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A SINGULAR SPHERE COVERING INEQUALITY:
UNIQUENESS AND SYMMETRY OF SOLUTIONS TO
SINGULAR LIOUVILLE-TYPE EQUATIONS.

DANIELE BARTOLUCCI, CHANGFENG GUI, ALEKS JEVNIKAR, AMIR MORADIFAM

ABSTRACT. We derive a singular version of the Sphere Covering Inequality which was recently intro-
duced in [44], suitable for treating singular Liouville-type problems with superharmonic weights. As an
application we deduce new uniqueness results for solutions of the singular mean field equation both on
spheres and on bounded domains, as well as new self-contained proofs of previously known results, such
as the uniqueness of spherical convex polytopes first established in [58]. Furthermore, we derive new
symmetry results for the spherical Onsager vortex equation.

1. INTRODUCTION

We are concerned with a class of elliptic equations with exponential nonlinearities, namely the following
Liouville-type equation,

(1) Au+ h(z)e" = f(x) in Q,

where ) C R? is a smooth bounded domain and h(z) is a positive function. The latter equation (and its
counterpart on manifolds, see (15) below) has been widely discussed in the last decades since it arises in
several problems of mathematics and physics, such as Electroweak and Chern-Simons self-dual vortices
[67, 69, 77], conformal geometry on surfaces [73, 48, 24, 25], statistical mechanics of two-dimensional
turbulence [20] and of self-gravitating systems [76] and cosmic strings [63], theory of hyperelliptic curves
[22], Painlevé equations [27] and Moser-Trudinger inequalities [18, 36, 42, 47, 62]. There are by now
many results concerning existence and multiplicity [3, 7, 8, 9, 11, 15, 16, 21, 30, 32, 33, 34, 35, 56, 59, 60|,
uniqueness [12, 13, 14, 44, 46, 52, 54, 68|, blow-up phenomena [6, 10, 17, 19, 29, 31, 49, 50, 71, 78] and
entire solutions [2, 28, 65].

1.1. Singular Sphere Covering Inequality. A basic inequality related to (1) was recently introduced
in [44], see Theorem A below, which yields sharp Moser-Trudinger inequalities and symmetry properties
of Liouville type equations in R? [44], symmetry properties of mean field equations on flat tori [45],
uniqueness of solutions of mean field equation in bounded domains [46] and symmetry and uniqueness
properties of Sinh-Gordon equation and Toda systems in bounded domains [43]. The inequality can be
stated in the following form, see Theorem 3.1 in [44] and Theorem 1.1 in [46].
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Theorem A ([44]). Let Q C R? be a smooth, bounded, simply-connected domain and let u; € C%(2) N
C(Q), i = 1,2, satisfy,

(2) Au; + h(x)e" = fi(z) in Q,
where f1, fo, h = efl € C?(Q) N C(Q) are such that,
(3) fo>fi>—AH in Q.

Suppose that,

U2 Z Ui, U2 7_é (5} mn Qa
Uy = Uq on 0.

Then it holds,
/ (h(z)e"t + h(x)e"?) dz > 8.
Q

The latter result is based on symmetric rearrangements and the Alexandrov-Bol inequality, see the
discussion in the sequel. Suppose for simplicity h = 1 and f; = fo = 0 in (2). Then, by means of the

substitution u; = kil —In(2), Theorem A roughly asserts that the total area of two distinct neighbourhoods

M, M5, with Gaussian curvature equal to 1, of possibly distinct surfaces, such that M; and M> admits
local conformal charts ®; : M; — By, i = 1,2 where B; is the Euclidean unit disk, with the same
conformal factor on the boundary, is greater than that of the whole unit sphere, which is why one refers
to the latter result as the Sphere Covering Inequality.

We point out that condition (3) on the weight A(x) can not be dropped and indeed the result is false
in general if we remove such assumption. Suppose for a moment f; = f = 0 in Theorem A. With a
small abuse of terminology, a weight h satisfying (3) with f; = fo =0, i.e. AH > 0, will be referred as a
subharmonic weight. Analogously, we will refer to superharmonic weights whenever we have the reverse
inequality AH < 0. Such restriction on the weights, which in this case need to be subharmonic, prevents
the application of the Sphere Covering Inequality in a large class of problems which are rather interesting
and challenging, some of which we will address later on.

On the other hand, Theorem A is obtained in a smooth setting and thus is not suitable in treating
singular problems. However, the presence of singular sources in (1) naturally arises both in geometry
and in mathematical physics, typically as a sum of Dirac deltas which represent either conic points of
the metric or vortex points of gauge or vorticity fields (see the references above). One of our aims is to
address such kind of problems, see subsections 1.2, 1.3. However, the generalization of Theorem A to a
weak setting is not straightforward and one needs to carry out a delicate argument.

Therefore, our first goal in this paper is to provide a singular version of the Sphere Covering Inequality
suitable for treating both singular problems and superharmonic weights, see Theorem 1.2 below. In order
to state the result let us introduce some notation first. Given « € [0,1), A > 0 we set

2
Al — )

4 Urolz)=In| ————++——1 ,

( ) A, ( ) <1+>\82|x|2(1—a)>

which satisfies

(5) AUy o + || 72*eY>e = 0 in R?\ {0}.

Let Q C R? be a smooth and bounded domain. Let f € L*(Q) for some s > 2 and h = el be given. Let
F' be the solution of
AF = finQ, F =0on 09,
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so that (1) can be equivalently formulated as
Av+ el TFe? =0 in Q,
where v = u — F'. By the Riesz decomposition we have,
H+F=Hy—-H_,

where H,H_ are two superharmonic functions taking the form

(6) Ha () = ba(x) + /Q G (y) dpis (),

where b are harmonic functions in §2, u4+ are non negative and mutually orthogonal measures of bounded
total variation in @ and G), p € €2, is the Green’s function,

—AG,(y)= 0, inQ,
(7) { Gp(z)z 0 on 0.

Definition 1.1. Let w C Q be any nonempty subdomain. We will denote by w the interior of the closure
of the union of w with its “holes”, that is, with the bounded component of the complement of w in R%. If
w 18 simply-connected or if it is the union of simply connected domains, then W = w, while if the bounded
component of the complement of w in R? is not empty, then w C @.

Definition 1.2. Let f,h be given as above and let py be defined as in (6). Let w C Q be any nonempty
subdomain and let @ be given as in Definition 1.1. We define a(w) = a(w, h, f) > 0 to be
1

) ow) = - 1+(@)

For reader’s convenience let us show how the above construction applies to two model cases.

Example 1.1. Let us consider a smooth setting where f,h € C?(2) N C(Q2) and suppose for simplicity
w = w. Then we have,

a(w) = —

" ar

1

T ar

/E CA(H(z) + F(x) da /E C(AH(2) + f(2) de,

where
Ei={zcw: —(AH(z) + f(z)) > 0},
while clearly a(w) = 0 whenever E, = ().

Example 1.2. Let us consider a singular weight h = e in the form
H(z)=4nm Z o;Gp, (z) —4Am Z BiGy; (x),
i=1 j=1
where G, () is given in (7), p;, ¢; are distinct points in  and a4, 8; > 0. We have,
—AH =47 iy, —4n Y B;6,. .
i=1 j=1

Suppose for simplicity f =0 and @ = w. Then we have pq =47y " | ;6,, and
a(w) = Z Qs
iel

WhereI:{i e{l,....m} : p; Ew}.
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Finally, from now on we will suppose that,
(9) a(Q) <1 ie py(Q) <4m.

This is motivated by the case when all the measure p4 is collapsed to a singular Dirac delta, i.e. py =
4ma,d,, where we need a(f2) = a,, < 1 to ensure the integrability of e/, From the geometric point of
view this means that p is not a "cusp” but just a conical singularity, see [66].

Remark 1.1. In particular, since we are assuming pu4 () < 4m, then we deduce the following reqularity
property. Observe that there exists at most one point xg € Q such that uy(xo) > 2w. Thus, if we start
from he* € LY(Q) where u € L' () is a solution of (1) in the sense of distributions, then it can be shown
that w € W24(Q) for some q > 1 and that for each v > 0 small enough there exists s, > 2 such that
u € W25 (Q\ B, (0)), see [5]. We will quote this regularity property by saying that u € W22 (Q\ {x0})
for some s > 2. In particular we conclude that u is a strong solution of (1).

Our first main result is the following singular Sphere Covering Inequality.

Theorem 1.2. Let Q C R? be a smooth, bounded, simply-connected domain. Let xq € Q be fized as in
Remark 1.1 and u; € VVif’loc(Q \ {zo}) N W29(Q) N C(Q) for some s > 2 and some ¢ > 1, i = 1,2,
satisfy,

(10) Au; + h(z)e" = fi(x) in Q,

where h = el and fi, fo € L*(Q) are such that o(Q, h, f;) < 1, i = 1,2, with «(Q, h, f;) defined as in (8).
Suppose that,
fo > f1a.e. in Q,

and that there exists a smooth subdomain w C € such that,
{ u22u17 u27_éu1 inwv

Uy = Uy on Ow.

(11)
Let a(w) = a(w, h, f1). Then, it holds

(12) / (h(z)e" + h(z)e"?) dz > 8 (1 — a(w)).

Moreover, the equality holds if and only if (modulo conformal transformations) w = Bs(0) for some
§>0, fi = fai=f, h(x)et = |z|72%Die i = 1,2, for some Ay > A1 where Uy, o, are defined as in
4), py = —AH — f =4wadp—p in w and o = a(w).

Remark 1.3. We point out that if f1 = fa, the condition us > uy,us Z uy in the above theorem can be
replaced just by us Z u1.

We also observe that if a(w) = 0 we recover the standard Sphere Covering Inequality of Theorem A,
which however holds now in a weak setting.

Remark 1.4. The smoothness assumption in Theorem 1.2 about w is not necessary and can be remarkably
weakened as far as w € €, see [5].

The latter result is obtained in the spirit of Theorem A with a non trivial adaptation to the weak setting
by exploiting weighted symmetric rearrangements and the Alexandrov-Bol inequality, see section 2 for
full details. We stress that, according to the terminology introduced right after Theorem A, we are now
able to cover the case of superharmonic weights.

Suppose for the moment that f; = fo = 0 in Theorem 1.2. Observe that the case h(z)e% = |z| 2%,
1 = 1,2, corresponding to the equality in Theorem 1.2 is a limiting case in which all the measure
is concentrated in a Dirac delta, i.e. 4 = 4mad,—g. In particular, the latter Dirac delta corresponds
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to a conical singularity of order —a on the surface related to (5), see for example [5]. In other words,
~ U; . . . .
by means of the substitution w; = EZ — In(2), in the terminology of singular surfaces (in the sense of

Alexandrov [66]), Theorem 1.2 roughly asserts that the total area of two distinct neighbourhoods My, Ma,
with regular Gaussian curvature equal to 1, of possibly distinct singular surfaces, such that M; and M,
admits local conformal charts ®; : M; — By, i = 1,2 where B; is the Euclidean unit disk, with the same
conformal factor on the boundary, and the same local total (singular) curvature (which is ﬁ W= —ﬁAH
in By), is greater than that of a whole unit sphere with two antipodal conical singularities of order —a
(where av is 7-14(By)), namely an *American football’. We refer to [5] for more details concerning this
geometric interpretation. Therefore we allude to Theorem 1.2 as the singular Sphere Covering Inequality.

Let us return to equation (10). If we further assume the two solutions uj, us have the same total mass
in , i.e. that (14) below holds, then we can argue as in [46] and improve Theorem 1.2. More precisely,
we can relax the boundary condition in (11) and treat more general situations, see (13). This will be
crucially used in proving uniqueness of solutions of singular Liouville equation (21) on bounded domains,
see Theorem 1.8. Even though Theorem 1.5 shares some similarities with Theorem 1.2, its proof, based on
a reversed Alexandrov-Bol’s inequality, substantially differs from the proof of Theorem 1.2, see section 3.
Our second main result is the following.

Theorem 1.5. Let Q@ C R? be a smooth, bounded, simply-connected domain. Let xq € Q2 be fized as in
Remark 1.1 and u; € V[/li’cs’loc(ﬂ \ {zo}) N W24(Q) N C(Q) for some s > 2 and some ¢ > 1, i = 1,2,
satisfy,

Au; + h(z)e" = fi(z) in Q,
where h = efl and fi, f» € L*(Q) are such that a(0, h, f;) < 1, i = 1,2, where a(S2, h, f;) are defined in
(8). Suppose that,

fo> f1 a.e. inQ,

and that,

(13)
ug —up =c on 0S,

{ U Z Us mn €,

for some ¢ € R. Suppose moreover that,

(14) /Q h(z)e do = / h(z)e® dz = p,

Q
and set a(Q2) = a(Q, h, f1). Then, it holds p > 8w(1 — ().

It is worth to point out the following fact concerning the assumption about €2 being simply-connected.

Remark 1.6. Actually, both Theorems 1.2, 1.5 hold for multiply-connected domains 2 provided the
solutions of (10) take constant values on 9, more precisely u; + H = ¢; on 9Q for some c1,co € R.
This follows from the fact that in the latter situation an Alexandrov-Bol’s inequality related to (10) with
Q multiply-connected is available, see [13].

To motivate our studies and to see some applications of Theorems 1.2 and 1.5 we will address unique-
ness issues concerning singular Liouville-type equations both on spheres and on bounded domains, and
symmetry properties for the spherical Onsager vortex equation, see respectively subsections 1.2, 1.3, 1.4
below. The argument will yield both to new results as well as to new self-contained proofs of previously
known results, such as the uniqueness of spherical convex polytopes first established in [58]. We believe
that Theorems 1.2 and 1.5 will have several other applications as it was for Theorem A (see the discussion
before Theorem A). This will be the topic of our forthcoming papers.
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1.2. The singular Liouville equation on S?. Let us start by considering the following equation

e’U

L _ = 2
Agv+p<fSQeUdV 47r> 47rZa](p] ) on S7,

/S2vdVg=0,

where p is a positive parameter, {p1,...,pn} C S?* a; > —1for j =1,...,N and S?* C R3? is the unit
sphere with |S?| = 47 equipped with its standard Riemannian metric g, Ay is the Laplace-Beltrami
operator and dVj, is the volume form. Since the equation in (15) is invariant under translations v — v+c,
then we can normalize solutions to have zero mean value.

Problem (15) is related to both mean field equations with vortex points and spherical metrics with conic
singularities. We refer to the references in the beginning of the introduction for more details and some
of the known results.

(15)

Equation (15) can be equivalently considered on the plane R? via the stereographic projection: suppose
without loss of generality that no one of the points p;’s coincides with the north pole N'= (0,0,1) € R3
and let IT : S2 \ {M} — R? be the stereographic projection with respect to N, i.e.

(16) H(xl,xQ,xg):( RESR )

1—1‘3 1—$3

and define
w(z) = v(II"H(x)) —In (/ e’ dVg> r € R%
SZ

With a small abuse of notation we will write > ; ¢ to denote Z;\Ll a;j. Then, w satisfies

4p p—Ar;a;
A w _ J 4 E R2
Y T e in (1+| myz AT 2 ity on R

for some {q1,...,qn} C R2. Letting further,

—A4Ary o

u(x) = w(r) - % In(1 + |of?) + In(4p),
we get
(17) Au+ h(z _47rzaj » 2,
where

AT (24> o) —
(18) M) = (o), 1= TR P
47

and

/ h(z)e" dx = p.
R2

Next, let us discuss what is the measure p4 defined in (6) corresponding to equation (17). To make the
presentation simpler let us consider the regular case, i.e. N = 0, postponing the general case to section 4.
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Recall the notation h = ef. In order to apply either Theorem A or Theorem 1.2 we need first to consider
the sign of
p— 8 4

dr (L4 z?)?
Observe that the sign of this term depends on whether p < 87 or p > 8r. The value p = 87 plays an im-
portant role in Liouville-type problems alike (15): for example, it is related to the sharp Moser-Trudinger
inequality which yields boundedness from below and coercivity of the energy functional associated to
(15) for p < 8w (we refer to the survey [59] for full details on this matter). For the latter range of the
parameter p one expects the solution of (15) to be unique: this indeed holds true and it was first obtained
in [51] and [52]. First, one carries out the moving plane method to show that all the solutions to (17),
(18) with p < 87 (and N = 0) are radially symmetric with respect to the origin. Then, by considering
the associated O.D.E. one can eventually prove uniqueness of such solutions.

(19) AH(x) =

However Theorem A does not apply in this framework since the term in (19) is negative and thus the
weight h(x) is superharmonic according to the terminology introduced right after Theorem A.

The argument in [51] applies also to the singular case N = 1 with a; > —1. Letting o« = min{«1,0} one
deduces uniqueness of solution for p < 47(2 4+ «_). It seems the latter strategy can be extended to the
case N = 2 of two antipodal singular points with a1, as < 0, yielding uniqueness for p < 4w (2 + Ej a;),
see for example the discussion in [65]. On the other hand, the case of multiple singular sources N > 3
is almost completely open due to the fact that we can not rely on radial properties any more. One of
the few exceptions concern metrics of constant Gaussian curvature with /N-conical singularities at p; of
negative order a;; € (—1,0) on S? (convex polytopes), that is, solutions of (15) with,

p:47r(2—|—20¢j).

Based on an algebraic geometric approach, the authors in [58] showed (among other things) the uniqueness
of such metrics in the subcritcal case [73] (i.e. 47 (2—|—Ej ;) < 8m(1+min{a;,0})), when a; € (—1,0) for
J

allj=1,...,N and N > 3. Here we will exploit the singular Sphere Covering Inequality of Theorem 1.2
to handle both superharmonic weights and the multiple singular sources in (17), see section 4. As
a consequence we obtain uniqueness results relevant for both the mean field theory of 2D turbulence
[20, 26] and the uniqueness of convex polytopes [58]. Our third main result is the following,

Theorem 1.7. Let p > 0 and oj € (—1,0) for j=1,...,N, N > 0. Then we have:
(i) If N >0 and p < 47 (2 + > ), then (15) admits at most one solution;
(i4) If N >3 and p = 4w (2 + > ), then (15) admits at most one solution.

The proof of Theorem 1.7 is rather delicate since, among other facts (see Remark 1.10), it requires a
careful use of the characterization of the equality sign in the singular Sphere Covering Inequality (12).
After all this is not surprising since part (ii) is somehow sharp. Indeed, for N = 1 solutions to (15)
with p = 47(2 4+ «1) do not exist, as it is well known that the tear drop’ (which is S? with one conical
singularity) does not admit constant curvature, see for example [2, 40]. On the other hand, for N = 0
and N = 2 (still with —1 < @y < ay <0 and p = 47(2 + > a;)), solutions to (15) are classified and
uniqueness does not hold, see [28, 65, 74]. In particular, uniqueness fails in general if some «; is positive,
see for example Remark 2 in [58] or Remark 3 in [37].

Moreover, Theorem 1.7 also covers most of the previously known results and gives a new self-contained
proof of them. Indeed, for N = 0 and p < 8, we get the sharp uniqueness result of [51, 52], for N < 2
and p < 4m(2+3_; a;), we obtain the sharp result of [51], while part (ii) covers the uniqueness of convex
polytopes [58].
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Finally, we remark that whenever the subcriticality condition p < 87 (1+min{«;,0}) is also satisfied, then
j

we have existence [73] and uniqueness in (i) and (i7). The fact that the uniqueness threshold 4 (2+3 ; ;)

may be larger than the subcritical threshold seems to suggest another possible application of Theorem 1.7

to the non existence issue for (15) in the supercritical regime p € (87 (1 + min{a;,0}),47 (2 + > ;).
J

Indeed, the recent evaluation of the topological degree d, associated to (15) in [32] shows that if N >3
and -1 <oy < <an <0, thend, =0 for p €<87T(1+041),47T(2+Zj ;)). If we knew that any such
a solution is non degenerate, then we would conclude by Theorem 1.7 that solutions do not exist in this
supercritical region. This motivates the following:

Open problem. Is it true that if N >3, —1<a; <---<ay <0andp 6(877(1+a1),477(2+2j aj)),
then (15) has no solutions?

We point out that some non existence results in this direction were obtained in [2, 15, 70] only for the
case N < 2 by using Pohozaev-type identities.

We conclude this part by mentioning some related results. The uniqueness of solutions to (15) for N =0
was recently improved to the case p € (8w, 167] in [44] by using Theorem A. In [37], exploiting arguments
from complex analysis the author shows uniqueness of metrics of constant Gaussian curvature with 3-
conical singularities (i.e. p =4m(2+}; o;)) provided all a;’s are not integers, see also [38, 39] for further
discussions. Finally, a nondegeneracy result for solutions of (15) for N > 3 with only one or two negative
aj was recently obtained in [75].

1.3. The singular Liouville equation on bounded domains. Next let us consider the counterpart
of (15) on bounded domains, that is,

“ N
e .
Au + pifg e 47TjE:1aj5pj in Q,

(20)

u=20 on 0,
where Q C R? is a smooth open bounded domain, p is a positive parameter, {p,...,pxy} C Q and
oj > —1for j =1,...,N. The latter equation is related to mean field equations of turbulent Euler flows

and we refer to the references above for more details about this point.

As for (15) in subsection 1.2 one expects uniqueness of solutions to (20) below a certain level of p. Indeed,
for the regular case (i.e. N = 0), uniqueness was first proved in [68] for Q simply-connected and p < 8,
then improved in [23] for p = 87 and finally generalized to the case of {2 multiply-connected in [13] and
[46] for the case of more general boundary conditions. The argument is mainly based on the Alexandrov-
Bol inequality and the study of the linearized equation, and it was generalized in [12] to cover the singular
case where p < 8m and o; > 0 for all j =1,...,N, N > 0. More recently, in [75] the authors considered
the case of one negative singularity, i.e. oy € (—1,0) and a;; > 0 for all j = 2,..., N, proving uniqueness
of solutions provided p < 87 (1 + a).

On the other hand, the case of multiple negative singular sources is completely open and we will apply
the singular Sphere Covering Inequality of Theorem 1.5 to handle this situation. Indeed, suppose that
there exist uy, us satisfying (20). We set,

w;i(z) = ui(z) — In </Q eu d:z:) +n(p), i=1,2,
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so that, for ¢ = 1,2, we have,

N

A’U)i + eWi — 471'20[]'51,3. n Q,
(21) =1

w; = ¢; on 0,
where

¢, =—In (/ et dx) +1In(p), i=12,
Q

and

/ewldx:/ewzd:c:p.
Q Q

J={je{l,....N} : o € (-1,0)},
and let @ = «(Q, h, f) > 0, satisfying (9), be the measure associated to (21) as defined in (8), that is

O[:—E O[j.

jedJ

Next, let us define,

Then, Theorem 1.5 readily yields our fourth main result.

Theorem 1.8. Let Q C R? be a smooth, bounded and simply-connected domain and fiz p < 8w(1 — «).
Then (20) admits at most one solution.

We remark that (20) admits a variational formulation and that the corresponding functional is well known
to be coercive for p < 877(1 + min{a;, O}) Therefore we have existence and uniqueness in Theorem 1.8
J

if either |J| > 2 and p < 8n(1—a) orif |J| =1and p < 87(l —a) =8n(1+ ) orif |J| =0 and p < 8.

Remark 1.9. Since Theorem 1.5 applies to multiply-connected domains, see Remark 1.6 for more details,
we conclude that Theorem 1.8 holds for Q0 multiply-connected as well. Moreover, we can also treat the
case where e* is replaced by e e with H subharmonic and where u = g on 0 with g € C(09Q).

We point out that Theorem 1.8 covers all the previously known results. Indeed, for N = 0 and p < 8,
we get the sharp uniqueness result of [23] and [13] (i.e. the regular case). For N > 0, a; > 0 for all
j=1,...,N and p < 8w, we get the sharp result of [12], while in the case N > 2 of only one negative
singularity a; € (—1,0) with p < 8 (1 + aq) we recover the sharp result of [75].

Remark 1.10. It is worth to make a remark about the discrepancy of the uniqueness thresholds as
obtained in Theorems 1.7 and 1.8. It turns out that a rather elementary but still crucial point in the
proof of Theorem 1.7 is that, since the equation is solved on S?, then one has an upper bound on the total
(positive) singular curvature, see (59). This estimate, in turn, allows one to adopt an optimization trick
which rules out the case where the singular Sphere Covering Inequality would yield no information, that
is when a(w) > 1 in Theorem 1.2. This is not anymore possible on a bounded domain and we come up
with a threshold which, for |J| > 2 and unlike the case of S?, is always lower than the subcritical existence

threshold 87r(1 + min{a;, 0}) Actually, it seems that this uniqueness result could have been obtained also
J
by an adaptation of the argument in [12] and it is a challenging open problem to understand whether or

not uniqueness still holds for p €(8m(1 — a), 87 (1 + min{a;,0})) with |J| > 2.
J

Actually, Theorem 1.5 yields uniqueness of solutions to a much more general problem than the one
considered in (20) and the following holds true.
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Theorem 1.11. Let Q C R? be a smooth, bounded, simply-connected domain. Let xy € Q be fized as in
Remark 1.1 and consider solutions u € Wli’cs’loc(Q \ {z0}) NW29(Q) N C(Q) for some s > 2 and some
q>1, to,

U L)eu = f(xz) n
(22) Aut P T hlw)e du fl@) il
u=g(x) on 09,

where g € C(0), h = e and f € L*(Q) are such that o = «(Q, h, f) < 1, with a(Q, h, f) defined as in
(8). Then, for any p < 8m(1 — «) there exists at most one solution for (22).

1.4. The Onsager mean field equation on the sphere. Let us consider the equation,

v exp(Bo(y) —v{ny) 1
(23) . (yHfszexp(ﬁv(y)—vm,y))dvg 4r

/SzvdVg:O,

where (-,-) is the scalar product in R®, n = @ € R? is a unit vector, 3 > 0 and v € R. Since 7 can be
changed to —v by replacing the north pole with the south pole, there is no loss of generality in assuming
that v > 0. Observe that the equation in (23) is invariant under the addition of a constants, which is
why we can impose the condition of zero mean value. Equation (23) is the mean field equation arising
from the spherical Onsager vortex theory, see [26, 61, 64].

=0 onS?

Let us briefly list the known results concerning (23). By a moving plane argument, it is shown in [52]
that if 5 < 8, then for any v > 0 the equation (23) has a unique solution which is axially symmetric
with respect to ©. Moreover, the author made the following conjecture.

Conjecture B. Let v > 0 and 8 < 16w. Then every solution of (23) is axzially symmetric with respect
to 1.

In this direction the following results for 8 > 87 has been proved in [53].

Theorem C ([53]). For every v > 0, there exists Sy = Bo(y) > 8 such that, for 87 < 8 < By, any
solution of (23) is axzially symmetric with respect to 7.

Theorem D ([53]). Let {v;}; be a sequence of solutions of (28) with v =0 and B8; — 16m. Suppose that
lim; o0 Supg2 v;(y) = +00. Then v; is awially symmetric with respect to some direction fi; in R® for i
large enough.

Recently, in [44] the authors applied the standard Sphere Covering inequality, see Theorem A, to prove
the following result.

Theorem E ([44]). Suppose 87 < 8 < 167 and

0<~vy< gy
8T
Then every solution of (23) is axially symmetric with respect to 7.

The aim here is to use the singular Sphere Covering Inequality, Theorem 1.2, to get a new symmetry
result. Our fifth main result is the following.
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Theorem 1.12. Suppose 8t < 5 < 167 and

(24) 0<v<3—£r+\/2<3—£r>(2—£r).

Then every solution of (23) is evenly symmetric with respect to a plane passing through the origin and
containing the vector 7.

Remark 1.13. We point out that for 8m < 8 < 16 it holds,
B _ B

3——>——1,
8t — 8w

and thus Theorem 1.12 covers a wider range of parameters compared to Theorem E.

This paper is organized as follows. In section 2 we introduce the argument which yields to the proof of
the singular Sphere Covering Inequality of Theorem 1.2, in section 3 we deduce the improved version
of it under same total mass condition, see Theorem 1.5, in section 4 we prove the uniqueness result for
the singular Liouville equation on S?, see Theorem 1.7, and in section 5 we finally derive symmetry of
solutions for the spherical Onsager vortex equation, i.e. Theorem 1.12.

2. THE SINGULAR SPHERE COVERING INEQUALITY.

In this section we derive the singular Sphere Covering Inequality of Theorem 1.2. The argument is mainly
based on weighted symmetric rearrangements and the Alexandrov-Bol inequality in the spirit of Theorem
A.

Let us start by recalling the following version of the Alexandrov-Bol inequality, first proved in the ana-
lytical framework in [1] and more recently generalized to the weak setting in [4, 5].

Proposition 2.1 ([4, 5]). Let Q C R? be a smooth, bounded, simply-connected domain. Let xo € Q be
fired as in Remark 1.1 and let u € W25°%(Q\ {x0}) N W2Y(Q) for some s > 2 and some q > 1, satisfy

loc loc
Au+ h(z)e* = f(z) in Q,
where h = e and f € L{ (Q) are such that o(Q, h, f) (as defined in (8)) satisfies a(Q, h, f) < 1. Let

loc

w C Q be a smooth subdomain and let a(w) = a(w, h, ). Then it holds,

(25) ( /a ] (h(z)e") ¥ da>2 > % ( /w h(z)e" d:zc) (sm ~a(w) - /w h(z)e" d:zc) .

Moreover, the equality holds if and only if (modulo conformal transformations) w = Bs(0) for some 6 > 0,
h(z)e* = |z|=2%eUxe for some A > 0 where Uy o, is defined in (4), py = —AH — f = dwady—g in w and
a = a(w). In particular, if w is not simply-connected, then the inequality is always strict.

Remark 2.2. The smoothness assumption about w is not necessary and can be remarkably weakened as
far as w € Q, see [5]. Moreover, we point out that if ui = 0 then a(w,h, f) = 0 and we recover the
standard Alexandrov-Bol inequality.

We will need in the sequel the following counterpart of the Alexandrov-Bol inequality in the radial setting
which is derived in the spirit of [44, 68].
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Proposition 2.3. Let a € [0,1), R > 0 and v € C(Bgr(0)) N WP (Bg(0)) for some p > 2, be a strictly
decreasing radial function satisfying,

(26) / |Vl do < / || 72%¥ dx for a.e. v € (0, R).
9B,.(0) )

T

Then,

2
1 1
/ (Jz|2*e¥)? do | > = / lz|72%e¥ dz | | 87 (1 — «) —/ lz| 2% dx | .
9B1(0) 2 \/Br©) Br(0)

Moreover, if faB,,(o) [Vip|do # fB,,.(o) |z|~2%e¥ dx in (0, R), then the inequality is strict.

Proof. We start by letting 8 = ¢ (R) and

k(t) = / lz| 2% du, wu(t) = / lz| 72 dx, t>p.
{w>t} {¥>t}

Clearly, k and p are absolutely continuous and by using the co-area formula we find that,

|x|—2aew

(27) —Mur=Av4}|vwdo=—awu»

for a.e. t > 3. Therefore, by using (26) and then the Cauchy-Schwarz inequality we deduce that,

_ / — —2a |x|_2aew o
k(t)E'(t) </{w>t} |z|~*“e dw) </{¢=t} 7|V1/)| d )
o] 2ae?
V| do ———do
- </{w—t}| v ) </{w—t} V| )
2 2
= (/ (Jz|2*e?) do) =e </ ||~ do) ,
{v=t} {=t}

for a.e. t > 8. Moreover we have,

2
</ | da> —4n(1 —a)/ 12729 dz = 4n(1 — Q)p(t),
{v=t} {¥>t}

and recalling (27) it follows that,

W=

d 1 1
for a.e. t > (. Therefore, by integrating the latter equation, we deduce that,
1 2 e _ 8 1 2
) k0 + k0] == () k9 B 9) <o
namely,
5 _ 1
() = 1(6) (1= =g

To conclude the proof it is enough to observe that,

umz/ 2|2 da
Br(0)
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and that,

2
1
B _ B —2a _ B —a
e’u(B) =e / |z 7% dx = ¢ ——— / |z| =% do
Br(0) dm(1 - «) dBR(0)

2
1 / —2a %
= T e do | .
dm(1 — ) < OBR(0) (o ) )

Furthermore, going back through the argument it is clear that if [, B.(0) |Vy|do # [, 5.(0) |z|~2%¥ dz in
(0, R), then the inequality in Proposition 2.3 is strict. O

With a similar argument it is possible to prove the following reversed Alexandrov-Bol inequality.

Proposition 2.4. Let a € [0,1), R > 0 and ¢ € C(R?\ Bg(0)) N W,5P(R? \ Bg(0)) for some p > 2, be
a strictly decreasing radial function satisfying,

(28) / |[Vi)|do < 87(1 —a) — / |z|~2%e¥ dx  for a.e. r € (R, +00)
9B (0) R2\ B, (0)

and fR2\BR(O) |z|~2%e¥ dz < 87(1 — ). Then,

2
1
/ (|z|2*e¥)? do | < 1 / lz| 2% dx | | 87(1 — a) —/ lz| 2%V dx | .
OBR(0) 2 \ Jr2\Br(0) R2\B(0)

Moreover, if f@BT(O) V| do # 8m(1—a) — fR2\BT(O) |z|~2%e¥ dx in (R, +00), then the inequality is strict.

Proof. We let 8 = ¢(R) and
k(t) =8r(1—a)— / |x\_20‘ew de, p(t) = / |x|—20¢ dr + LRQ(I—Q)7
{w<t} (>t} e

for t < 8. The argument follows then the same steps of the proof of Proposition 2.3 and we refer to [45]
for further details. O

Next, as in [44], we relate the strictly decreasing radial function 1 satisfying (26) with the functions
Ui o Uxy o defined in (4) with Ay > Ay and « € [0, 1), such that ¢ = Uy, o = Us,.o on 0Bg(0).

Lemma 2.5. Let Uy, o,Ux,.q be defined as in (4) with Ay > A\ and o € [0,1). Let ¢ € C(Br(0)) N
WLP(Br(0)) for some p > 2, be a strictly decreasing radial function satisfying,

(29) / V| do < / |z|72%¢¥ dx  for a.e. 7 € (0, R)
8B..(0) )

r

and Y = Uz, .o = Uxy,a on O0BRr(0). Then, either

/ lz|~2%e¥ dx < / |z| 2 eVre d
Br(0) Br(0)

or / |z|~2%e¥ do > / |z| 2 eYrze dg.
Br(0) Br(0)

If faB,‘(o) |Vip| do # fBT(O) |z|=2%e¥ dx in (0, R), then the above inequalities are strict.
Moreover, we have

/ (Jz|2*ePr e 4 x| 2%eP2 ) dz = 87(1 — ).
Br(0)
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Proof. Let us set,
m; = / |z| 72U iedr i =1,2,
Br(0)

m= |lz| 2% du,
Br(0)

and, recalling that ¢ = Uy, o = U, .o on 0Bg(0),

2
1
5:/ (l2]2%€¥)* do
9BRr(0)
2 2
1 1
= / (|$|72Q6U)‘1’“‘)2d0 = / (|x|72an*2v“)2dJ .
9B (0) 9B (0)

By Proposition 2.3 we know that,

1
(30) 8> 5m(87r(1 —a) —m),
and by Proposition 2.1 and Remark 2.2 we have,

8= %ml (87(1—a)—mq) = %mz(Sﬂ'(l —a) —my).

It follows that my, mso are the roots of the following equation:

y* —8m(l —a)y +28=0.
On the other hand, by (30) we have,

m? — 8n(1 —a)m + 283 > 0.

Then, either m < mjy or m > ms which proves the alternative of Lemma 2.5. It is clear that if
Jos. ) IV¥Ido Z [ o |z|~2%e¥ dz in (0, R), then the latter inequalities are strict.

We are left with the last equality of Lemma 2.5. This is a standard evaluation and we derive it here for
the sake of completeness. First of all we have,

)\?RQ(lfoz)

sy vpaa (Zh2

(31) / 2[~20eVr 0 dg = 87(1 — )
Br(0)

Since Uy, ,q = Unx,,a on O0BR(0) we also find that,

A1 Ao
)\2 = )\2 = C?
14+ FR2(-a) 14 2R2(-q)

for some C > 0. It follows that A1, Ay are the roots of the following equation:

8 8
2 —
(32) vy - CRz(ka)er R2(1—0) 0
and thus,
8 8
(33) Mthe=Ernmn s MRS
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By using (32) and then (33) we conclude that,

A2 R2(1-a) A2R2(1-)
—2« U}\ e —2a U)\ Lo o _ 1 )
/BR<0> (el e ol e ) do =83~ ) <8+X{R2(1—a> * 8+/\%R2(1—a)>

2 p2(1—a) 2 p2(1—a)
=87(1—a) (AlR L )

=8n(l—a) (CRQ;;Q)(M + /\2)>
=8m(l — a).
The proof of Lemma 2.5 is now complete. O

On the other hand, an analogous argument with obvious modifications based on Proposition 2.4 yields
the following result (see [45] for full details).

Lemma 2.6. Let Uy, o, U, o be defined as in (4) with Ay > Ay and a € [0,1). Let ¢ € C(R*\ Bg(0))N
Wli’f(RQ \ Br(0)) for some p > 2, be a strictly decreasing radial function satisfying,

/ V| do < 87(1 — ) — / |z|2e¥ dz  for a.e. r € (R, +00)
dB,.(0) R2\ B, (0)

and fRQ\BR(O) |z|72%e¥ dz < 87(1 — ). Suppose 1 = Uy, .o = Ux,.o on OBr(0). Then,

/ || 72*eUr2e dy < / |lz|~2%e¥ dx < / lz| 2 eVrie da,
R2\Br(0) R\ Br(0) R2\Br(0)

If faBr(o) V| do # f]R2\BT(O) |z|72%e¥ dz in (R, +00), then the above inequalities are strict.

Finally, let us introduce some known facts about weighted symmetric rearrangements with respect to
two measures: under the assumptions of Proposition 2.1, for a given function ¢ € C(Q) N W1P(Q) for
some p > 2, such that ¢ = C on dw, w C 2, we will consider its equimeasurable rearrangement in w with
respect to the measures h(z)e" dz and |z|~2%eY> e dz, where o = a(w, h, f) and U, , are defined in (8),
(4), and u, h, f are given in Proposition 2.1. More exactly, for ¢ > tg = mingez ¢(z) let

{o=t={rew: o) =t} Cuw,
(34) Wt :{{E cw: ¢(I) > t} C w,

and let B} be the ball centered at the origin such that

J

Then, ¢* : B;, — R defined by ¢*(z) = sup{t € R : = € B}} is a radial, decreasing, equimeasurable
rearrangement of ¢ with respect to the measures h(z)e% dr and |z|~2%eY> < dx, i.e. {¢* >t} = B} and,

|| 72%eUne dx :/ h(zx)e" dz.

*
t

(35) / |z| 72 eUre do = h(zx)e" dz,
{¢*>t} we

for all ¢ > mingez ¢(z). Elementary arguments show that ¢* is a BV function. By exploiting Proposi-
tion 2.1 we get the following property.
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Lemma 2.7. Under the assumptions of Proposition 2.1, let ¢ € C(Q) NW1P(Q) for some p > 2 be such

that ¢ = C on Ow, w C Q. If ¢* is the equimeasurable symmetric rearrangement of ¢ in w with respect
to the measures h(z)e® dx and |z|~2%eU>a dx defined above with o = a(w, h, f), then

/ |V¢*|das/ V6| do.
{p*=t} {¢p=t}

for a.e. t > mingeg od(x).

Proof. The argument is standard so we will be sketchy and refer to [5, 4, 12, 23, 44] for full details. We
first apply the Cauchy-Schwarz inequality and then the co-area formula to get that,

2 . 4
(0t a0) (- f o)

for a.e. t. Then, in view of the Alexandrov-Bol inequality of Proposition 2.1 we see that,

</{¢—t} (r@)e)? da>2 <_(§lt y h(z)e" dx) :
> % (/wt h(z)e* diU) (&r(l —a(w)) — /wt h(z)e" da:) (‘i /Wt e dx) o |

Since ¢* is an equimeasurable rearrangement of ¢ in w with respect to the measures h(z)e® dx, |z|~2%eY>« dx,
and since |z|~2*eUr« realizes the equality in Proposition 2.1, then we can argue in the other way around,

5 (] n@eras) (s -at) = [ mweras) (<5 [ e dx>1
= % ( , |7 Ye e x) ( (1 — a(w)) _/B? |z|~ aUxa dx) <_dt/5; |x‘—2anM d;r>_1
B </{¢*_t} (|x|_2a€UA’a)% d0>2 <_575/B; |z 72 e dx) h

= / [Vo*|do,
{or=t}

as claimed, where in the last equality we used the co-area formula for BV functions, see [41]. O

At this point we are ready to derive the main result of this section, namely the singular Sphere Covering
Inequality.

Proof of Theorem 1.2. Let uj,us and w C ) be as in the statement of Theorem 1.2. Let o = a(w, h, f1),
where a(w, h, f1) is given in (8), and let Uy, o, Ux,,o be as defined in (4) for some Ay > A1. Take A1, Ao
such that Uy, o = Ux,,o on 0B1(0) and,

/ h(z)e*t do = / || 72 eVrie da.
w B1(0)
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Let ¢ = us — w1 and let us assume without loss of generality that,

¢ >0 inw,
¢=0 on Ow.

Since u; satisfies,
Auy + h(z)e" = fi(x) in Q,

and () is simply-connected, then, as in the discussion after Lemma 2.6, we can define the radial, de-
creasing, equimeasurable rearrangement ¢* of ¢ in w with respect to the two measures h(x)e*t dz and
|z|72%eVUx1a dz. Let {¢ =t} and w; C w be defined as in (34). In particular we have,

/ |z|72%eUne dy = h(x)e" dx,
{¢*>t} we

for t > 0. Observe now that due to the assumption fo > f1 a.e. in , we also have,
(36) Augz —uq) + h(z)e*? — h(z)e" = fa(x) — fi(x) > 0 a.e. in Q.
We first estimate the gradient of the rearrangement by applying Lemma 2.7 and then use equation (36)

to obtain,
/ \w*\dag/ IV (s — )| do
(=1} (o=t}

< / (h(z)e"* — h(z)e™) da,

for a.e. t > 0. By using the equimeasurablility with the Fubini theorem and then also the equation (5)
satisfied by Uy, .o, we deduce that,

/ (h(:v)e“2 — h(x)e“l) dx = / \x|72°‘eU*1v“+¢* dr — / |x|*2°‘eUA1=“ dx
wi {¢*>t} {¢*>t}

— / \z|72°‘6U*1=”+¢* dr — / [VUy, ol do,
{p*>t} {o*=t}

for a.e. t > 0. Therefore, we conclude that,

J N L N
{o*=t} {p*>t}

for a.e. t > 0. Let 1 = Uy, o + ¢*. Since ¢* is decreasing by construction then 1 is a strictly decreasing
function. Moreover, the above estimate can be rewritten as,

(37) / V| do < / |z|~2%e¥ dx for a.e. r >0,
9B,-(0) B,.(0)

which shows that 1 € WP(B1(0)) for some p > 2. Furthermore, recalling that ¢ > 0 in w we have
¢* >0, ¢* # 0, which implies that,

/ |z|72%e¥ dx = / |z| 72 eUratd dp > / |z| 2%V e dg.
B1(0) B1(0) B1(0)

Observing that ¢ = 0 on dw we have ¢* = 0 on 9B1(0) and ¢ = Uy, o = Ux,,o on 0B1(0). By (37) and
the above estimate we can exploit the alternative of Lemma 2.5 about v, to obtain,

[ et ae= [ preeas [ e,
B1(0) B1(0) B1(0)
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Therefore, by using Lemma 2.5 once more, we conclude that,

/w(h(x)eul 4 hiz)e"™) du :/

(|x|_2°‘eU*1v“ + |x|_2“eU*lva+¢*> dzx

B1(0)
(38) > / (|.’L‘|_2(E€UA1’“ 4 |.’L‘|_2a6U>‘2"") dx
B;1(0)
=8m(1l — ).

Moreover, going back through the proof, we see that the equality holds only if we have equality in (36),
ie. fi = fo := f, and in (37) for a.e. r > 0. It follows that in Lemma 2.7 we have equality in the
estimate of the gradient of the rearrangement and hence the equality in the Alexandrov-Bol inequality of
Proposition 2.1 for u; in Q. Therefore, (modulo conformal transformations) w = Bs(0) for some 6 > 0,

h(z)e"r = |z| 2510 for some A; > 0 and
(39) p+ = —AH(z) — f(z) = drady= in Bs(0),
where we recall that h = e . In particular we have

(40) Us

S = w1+ 2aln |z + H(z).

Since w = Bs(0), and by setting we = us + 2aln|z| + H(x), then (10) and (39) imply that wo satisfies,
Awsy + |z|72%e"2 = 0 in Bs(0).

Since ug = u; on dBs(0) by assumption, then (40) implies that we = Uz on dBs(0). Furthermore,

/\1,0(
observe that, as a consequence of the equality sign in (38), we have

/ x| 72%e2 do = / h(z)e"? dx = / || 722 eUr2 0 da,
Bs(0) Bs(0) B1(0)

which is already known by (31). It is then not difficult to see that wy = UXZ ., for some Xg > X1, ie.

h(z)ev? = |z| 27522 | as claimed. The proof is complete. O

3. THE SINGULAR SPHERE COVERING INEQUALITY WITH SAME TOTAL MASS.

In this section we will deduce the improved singular Sphere Covering Inequality of Theorem 1.5 under
the same total mass condition, i.e. (14). This is done in the spirit of [46].

First of all, let us derive the following lemma which is a simple consequence of the radial Alexandrov-Bol
inequality in Proposition 2.3.

Lemma 3.1. Let Uy, be defined as in (4) with A >0 and « € [0,1). Let ¢ € C(Br(0)) N WHP(Bg(0))
for some p > 2, be a strictly decreasing radial function satisfying,

/ |Vl do < / |z|72%¢¥ dx for a.e. v € (0, R).
dB,(0) )

r

Suppose

/ |z|72%e¥ dx = / lz|72*eU> e dr < 87(1 — ).
Br(0) Br(0)

Then Uy o(R) < Y(R).
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Proof. We start by using the radial Alexandrov-Bol inequality in Proposition 2.3 with Uy o, exploit the
assumptions of the lemma and then apply Proposition 2.3 once more to ¢ to deduce

2
1 1
/ (|x|72an**") * do = / |z| 72 eUr e da | | 87(1 — a) — / || ~2%eUr e dx
9B1(0) 2 \/Bxr(0) Br(0)
1
= / || 72 dx | | 87(1 — a) —/ |z|~2%e¥ dx
2 \/Bxr(0) Br(0)
2
1
< / (Jz[2*e¥)? do | .
9BRr(0)

Therefore, it readily follows that Uy o(R) < ¥(R). O

A

We will now prove the main result of this section, Theorem 1.5.

Proof of Theorem 1.5. The idea is to proceed as in the proof of the singular Sphere Covering Inequality
of Theorem 1.2 and exploit the extra information (14). Let a@ = a(, h, f1) > 0 be as defined in (8). We
discuss two cases separately.

CASE 1. We argue by contradiction and suppose first that p < 87(1 — «a). Take A\; > 0 and R > 0 such
that

(41) / h(z)e" do = / |z| 722U e dg,
Q

Br(0)

where Uy, o is defined in (4). Let ¢ = ug — uq, which, since u; # ug in Q and in view of (14), obviously
changes sign in . Since € is simply-connected, then, as right after Lemma 2.5, we can define the radial,
decreasing, equimeasurable rearrangement ¢* of ¢ in 2 with respect to the two measures h(z)e** dz and
|z|~2%eV>1.« dz. Moreover, observe that

(42) Aug —up) + h(z)e"? — h(zx)e" = fo(x) — fi(x) > 0 a.e. in Q.
By arguing exactly as in the proof of Theorem 1.2 we deduce that,

/ |V(U,\1,a + ¢*)| do < / |x|_2°‘eU*1va+¢* dz,
{¢*=t} {p=>t}

for a.e. t > 0. Let 1 = Uy, ,o + ¢*. Since ¢* is decreasing by construction then 1 is a strictly decreasing
function. Moreover, the above estimate can be rewritten as,

(43) / V| do < / |z|2%e¥ dx for a.e. 7 > 0.
2B,.(0) B.(0)

On the other hand, by (41) and (14) we have,

/ |z 2% dz = / |$|—2anx1,a+¢* dx = / h(z)e" dx
Br(0) Br(0) Q

= / h(z)e" dx :/ || 72U e da.
Q Br(0)

Therefore, we observe that,

(44) / |z|72%e¥ dx = / |z| 722U e dy = / h(z)e** doz = p < 87(1 — a),
Br(0) Br(0) Q

by assumption.
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Once we have (43) and (44) we may apply Lemma 3.1 to get Uy, o(R) < ¥(R). However, since ¢ < 0 on
a subset of Q with positive measure, then ¢*(R) < 0, and thus,

Y(R) = Ux,,a(R) + 67 (R) <Ux,,a(R),
which is the desired contradiction.

CASE 2. Next we suppose that p = 87(1 — a). Fix A\; > 0 and observe that

/ h(m)e“l dr = p= 87(-(]_ — O[) — |x‘—2an)\1,a dr.
Q R2

As above we set ¢ = us — u1 and consider its equimeasurable rearrangement ¢* with respect to the two
measures h(z)e"! dz and |z|~2*eY* 1.« dr. Reasoning as in CASE 1 we deduce that,

(45) / V| do < / |z|~2%¥ dx  for a.e. r > 0,
9B,.(0) B,(0)

T

where ¢ = Uy, o + ¢* and

(46) lz| 2% do = / |z| 2 eUr e do = 8 (1 — a).
R2 R2
In particular, we also have,
(47) / |[Vi|do < 8n(1 —a) — / |z|~2%e¥ dx for a.e. 7 > R,
9B-(0) R2\B,-(0)

where R > 0 is any fixed number. By the estimate (46) we see there exists R > 0 such that ¢(R) =
Ui, .o(R). Take now Ay # Ay such that Uy, o(R) = Ux, o(R) = ¥(R). Since ¢* is decreasing, by the
definition of 1) and R we conclude ¢ < Uy, o in R?\ Br(0), ¢ # Uy, . It follows that,

/ 2| 72%e¥ dx < / |z| 2 eVrie da.
R2\ Br(0) R2\Br(0)

Since (47) holds true, then we may apply Lemma 2.6 and deduce on one side that A\; < A2 and on the
other side that,

(48) / |lz|~2%e¥ dx > / |z| 2 eVr2e dg,
R2\Br(0) R2\Br(0)

On the other hand, we observe that ¢ > Uy, o in Bg(0), ¥ # Uy, . It follows that,

/ \x|72aed’ dx > / |x|72°‘eU*1=“ dx,
Br(0) Br(0)

and hence, since (45) holds true, Lemma 2.5 yields,

(49) / lz| 2%V dx > / |z| 72%eUr2.e d,
Br(0) Br(0)

Finally, exploiting (46) and summing up (48) and (49) we end up with,
8r(l —a) = lz|~2%e¥ dx = / lz|2%e? dx + / |z| 72 dx
R2 Br(0) R2\Br(0)

(50) > / [ ~20eUre dg = 8(1 — ).
RQ

In order to obtain the desired contradiction we are left with showing that the latter inequality is strict.
We first observe the equality holds only if we have equality in (42), i.e. fi = fo. Next, we may suppose
without loss of generality ugs —u; = ¢ > 0 on 9. The equality in (50) holds if and only if, in particular,
we have equality in (45). It follows that in Lemma 2.7 we have equality in the estimate of the gradient
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of the rearrangement ¢* of ¢ = us — u; and hence the equality in the Alexandrov-Bol inequality of
Proposition 2.1 in €, :{a: €N ¢(x) > t} for a.e. t > ming ¢. Therefore, {}; must be simply-connected
for a.e. t > ming ¢. Recalling that ¢ > 0 on 9€, this is impossible since §2; is not simply-connected for
ming ¢ < t < 0. We conclude the inequality in (50) is strict and the proof is completed. O

4. UNIQUENESS OF SOLUTIONS OF THE SINGULAR LIOUVILLE EQUATION ON S2.

In this section we show a first application of the singular Sphere Covering Inequality of Theorem 1.2 by
proving the uniqueness of solutions of the singular Liouville equation (15) on S?, see Theorem 1.7 and
the discussion in subsection 1.2.

Proof of Theorem 1.7. Suppose by contradiction that there exist vy, ve satisfying (15) such that vy Z vs.
As discussed in subsection 1.2 we let IT: S? \ {N'} — R? be the stereographic projection with respect to
the north pole defined in (16) and we define,
—Ar ) . a;
ui(z) = v;(IT~(z)) — In </ ev dVg) - %m(l +z|?) +In(4p), z€R? i=1,2,
S2 ™

where we recall that o; € (—=1,0) for all j =1,...,N, N > 0 and Zj o stands for Zjvzl a;j. Then,
u1, Uy satisfy,

N
(51) Au; + h(z)e" = 471'Zaj6qj onR? i=1,2,

j=1
for some {q;,...,qn} C R?, where,

(24D .« ) —
(52) ha) =1+ 1= 2ry;0) 0 :
4
and,
(53) / h(z)e* de =p, i=1,2.
RQ

We have u; # uy and so there must exist at least two disjoint simply-connected regions €; C R?, i = 1,2
(not necessarily bounded) such that there exist w; C €;, i = 1,2, such that,

up > uUg  in wy, Uy > Uy in wa,
up = ug on Owi U dws.

It will be clear from the proof that in suitable coordinates (after a Kelvin’s transformation if necessary),
Qq and Qy can be assumed to be bounded.

Remark 4.1. We will not discuss here the reqularity of wi,ws since Theorem 1.2 applies under very
weak assumptions on wi,ws as far as w; € Q;, i = 1,2, see Remark 1.4. If w; & Q; for some i, we
may always choose a larger and smooth O; C R? such that w; € O; and then apply Theorem 1.2 with €;
replaced by O;.

The idea is then to apply the singular Sphere Covering Inequality of Theorem 1.2 in (at least one of) the
Q;. To this end we recall the notation h = e and observe that,

4 _477(2—|—Zjaj)—p 4
1+ 232 A (1+2?)2

(54) —~AH(z) =1
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For fixed w C R? we define,

1 4
I(w) = o /w 7(1 ) dx.

Recalling the Definition 1.1 of W, we then set,
I(w) if w is simply-connected,
(55) Ii(w) = _
I(w) if w is not simply-connected.
We will prove () and (i7) of Theorem 1.7 separately.

Proof of (i). We have N > 0 and p < 47(2+ > ;). Observe that in this case —AH > 0 in R?. Thus,
by the definition of a(w;) = a(w;, h, f) > 0 in (), for (51) we have,

m(2+35,05) —p .
L) = Yy, =12,

(56) a(w;) =
JE€J;
where J; :{j €{l,...,N} : ¢g; € wi}. Moreover, let us define,
a = a(wr) + a(ws).
We point out that obviously,

S?|
L(R*) =1= iy
67) ®)=1="1"
Therefore, we have

a:4ﬂ(2+2jaj)_p(l(wl)+]. w)- Y

4
JEJ1UJ2

47 (2 ) —
= ot +§]%) 2 L(r?) - X
d JjeJ1UJ2
(2—|—Z o
_ o ] Z a;

jeJ1UJ2

2"‘2 043 -
Am ( Z%

T —
(58) -Fe

and then, in particular, it holds,

(59) a < 2.

We claim that

(60) 2p > 167 — 87ay,

and discuss two cases separately.

CASE 1. Suppose first that a(w;) < 1 for all i = 1,2. By applying Theorem 1.2 in ©; and in Q5 we
find that,

(61) /.(h(att)e"1 + h(x)e"Q) dx > 8m(1 — a(w;)), i=1,2.
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Observe that the above inequalities are strict. Indeed, let us focus for example on i = 1. In view of
Theorem 1.2, the equality holds if and only if, in suitable coordinates, w; = Bs(0) for some § > 0 and
h(z)et = |z|72%Y>i for some A; > 0, i = 1,2, where a = Lpui(w1) and Uy, o is defined in (4).
Moreover, py(wi) = —AH — f = 4nady—g. Therefore, we have u;, + H(z) = Uy, o — 2aln|z| and in
particular

Au; + AH(z) = AUy, o — 4madp=0, in B;(0).
By using first (5), (51) and then h(z)e% = || 2%« we come up with,
47 Z a;jdq, + AH(x) = —4mady,—g, in Bs(0),
Jjed1
where J; is defined after (56). By (54) we have,
Ar(2+ 3 a4) —p 4
I A+ o)

5 = drad,—o + 4m Z a;dg,;, in Bs(0),
JEJ

which is impossible since we also have p < 47 (2 +3 y aj). We conclude that the inequalities in (61) are
strict.

At this point we recall that (53) holds true and that 1, Qs are disjoint regions. Therefore, since w; C ),
i =1,2, by summing up the above inequalities we deduce that,

2
2p= [ (ha)e™ + a)e™) do > 2 [ (e 4 hwye) de

> 16w — 87 (a(wr) + a(w2)),
which proves the claim.
CASE 2. We assume without loss of generality that a(w;) > 1. Then, we have
alwy) =a—a(w) <a-1

Moreover, in view of (59) we deduce that a(ws) < 1. By applying Theorem 1.2 in wo and by the latter
estimate we obtain

2p= /R (h(z)e™ + h(x)e™) du > / (h(z)e™ + h(w)e?) du

> 87(1 — a(ws)) > 167 — 87,
which proves the claim.
By using (60) together with (58) we end up with
2p > 16m — 8ma > 2p,

which is the desired contradiction. The proof of (i) is concluded.

Proof of (ii). Here we have N > 3 and p = 47 (2 + > ;). Therefore, in view of (53), we see that a
necessary condition for the existence of a solution is,

(62) ZO&j > —2.

Therefore, from now on we assume without loss of generality that (62) holds true. In view of (54), we
find that —AH = 0 in R2. Hence, by the definition of a(w;) = a(w;, h, f) > 0 in (8), for the equation
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(51) we have,
(63) a(w;) = — Z aj, i=1,2,
J€J;
where J; :{j €{l,...,N} : ¢g; € w,-}. As above we set,
a = a(wr) + a(ws).
Observe that, in view of (62), we have,
(64) a=— Z ozjg—Zaj<2.
JjeEJIUJ2 J
We claim that
(65) 2p > 16 + 87 Y a.
J
By arguing as in CASE 2 of (i) above and by using (64) we find that,
2p > 167 — 87 > 167 + 87 Y _ o),
J

whenever a(w;) > 1 for some i € {1,2}, where a(w;) is defined in (63). Therefore, we may restrict to the
case a(w;) < 1 for all i = 1,2. By applying Theorem 1.2 in ©; and in Qs we find that,

(66) /_(h(a:)eul + h(z)e) de > 8n(1 — alw;)), i=1,2.

Next, in view of (53), and since 4,y are disjoint regions and w; C Q;, ¢ = 1,2, by summing up the
above inequalities we deduce that,

2
2p= / (h(z)e™ + h(w)e"?) du > Z/ (h(z)e™ + h(z)e"?) d
R i=1 " wi
> 16m — 87(04(0«’1) + a(w2)) = 167 — 87«
> 167 + 87 Y oy,
J

where we have used (64) in the last step. To prove the claim (65) it is enough to prove one of the above
inequalities is strict. The equality in the last step holds if and only if « = — Zj o, that is, by the
definition of a(w;) in (63), if and only if

{q1,...,qn} C w1 Uws.

Since by assumption N > 3 we conclude that at least one of wi,ws must contain more than one of the
points ¢;’s. Without loss of generality we assume

|J1‘ > 1,

where J; is defined after (63). We shall prove that in this case the inequality in (66) is strict for ¢ = 1.
Indeed, in view of Theorem 1.2, the equality holds if and only if, in suitable coordinates, w; = Bs(0) for
some § > 0 and h(x)e% = |z| 2%V« for some \; > 0,7 = 1,2, where o = ﬁ,u_k(wl) and Uy, o is defined
in (4). Moreover, py(w1) = —AH — f = 4wrad,=¢. Therefore, we have u; + H(z) = Uy, o — 2aln|z| and
in particular

Au; + AH(z) = AUy, o — 4madp=o, in B;(0).
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By using first (5), (51) and then h(z)e% = |z|~2*eY»i -« we find that,

> ajdy, + AH(w) = —4mad,—o, in Bs(0).

JEJ1
Recalling that —AH = 0 in R? and that |.J;| > 1, we readily conclude that the latter equality is impossible.
Therefore, in particular the inequality in (66) is strict for ¢ = 1, which proves the claim (65).

At this point, since p = 4x (2 + Zj aj), then, by using (65), we deduce that,

2p > 167r—|—8772aj = 2p,
J

which is the desired contradiction. The proof is completed. O

5. SYMMETRY FOR SPHERICAL ONSAGER VORTEX EQUATION

In this section we provide the proof of the symmetry result for the spherical Onsager vortex equation (23)
of Theorem 1.12, see subsection 1.4. The argument is based on the singular Sphere Covering Inequality,
Theorem 1.2, jointly with some ideas introduced in [44].

Proof of Theorem 1.12. Without loss of generality we may assume that 7 coincides with the north pole,
ie. =N =(0,0,1). Let IT: S?\ {N'} — R? be the stereographic projection with respect to the north
pole defined in (16) and v be a solution of (23) with 87 < § < 167 and 7 as in (24). By setting,

u(z) = v (z)) for z € R?

then u satisfies,

J? () exp(Bu — v (x)) Jx) oo
(67 Bt T R ep(Bu () de | ar 0
where ,
__ 2 _ -1
J(z) = T e and Y(x) = SR

As in [44, 52] we define,
w(r) = <u(:c) - % In (1+ |x2)) —c,

2
c=7v+In (/ J?(z)ePre=v dx) .
B Jre
Then, we have,

(68) Aw + h(z)e” =0 in R?,

with

and,
/ h(z)e® dz = B,
RZ

where,

(69) h(z) = h(|z]) = 8(1 + |o]2)(F2Fa7) 17 (@),
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which, letting h = e, satisfies,

124 8) sy )

0 M= e e

Observe that —AH < 0 in R? if and only if 7 < % — 1. For the latter range of v we already know from
Theorem E that every solution to (23) is axially symmetric with respect to 7. Therefore, we suppose
from now on that v > % — 1. Then, —AH > 0 in B,(0), where

B

(71) 2o 1t E x|

Y145
Our goal is to show that the solution v to (23) is evenly symmetric with respect to a plane passing through
the origin and containing the vector 7., i.e. that w is evenly symmetric with respect to a line passing
through the origin and a point p € R2. First of all, observe that lim| ;| 4o w(7) = —00 and hence w has
a maximum point which we denote by p € R?. Without loss of generality we may assume that p lies on
x1-axis, and then define w*(z1,x2) = w(xy, —x2) and

w=w—w".

With these notations we are left to prove that w = 0 in R? and we assume by contradiction this is not
the case. Observe that w satisfies,

(72) Aw +c(z)w =0 in R? c(x) = h(z) ——.

On the other hand w(z1,0) = 0 for all ; € R. Moreover, w has a critical point at p that lies on the
x1-axis and thus w,, (p) = 0.

We claim that w changes sign in Ri. Indeed, if this were not the case, then we could assume that w < 0
in any B} (p) = {x € Br(p) : z2 > 0}. However, the latter fact jointly with @,,(p) = 0 contradicts the
thesis of Hopf’s Lemma when applied to the equation (72) at the point p in the domain BE (p).

As a consequence, we conclude that there exist at least two disjoint simply-connected regions ; C RZ,
i = 1,2 (not necessarily bounded) such that there exist a pair of open subsets w; C Q;, i = 1,2, such
that,

w > w*  in wy, w* >w in we,
w=w* on dwi Udws.

By arguing as in the proof of Theorem 1.7, we may assume without loss of generality that €2; and (2 are
bounded. As for the regularity of wi,ws we refer to Remark 4.1. By applying Theorem 1.2 in both w;,
1 = 1,2, and summing up we get,

B = h(z)e dz = /
R

. (h(a:)ew + h(m)e“’*> dx

: ;
> Z/ (h(x)ew + h(w)ew*) dz > 87 (2 — a(w1) — a(ws)) .
i=17wi

One can show that the last inequality is strict by using the same argument as in the proof of Theorem 1.7.
Hence,

(73) B+ 8m(a(wr1) + a(wz)) > 167.
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On the other hand, recalling the definition of « in (8) (see also Example 1.1), the expression in (70) and
the discussion right above (71), we find that,

1(-2+4)  sy(af 1)

d
AtleP)? ~ a+p? | ™

8r(a(wr) + alwn)) < —2 /an

8
- 1(2+4)  seP-n)
By \ (L[R2 (T [af?)?

B dx dx
=—(4(-—2+2)+38 116 S
( ( *47r)+ ”) /M) AP " ”/Brm) A+ [22)?
8 1 1
—87r<—1+877+'y> <1—1+T2)+8w7<1—w>
=8 1 1 1 B 1 71
—sr (1) (C (g er) o (1)

In view of (71) we also have,

87m(a(wr) + a(wz)) = 87 <1 - 1_&7«2> <_ <_1+ é +7> T <1+ 14%73))

r+1- £ B 3y—1+ £
— L - 8r S N - 8m
87T< o +87r+7 + 5

2
bo1-8)

4y '
Inserting the latter estimate into (73) we end up with,
B, GF1-%)
8 4

The above inequality can be rewritten as

) 3 8 ?
v +27<87T—3>+<87T—1> >0,

which contradicts the assumption (24) on . It follows that w is evenly symmetric about the line passing
through the origin and the point p € R?, as claimed. O

=87

> 2.
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