relation in the definition of the topological join, see (12)). We consider now test functions
modeled on the latter set: for £ :(p7 q, s) € X, we define

)\175 = (]. — 8))\, )\2’5 = 8)\,

9 2
~ 1 1 1
(72) () = pae(x) =log (WW> ~ g los (HA%W) '
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Observe that the above map is well defined in the topological join due to the expressions of A; 5. In the
following result we will show that ® maps X into the low sublevels J - L

Proposition 4.8. Suppose p1 > 87 and py > i—z with a € (0,1). Let Xx and @y ¢ be as given in (71),
(72), respectively. Then, it holds
Jp(pre) = —00  as A — 400 uniformly in & € X,.
Letting ® be defined as in (72), it follows that for any L > 0 there exists A > 0 large such that
O X\ J, b
Proof. Let vi,v2 : M — R be given by

5 2
1 1
—1 - - =1 e vEs sl I
(73) v1(z) = log <1 n )\%,sd(377p)2> ) va(z) = log (1 + 2, d(x, q)2>

so that ¢y ¢ = v — %Ug. Observe that by construction of the set X in (71) we need to carry out the
energy estimates in the following two regimes: either the two points of concentration p,q € M are close
and the scale of concentration are very different, i.e. d(p,q) < 6 and s = 1 — % (resp. s = %), or p,q
are such that d(p,q) > §. We start by pointing out that in the first alternative we have A1,s <1 (resp.
Az2,s < 1), see the definition before (72). It follows that vi (resp. v2) and its derivative are uniformly
bounded. Therefore, the test function ¢, ¢ resembles the standard bubble or the one in (39) for which
the energy estimates are well known, see Proposition 3.6.

Let us consider now the case d(p, q) > §. Moreover, we take s € (0, 1) otherwise we conclude as before.
As in the proof of Proposition 3.6 it holds

(74) [Vui(z)] < CAis, for every x € M and s € [0,1], i=1,2,
where C' is a constant independent of A\, £ € X, and

4
(75) [V (z)| < m, for every x € M, i=1,2,

and similarly for vs.

‘We have
1 1

1 2
3 /M |Vorel?dV, = 3 /M <|w12 + a—2|Vv2|2 S wz) dVy.

Reasoning as in Proposition 3.3 in [2] it is easy to show that the integral of the mixed term Vuv; - Vg is
bounded by a constant depending only on M, i.e.

(76) / V’Ul . VUQ qu S C.
M

Exploiting the fact that d(p,q) > ¢ and using the estimates (74), (75), we can proceed as in the proof
of Proposition 3.6, see (43), to deduce

1 1
3 / [Vorel? dVy < 167 (1 + 0x(1)) log(A1,s + 01,5) + %(1 + 0x(1)) log(A2,s + 02,5) + C,
M

where §1 s >0 >0ass—1and dy s > >0 as s = 0, for some fixed 0.

The same argument as in the proof of Proposition 3.6, see (45), leads to
/ o1 dV, = —4(1+ 0x(1)) log(Ars 4+ 61.0) +O(L); / 02 dV, = —4(1+ 0x(1)) log (A + d2.4) + O(L),
M M

therefore we obtain

4
(78) / PredVy = —4(1+0r(1)) log(A1s + 61,5) + 5(1 +0x(1)) log(A2,s + b2,5) + O(1).
M

We are left with estimating

1 2/a
ePredV, = / 1+ A2 d(x,q)?)" " dV,(x).
/M T (1402 ,d(x, p)2)2( * )Y
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We consider M = Bj5(p) U (M \ Bs;5(p)). In Bj/5(p) we observe that & <d(z,q) < C and hence
4

1 a A5 + 02,
/ 2 (4 X)) v () = 2o T 020)
Bg/2(p) (]' + )\l,sd(xap)z) ()\1,5 + 51,5)

In M\ Bj5(p) we have that & < d(x,p) < C and we deduce that this part is a higher-order term. We
conclude that

5 (1+0(1)).

4
(79) log/ hye# e dVy = - log()\Q’S + (52’3) — 210g()\1}s + 51’5) +0(1).
M
Similarly we get

(80) log/ hoe™ *?¢ dV, = 4a log(/\LS + 51,3) — 2log()\27S + 5275) + O(1).
M

Finally, using the expression of J, in (10) and the estimates (77), (78), (79) and (80) we assert that

167
JI’(QD/\E) S(lﬁﬂ' — 2,01 + 0)\(1)) 1Og(>\1,3 + (5175) + <a2 — 2p2 + 0)\(1)) 1Og(>\2,3 + (5275) + 0(1)

T by

Observe that m[ax}{)\Ls,)\g,S} — 400 as A — oo. The proof is done since p1 > 8m,p2 > —
s€[0,1 Q

assumption.

O

We prove now the existence result of Theorem 1.4.

8r 16 1 8r 8 16
Proof of Theorem 1.4. Suppose p; € (8w, 167) and either p; € ( T :) ifa > 5 Or P2 € (7;, 7727 + 71—)
a a?’ a a

1
ifa< ok Let X be as in (71) and denote by R the deformation retraction involved in its definition. Let
T be as in Proposition 4.7 and let &), ¢ be as in (72). The key fact is to show that

(81) Xy -2 b B x,

is homotopic to Id|x, for A large. Let £ = (p,q,s) € X,. Recalling the notation in (68) we need to
consider

T(pre) =(ﬁ(wx,s),ﬁ(—am,g), 5((0(9%,5)70(—&%,5)))

Recall the definition of d in (14). Reasoning as in Proposition 4.9 in [2] there exist C' > 0 not depending
on ), s such that for any ¢ = (p,q,s) € X with d(p,q) > & and s € (0,1) we have

1 1 hie#re

—mindl.——— Y <d M

cmm{ ’(1—5)A}— (thlemdv 1—3
1 hoe™ P C

1
— mi 1, — 7 < M) < —.
len{ 75)‘} =d (IM}W@_LLW’£ dvg7 ) T osA

Consider now d(p,q) < d. By the construction of the set X we readily have one of the two components
v1,v2 defined in (73) is bounded, i.e. one bubble is negligible, see the argument at the beginning of the
proof of Proposition 4.8. Therefore, we can still apply the argument in [2] to deduce the above estimates

I /\

(82)

in this case we will have either min {1, ~—* =1 _and min{1, 1} =1 or the switched situation).
(1 5))‘ (1 8))\ SA

Concerning the scale of concentration @, by estimating the volume of the test functions in small balls
as in Lemma 4.4 in [27] (see also [11]) it is not difficult to see that there exists C' > 0 not depending on
A, s such that

< e o

1Y >
nd1 &
mln{ ’s)\}

< T(pre) <

TR e—

Ql~
Ql -
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see the proof of Lemma 4.5 in [27] (see also [11]). Observe that by (82) when min {1, (1_%)/\} =1 we
get @(pxr¢) = oum, see the notation before (68), and the above estimate trivially holds true. A similar
argument works for a(—ap) ¢).
hie®re h2e—a¢x,5
It follows that when one of the projections Il | ———— | |11 € M is not
Sy hresre dv [oy hae 992 dV,
defined, where II is given before (47), the other necessarily is, and the map is well defined by the

h16¢k‘5 d
Jog e dvg> o

equivalence relation, see (12), for A > 0 sufficiently large. Moreover, H<

hoe ™ a%PX.¢
11 267 — q as A\ = 400 whenever they are well defined, see for example the proof of The-
fM th apPx,¢ dVg

1.3. On the other hand, we clearly have IT ( —— 1 aTr (ol

orem 1.3. On the other hand, we clearly have <M> ~ B(pre) an <fM =y dVg> ~
B(—apa ¢) for X sufficiently large since all the volume of the test functions is accumulating around p or
q, respectively, see the argument of Lemma 4.5 in [27] for an alternative proof of the latter property (see
also [11]). We conclude that 3(ix¢) ~ p and B(—apx¢) ~ g for A large, whenever they are well defined.

Therefore, the desired homotopy is obtained by deforming 5(¢x.¢) to p, B(—apx¢) to ¢, whenever they
are well defined and by deforming s((G(¢x¢),5(—apre)) to the initial s. We have just to check that

\T/(go)\’g) € (M * M)\ S, ie. that s((T(pre),0(—apae)) # 3 for d(p,q) < 6, see (70). Indeed, we have
already observed below (82) that in this case we get either min {1, (1_15))\} = (1_15)/\ and min {1, X} =1

or the switched situation. Suppose the first alternative holds true. Using then (83) we conclude that
T(pre) K o(—apy ) for A large and hence s((T(¢x.e),7(—apae)) # 3 by definition.

This concludes the proof of the fact that the composition in (81) is homotopic to Id|x, for X large.

Therefore, we deduce that
Hy(X)) = Hy (J;7F).

We next observe that X\ has non-trivial homology which leads to non-trivial homology of J L. Since X,
is a deformation retract of (M M)\ S it is enough to consider the homology of the latter set. We point out
that the positive genus case g(M) > 0 can be treated as in Section 5, which yields existence of solutions to
(1). Hence, we restrict our attention to M =2 S?. In this case we get S? xS? =2 S® and S = S2. Therefore,
by the Alexander duality, see the Corollary 3.45 in [10], we obtain Ho((S? * S?)\ S?) = H%(S?) = Z.

Therefore, by applying Proposition 3.2 and Proposition 3.1 as in the proof of Theorem 1.3 we get the
conclusion. g

5. EXISTENCE RESULT IN A SUPERCRITICAL CASE WITH POSITIVE GENUS

8t 167 ].67T>
+ R

In this section we are concerned with the supercritical range p; € (8, 167) and p2 € (2 y—3
a a  a
1

for a < =. The goal is to get the existence result of Theorem 1.5. Observe that the improved inequality
of Proposition 4.3 does not apply to this case and hence the strategy of the previous section does not
work out for this range of the parameters. To overcome the difficulties we will restrict ourselves to a
surface M with positive genus g(M) > 0 and apply the argument introduced in [2] and used also in [17],
see the discussion in the Introduction below (12).

In the previous sections we have already introduced almost all the ingredients to carry the argument
out. We start by recalling that if J,(u) is large negative, then either e or e™*"* (or both) need to be
concentrated around a point of the surface and hence there is a continuous map

(84) U J = M« M,

for L sufficiently large, see Proposition 4.1. Next, we need the following topological result concerning
positive genus surfaces, see [2].

Lemma 5.1. Let M be a compact surface not homeomorphic to S2. Then, there exist two simple closed
curves v1,v2 € M such that

(1) 71,72 do not intersect each other ;
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(2) there exist two global retractions R; : M — ~;, i = 1,2.

Let ; be as in the latter lemma. By means of the above retractions we can restrict the map ¥ in (84)
to targets in the topological join 71 * 7o only. Indeed, recalling the notation in (48) we consider

— hie* hoe™ %
85 \I/ = R *H e —— 9 R *H - 7 o ixr ) )
® w0 = (01 (735 ) 1 (e, ) )
where (R;). stands for the push-forward of the map R;: we have
Up: JP_L — Y1 * Ya.

Moreover, as in the previous section we can construct a reverse map. Namely, let £ = (p, ¢, s) € 71 * 72,
i.e. p €711, ¢ € v and consider test functions

(86) DR(E) = pare

as given in (72). Then, the following result holds true.

8

Proposition 5.2. Suppose p; > 87 and py > —7; with a € (0,1). Let @y ¢ be as given in (72). Then, it
a

holds

Jy (Pre) = —00  as A = +oo uniformly in & € y1 * va.
Letting ®g be defined as in (86), it follows that for any L > 0 there exists A\ > 0 large such that
Oriyixye = I,

Proof. We have just to observe that the components vy, vo of the test functions ¢, ¢, as defined in (73),
are supported in p € ; and g € 2, respectively, where 71, v2 do not intersect each other by construction.
Therefore, there exists 6 > 0 small such that d(p, q) > 8 and we can carry out all the estimates as in the
proof of the Proposition 4.8. O

We prove now the existence result of Theorem 1.5.

8t 167 167

1
- +—, 2> with a < =. Let 71, 72 be as
a a 2

Proof of Theorem 1.5. Suppose p; € (87, 167) and py € (
a

in Lemma 5.1, let U be as in (85) and let @5 be as in (86). Reasoning as in the proof of Theorem 1.4
we get

dr gL ¥
Y1 * Y2 4R>J,,L — Y1 k72
is homotopic to Id|,, ., for A large. It follows that
Hy(m x72) = Hy (J; ")

We know that 77 7, is homeomorphic to S3, see for example [2] and hence J o L has non-trivial homology.
One can then conclude by applying Proposition 3.2 and Proposition 3.1 as in the proof of Theorem 1.3. [
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